Pressure Conversion Factors 



Pa 

bar 

atm 

torr 

1 Pa = 

1 bar = 

1 atm = 

1 torr = 

1 

10 5 

1.013 25 x 10 5 
133.322 

10” 5 

1 

1.013 25 

1.333 22 x 10" 3 

9.869 23 x 10~ 6 
0.986 923 

1 

1.315 79 x 10 -3 

7.500 62 x 10“ 3 
750.062 

760 

1 


Some Commonly Used Non-SI Units 


Unit 

Quantity 

Symbol 

SI value 

Angstrom 

length 

A 

10“ 10 m = 100 pm 

Micron 

length 


10- 6 m 

Calorie 

energy 

cal 

4.184 J (defined) 

Debye 

dipole moment 

D 

3.3356 x 10- 30 C • m 

Gauss 

magnetic field strength 

G 

io- 4 t 


Greek Alphabet 

Alpha 

A 

a 

Iota 

I 

L 

Rho 

P 

P 

Beta 

B 

p 

Kappa 

K 

K 

Sigma 

E 

a 

Gamma 

r 

y 

Lambda 

A 

X 

Tau 

T 

X 

Delta 

A 

8 

Mu 

M 


Upsilon 

T 

V 

Epsilon 

E 

€ 

Nu 

N 

V 

Phi 


<p 

Zeta 

z 

K 

Xi 

3 

* 

Chi 

X 

X 

Eta 

H 

n 

Omicron 

0 

0 

Psi 

vp 

+ 

Theta 

© 

e 

Pi 

n 

7X 

Omega 

& 

CO 




2.293 710 x 10 17 
3.808 798 x lO -4 
3.674 931 x 10“ 2 
1 

4.556 335 x 10 -6 
1.519 830 x 10 -16 


5.034 11 x 10 22 

83.5935 

8065.54 

2.194 7463 x 10 ; 

1 

3.335 64 x lO - ' 1 


Hz 


1.509 189 x 10 33 
2.506 069 x 10 12 
2.417 988 x 10 14 
6.579 684 x 10 15 
2.997 925 x 10 10 
1 
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Preface 


This manual contains complete solutions to every one of the more than 1400 problems in 
Physical Chemistry: A Molecular Approach by Donald A. McQuarrie and John D. Simon. 

Many of the problems in this text involve the manipulation of experimental data or 
empirically derived equations. In most cases, a graphing program (such as Kaleidagraph) is the 
most appropriate tool to use, and most students of physical chemistry already have experience 
with these programs. 

For some problems, however, that are unnecessarily tedious or time-consuming using a 
simple graphing program, I recommend using a program like Mathematica or MathCad for 
related calculations and graphs. The plots of standard molar quantities against temperature using 
empirical equations 1 , for which a function must be defined over varying temperature ranges, are 
simpler and pedagogically more useful with a program that allows such definitions. Also, 
because the program is saved, the work is easily checked and easily corrected, and the 
calculations of standard molar quantities using the same empirical equations 2 follow naturally. 
Although molecular statistical thermodynamic problems 3 can be done using paper and pencil, 
they are also more useful to the student when performed with a program such as Mathematica , 
thus allowing the student to spend more time working with the equations and less time writing 
out constants to be multiplied together. 

Unfortunately, the learning curve on a program like Mathematica is rather steep, and instead 
of being a time-saving tool, it can easily become a source of frustration while one struggles to 
learn how to define functions or how to form a data set. I have posted several sample 
Mathematica files on the web site for this book at http://www.uscibooks.com in order to provide 
a practical and useful demonstration of its applications with regard to some problems in physical 
chemistry. This will provide the student or professor with some exposure to the available 
problem-solving methods, and enable those with only a basic knowledge of Mathematica to use 
it in ways that may have been difficult without a guide. 

I have attempted to make this manual as accurate as possible, and would appreciate being 
informed of any errors that are present. 

—Heather Cox 


1 Problems 19-45, 21-15, 21-17, 21-19, 21-26, 22-25 and 22-26. 

2 Problems 21-14, 21-16, 21-18 and 21-20 through 21-25. 

3 Problems 21-30 through 21-39, 23-37 through 23-41, and 24-34 through 24-52, to name those that are the most time 
consuming. 
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CHAPTER 


The Dawn of the Quantum Theory 

PROBLEMS AND SOLUTIONS 


1 - 1 . Radiation in the ultraviolet region of the electromagnetic spectrum is usually described in terms 
of wavelength, A, and is given in nanometers (1CT 9 m). Calculate the values of v, u, and E for 
ultraviolet radiation with A = 200 nm and compare your results with those in Figure 1.11. 

vf Hz 


O w 

o 

o 

10 8 10 10 10 12 10 14 

10 lfi 

1 o'* 10 2 ° 1 0 22 1 0 24 

1 —1 1 1 1 1 

Radio 

waves 

1 1 1 T 1 ' 

Microwaves "g 
Shortwave radio 2 

1 ' 

u 

s 

W) 

1 

o 

> 

a 

1 ' 1 ' ! ■ 1 

X rays y rays 

i.i.i 

TV - 

_1_,_I_,_1_ 

> 

_ 

A_ 

^_1_i_1_._1_i_1_ 
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i 

c 

o 

>C 

1 

° 

I0' H 

10" 10 10‘ 12 10" 14 10"' 6 


A/ m 


FIGURE 1.11 

The regions of electromagnetic radiation. 


c 2.998 x 10 8 m-s 


-i 


V X 

. 1 


200 x 10“ 9 m 

1 


= 1.50 x 10 IS Hz 


E= — = 
X 


= 5.00 x 10 4 cm -1 

he (6.626 x 10“ 34 J-s)(2.998 x 10 s m-s-') 


X 200 x 10 7 cm 


200 x 10 -9 m 

These results correspond to those expected when considering Figure 1.11. 


= 9.93 x IQ -19 J 


1-2. Radiation in the infrared region is often expressed in terms of wave numbers, v = 1/A.. A typical 
value of v in this region is 10 3 cm -1 . Calculate the values of v, X, and E for radiation with 
v = 10 3 cm -1 and compare your results with those in Figure 1.11. 


u = cv = (2.998 x 10 8 m-s“')(l x 10 5 m~') = 3 x 10 13 Hz 

X = - =-^-7 = 1 x 10‘ 5 m 

v 1 x 10 5 m~ 

E = hv = (6.626 x 10' 34 J-s)(3 x 10 13 Hz) = 2 x 10“ 20 J 


Again, we can predict these results from Figure 1.11. 


1 
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1-3. Past the infrared region, in the direction of lower energies, is the microwave region. In this region, 
radiation is usually characterized by its frequency, v, expressed in units of megahertz (MHz), 
where the unit, hertz (Hz), is a cycle per second. A typical microwave frequency is 2.0 x 10 4 MHz. 
Calculate the values of v, X, and E for this radiation and compare your results with those in 
Figure 1.11. 


v = 2.0 x 10 4 MHz 


1 x 10 6 Hz 


x c 

v 


1 MHz 

2.998 x 10 8 m-s " 1 


= 2.0 x 10 10 s " 1 


= 1.5 x 10“ 2 m 


2.0 x 10 10 s _1 

E = hv = (6.626 x 10 " 34 J-s)(2.0 x 10 10 s' 1 ) = 1.3 x 1CT 23 J 


This is illustrated in Figure 1.11. 


1-4. Planck’s principal assumption was that the energies of the electronic oscillators can have only the 
values E = nhv and that A E = hv. As v 0, then AE -> 0 and E is essentially continuous. Thus, 
we should expect the nonclassical Planck distribution to go over to the classical Rayleigh-Jeans 
distribution at low frequencies, where AE -> 0. Show that Equation 1.2 reduces to Equation 1.1 

as v -»■ 0. (Recall that e x = 1 + x + (jc 2 /2!) H-, or, in other words, that e x 1 + * when x is 

small.) 


87 zh v 3 dv 

dp(v, T) = —^ 3 — e /, u /* B 7 - _ j 

For small x, e x « 1 + x. As v -► 0, hv/k B T -*■ 0, and 

87 xh v*dv 8nhv*k a Tdv 


( 1 . 2 ) 


dp(v, T) = 


c i + r ?- 1 

*B ‘ 

%nv 2 k^Tdv 


c 3 hv 


which is the classical Rayleigh-Jeans distribution (Equation 1.1). 


1-5. Before Planck’s theoretical work on blackbody radiation, Wien showed empirically that 
(Equation 1.4) 

X T = 2.90 x 10 -3 m-K 

max 

where X max is the wavelength at which the blackbody spectrum has its maximum value at a 
temperature 7\ This expression is called the Wien displacement law; derive it from Planck’s 
theoretical expression for the blackbody distribution by differentiating Equation 1.3 with respect 
to X. Hint : Set /zc/X max & B 7 = jc and derive the intermediate result e~ x + (x/5) = 1. This problem 
cannot be solved for jc analytically but must be solved numerically. Solve it by iteration on a hand 
calculator, and show that x = 4.965 is the solution. 


The Planck distribution law for blackbody radiation is 


P x ( T)dX = 


87 rhc 


dX 


e hc /u B r _ ! 


(1.3) 
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As suggested, we let x = hc/(X k„T), and then 


d r m -| d / Snhc 1 \ 

dX LP ^ dX V A. 5 e hc/ ^ T - 1 ) 


0 = &Tthc 


-5 


(e) 


<ax(^-D l ) 2 

xe x = 5(e x - 1) 


To solve, we iterate and find x = hc/X k n T = 4.965, or A. T = 2.90 x 10 -3 m-K. 

' max d max 


1-6. At what wavelength does the maximum in the radiant energy density distribution function for a 
blackbody occur if (a) T = 300 K? (b) T = 3000 K? (c) T = 10000 K? 


From Equation 1.4, 
a. 


2.90 x 10“ 3 imK 
300 K 


= 9.67 x 10" 6 m 


b. 


2.90 x 10 -3 m-K 
3000 K 


= 9.67 x 10“ 7 m 


c. 


2.90 x 10" 3 m-K 
10 000 K 


= 2.90 x 10" 7 m 


1-7. Sirius, one of the hottest known stars, has approximately a blackbody spectrum with A. max = 
260 nm. Estimate the surface temperature of Sirius. 


From Equation 1.4, 


T = 


2.90 x 10" j m-K 


2.90 x 10“ 3 m-K 
260 x 10“ 9 m 


= 1.12 x 10 4 K 


1-8. The fireball in a thermonuclear explosion can reach temperatures of approximately 10 7 K. What 
value of A. max does this correspond to? In what region of the spectrum is this wavelength found (cf. 
Figure 1.11)? 


From Equation 1.4, 


2.90 x 10" 3 m-K 

*-= 1 x 10 7 K = 3 X 10 0 m 


This corresponds to the X-ray region in the electromagnetic spectrum. 


1-9. Calculate the energy of a photon for a wavelength of 100 pm (about one atomic diameter). 
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he (6.626 x 1(T 34 J-s) (2.998 x 10 8 rms -1 ) _ o in _ |5 

— — — 777 — Z, X 1 U 

k 1 x 1 (T 10 


1 - 10 . Express the Planck distribution law in terms of k (and dk) by using the relationship kv = c. 

( 1 . 2 ) 


v 2 dv 

P v (T)dv — ^ ehv/ks r _ j 


We know that vA. = c, so dv = - cdk/k 2 . Substituting, we obtain 


pAT)dk = 


8 nh 


—c A dk 


c 3 k 5 (e hc/Xk * T - 1 ) 
87 xhc dk 


^5 ghc/kk^T _ | 

where we have dropped the negative sign for convenience. It occurs because dv and dk have 
opposite signs. 


1 -11. Calculate the number of photons in a 2.00 mJ light pulse at (a) 1.06 /xm, (b) 537 nm, and 
(c) 266 nm. 


a. 


he 

£ pho.on =flV =Y 


(6.626 X 10 " 34 J’S)(2.998 x 10 8 m-s -1 ) 
_ 1.06 x 10“ 6 m 

= 1.87 x 10 -19 J • photon -1 


Since 2.00 mJ of energy are contained in the light pulse, 

2.00 x 10 -3 J 


Number of photons = 


= 1.07 x 10 16 photons 


1.87 x 10 19 J • photon 1 
Parts (b) and (c) are done in the same manner to find 
5.41 x 10 15 photons c. 2.68 x 10 15 photons 


1-1 2. The mean temperature of the Earth’s surface is 288 K. Calculate the wavelength at the maximum 
of the Earth’s blackbody radiation. What part of the spectrum does this wavelength correspond to? 


From Equation 1.4, 


2.90 x 10 -3 m-K 
288 K 


= 1.01 x 10 -5 m 


This is in the infrared region of the spectrum. 


1 - 13 . A helium-neon laser (used in supermarket scanners) emits light at 632.8 nm. Calculate the 
frequency of this light. What is the energy of a photon generated by this laser? 
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he _ (6.626 x 10" 34 Js) (2.998 x 10 8 m s-') 

“ T _ 632.8 x 10- 9 m 

= 3.139 x 10-' 9 J 


1-14. The power output of a laser is measured in units of watts (W), where one watt is equal to one 
joule per second. (1 W = 1 J s -1 ) What is the number of photons emitted per second by a 1.00 mW 
nitrogen laser? The wavelength emitted by a nitrogen laser is 337 nm. 


F U kC 

^photon =hV= Y 


_ (6.626 x 10' 34 J• s)(2.998 x 10 8 m-s"') 
“ 337 x 1(T 9 m 

= 5.89 x 10-' 9 J • photon - ' 


1.00 x 10" 3 J s -1 


1 

5.89 x 10" 19 J • photon-' 


= 1.70 x 10' 5 photon-s ' 


1-15. A household lightbulb is a blackbody radiator. Many light bulbs use tungsten filaments that are 
heated by an electric current. What temperature is needed so that A. max = 550 nm? 


From Equation 1.4, 


T = 


2.90 x 10" 3 m-K 


2.90 x 10- 3 m-K 
550 x 10" 9 m 


= 5300 K 


1-16. The threshold wavelength for potassium metal is 564 nm. What is its work function? What is 
the kinetic energy of electrons ejected if radiation of wavelength 410 nm is used? 


We will use Equation 1.7 to find <p and then use Equation 1.6 to find the kinetic energy. 


c 2.998 x 10 8 m-s-' e „„ ., rT 

v n = — =--- 3 -= 5.32 x O' 4 Hz 

0 X Q 564 x 10 -9 m 

<t> = hv 0 

= (6.626 x 10“ 34 J s) (5.32 x 10 14 Hz) = 3.52 x lO” 19 J 

KE = hv — <p = — —<p 
X v 


_ (6.626 x 10- 34 J-s) (2.998 x 10 8 m-s -1 ) 
“ 410 x 10- 9 m 

= 1.32 x 10-' 9 J 


-3.52 x IQ -19 J 
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1-17. Given that the work function of chromium is 4.40 eV, calculate the kinetic energy of electrons 
emitted from a chromium surface that is irradiated with ultraviolet radiation of wavelength 200 nm. 


d> 

hv 

KE 


he _ (6.626 x 10" 34 J-s) (2.998 x 10 8 m-s -1 ) 

A 200 x 10 -9 m 

9.93 x 10“ 19 J 

hv — 0 

9.93 x 10“ 19 J - 7.05 x 10“ 19 J = 2.88 x 10“ 19 J 


1-1 8 . When a clean surface of silver is irradiated with light of wavelength 230 nm, the kinetic energy 
of the ejected electrons is found to be 0.805 eV. Calculate the work function and the threshold 
frequency of silver. 


From Equation 1.6, 


he 


<P = hv-KE= -KE 

(6.626 x 10" 34 J-s) (2.998 x 10 8 m-s -1 ) 


- 0.805 eV 


230 x 10" 9 m 
= 8.64 x 10" 19 J - 1.29 x 10" 19 J = 7.35 x IQ-' 9 J 


/1.602 x 10“ 19 J\ 

V TTv ) 


From Equation 1.7, 


<p 7.35 x 10 -19 J , ,, ~ TT 

u n = — —-r--= 1.11 x 10 5 Hz 

0 h 6.626 x 10“ 34 J-s 


1-19. Some data for the kinetic energy of ejected electrons as a function of the wavelength of the 
incident radiation for the photoelectron effect for sodium metal are 


X/nm 

100 

200 

300 

400 

500 

KE/eV 

10.1 

3.94 

1.88 

0.842 

0.222 


Plot these data to obtain a straight line, and calculate h from the slope of the line and the work 
function 0 from its intercept with the horizontal axis. 
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First, we use the equation vA. = c to convert wavelength to frequency and the conversion factor 
1 eV = 1.6022 x 10 -19 J. Then we can plot kinetic energy (in joules) as a function of frequency 
(in Hz): 



The best fit of a line to the data is y = -3.5891 x 10 -19 J + (6.5918 x 10" 34 ) J-s, which gives a 
slope of h = 6.60 x 10 -34 J s. The threshhold freqency is the frequency when the kinetic energy is 
equal to zero, and can be obtained from the ^-intercept: 

y = 0 = -3.5891 x 10" 19 J + (6.5918 x lO" 34 J s) * 


Solving for*, 


* = 


3.5891 x 10 -19 J 
6.5918 x 10~ 34 J-s 


= 5.44 x 10 14 Hz 


Equation 1.7 then gives 


4> = hv 0 = (6.60 x 10' 34 J-s) (5.44 x 10 14 Hz) = 3.59 x 10" 19 J 


1-20. Use the Rydberg formula (Equation 1.10) to calculate the wavelengths of the first three lines of 
the Lyman series. 


0 = 1 = 109 680(1-1)™-' < ’ , = > ”' ) 

To find the first line in the Lyman series, substitute 1 for n x and 2 for n 2 : 

V 2 = 109 680 (T - 2^ cm -1 = 82 260 cm" 1 
A = — — 121.566 nm 

The second line occurs when n 2 = 3, at 102.571 nm, and the third line occurs when n 2 = 4, at 
97.2526 nm. 


1-21 . A line in the Lyman series of hydrogen has a wavelength of 1.03 x 10 -7 m. Find the original 
energy level of the electron. 
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In the Lyman series, n, = 1 in Equation 1.10. Thus 


- = 109 680 ( 1 - L ) cm -> 
A V « 2 / 


109 680 cm 


n. 


---+ 109 680 cm -1 

1.03 x 10" 5 cm 

2.98 « 3 


because n must be an integer. 


1-22. A ground-state hydrogen atom absorbs a photon of light that has a wavelength of 97.2 nm. It 
then gives off a photon that has a wavelength of 486 nm. What is the final state of the hydrogen 
atom? 


First, we find the value of n v the state of the hydrogen atom that is obtained upon absorption, by 
using Equation 1.10 with n , = 1. 


1 


97.2 x 10 -7 cm 


= 109 680 ( 1-L 




cm 


n 2 = 4 


We can now use Equation 1.10 with n, = 4 to find the final state of the hydrogen atom: 


1 


97.2 x 10"' cm 


= 109 680 ( —t -f ) cm 


n 2 = 2 


The final state of the hydrogen atom is n = 2. 


1-23. Show that the Lyman series occurs between 91.2 nm and 121.6 nm, that the Balmer 
series occurs between 364.7 nm and 656.5 nm, and that the Paschen series occurs between 
820.6 nm and 1876 nm. Identify the spectral regions to which these wavelengths correspond. 


We can use the Rydberg formula (Equation 1.10) to determine the ranges of the 
specified series. The maximum wavelength can be found by taking the smallest n 2 allowed 
(n 2 = n , + 1) and the minimum wavelength can be found by using the largest n 2 allowed ( n 2 = 00). 


Lyman series 
maximum wavelength 


minimum wavelength 


i. .09680(1-^) 
X — 121.6 nm 


cm 


-1 


- = 109 680 ( 1 - —) cm -1 
A \ 00/ 

X — 91.2 nm 


This corresponds to the ultraviolet region of the spectrum. 
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Balmer series 
maximum wavelength 

minimum wavelength 


- = 109 680 f “ —~ | cm 
X \2 2 3 2 

A = 656.5 nm 


— = 109 680 ( -— ) cm 1 

A \2 2 oo 


A = 364.7 nm 

This corresponds to the near ultraviolet region of the spectrum. 

Paschen series 


maximum wavelength 


minimum wavelength 


1 

A 

A 1875.6 nm 


7 = 109 680 ( A _ 1 ) cm- 


1 ./ 1 


1 


- = 109 680 ( -cnT 1 


OO 


A = 820.6 nm 

This corresponds to the near infrared region of the spectrum. 


1-24. Calculate the wavelength and the energy of a photon associated with the series limit of the 
Lyman series. 


We have found that the minimum wavelength of the Lyman series is 91.2 nm (Problem 1-23). So 



(6.626 x 10" 34 J-s) (2.998 x I0 8 m s -1 ) 
______ 


= 2.18 x 1(T 18 J 


1-25. Calculate the de Broglie wavelength for (a) an electron with a kinetic energy of 100 eV, (b) a 
proton with a kinetic energy of 100 eV, and (c) an electron in the first Bohr orbit of a hydrogen 
atom. 


We use Equation 1.12(A = /i/p) in all cases to find A. 


a. 


KE 


100 eV 


/1.602 x 10-' 9 J\ 

V >~eV ) 

V 


inv 2 

~T 

(v 2 ) (9.109 x 10" 31 kg) 
~2 

5.93 x 10 6 m-s -1 


_ h _ h_ 
p mv 

6.626 x 10 -34 J-s 

” (9.109 x 10- 31 kg) (5.93 x 10 6 m-s -1 ) 
= 1.23 x 10 _IU m = 0.123 nm 
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b. Replace m e with ra p in (a) to find X = 2.86 x 10 3 nm. 

c. We must first determine the velocity of an electron in the first Bohr orbit of a hydrogen atom. 
From Equation 1.16, we see that 


nh 

2nm t r 

and we know 

e 0 h 2 n 2 

r = -2 

nm^e 

Substituting Equation 1.17 for r into Equation 1.16 gives 


2nhs Q 


(1.16) 


(1-17) 


For n = 1, 


(1.602 x 10- |9 C) 2 

“ 2(1)(6.626 x 1(T 34 J-s)(8.854 x 1(T 12 C 2 J" 1 m" 1 ) 
= 2.188 x 10 6 m-s” 1 


So 

h h 

p mv 

6.626 x 10“ 34 J s 

~ (9.109 x 10 -3 ' kg) (2.188 x 10 6 m^s -1 ) 
= 3.32 x 10 _l ° m = 0.332 nm 


1-26. Calculate (a) the wavelength and kinetic energy of an electron in a beam of electrons accelerated 
by a voltage increment of 100 V and (b) the kinetic energy of an electron that has a de Broglie 
wavelength of 200 pm (1 picometer = 10 -12 m). 


a. 


Electron charge x Potential = KE/electron 
(1.602 x 10- |9 C)(100V) = 1.602 x 10“ 17 J/electron 


v = 


2 (KE) 2 (1.602 x 10 -17 J) 


m 




9.109 x 10- 31 kg 
6.626 x 10“ 34 Es 


mv (9.109 x 10 -3 ' kg) (5.93 x 10 6 m s - ') 
b. Use Equation 1.12 to find the velocity of the electron: 


= 5.93 x 10 6 m s -1 

= 1.23 x 10“ lo m 


6.626 x 10“ 34 J s 




KE = 


mX (9.109 x 10“ 31 kg) (200 x 10“ l2 m) 
mv 2 (9.109 x 10- 3i kg) (3.46 x 10 6 m-s” 1 ) 2 


= 3.64 x 10 6 m s -1 


= 6.02 x 10 -18 J 


2 
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1-27. Through what potential must a proton initially at rest fall so that its de Broglie wavelength is 
1.0 x 10 -10 m? 


We will use Equation 1.12 to find the velocity of the proton. Then we will calculate the kinetic 
energy and the potential needed to supply the kinetic energy. 


v = 


6.626 x lO -34 J-s 


mk (1.672 x 10" 27 kg) (1 x 10-'° m) 


= 4.0 x 10 3 m s 


Thus 


_ mv 2 _ (1.672 x 10- 27 kg) (4.0 x 10 3 ms" 1 ) 2 
~~~ 2 
= 1.3 x 10 -20 J 


and 


^ , KE/proton 

Potential =- 

proton charge 


1.3 x 1(T 20 J 
1.602 x 1(T 19 C 


0.082 V 


1-28. Calculate the energy and wavelength associated with an a particle that has fallen through a 
potential difference of 4.0 V. Take the mass of an a particle to be 6.64 x 10 -27 kg. 


An alpha particle is a helium nucleus, so it has a +2 charge. 

a particle charge x Potential = KE/a particle 
[2 (1.602 x 10"' 9 C)] (4.0 V) = 1.28 x IQ- 18 J/a particle 


KE 

P 

k 


mv 


2 2m 

v/2(KE)m = yjl (6.64 x 1(T 27 kg) (1.28 x 1(T 18 J) 

1.30 x 1(T 22 kg-m-s-' 
h 6.626 x 10“ 34 J-s 


p 1.30 x 10 22 kg-m s 
5.08 pm 


— 5.08 x lO" 12 


m 


1-29. One of the most powerful modern techniques for studying structure is neutron diffraction. This 
technique involves generating a collimated beam of neutrons at a particular temperature from a 
high-energy neutron source and is accomplished at several accelerator facilities around the world. 
If the speed of a neutron is given by v n = (3/c B 7/m) l/2 , where m is the mass of a neutron, then 
what temperature is needed so that the neutrons have a de Broglie wavelength of 50 pm? Take the 
mass of a neutron to be 1.67 x 10" 27 kg. 


We are given 


3k J 


1/2 


V 


m 
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and so (Equation 1.12) 

x _ h _ h 
~ mv n ~ (3m* B T) 1/2 

Solving for 7 gives 


3mk B X 2 

_ (6.626 x IQ' 34 J-s) 2 _ 

” 3 (1.67 x 10“ 27 kg) (1.381 x lO" 23 J-K" 1 ) (50 x 1CT 12 m) 2 
= 2500 K 


1-30. Show that a small change in the speed of a particle, Av, causes a change in its de Broglie 
wavelength, AX, of 

|Au|A 0 


I AA.| = 


where v 0 and X 0 are its initial speed and de Broglie wavelength, respectively. 


For a small change, Av = dv and AX = dX. Then 


X ^ 
inv 

—h —h dv 

dX = —r dv =- 

inv 0 mv 0 Vq 

h \dv\ 

\dx\ = - 


|AA| =X 0 


I Au| 


1-31 . Derive the Bohr formula for v for a nucleus of atomic number Z. 


For a nucleus of charge Z, the attractive force of the nucleus is Ze and Equation 1.14 becomes 

(Ze)(e) _ m e v 2 
■Ans 0 r 2 r 

In the subsequent formulas, e 2 is replaced by Ze 2 , and Equation 1.22 becomes 

~ m eZV 

E " ~ 8£>V 


Likewise, Equation 1.24 becomes 

Z 2 4 

e 


v = 


Selch 


= Z 2 R 


"(»; n\) 


which is the Bohr formula for v for a nucleus of atomic number Z. 
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1-32. The series in the He + spectrum that corresponds to the set of transitions where the electron falls 
from a higher level into the n = 4 state is called the Pickering series, an important series in solar 
astronomy. Derive the formula for the wavelengths of the observed lines in this series. In what 
region of the spectrum does it occur? (See Problem 1-31.) 


From Problem 1-31, we have 


ii = Z 2 R u 




For the Pickering series in the helium spectrum, Z = 2 and n 2 = 4. Thus 

v = 4(109 680 cm" 1 ) ^ n, = 5, 6, 7,... 

For n, = 5, v = 9871 cm -1 , or A. = 1.0131 x 10 -6 m. This is in the visible region of the 
electomagnetic spectrum. 


1-33. Using the Bohr theory, calculate the ionization energy (in electron volts and in kJ-mol -1 ) of 
singly ionized helium. 


To find the ionization energy of singly ionized helium, we can consider the case where we move an 
electron from the ground state (n = 1) to an infinite distance from the nucleus. Then, from Problem 
1-31, 


v = Z 2 R u I —r —r 


= 2 (109 680 cm" ) -j- 5 


1 


1 


l 2 oo 2 


= 4.3 8 72 x 10 5 cm -1 


or 


E = hcv — 8.72 x 10- 18 J = 5250 kJ-mol -1 = 54.4 eV 


1-34. Show that the speed of an electron in the nth Bohr orbit is v = e 2 /2e Q nh. Calculate the values 
of v for the first few Bohr orbits. 


We derived this relationship in Problem 1.25(c), where we found that v — 2.188 x 10 6 m s -1 for 
n = 1. Likewise, for n — 2,v 2 = 1.094 x 10 6 m-s -1 , and forn = 3, v 3 = 7.292 x 10 5 m s -1 . 


1-35. If we locate an electron to within 20 pm, then what is the uncertainty in its speed? 
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By definition, A p = m Ad, and Heisenberg’s Uncertainty Principle (Equation 1.26) states that 
AxAp > h . Then 

Ax(mAv) > h 

h 

A V > - 

mAx 

6.626 x 10“ 34 J-s 

“ (9.109 x 10“ 31 kg)(20 x 10“ 12 m) 

> 3.6 x 10 7 m s“ ! 

The minimum uncertainty in the velocity of the electron is 3.6 x 10 7 m-s" 1 . 

1-36. What is the uncertainty of the momentum of an electron if we know its position is somewhere in 
a 10 pm interval? How does the value compare to momentum of an electron in the first Bohr orbit? 

Using Equation 1.26: 

Ax Ap > h 

h 6.626 x 10 -34 J-s 

A p > — =-- 

F ” Ax 10 x 10“ 2 m 

> 6.6 x 10 -23 kg-m-s" 1 

We can calculate the momentum of an electron in the first Bohr radius by using v from Problem 1- 
25(c): 

p = m c v = (9.109 x 10” 31 kg) (2.188 x 10 6 m-s“‘) = 1.993 x 10“ 24 kg-m-s" 1 

The uncertainty of the momentum of an electron somewhere in a 10 pm interval is about thirty 
times greater than the momentum of an electron in the first Bohr radius. 

1-37. There is also an uncertainty principle for energy and time: 

AEAt > h 

Show that both sides of this expression have the same units. 

The units of AE are J and those of At are seconds, and Planck’s constant has units of J-s. 

1-38. The relationship introduced in Problem 1-37 has been interpreted to mean that a particle of 
mass m (E = me 2 ) can materialize from nothing provided that it returns to nothing within a time 
At < h/mc 2 . Particles that last for time At or more are called real particles', particles that last less 
than time At are called virtual particles . The mass of the charged pion, a subatomic particle, is 
2.5 x 10 -28 kg. What is the minimum lifetime if the pion is to be considered a real particle? 

Use the condition for real particles defined above: 

h 6.626 x I0“ 34 J-s 

t ~w i ~ (2.5 x 10“ 28 kg)(2.998 x 10 8 m-s” 1 ) 2 
> 2.9 x 10“ 23 s 
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1-39. Another application of the relationship given in Problem 1-37 has to do with the excited state 
energies and lifetimes of atoms and molecules. If we know that the lifetime of an excited state is 
10 -9 s, then what is the uncertainty in the energy of this state? 


Using the relationship in Problem 1-37 gives 


„ h 6.626 x 10“ 34 J-s 

A£ > — =--- —3 -= 7 x 1(T 25 J 

A t 1 x 10 -9 s 


1-40. When an excited nucleus decays, it emits a y-ray. The lifetime of an excited state of a nucleus is 
of the order of 10 -12 s. What is the uncertainty in the energy of the y-ray produced? (See Problem 


1-37.) 


h 6.626 x 0" 34 J-s 

AE > — = —-- -r-. -= 7 x 10" 22 J 

A t 1 x 10" 12 s 


1-41. In this problem, we will prove that the inward force required to keep a mass revolving around 
a fixed center is / = mv 2 /r. To prove this, let us look at the velocity and the acceleration of a 
revolving mass. Referring to Figure 1.12, we see that 


|Ar|^As = rA0 (1.27) 

if Ad is small enough that the arc length As and the vector difference |Ar| = |r, - r 2 | are 
essentially the same. In this case, then 


where co = dd/dt = v/r. 


.. A s Ad 

v = lim — = r lim — - rco 
o A t At 


(1.28) 



If co and r are constant, then v = rco is constant, and because acceleration is 
lim,_ >0 (Au/Af), we might wonder if there is any acceleration. The answer is most definitely 
yes because velocity is a vector quantity and the direction of v, which is the same as Ar, is 
constantly changing even though its magnitude is not. To calculate this acceleration, draw a figure 
like Figure 1.12 but expressed in terms of v instead of r. From your figure, show that 


Ad = |Av| = vAd 


(1.29) 



16 


Chapter 1 


is in direct analogy with Equation 1.27, and show that the particle experiences an acceleration given 
by 

a = lim — = v lim — = vco (1.30) 

A(-<-o At ai->o At 

Thus we see that the particle experiences an acceleration and requires an inward force equal to 
ma = mvoo = mv 2 /r to keep it moving in its circular orbit. 


In analogy to Figure 1.12, we can draw a figure expressed in terms of velocity: 

lArl = Aj = r A 0 



From this figure, we see that Av = | Av| = vA6. Then 

Av A0 

a = lim — = v lim — = vco 
Al-»0 At Al->0 At 

and the particle accelerates with acceleration vco. 


1 - 42 . Planck’s distribution (Equation 1.2) law gives the radiant energy density of electromagnetic 
radiation emitted between v and v + dv. Integrate the Planck distribution over all frequencies to 
obtain the total energy emitted. What is its temperature dependence? Do you know whose law this 
is? You will need to use the integral 

f°° x 3 dx n 4 

Jo 7^T = T5 


Equation 1.2 gives 


Snh v 3 dv 

p v (T)dv = _ j 


Now we will integrate this expression over all values of v. 


[°° , Snh f° 


v 3 dv 


Jiv/k.T 


» - 1 


Let x = hv/k B T, so dx = hdv/k^T. Then 

r 8t rh fk-TY f 

l ) = i 5- (ir) 1 


4 roo v 3 


x^dx 


SnHkjT 

15 h 3 c 3 
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The temperature dependence is T 4 . This relation is called the Stefan-Boltzmann law. 


1 - 43 . Can you derive the temperature dependence of the result in Problem 1-42 without evaluating 
the integral? 


Yes. The quantity x is unitless, so the integral /“ ^ j n Problem 1-42 is also unitless. Therefore, 
the temperature dependence of the total energy emitted is T 4 . 


1 - 44 . Ionizing a hydrogen atom in its electronic ground state requires 2.179 x 10 -18 J of energy. The 
sun’s surface has a temperature of ss 6000 K and is composed, in part, of atomic hydrogen. Is 
the hydrogen present as H(g) or H + (g)? What is the temperature required so that the maximum 
wavelength of the emission of a blackbody ionizes atomic hydrogen? In what region of the 
electromagnetic spectrum is this wavelength found? 


We can use Equation 1.4 to find A. max at 6000 K. Then, using E = hv = hc/k, we can calculate the 
energy available on the surface of the sun. 


X = 


2.90 x 10" 3 m-K 


6000 K 


= 4.833 x 10" 7 


m 


he 


E = — = 4.11 x 10"' 9 J 
A 


This is less energy than that required to ionize a hydrogen atom; therefore, most hydrogen is present 
in the form of H(g) in the sun. To ionize hydrogen, blackbody emissions must provide at least 
2.179 x 10 -18 J of energy. Thus 


A. = 


(6.626 x lO" 34 J • s)(2.998 x 10 8 m • s“') 
2.179 x 10 -18 J 


= 9.12 x 10" 8 


m 


T = 


2.90 x 10" 3 m-K 


9.12 x 10“ 8 


= 3.18 x 10 4 K 


m 


This wavelength is in the UV region of the electromagnetic spectrum. 
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Complex Numbers 

PROBLEMS AND SOLUTIONS 


A-1. Find the real and imaginary parts of the following quantities: 

a. (2 - i) 3 b. e ni/2 c. e~ 2+in/ 2 d. (V2+2i)e _ijr/2 


a. (2 - i) 3 = 8 - 12i + 6i 2 - i 3 = 2-1 li 
Re(z) = 2; Im(z) = -ll 

b. e n,/2 = cos(7t/2) + i sin(7r/2) = i 
Re(z) = 0; Im(z) = 1 

c. e _2+,5r / 2 = e~ 2 e‘ n/2 = e~ 2 i 
Re(z) = 0; Im(z) = <r 2 

d. (V2 + 2i)e~ in/2 = i(V2 + 2i) sin(-7r/2) = 2 - iy/2 
Re(z) = 2; Im(z) = -V2 


A-2. If z = x + 2 iy, then find 

a. Re(z*) b. Re(z 2 ) c. Im(z 2 ) d. Re(zz’) e. Im(zz*) 


a. Re(z*) = ReQc — 2 iy) = x 

b. Re(z 2 ) = Re[(jc + 2iy) 2 ] = Re(x 2 + 4 ixy — 4y 2 ) = x 2 — 4 y 2 

c. Im(z 2 ) = Im[(x + 2iy) 2 ] = 4xy 

d. Re(zz*) = Re [(x + 2 iy)(x - 2 iy)] = Re(> 2 + 4y 2 ) = x 2 + 4y 2 

e. Im(zz*) = Im(x 2 — 4y 2 ) = 0 = 0 


A-3. Express the following complex numbers in the form re w : 

a. 6 i b. 4 - V2i c. — 1 — 2i d. n + ei 


Use Equations A.8 and A.9 to determine the values of r and 6 in the expression re w . 
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a. 


so 


b. 


so 


c. 


so 


d. 


so 


6 i = rcosO + ir sin 9 
r = 6 
9 = tan -1 




6 i = 6e iw/2 


4 — V2i = rcosO + trsin# 


r = VT6 + 2 = 3V2 


9 = tan 1 



-0.340 


4-V2i = 3V2 e- 0 340 ' 

-1-2 i = r cos 9 + ir sin 9 
r = Vl +4= V5 
9 = tan -1 (—= 1.11 


-1 -2i = V5e u,i 

n + ei = r cos 9 + ir sin 9 

r = %/ 7T 2 + e 2 

9 = tan _1 (-) =0.7130 


it+ei = V^+7 2 e omi 


A-4. Express the following complex numbers in the form x + iy: 

a. e n,4i b. 6e 2ni/3 c. /4)i+ln2 


d. e~ 2ni +e 4ni 


a. 


b. 


c. 


e " /4i = cos {j) + 1 sin (j) 


V2 +l V2 

(ye 2 ” 1 ' 3 = 6 cos + 6 i sin ( 


= -3 + 3 V3t 


^-(;r/4)»+ln2 = 2e~ ni ^ =: 2 

= V2- V2 i 


COS 


("?) + ‘ si " (x)] = 2 Gi “ ‘Tf) 
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d . e 2ni + e Ani = cos( 2tc ) + i sin(— 2n) + cos(47r) + i sin(47r) 

= 2 


A-5. Prove that e in = — 1. Comment on the nature of the numbers in this relation. 


e l7T — cos(7r) + i sin(7r) = —1 

This is an amazing equation. It shows that a transcendental number (<?), raised to the product of an 
imaginary number (i) and another transcendental number (7r), is equivalent to an integer. 


A-6. Show that 


and that 


cos# — 


it) , -it) 

e 4- e 


sin# = 


e ie - e~ w 


2 i 


Using Equation A.6, 


e ,& = cos# + i sin# 
e~ lB ~ cos# — i sin# 


Adding these two expressions gives 


e ie +e-'' 

e i0 +e- iff 


= 2 cos # 
= cos# 


and subtracting the first two expressions gives 


e i0 — e~ ie = 2i sin# 


e i9 - 


2 i 


= sin# 


A-7. Use Equation A.7 to derive 

z n — r n (cos # + i sin#) n — r n (cosn6 + i sin nO) 
and from this, the formula of De Moivre: 

(cos # + i sin #)" = cos n6 + i sin nO 


Beginning with Equation A.7, 


z — r (cos# + i sin#) 
z n = r n (cos# + i sin#) J 


0) 
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We also know that 


z — re 


z n = r n e ni0 


( 2 ) 


Equating Equations 1 and 2 gives 

z n = r"(cos# + i sin#)" = r"(cosrc# 4- i sinrc#) 
Let r = 1 to obtain De Moivre’s formula: 

(cos# + l sin#)" = cos(n#) + i sin (nO) 


A-8. Use the formula of De Moivre, which is given in Problem A-7, to derive the trigonometric 
identities 

cos2# = cos 2 # - sin 2 # 

sin 2# = 2 sin# cos# 

cos 3# — cos 3 # — 3 cos # sin 2 # 

= 4 cos 3 # — 3 cos # 
sin 3# = 3 cos 2 # sin # — sin 3 # 

= 3 sin# — 4sin 3 # 


Use De Moivre’s formula with n = 2: 

(cos # + i sin #) 2 = cos 2# + i sin 2# 
cos 2 # + 2 i sin # cos # — sin 2 # = cos 2# + i sin 2# 

Equating the real and imaginary parts of this last equation gives 

cos 2# = cos 2 # - sin 2 # 
sin 2# = 2 sin# cos# 

Likewise, for n = 3 

(cos 2 # + 2 i sin # cos # — sin 2 #) (cos # + i sin #) = cos 3# + i sin 3# 
cos 3 # + 3i sin # cos 2 # - 3 cos # sin 2 # — i sin 3 # = cos 3# + i sin 3# 

Equationg the real and imaginary parts of this last equation gives 

cos 3# = cos 3 # - 3 cos # sin 2 # 

= 4cos 3 # — 3 cos# 
sin 3# — 3 cos 2 # sin # — sin 3 # 

= 3 sin# — 4 sin 3 # 



Complex Numbers 


23 


A-9. Consider the set of functions 


First show that 


Now show that 


<D m (0) = — e im + m = 0 ,± 1 ,± 2 , 
0 < 0 < 271 


pin 

/ d(p<$> m ((p) = 0 for all value of m ^ 0 

Jo 

= V27r m — 0 


pin 

/ d4><t>; i (<P)<t> n (4>) = 0 m^n 

Jo 


= 1 m = n 


1 


(</>) = m = 0, ±1,±2,... 0 < 0 < 2 tt 

V 27T 


Let m = 0. Then 


If m 0, 


r ~^=d<p =^l= 

Jo V27T V27T 

f 27r 1 r 2jr ] /* 2jr i 

I , — e im4> d(j) = / — cos m4>d(j) + / _ sin m<pd(f) (1) 

Jo v2tt Jo V27t Jo 


Each integral in Equation 1 is equal to zero, because they are evaluated over one full cycle of the 
function. Now consider 


J ««;(«»,(« = l [’ dte-'-fe"* 


-j-r. 

2/r J 0 


dcpe 


i(n—m)(p 


If n =£ m, we can define n - m = k and the resulting integral is identical to that in Equation 1, and 
so has a value of 0. If n = m, 

f o d<t>V m {<P)<b m {<p) = ±- j\<p= 1 


A-10. This problem offers a derivation of Euler’s formula. Start with 


/(#) = ln(cos# + i sin#) 


Show that 


df_ 

dd 




Now integrate both sides of Equation 2 to obtain 


/(#) = ln(cos 0 + i sin 0) = id + c 


( 1 ) 

( 2 ) 

(3) 


where c is a constant of integration. Show that c = 0 and then exponentiate Equation 3 to obtain 
Euler’s formula. 
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/( 6) — ln(cos # +1 sin #) 
df — sin#+ /cos# 
dO cos#+ /sin# 
/(cos# + i sin0) 
cos# + l sin# 

Integrating gives 



f = id + c 


Because f(9) = In 1 = 0 when 0 = 0, c must equal 0. We can exponentiate this last result to obtain 

cos 0 + i sin 9 = e' H 


A-11 . We have seen that both the exponential and the natural logarithm functions (Problem A-10) can 
be extended to include complex arguments. This expression is generally true of most functions. 
Using Euler’s formula and assuming that x represents a real number, show that cos ix and —i sin ix 
are equivalent to real functions of the real variable x. These functions are defined as the hyperbolic 
cosine and hyperbolic sine functions, coshx and sinhx, respectively. Sketch these functions. Do 
they oscillate like sin x and cos x? Now show that sinh ix = i sin x and that cosh ix = cos x. 


Recall from Problem A-6 


Let u = ix. Then 


sin u = 


2 i 


IU I IU 


e‘ u -he 


cos u = 


sin ix — 


2/ 


—i sin lx = —- 


cos ix — 


cos ix — 


e~ x + ^ 
2 

^ 


sinhx — -- 


cosh* = 


e~ x + e x 


so —i sin/jc = sinhjc and cos ix = cosh^. 
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In the figure cosh* is represented by the solid line and sinh jc is represented by the dashed line. 
Clearly these functions do not oscillate like cos jc and sin jc. Finally, 


sinh lx 
cosh ix 



— i sin x 


+ e l - 


2 


— COS JC 


A-12, Evaluate 


i = e inf2 

i = e i2 ” /2 = e~ n/1 


0.2079 


A-13. The equation x 2 = 1 has two distinct roots, jc = ±1. The equation x N = 1 has N distinct roots, 
called the N roots of unity. This problem shows how to find the N roots of unity. We shall see that 
some of the roots turn out to be complex, so let’s write the equation as z N = 1. Now let z = re w 
and obtain r N e lNB = 1. Show that this must be equivalent to e lN(i = 1, or 

cos NO + i sin NO = 1 

Now argue that NO = 2nn, where n has the N distinct values 0, 1,2, ..., N — 1 or that the N 
roots of units are given by 


z = e 2nin/N n = 0, 1,2. N - 1 

Show that we obtain z = 1 and z = ± 1, for N — I and N — 2, respectively. Now show that 

, 1 ,V3 . 1 ,V3 

z = '.-2+‘— and 

for N = 3. Show that each of these roots is of unit magnitude. Plot these three roots in the complex 
plane. Now show that z = 1, i, — 1, and —i for N = 4 and that 

i i 1 , . 1 . .V3 

z = 1, — 1, — ib z ——, and - - ± I —- 

2 2 2 2 

for N = 6. Plot the four roots for N — 4 and the six roots for N = 6 in the complex plane. Compare 

the plots for N = 3, N = 4, and N =■ 6. Do you see a pattern? 


Start with z N = 1. Let z = re'° to get r N e' N(j = 1. The magnitude of z must be unity, so r — 1. 
Therefore, we have e ,N0 = 1, or cos NO + i sin NO = 1. The solutions to this equation are 
NO = 0, 27T, 47T, ov NO = 2nn, where n = 0, 1,2,... The integer n has an upper limit of 
TV — 1, because for n — N 0 — 2nn/N , which is equivalent to the value obtained when n = 0. (At 
this point, we have gone around a complete circle.) Therefore, 

Z = e 2nin/ N n = Q< \ 2 . N- 1 

If N = 1, then 0=0, and so z— 1. 

If N = 2, then 0 = 0 or n, and z — - LI. _ 

If = 3, then <9—0, 2n/3, and 47t/3, and so z = 1, — ~ ± 
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If N = 4, then 6 = 0,7r/2,7r, and 3n/2 y and so z = ±1 or ±i. 

And finally, if N = 6, then 6=0, n/6 , 7r/3, 7 t/2, 27t/ 3, and 5 jt/ 6, and so 



Real Real Real 

All the roots for a given value of N lie on the circumference of a unit circle. One root lies along the 
x-axis, at x = 1, and the others are distributed symmetrically on the unit circle, so that the angles 
between all the roots are equal. (This means that the locations of the roots in the complex plane 
form regular polygons.) 

A-14. Using the results of Problem A-13, find the three distinct roots of x 3 = 8. 


In the previous problems, we found that for z 3 = 1 we would obtain the roots 


1 V3 1 ,x/3 

z=l. + and---,— 


Because x 3 = 8, we must multiply these roots by two (if r 3 = 8, then r = 2) to find the roots of 
.x 3 = 8. Then 


x = 2, -\±i*/3 


Notice that each root has a length of two. 
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The Classical Wave Equation 


PROBLEMS AND SOLUTIONS 


2-1. Find the general solutions to the following differential equations. 


d 2 y dy 

a - t ?~*£ + 3 ’- 0 

. d 2 y dy 

d ' d? + 1 T,- y = 0 


h d2y -Lf> dy n 

b - i? + 6 d ^ =0 

d 2 y dy 


dy 

c. - 7 - + 3;y = 0 
dx 


For all these equations, let y = e ax as in Example 2-1, so dy/dx = ae ax and d 2 y/dx 2 = a 2 e° 
_ d 2 y dy 

a ' 7?~*T x + 3y = ° 

a 2 — 4a + 3 = 0 
(a - l)(a - 3) = 0 

a = 1, 3 


b. 


c. 


The general solution is therefore y(x) = c l e 3x + c 2 e x . 

a 2 + 6a = 0 
a(a + 6) = 0 

a = 0 , —6 

6x 

dy 


The general solution is y(x) = c, + c 2 e 6x . 


dx 


+ 3y = 0 


a + 3 = 0 
a = —3 


The general solution is y(x) = . 
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d. 


d 2 y dy 
_ +2 -- y = 0 

a 2 + 2a — 1 = 0 


c= -2 ± V4 + 4 = _ 1± ^ 


The general solution is y(;c) = c { e { l+y/2)x + c 2 e { 1 ^ )jr . 


e. 


1 2 
d 2 y dy 

y^ 3 ^+2y = 0 

d x dx 

a 2 — 3a + 2 — 0 

(a — 2) (a — 1) = 0 

a = 1 , 2 


The general solution is y(jc) = c,e + c 2 e x . 


2-2. Solve the following differential equations: 

d 2 y dy 

a. — Y 2 -4y = 0 y(0) = 2; (at * = 0) = 4 

djr dx 

b. TT“ 5 T’ +6 >' = 0 y(0) = -l; ^(at*=0)=0 

c. ^ - 2y = 0 y(0) = 2 

dx 


First, we need to find the general solution. Then we will impose the boundary conditions to find c x 
and c T 


a. 


d 2 y 

OL 2 - 4 = 0 


a = ±2 


The general solution is therefore y(x) = c } e 2x + c 2 e 2x . The first derivative of y(*) is 

— 2ce 2x — 2c 2 e~ 2x 
dx 

Using these boundary conditions on y (*) and dy/dx at x = 0 gives 

2 = c { e° + c 2 e° 4 = 2c x — 2 c 2 

2 = c, +c 2 2 = c, - c 2 

Adding these two equations gives 


4 = 2c, 


from which we find 


2 = c, and 0 — c 2 


The solution is y(x) = 2e lx . 
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b. 


d 2 y dy 


d - 2 -5 tx+6y = 0 

a 2 — 5a + 6 = 0 
(a —2)(a —3)=0 

a =2, 3 


The general solution is y{x ) = c x e + c 2 e x . Using the boundary conditions gives 


y — c x e 2x + c 2 e 3x 
— 1 = c x e° + c 2 e° 


— 1 = c, + c 2 


= 2 c.e 2x + 3c 2 e 
dx 1 z 


3jc 


0 = 2c, + 3 c 2 

3c, 


Combining these results gives 




or 


— 3 = c, 


2 = c„ 


The solution is y(x) — —3^ + 2e 3jc . 


c. 


0 n 
— - 2y = ° 

dx 

a — 2 = 0 
a = 2 


The general solution is y(x) = c,e . The condition y(0) = 2 gives 

2 = c,e° 


The solution is y(;c) = 2e 2x . 


2-3. Prove that x{t) = cos cot oscillates with a frequency v ~ co/2n. Prove that 
x(t) = A cos cot + B sin cot oscillates with the same frequency, co/2n. 


The functions cos t and sin t oscillate with a frequency of v = \/2n, since they go through one 
complete cycle every 27r radians. The functions cos(cot) and sin(o;r) go through co complete cycles 
every 2n radians, so they oscillate with a frequency of v — co/2n. A linear combination of these 
functions (for example, A cos cot + B sin cot) will oscillate with the same frequency, co/2 tc. 


2-4. Solve the following differential equations: 

a. + co 2 x(t) = 0 x(0) = 0; ^(atr = 0) = u o 

dt dt 

d. 2 x d x 

b. — r + co 2 x(t) = 0 x(0) = A\ — (at t = 0) = v Q 

dt 2 dt 

Prove in both cases that x(t) oscillates with frequency co/2ix. 


We solved the general case of the differential equation given in Example 2-A , so we know that 
x(t) = c 3 coscot + c 4 sin cot. Now we apply the given initial conditions. 
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a. 


b. 


x(t) = c 3 cos cot + c 4 sin cot 
0 = c 3 ( 1 ) + c 4 ( 0 ) 

0 = c 3 

The solution to the differential equation under 

x(t ) = c 3 cos cot + c 4 sincuf 
A = c 3 (l) + c 4 (0) 

A = 


— = —cuc 7 sin cur + coc. cos cur 
c/r 3 4 

V 0 = o + cwc 4 



v 0 

these conditions is ;t(r) = — sin cot. 


— = —cot\ sin cot + coc, cos cot 
dt 3 4 

v Q = 0 + coc 4 



u 0 

The solution to the differential equation under these conditions is x(t) = A cos cot H-sin cot. 

co 

Both of these solutions can be written in the form x(t) = A cos cot 4- B sin cur, which (as shown in 
Problem 2-3) oscillates with frequency co/2tj:. 


2-5. The general solution to the differential equation 

d 2 x 2 
—T + 0 ) 2 x(t) = 0 

is 


jc(r) — c ] cos cur + c 2 sin cot 

For convenience, we often write this solution in the equivalent forms 

jc(r) — A sin(cur + cj>) 


or 


x (r) = Bcos(cot + \jr) 

Show that all three of these expressions for x(t) are equivalent. Derive equations for A and <p in 
terms of c } and c 2 , and for B and \fr in terms of c, and c r Show that all three forms of x(t) oscillate 
with frequency co/2n. Hint : Use the trigonometric identities 

sin(a + ff) = sin a cos 4 - cos a sin 


cos(a 4 - > 8 ) = cos a cos >8 — sin a sin 


x (r) = A sin (cot 4- 0) 

= A sin cot cos 0 4- A cos cot sin 0 
= Cj cos cur 4 - c 2 sin cot 


and 
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where we define c, = A sin <p and c 2 = A cos 4>. These equations can be solved for A and 4> in terms 
of c, and c 2 : 


Likewise, 


cj + c 2 = A 2 (sin 2 4> + cos 2 <p) 

A = (cf + c 2 ) 1/2 


, • — I ^2 —1 ^2 

0 = sin —— = tan 1 — 


w+ 


„ 2\'/2 
2) 


x(t) — Bcos(a)t + 0) 

= # cos cos \j/ — B sin sin 0 
= c, cos + c 2 sin 

where we define c { = B cos 0 and c 2 = —B sin 0. Solving for B and 0 in terms of c x and c 2 gives 

c\ + c\ — B 2 (cos 2 0 + sin 2 0) 

B = (c] + cl )' /2 

i —l Ci _i £*2 

0 = cos - 5 —nr = tan — 

( C 1 + C 2) C 1 

Because 0 and f are constants, x{t) = A sin(a>r + </>) and x(t) = Bcos(a>t + <j>) oscillate with 
a frequency of v = a>/2n. We showed in Problem 2-3 that x(t) = A coscot + B sincwr oscillates 
with the frequency to/lie. 


2-6. In all the differential equations we have discussed so far, the values of the exponents a that we 
have found have been either real or purely imaginary. Let us consider a case in which a turns out to 
be complex. Consider the equation 


fy 

dx 2 



+ lOy = 0 


If we substitute y(x) = e ax into this equation, we find that a 2 + 2a + 10 = 0 or that a = -1 ± 3i. 
The general solution is 


y(jc) = c/~ Mi)x 

— ^ *-**3ix 


+ c 2 e 


(—1—30* 


c x e~ x e’ ,x + c 2 e~ x e~ Vx 
Show that y(x) can be written in the equivalent form 

y(x) = e~ x (c 3 cos3x: + c 4 sin 3 x) 

Thus we see that complex values of the a’s lead to trigonometric solutions modulated by an 
exponential factor. Solve the following equations. 

„ d 2 y dy 

a - d? +2 7^ +2y=0 

d 2 y dy 

b - d?~ 6 z; +25y=o 

c. ^ + 2/!^ + O 2 + 0 ) , )j = 0 

dx dx 

, d 2 y dy dy 

d. —~2 + 4—— + 5y = 0 y(0) = 1; -j-{&lx = 0) = —3 

dx dx dx 
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To show that the above expressions for y(x) are equivalent, use the expression e i& = cos 0 + i sin 0 
(Equation A.6). [Recall that cos(-0) = cos(0) and that sin(-0) = - sin(0).] 


y(x) = C] e- x e 3ix +c 2 e- x e~* ix 

= e~ x [c, cos(3jc) + c { i sin(3*) + c 2 cos(—3x) + c 2 i sin(—3x)] 

= e~ x [(c, + c 2 ) cos(3x) + i (c, — c 2 ) sin(3;c)] 

= e~ x (c 3 cos 3x + c 4 sin 3*) 

where c 3 = c x + c 2 and c 4 = (c, - c 2 )i. Now we can solve the differential equations as we did in 
Problem 2-1. 


a. 


d 2 y ,~dy 

77 + 2 T, +2y = 0 

a 2 -\-2a + 2 = 0 


a = 


-2± V4^8 


= -1 ±i 


b. 


The general solution is y(x) = c i e ( 1+()x + c 2 e ( 1 f)x . Using the expression derived in the first 
part of this problem, we can write the solution as >>(jc) = e~ x [c 3 cos(a;) + c 4 sin(;c)]. 


d 2 y ,dy 

~ri ~ 6 t~ + 25 y = ° 

dx dx 

a 2 - 6a + 25 = 0 


a = 


6± V36- 100 


= 3 ± 4i 


The general solution is y(x) = c t e 0+il)x + c 2 e° 4l)x or y(x) = e 3x [c 3 cos(4a) + c 4 sin(4;c)]. 

pL + 2e d JL + ^ + lo > )y = 0 

dx 2 dx 

a 2 + 2/3a + (j0 2 + a> 2 ) = 0 

-2)8 ± VW - W - 4cu 2 

a =---= —p ±ico 


The general solution is y(x) = c,e ( p+m)x + c 2 e { p w,)x or y(x) = e px [c 3 cos(cua) + c 4 sin(a>A)]. 


d. 


d 2 y dy 
-^+4-f4 + 5y = 0 
dx dx 

a 2 + 4a + 5 = 0 


a = 


—4 ± >/16 — 20 


= -2 ± i 


The general solution is ;y(A) = c { e ( 2+l)x + c 2 e { 2 l>x or y(x) = e 2x [c 3 cos(a) + c 4 sin(jc)]- 
We now use the conditions on y(A) and dy/dx at x = 0 to find c 3 and c 4 : 

_y(0) = 1 = e° [c, cos(0) + c 4 sin(0)] = c 3 = 1 



—2e° [cos(0) + c 4 sin(0)] + e° [- sin(O) + c 4 cos(0)] = -2 + c 4 


and so 


The specific solution is therefore }>(a) = e 2x (cos a — sin a). 
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2-7. This problem develops the idea of a classical harmonic oscillator. Consider a mass m attached 
to a spring as shown in Figure 2.8. Suppose there is no gravitational force acting on m so that the 
only force is from the spring. Let the relaxed or undistorted length of the spring be x Q . Hooke’s law 
says that the force acting on the mass m is / = — k(x — x Q ), where k is a constant characteristic 


Tim* 


m 


** x FIGURE 2.8 

A body of mass m connected to a wall by a sping. 


of the spring and is called the force constant of the spring. Note that the minus sign indicates the 
direction of the force: to the left if x > x 0 (extended) and to the right if x < jc 0 (compressed). The 
momentum of the mass is 


dx 

p — m — = m- 
dt 


d( x ~ x 0 ) 
dt 


Newton’s second law says that the rate of change of momentum is equal to a force 


dt 1 


Replacing f(x) by Hooke’s law, show that 

d 2 (x - x 0 ) 


m- 


dt 2 


= -k(x - x 0 ) 


Upon letting $ = x — x 0 be the displacement of the spring from its undistorted length, then 

Given that the mass starts at £ = 0 with an intial velocity v Qt show that the displacement is given by 


m - u 0 



Interpret and discuss this solution. What does the motion look like? What is the frequency? What 
is the amplitude? 


Substituting for / from Hooke’s law into Newton’s second law, 


d 

dt 


dp_ 

dt 



= ~k(x ~ x Q ) 
= -k(x - x 0 ) 


m 


d 2 x 
dt 2 


-k(x - x Q ) 
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Now let £(f) = x — x Q? so md 2 %/dt 2 + k% = 0, and use the initial conditions of £(0) = 0 and 
d^/dt = v Q at t = 0. Solving this differential equation by the method used in Problem 2-6 gives a 
general solution of £(0 = c 3 cos cot + c 4 sin cot. Using the initial conditions, we find that 

0 = c 3 

—coc 3 sin cot + coc 4 cos cot 
coc 4 

CO 

so the solution that satisfies the initial conditions is 

... u o ■ ( m \ 1/2 . f 

The function £(*), which describes the time evolution of the oscillator, shows that the motion is 
sinusoidal with frequency (l/27r)(/:/m) 1/2 and amplitude v 0 (m/k) l/2 . 


m = 

di = 
Jr 


2-8. Consider the linear second-order differential equation 

d 2 y dy 

'dx 2 +U ^ X>) dx +a o (*)?(*) = 0 

Note that this equation is linear because y(x) and its derivatives appear only to the first power and 
there are no cross terms. It does not have constant coefficients, however, and there is no general, 
simple method for solving it like there is if the coefficients were constants. In fact, each equation of 
this type must be treated more or less individually. Nevertheless, because it is linear, we must have 
that if y^(x) and y 2 (x) are any two solutions, then a linear combination, 


y(x) = c { y { (x) + c 2 y 2 (x) 

where c } and c 2 are constants, is also a solution. Prove that y(x) is a solution. 


Let y(x) = c { y x (x) + c 2 y 2 (x). Then 


dy_ 

dx 

d 2 y 


d J _i 
1 dx 

j2. 


d y 2 

2 dx 


_ r dy l d y 2 

dx 2 ~ 1 dx 2 ^ 2 dx 2 


d 2 y dy d 2 y x 

dx 2+a '^'dx + a °( x ’ y( - x ' = c ~ 


d 2 y 2 

1 dx 2 +C W +a ‘ 


' c d 2± + c dy l 
1 dx 2 dx 


+ a 0 (c,y, + c 2 y 2 ) 


r d 2 y { dy. 

—r + a i77 + Vi 


= C, 


dx 2 1 dx 

= c,(0) + c 2 (0) = 0 


r d 2 y 2 dy 2 
"dx 2 + a '7x + a ° yi 


+ 


If y } (x) and y 2 (x) are solutions, y(jt) = c^OO + c 2 y 2 (x) is also a solution. 


2-9. We will see in Chapter 3 that the Schrodinger equation for a particle of mass m that is constrained 
to move freely along a line between 0 and a is 

d 2 \j/ /8 7t 2 mE\ 

d7 + \h T ~) 


f(x) = 0 
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with the boundary condition 


*( 0 ) = na) = 0 


In this equation, E is the energy of the particle and \jr( jc) is its wave function. Solve this differential 
equation for rfr(x), apply the boundary conditions, and show that the energy can have only the 
values 


E 


n 


n 2 h 2 

%ma 2 


n = 1, 2, 3, ... 


or that the energy is quantized. 


Using the solution found in Example 2-4, with co 2 = 8 n 2 mE/ h 2 , we find 


yj/ = C sin kx + D cos kx 


where k = (Sn 2 mE //z 2 ) 1/2 . Applying the boundary condition t/r(0) = 0 gives \/r = Csinfc*. The 
boundary condition yf/ (a) = C sin ka —0 requires that ka — rut with n = 1,2,.... Therefore 

nnx 

rfr(x) = C sin- az = 1, 2, 3, ... 

a 


and 


ka = rut 


or 


i&7t 2 mE rut 

h 2 a 


Solving for E gives 


2l2 


£ = 


rrh 

Sma 2 


n— 1, 2, 3, .. 


where we have added the subscript to E to explicitly show the dependence of E on the integer n. 


2-10. Prove that the number of nodes for a vibrating string clamped at both ends is n — 1 for the nth 
harmonic. 


Equation 2.25 gives us a formula for u n where u n represents harmonic motion in a normal mode: 


u n (x, t) = A n cos (a ) n t + sin 


nnx 

~T~ 


(2-25) 


We want to find the number of nodes, or the number of solutions to u n (x) where u n = 0. (We 
can ignore the time-dependent portion of u n (x) because the nodes are not time-dependent.) Then 
u n (x y t) = Oif 


nnx 
sin —— 


= 0 


or 


nnx 

~T~ 


0, 7T, 27T, . . . 
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Solving for x gives 

„ / 21 

x = 0, . 

n n 

We know that, physically, 0 < x < /. Furthermore, by definition, x = 0 and x = / are not nodes 
(they are the ends of the string). Therefore nodes occur at 

/ 21 (n — 1)/ 
x = - 

n n n 

and so the nth normal mode has n — 1 nodes. 


2 - 11 . Prove that 


y(x , t) = A sin 


2n ' 

T <* - w) 


is a wave of wavelength A and frequency v = v/k traveling to the right with a velocity v. 


All sine and cosine functions oscillate in a wave-like manner, so y(x, t) is a wave. We can write 
y(x, t ) as 

^ 2n 2nv 

y{x , t) = A sin [#x — Cr], where B = and C = —— 

A A 


From this expression, we see that 


wavelength = 


= A 


frequency = — 
2tc 



A standing wave has the equation y s . = A sin£;c r . The wave equation presented in this problem is 
related to the equation of a standing wave by x = x s + vt. The point x s is arbitrary, and so we set it 
equal to 0. This gives x = vt, so the wave is traveling right with velocity v. 


2 - 12 . Sketch the normal modes of a vibrating rectangular membrane and convince yourself that they 
look like those shown in Figure 2.6. 


The sketch will look (as the problem states) just like Figure 2.6. 




‘13 
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2-13. This problem is the extension of Problem 2-9 to two dimensions. In this case, the particle 
is constrained to move freely over the surface of a rectangle of sides a and b. The Schrodinger 
equation for this problem is 


aV aV 

+ dy 2 + 



fix, y) = 0 


with the boundary conditions 


fiO, y) = fia, y) = 0 for ally, 


0 < y <b 


fix, 0 ) = fix, b) = 0 for all x, 


0 < x < a 


Solve this equation for fix,y), apply the boundary conditions, and show that the energy is 
quantized according to 


E 


n 2 h 2 n 2 h 2 

— - 1 —-— 

8 ma 2 8 mb 2 


n x = 1, 2, 3, ... 
n y = 1, 2, 3, 


We will solve this partial differential equation using the technique of separation of variables. By 
letting fix,y) = Xix)Yiy), we can write 

d 2 f 
dx 2 


3 2 f (8n 2 mE\ 

~dS + \h r ~) fix ' y) = 0 

YXY = 0 
3y 2 dx 2 \ h 2 ) 


i a 2 x i 8 2 y 
xJx 2 + 7 ay 2 


87 T 2 mE 


We can now separate the above equation into two differential equations: 


X dx 2 


= “P 


and 


1 d 2 Y 




Y dy 1 

where p 2 + q 1 = %n 2 mE/h 2 (cf. Equations 2.34 through 2.37). These two equations have identical 
forms and were solved in Problem 2-9. Using the result of Problem 2-9 and applying the boundary 
conditions gives 

n tc x 


X(x) = B sin px — B sin 
Y(y) = Dsinqy = D sin 


a 

yry 


n, = 1,2,3, ... 
n v = U 2, 3,... 


n 7 ix n ny 

Because jjr(x, y) = X(jt)F(y), \j/(x, y) = BD sin —— sin — : —. Also 


P 2 + q 2 = 


a b 

%n 2 mE 


and so 


i 2 2 

n 7 x 


+ 


__ 2 2 > 
n tv 
y 


8 tv m 


= E 


or 


2 i.2 


E = 


nth 


2,2 


+ 


nth 


&ma 8 mb 


n x = 1, 2 , 3, ... 
n =1, 2 , 3, ... 
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where we have used the subscripts on E to denote explicitly the dependence of the energy on the 
values of n x and n y . 


2-14. Extend Problems 2-9 and 2-13 to three dimensions, where a particle is constrained to move 
freely throughout a rectangular box of sides a, b , and c . The Schrodinger equation for this system is 


aV a2 

Jx 2 + 


d 2 \jf d 2 \j/ (8n 2 mE\ 


and the boundary conditions are that z) vanishes over all the surfaces of the box. 


As in Problem 2-13, we can separate the variables to produce three differential equations, one for 
each dimension: 

d 2 X 8t x 2 mE , 

8 x T + ~T^ X ~ P 
d 2 Y %Tt 2 mE - 

a7 + h 2 ~ q 

d 2 Z Zn 2 mE , 

—7 +-=—Z = r 2 

3 Z 2 h 2 

where p 2 + q 2 + r 2 = %n 2 mE/h 2 . Following the method described in Problem 2-13, we find 


(/ , , • n x nx . n ity . n nz 

y,z) = A sm —— sin —— sin —— 


and 


2l2 


nth 


2r2 


+ 


nh 


+ 


n 2 h 2 


8 ma 2 8 mb 2 8 me 


n x = 1, 2, 3, ... 
n y = 1, 2, 3, ... 
n z = 1, 2, 3, ... 


= 1, 2, 3, ... 
n y = 1, 2, 3, ... 
n = 1, 2, 3, ... 


2-15. Show that Equations 2.46 and 2.48 are equivalent. How are G nm and <p nm in Equation 2.48 related 
to the quantities in Equation 2.46? 


T (t) = G cos (co t + cp ) 

nm v ; nm v nm r nm / 

Using the trigonometric identities from Problem 2-5, we write this as 

T (t) = G [cos(&> t) cos d> — sin(&> t)$\nd) 1 
= G„ m cos (cot) cosd - G„,„ sin(o>„ m r) sin0„ 

nm v nm y ' nm nm x nm y r n. 

= E cos cot + F sin cot 

TiTtx nm nm nm 

where G cos d>„„ = £ and -G sin <b = F. 

' nm nm ' nm nm 


(2.48) 


(2.46) 


Many problems in classical mechanics can be reduced to the problem of solving a differential 
equation with constant coefficients (cf Problem 2-7). The basic starting point is Newton’s second 
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law, which says that the rate of change of momentum is equal to the force acting on a body . 
Momentum p equals mv y and so if the mass is constant , then in one dimension we have 

dp dv d 2 x 
— = m— = m ~n = / 
dr Jr 2 

If we are given the force as a function of x, then this equation is a differential equation for 
x(t), which is called the trajectory of the particle. Going back to the simple harmonic oscillator 
discussed in Problem 2-7 ’ if we let x be the displacement of the mass from its equilibrium position , 
then Hooke's law says that f(x) = —kx, and the differential equation corresponding to Newton s 
second law is 

d 2 x 

— r + kx(t) = 0 
dr 

a differential equation that we have seen several times . 


2-16. Consider a body falling freely from a height x Q according to Figure 2.9a. If we neglect air 
resistance or viscous drag, the only force acting upon the body is the gravitational force mg. Using 
the coordinates in Figure 2.9a, mg acts in the same direction as jc and so the differential equation 
corresponding to Newton’s second law is 

d 2 x 

V = mg 

Show that 

1 , 

*(0 = 2 gt + V + x o 

where x Q and v 0 are the initial values of x and v. According to Figure 2.9a, x 0 = 0 and so 

1 9 

*(0 = 2 gt + v 

If the particle is just dropped, then i> 0 = 0 and so 

x{t) = ^ gt 2 

Discuss this solution. Now do the same problem using Figure 2.9b as the definition of the various 
quantities involved, and show that although the equations may look different from those above, 
they say exactly the same thing because the picture we draw to define the direction of jc, u 0 , and mg 
does not affect the falling body. 


t 

X 


X 


0 


♦ 

mg 



x 


0 


(a) (b) 

FIGURE 2.9 

(a) A coordinate system for a body falling from a height jc q , and (b) a different coordinate system for a body falling 
from a height x Q . 
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We solve the equation (written using the coordinates in Figure 2.9a) 

d 2 x 

m— t = mg 

by integrating twice to obtain 

gt 2 

x = — —f- ct + k 
2 

At t = 0, x = 0, and so k = 0. Likewise, at t = 0, dx/dt = v QJ and soc = v Q . Thus, we obtain the 
result 

x(t) = ^gt 2 + V 0 t (1) 

When u 0 = 0, we have x(t ) = jgt 2 , which is a formula for the acceleration of a falling body 
from rest; the distance x(t) increases quadratically with time. Newton’s equation in the coordinate 
system of Figure 2.9b is 

d 2 x 

m j, - = - mg 

whose general solution is 

jc(f) = at 2 + bt + c 


The particle is falling from an initial height of x Qi so x(0) = x Q . Also dx/dt = —u 0 initially, and so 

gt 2 

x(t) = — --V 0 t + x 0 (2) 

Both Equations 1 and 2 say the very same thing. For example, to find the time that it takes for the 
mass to strike the ground, let x(t) = x 0 in Equation 1 and x(t) = 0 in Equation 2 to obtain 

1 , 

-gr + v 0 t = x 0 

in each case. 


2 - 17 . Derive an equation for the maximum height a body will reach if it is shot straight upward with 
a velocity v 0 . Refer to Figure 2.9b but realize that in this case v 0 points upward. How long will it 
take for the body to return to its initial position, x = 0? 


Using the coordinate system of Figure 2.9b and Equation 2 derived in Problem 2-16 (with u 0 = — v Q 
and x(0) = 0), we find that 


x(t) = -gt 2 + V 


To determine how long it will take for the body to return to earth, we first calculate how long 
it will take the body to reach its maximum height. At its maximum height, the velocity is zero 
(idx/dt = 0). Therefore the time needed to reach the maximum height, t max , is given by 


0 - - 8 l raax + U 0 
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or 


The maximum height that the mass will attain is jc(/ max ) = v^/lg. From the instant the body is shot, 
it will take 2f max (or 2 v Q /g) to return to earth because it takes the same amount of time for the body 
to return from its maximum height as it takes the body to reach that height. 


2-18. Consider a simple pendulum as shown in Figure 2.10. We let the length of the pendulum be / 
and assume that all the mass of the pendulum is concentrated at its end as shown in Figure 2.10. A 
physical example of this case might be a mass suspended by a string. We assume that the motion 
of the pendulum is set up such that it oscillates within a plane so that we have a problem in plane 
polar coordinates. Let the distance along the arc in the figure describe the motion of the pendulum, 
so that its momentum is mds/dt = mldO/dt and its rate of change of momentum is mld 2 0/dt 2 . 
Show that the component of force in the direction of motion is -mg sin#, where the minus sign 
occurs because the direction of this force is opposite to that of the angle #. Show that the equation 
of motion is 


d 2 0 

ml—j = -mg sin # 
dt 


Now assume that the motion takes place only through very small angles and show that the motion 
becomes that of a simple harmonic oscillator. What is the natural frequency of this harmonic 
oscillator? Hint : Use the fact that sin# ^ # for small values of #. 



FIGURE 2.10 

The coordinate system describing an oscillating pendulum. 


The component of the force mg along the arc in Figure 2-10 is mg sin #, but in a direction opposite 
to the motion. Newton’s law states that the change in momentum is equal to the forces acting on the 
body. Therefore 


d 2 s . n 

m —^ — —mg sin 0 
dt 2 


Since s = IQ, 


ml - 


d 2 Q 


dt 


2 = —mg sin 9 


For small angles, sin# » Q and (a) becomes 


d 2 0 g 

7 ? + 7 e -° 


(a) 
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The general solution to this equation is (Example 2-A) 

[g 

x(t) = c , cos tJj+c 2 sin t 
The natural frequency of the pendulum is ( g/l ) ]/1 . 



2-1 9. Consider the motion of a pendulum like that in Problem 2-18 but swinging in a viscous medium. 
Suppose that the viscous force is proportional to but oppositely directed to its velocity; that is, 

f = = _ u d A 

/viscous dt dt 

where X is a viscous drag coefficient. Show that for small angles, Newton’s equation is 

d 2 9 dd 

ml —=- + XI— —1- mg9 = 0 
dt 2 dt 


Show that there is no harmonic motion if 


X 2 > 


4 m 2 g 


l 


Does it make physical sense that the medium can be so viscous that the pendulum undergoes no 
harmonic motion? 


Now we have both the force of gravity and the viscous force acting on the system, so, again by 
Newton’s Law, 


d 2 0 

ml = —mg sin 6 — XI — 


dO 

dt 


For small angles sin# fc* #, so 


d 2 0 dO 

ml —r- -f mg sin 0-\-Xl—- =0 
dt 2 dt 


d 2 0 XdO g 
- + -— + *- 0=0 
dt m dt l 


Substituting 0(f) = e at into (a) and dividing through by 0(f) gives 


Solving for a gives 


a 2 + —a + y — 0 
m l 


= _ A ± (2L _ l) 

2 2m \4m 2 l ) 


a — ± 

2m 


1/2 


and so the solution to the differential equation is (Problem 2-6) 

0(t) = e- kt/2m (c } e fit + c 2 e fit ) 


(a) 
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( ^ V /2 

where /S = f —j - f J . If X 2 < 4m 2 g/1, then is imaginary and the motion is harmonic. 

However, if X 2 > 4m 2 g/1, then /? is real and there is no harmonic motion. The viscosity is so large 
that the pendulum simply approaches its vertical position without oscillating. 


2-20. Consider two pendulums of equal lengths and masses that are connected by a spring that obeys 
Hooke’s law (Problem 2-7). This system is shown in Figure 2.1 1 . Assuming that the motion takes 
place in a plane and that the angular displacement of each pendulum from the vertical is small, 
show that the equations of motion for this system are 

mu>\x — k(x — y) 
mo) 2 0 y - k(y - x) 

where o> 0 is the natural vibrational frequency of each isolated pendulum, [i.e., a> 0 — ( g/l) l/2 ] and k 
is the force constant of the connecting spring. In order to solve these two simultaneous differential 
equations, assume that the two pendulums swing harmonically and so try 

x(t) = Ae ia)t y(t) = Be ia)1 


d 2 x 


m—^r = - 


dt 2 
d 2 y 


m - zr — — 


dt L 


Substitute these expressions into the two differential equations and obtain 



Now we have two simultaneous linear homogeneous algebraic equations for the two amplitudes 
A and B. We shall learn in MathChapter E that the determinant of the coefficients must vanish in 
order for there to be a nontrivial solution. Show that this condition gives 



Now show that there are two natural frequencies for this system, namely, 

a) 2 = cc>l and co\ = col + — 
u m 


Interpret the motion associated with these frequencies by substituting a) 2 and co\ back into the two 
equations for A and B. The motion associated with these values of A and B are called normal 
modes and any complicated, general motion of this system can be written as a linear combination 
of these normal modes. Notice that there are two coordinates (x and y) in this problem and two 



X 


FIGURE 2.11 

Two pendulums coupled by a spring that obeys Hooke’s law. 
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normal modes. We shall see in Chapter 13 that the complicated vibrational motion of molecules 
can be resolved into a linear combination of natural, or normal, modes. 


The quantities x(t) and y(r) are the distances along the arcs in Figure 2.11. In terms of angles (see 
Problem 2-18), we can write 


m 


d 2 x 
dt 2 


= -mg6 x - k(x - y) 


where x = ld x , y = Id , and we assume small displacements from the vertical. In terms of x and y 
we then have 


m 


m 


d 2 x 

1? 

d 2 y 

dt 2 


— Y~x — k(x — y) = —mco\x — k(x — y) 
-~j-y - k(y -x) = -mco 2 0 y - k(y - x) 


which are the equations of motion in the problem [we have taken co 0 = (g/l) ,/2 l Notice that 
the force due to the connecting spring acts in opposite directions in the equations for x and .y. 
Substituting x(t) = Ae iM and y(t) = Be iwl into these equations, we find 


-mo?Ae' M = -Amcole^ - k{A - B)e iM 



-mco 2 Be io ” = -Bmco 2 0 e iM - k(B - A)e iu “ 

(co 2 -coI--\b = --A 
\ m) m 

One method of solving these coupled equations involves using determinants (MathChapter E). 
Specifically, the determinant of the coefficients of A and B must vanish or 



In the first case cu, = co 0 , and the two pendulums swing in phase. In the second case, they swing 
against each other, 180° out of phase. 


2-21. Problem 2-20 can be solved by introducing center-of-mass and relative coordinates (cf. Section 
5-2). Add and subtract the differential equations for x(t) and y(t) and then introduce the new 
variables 


r] = x + y and £ = x - y 

Show that the differential equations for r] and £ are independent. Solve each one and compare your 
results to those of Problems 2-20. 



The Classical Wave Equation 


45 


The two coupled differential equations from Problem 2-20 are 

d 2 x 7 

m ~^2 = ~ m0J Q x ~ k(x — y) 

d 2 y 2 

= ~fnco 0 y - k(y - x ) 


Adding these two equations gives 


7 T(* + y) + o>l(x + y) = 0 
at 


Subtracting these two equations gives 


d 2 , 2k 

-tj( x ~ y) + tol(x - y) + —(x - y) = 0 
at 


m 


Using t] = x + y and £ = x — y, we obtain independent equations for r\ and 

d 2 t) 


dt 


2 + _ 0 


d 2 | / , 2 k\ 

3 ? + (“ 8 + «) { -° 


Note that these equations are equations for harmonic motion of frequency co Q and + ^) !/2 , in 
agreement with the results of Problem 2-20. 




MATHCHAPTER 


Probability and Statistics 

PROBLEMS AND SOLUTIONS 


B-1 . Consider a particle to be constrained to lie along a one-dimensional segment 0 to a. We will learn 
in the next chapter that the probability that the particle is found to lie between x and x + dx is 
given by 

2 . 2 nnx 

p(x)dx = -s\n - dx 

a a 

where n = 1, 2, 3, -First show that p(x) is normalized. Now calculate the average position 

of the particle along the line segment. The integrals that you need are (The CRC Handbook of 
Chemistry and Physics or The CRC Standard Mathematical Tables , CRC Press) 


/ 


. 2 , x sin2a;c 

sin axdx =- 

2 4a 


and 


/ 


x sin 2 axdx = — 
4 


x sin lax cos lax 


4a 


8a 2 


If p(x) is normalized, then p(x)dx = 1. 

C a f a 2 

I p(x)dx = I - si 

Jo Jo a 


2 nnx 

sin - dx 

a 

sin 2nna~ l j 


~ 2 / x si 
a \2 4nna~ x 
2 f a sin 2nn 
a 2 
2 


Jo 

sin 


. - 0 + 

4mxa Anna 


inO 
na~ l _ 


-;(!)- 


Thus, p(x) is normalized. To find the average position of the particle along the line segment, use 
Equation B.12: 


(x) 


r" r 2 

= / xp(x)dx = / ;c-si 

Jo Jo a 

= -\-- 
a [ 4 


nnx 


xsin2nna 


-dx 


coslnna x 


2 [a 2 


2 [a 2 
a 
a 
2 


Anna 1 
a sin 2ft7r 
4ft7rft _l 
1 


8n 2 n 2 a 2 
COS 2ft 7T 


+ ■ 


0 

cosO 


8 n 2 n 2 a 2 8n 2 n 2 a 


1 1 2 f a 2 \ 

8n 2 n 2 a~ 2 8ft 2 7r 2 ft“ 2 _ a \ 4 / 
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B-2. Calculate the variance associated with the probability distribution given in Problem B-l. The 
necessary integral is (CRC tables) 

x cos lax 


f x 2 sin 2 axdx = ^ — ( - -—) sin lax — 

J 6 \4a 8or/ 


4a 2 


Use Equation B.13: 

r« 7 f“ 

W = [ * t ^ dx =al 


9 9 n 7tx , 

x sin - dx 


xcos2nna l x^“ 


2_,2 2 


An n a 


= -[ — - ( x2 — - T \^)sinlnjta-' 

a |_ 6 \4n7ra %n 2 n 2 a 3 J 

1 [ a 3 ( a 2 1 \ „ a cos Inn 1 

~ a _ 6 \4n7ra -1 Sn 3 n 3 a~ 3 ) S ' n 4ti 2 n 2 a~ 2 J 

1 / a 3 a 3 \ 

— a V 6 4n 2 7t 2 / 


-| u 

. o 


a 

J 


In 2 n 




The variance a 2 is given by 

a 2 = {x 2 )-(x) 2 

Using the result of Problem B-l and the above result for {x 2 ) gives 


° 3 In 2 tv 2 

a 2 a 2 


a‘ 

7 


12 Inn 


2_2 


(B.8) 


B-3. Using the probability distribution given in Problem B-l, calculate the probability that the particle 
will be found between 0 and a/1. The necessary integral is given in Problem B-l. 


The probability that the particle will lie within the region 0 to a/I is given by f" p(x)dx (Equation 
B.10). 

r' 2 r 12 1 , nnx , 

/ p(x)dx = / - sin - dx 

Jo Jo a a 


= 2 -f 

a Jo 
2 [x si 
= a[2~~ 


1 nnx f 
- dx 


s\n2nna ] x 
4nna~ 


Jo 

sinO 


2\a sin2/i7r 
a 4 8/77ra -1 4nna~ x 

1 


a W/ 2 


The probability of the particle being found in exactly half the box is 0.5. 
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B-4. Prove explicitly that 


/ oo PC 

e~ axl dx = 2 

■oo JO 


e~ ax dx 


by breaking the integral from -oo to oo into one from —oo to 0 and another from 0 to oo. Now let 
z = — x in the first integral and z = x in the second to prove the above relation. 


/ oo p 0 poo 

e~ axl dx = / e~ ax2 dx + / e~ ax2 dx 
■oo J— oo Jo 

We can let z = — x in the first integral and z = x in the second and write 

/ oo p 0 p oo 

e~ ax2 dx = - / + / e~ ax2 dx 

■oo J oo JO 

p oo P oo 

= / e-“ j2 dz+ / e"“ j2 dz 

Jo Jo 

P OO p OO 

= 2 / e"« 2 <fz = 2 / 

Jo JO 


B-5. By using the procedure in Problem B-^4-, show explicitly that 

/ oo 

xe~ ax2 dx — 0 

■oo 


/ oo p 0 /»oo 

xe~ axl dx — I x e~ ax2 dx + / xe~ axl dx 

■oo J -oo Jo 

We can let x ^ in the first integral to get 

/ oo /»0 poo 

xe~ ai2 dx = / ze-“ z2 rfz + / A:e-“" 2 ^A: 

oo J oo JO 

POO POO 

= - / ze-“ z2 dz + / jce" 1 ” 2 ^ 

Jo Jo 

POO POO 

= - / *<T“* 2 4;t + / 

Jo Jo 


= 0 


B-6. We will learn in Chapter 25 that the molecules in a gas travel at various speeds, and that the 
probability that a molecule has a speed between v and v + dv is given by 

( s. 3/2 

———] v 2 e~ mv2/2k * T dv 0 < v < oo 

2nk B T J 

where m is the mass of the particle, k B is the Boltzmann constant (the molar gas constant R 
divided by the Avogadro constant), and T is the Kelvin temperature. The probability distribution of 
molecular speeds is called the Maxwell-Boltzmann distribution. First show that p(v) is normalized, 
and then determine the average speed as a function of temperature. The necessary integrals are 
{CRC tables ) 



1 • 3 • 5 • • • (2 n — 1) /7T \ '/ 2 


2 n+ V 


© 


n > 1 
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and 



n\ 

2a n+l 


where n! is n factorial, orn! = n(n — l)(n - 2) • • • (1). 


First, we demonstrate that p(v ) is normalized by showing that / 0 °° p(v)dv — 1: 



= 1 


Using Equation B.12, we write 



B-7. Use the Maxwell-Boltzmann distribution in Problem B-6 to determine the average kinetic 
energy of a gas-phase molecule as a function of temperature. The necessary integral is given in 
Problem B-6. 

Kinetic energy, KE, is defined as KE = \mv 2 , so (KE) = (u 2 ). Using Equation B.13, we write 



3k B T 


m 

And so E = \m (u 2 ) = | k B T. 
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The Schrodinger Equation and a Particle in a Box 

PROBLEMS AND SOLUTIONS 


3-1 . Evaluate g = Af y where A and / are given below: 


A 


f 

(a) 

SQRT 

d 3 

x 4 

(b) 

d? +X 

e~° x 

(c) 

f dx 

Jo 

a 2 a 2 a 2 

x 3 - 2x + 3 

<d) 

d? + a/ + a? 

x 3 y 2 Z 4 


a. SQRTOt 4 ) = ±x 2 
d 3 e~ ax 


b. 


dx 3 


+ X 3 e~ ax = —a 3 e~ ax + x 3 e~ ax = e~ ax (x 3 - a 3 ) 


f l x 4 

J (x 3 — 2x + 3) dx = —— x 2 + 3x 


9 

4 


3 2 (* 3 yV) d 2 (x 3 y 2 z 4 ) d 2 (x 3 y 2 z 4 ) £ 2 4 , „ 3 4 , ,o 3 2 2 

d. -—-1-—-1-—-= 6 xy x z + 2x x z + \2x i y i z 


dx 2 


3 / 


dz 4 


3-2. Determine whether the following operators are linear or nonlinear: 

a. Af(x) = SQR/00 [square /(*)] 

b. A f(x) = f*(x) [form the complex conjugate of /(*)] 

c. Af(x) = 0 [multiply f(x) by zero] 

d. Af(x) = [/(A)] -1 [take the reciprocal of f(x)] 

e. Af(x) = /(0) [evaluate f(x) atx = 0] 

f. A/O) = In/(x) [take the logarithm of f(x)] 
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An operator A is 

a. 

Nonlinear. 

b. 

Nonlinear. 

c. 

Linear. 

d. 

Nonlinear. 

e. 

Linear. 

f. 

Nonlinear. 


linear if A [<?,/,(*) + c 2 f 2 (x)] = c i Af ] {x) + c 2 Af 2 {x ) (Equation 3.9). 

A[c x f x {x) + c 2 f 2 (x)] = [c,/,(jc) + c 2 f 2 (x)f 

= c]f x (x) 2 + 2 cj^x)c 2 f 2 {x) + c\f 2 {x ) 2 
c l Af l (x) + c 2 Af 2 (x) = c ] [f t (x)] 2 + c 2 [f 2 (x)] 2 
¥ A [c, /, (jc) +c 2 f 2 (x)] 


A [c,/, (x) + c 2 f 2 (x)] = c,*/,*W + c 2 'f 2 \x) 
c i Af l (x) + c 2 Af 2 (x) = c,/;W + c 2 f 2 (x) 

¥ A [C| /, (x) + c 2 / 2 (jc)] 


^P,/,W + c 2 / 2 (jc)] =0 
c,M/,(x) + c 2 A/ 2 W =c,/,W0 + c 2 / 2 W = 0 
= A[c l f ] (x) + c 2 f 2 (x)] 

A[c l f ] (x) + c 2 f 2 (x)] = [cj t (x) + c 2 f 2 (x)]~' 
c \Af\( x) + c 2 Af 2 {x) = 

¥ A [c x f x (x) + c 2 f 2 (x)] 


A [c, /, (x) + c 2 f 2 (x)] = c, /, (0) + c 2 / 2 (0) 

= c t Af { (x) + c 2 Af 2 (x) 


A [c,/, (x) + c 2 / 2 (jr)] = In [c, /,(x) + c 2 f 2 (x)] 
c ] Af ] (x) + c 2 Af 2 (x) = c | In /, (x) + c 2 In f 2 (x) 
¥ A[c l f l (x) + c 2 f 2 (x)] 
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3-3. In each case, show that f(x) is an eigenfunction of the operator given. Find the eigenvalue. 


A 



fix) 

(a) 

d 2 
dx 2 


cos cox 

(b) 

d 

dt 


e i0it 

(c) 

d 2 
dx 2 

d 

+ 2— +3 
dx 

e ax 

(d) 

d 

dy 


x 2 e 6y 
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3-5. Write out the operator A 2 for A = 

dx 2 dx 

Hint: Be sure to include f(x) before carrying out the operations. 


b. 




d 2 d 

c. —^-2*—+ 1 
dx dx 


For all cases, we need to determine an expression for A 2 where 


a. 


A[Af(x)] = 


d 2 d 2 f(xY 
dx 2 dx 2 


The operator A 2 is then 


A 2 f(x) = A [Am] 

dx 4 


A 2 = 


d A 
dx 4 


b. 


i [ im ] = (rx +x ) 

d 2 f(x) 


+ xf{x) 


+ x 


' dfjx) 
dx : 

df(x) , s dx df(x) 2 

— + fW~r + x ~i —/(■*) 

dx dx dx 


dx 1 

sm + 2 /_m +nx)+x > nx) 


dx 7 


dx 


So A 2 is written as 


^ ^ d j 

A 2 = —-r + 2x — + 1 + x 2 
dx dx 


c. 


( d 2 „ d . A r d 2 f(x) 


A [ Af(x) ]= [d? ~ lx Tx +1 

d 2 f(x) 


d^fjx) 

dx A 


dx 2 


~ df(x) ' 

- 2 * —- 1-/00 


— 4jc- 


d* 3 


+ (4a: 2 - 2) 


dx 
d 2 f(x) 
dx 2 


+ /(*) 


So A 2 is written as 


d 4 d 3 , </ 2 

A = —^ — 4a: —— + (4 a: — 2) —+ 1 
dx dx dx 


3-6. In Section 3-5, we applied the equations for a particle in a box to the 7r electrons in butadiene. 
This simple model is called the free-electron model. Using the same argument, show that the length 
of hexatriene can be estimated to be 867 pm. Show that the first electronic transition is predicted to 
occur at 2.8 x 10 4 cm -1 . (Remember that hexatriene has six n electrons.) 


We assume that the n electrons move along a straight line consisting of three C=C bond lengths 
(3 x 135 pm), two C~C bond lengths (2 x 154 pm), and the distance of a carbon atom radius at 
each end (2 x 77.0 pm) or a total distance of 867 pm. Because there are six n electrons in one 
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molecule, the first electronic transition occurs between the n — 3 and the n — 4 electronic states. 
Using Equation 3.21, the energy of this transition is 


A E = 


8 ma 

e 


:(4 2 - 3 2 ) 


(6.626 x I0-' 4 Js) 


8(9.11 x lCT 31 kg)(867 x lCT l2 m) 2 
= 5.61 x 10" 19 J = 2.82 x I0 4 cm" 1 


(16-9) 


3-7. Prove that if is a solution to the Schrodinger equation, then any constant times \fr(x) is also 
a solution. 

Because H is a linear operator, 

H [ci/(x)] = cH\l/(x) — cE\f/(x) = E [ci//(x)) 
and so c\j/(x ), where c is any constant, is a solution. 


3-8. Show that the probability associated with the state \j/ n for a particle in a one-dimensional box of 
length a obeys the following relationships: 


Prob(0 < jc < a/4 ) — Prob(3a/4 < x < a) = 


and 


1 

4 

1 (-D^ 

4 2nn 

1 

4 


n even 


n odd 


n even 


Prob(a/4 < x < a/2) — Prob(o/2 < x < 3a/4) = ^ 

1 , (-*) 2 
H --- n odd 

4 2 Tin 


For a particle in a one-dimensional box of length a, we know that (Equation 3.27) 
= ( 2/a)^ 2 s\n(n7tx/a). Now 


Prob(c < x < d) 


il/*(x)\lf{x)dx 

cl 


1 

2 f d 1 tin 
= - / sin" — 

a J c a 

2 Vx sin 2/7 .tcj 
a 12 4 (/77T /1 


x/a' 

(nn/a) j x=< 

x s\n2nrcx/a 
a 


x=d 


2nn 


d s\n2nnd/a c s\r\2nTtc/a 
a 2/7 7T a 2/7 7T 


d — c 


2/7 7T 


/ 2/7 JT d\ ( 2/7 7T C \ 

sin l—J- Sin (—j. 
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For all regions under consideration, d — c — a/A. We can now calculate the probability associated 
with \J/ n for each of the four regions. (Recall that sin nn = sin 2nn = 0 for integer n.) 


c d Prob( c < x < d) 



For n even, sin = 0; forrc odd, sin = (— I) (/J I)/2 and sin = —(—l) (n l)/2 . Therefore 


Prob(0 < x < a/ 4) = Prob(3a/4 < x < a) = 


1 

4 

1 (-D 


n even 


(n~ l)/2 


2,7V ft 


-n odd 


and 


Prob(a/4 < x < a/2) = Prob(a/2 < jc < 3a/4) = 


1 

4 


az even 


1 , (-D (,, - ,,/2 J3 

- H--- n odd 

4 27TA1 


3-9. What are the units, if any, for the wave function of a particle in a one-dimensional box? 


The normalized wavefunction r/r(x) must be unitless. The normalization constant for ty(x) is y/2/a 
(from Equation 3.27); therefore, the wavefunction must have units of m _l/2 . 


3-10. Using a table of integrals, show that 


L 


nnx 


a 


sin 2 - dx = - 

o a 2 


f 


2 nnx a 
x sin - dx = — 


and 


7 . 2 , / a \ 3 / 47T 

/ jc sin - ^jc = (-) ( 

Jo « V27TAZ/ V 

All these integrals can be evaluated from 


3„3 


— 2nn 


/(>3) = f e^si^—dx 
Jo 


a 
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Show that the above integrals are given by /(0), /'(0), and /"(0), respectively, where the primes 
denote differentiation with respect to p. Using a table of integrals, evaluate I (P) and then the above 
three integrals by differentiation. 


In MathChapter B, Problems B-l and B-2, we evaluated the integrals f“ p{x)dx and /" xp(x)dx 
where p(x) was given by 

2 . 2 nnx 

p(x)dx = - sin - dx 

a a 

Using the results from Problems B-l and B-2 gives the numerical results for the integrals considered 
in the first part of the problem. Now consider 

l(P) = [ e^s'm 2 —dx 
Jo a 

Taking the first and second derivatives of I (P) with respect to P gives 

n?)= f. 

nn-h. 

Jo 


Hr . 2 1171X 

xe p sin - dx 


Hr ■ 2 n7XX , 

/"cm 2 - dx 


~e f sin 

/ o a 


The corresponding expressions for / (0), /'(0), and /"(0) are 


f a 7 nnx 
I (0) = / sin“ — 

Jo a 

. 7 nnx 

I (0) = / x sin“- dx 

Jo Cl 

f a i . 2 nnx 

= I x~ sin“- d j 

Jo Cl 


/"( 0 ) 


Generally, from a table of integrals, we can write 


/■ 


e Px sin 2 bxdx = - 


of** 


J* 


P cos 2bx 


and so 


np) = 


2p p l + Mr \ 2 

P 


+ b sin 2 bx 


e Pa - 


c> Pa - 


2p 2 \p 2 + Mrn 2 a 2 , 

Now we use the Maclaurin series and the series expansion of e^ a (MathChapter J): 

o2 

/(/ 3 ) = 1(0) + pi'(0) + ^-/"( 0 ) + 0(P>) 

a a 2 a 2 , 1 (f) 2 a P*a 2 \ , 

' W =2 + 4^ + T2^ -4^( £ T + V) + W > 

a a 2 ( a 3 a 3 \ p 2 , 

=2 + 4^ + 6-4^ T + ° W) 


/ (o) = f m = y no> = £ - -4t 

2 4 6 47rV 


Therefore, 
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3-11. Show that 


a 

W = 2 


for all the states of a particle in a box. Is this result physically reasonable? 


<*> 


— f x\j/*{x)J/{x)dx 

Jo 

_ 2 r 
a Jo 


2 T . 2 nnx 

x sin - ax 

a 


2 a 2 a 
= a' J = 2 

For any n , (x) = a/2. This result is physically reasonable and is discussed in detail in the text. 
3-12. Show that (p) — 0 for all states of a one-dimensional box of length a. 


From Equation 3.37, 


2 r n7XX ( + d \ 

{p) = ~al Sin —(-“sj 

2ihnn . 

= - / 51 

a Jo 


. nnx 

sin- dx 

a 


2ihnn f‘ . nnx nnx 

sin-cos- dx 

a a 


= 0 


This result holds for any integer value of n. 


3-13. Show that 


cr = ((x 1 ) - (X ) 2 ) 


2x1/2 


for a particle in a box is less than a, the width of the box, for any value of n. If a x is the uncertainty 
in the position of the particle, could a x ever be larger than al 


Use Equations 3.31 and 3.32 for (x) and {x 2 ): 


a 

iX)= 2 


{x 1 ) = - - 


_2 2 

a a 


3 2n 2 n 


2_2 


For a > a. 


a = ((^> - ( x ) 2 )'/ 2 = ^ - 


a 2 1/2 


3 2n 2 n 2 4 


= a 


1 


12 2n 2 n 2 


1/2 


12 2n 2 n 2 


1/2 


> 1 


? 2 /: 
n~n — 6 


127T n 


2 „ 2 — 


> 1 
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7 z 2 n 2 — 6 > \2n 2 n 2 
n 2 n 2 > 1 2n 2 n 2 + 6 

This inequality cannot be satisfied for any value of n, so o x < a for all n. 


3-14. Using the trigonometric identity 


show that 


sin 20 = 2 sin 0 cos 6 


. nn 
I sin — 
Jo CL 


nnx tut x 

cos —ax = 0 
a 


. nn 
I sin — 
Jo Cl 


nnx nnx 1 [ 2nnx 

cos- ax = - I sin- ax 

a 


1 r . 2tt n 

= - I sin- 

2 Jo a 

1 ( —a 2nnx\ 

= T 5— cos -- 

2 \2nn a ) 


= 0 


3-15. Prove that 


/' 


e ±\2nnxfa dx _ q 


n 0 


pa pa 

/ e ±,lnnxla dx = / 

Jo Jo 


2irnx 2nnx 

cos- ax ± i I sin- dx 

Jo 


The integrals on the right side of this equation go over complete cycles of the cosine and sine 
functions, and so both are equal to zero if n 0. If n — 0, the integral on the left side of this 
equation is a and the first integral on the right side of this equation is also a. 


3-16. Using the trigonometric identity 

sin a sin fi — ^ cos(a — /3) — ^ cos(a + fi) 
show that the particle-in-a-box wave functions (Equations 3.27) satisfy the relation 

'K(x)'l' m dx = 0 m=/n 

(The asterisk in this case is superfluous because the functions are real.) If a set of functions satisfies 
the above integral condition, we say that the set is orthogonal and, in particular, that is 

orthogonal to ( x). If, in addition, the functions are normalized, then we say that the set is 

orthonormal. 



If n ^ m. 


pa 2 f a 

/ rs*)f m dx = - / 

Jo a Jo 

_ i r 

a Jo 


nnx mnx 
sin-sin- dx 


cos 


a 

(n 


a 

m)nx 


dx 


a 


i r 

a Jo 


(n + m)nx 
cos- dx 
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1 


(n — m)n 

1 


sin 


(n — m)nx 


1 


(n - m)n 
= 0 


sin(n — m) n — 


0 (n + m) 7i 

1 


sin 


(n + m)nx 


(n + m)n 

because sin Nn = 0 for integer values of N. Note that if n = m. 


sin (n + m)7i 


f'r n (x)f n dx = - f'dx-- f 
Jo a Jo a Jo 


2nnx 

cos- ax 




and so the particle-in-a-box wave functions are orthonormal. 


3-17. Prove that the set of functions 

tfr n (jc) = (2ay l/2 e in,,x/il n = 0, ±1, ±2, ... 

is orthonormal (cf. Problem 3-16) over the interval -a < x < a. A compact way to express 
orthonormality in the ifr H is to write 

f \j/*(x)\j/ dx ~ 8 

I T \ / T „ mn 

J —a 

The symbol 8 mn is called a Kroenecker delta and is defined by 

8 — 1 if in = n 

mn 

= 0 if m ^ n 


For n = m, we have 


For n =/ m , 


± [j-'-'-'-*-ifr- 

J i'lWJ'dx = 2 j e hn»-mu/«dx 

■s£ h 1 


(n — m)x . n(n — m)x 
-h i sin- 


dx 


Both integrals here are taken over complete cycles of sine and cosine, and so vanish. This set of 
functions is therefore orthonormal over the stated interval. 


3-18. Show that the set of functions 

(j> n (0) = (2 tt y ]/2 e in “ 0 <0 <2n 

is orthonormal (Problem 3-16). 


When n — m, we have 

/ In i n2it i pin 

p n (9)<p n (e)de = — J e ii "-" v> dd = — J do = 1 
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When n =/ m, we have 

jf <K,W)4> n W)de = 2. J e^-'^de 

We encountered the above integral in Problem 3-17 and showed that it is equal to zero, so the set 
of functions 6 is orthonormal. 

1 n 


3-19. In going from Equation 3.34 to 3.35, we multiplied Equation 3.34 from the left by and 

then integrated over all values of x to obtain Equation 3.35. Does it make any difference whether 
we multiplied from the left or the right? 


It does not make a difference whether we multiply from the left or the right. Realize that H\jr n (*) 
is just a function; H has already operated on is n (x). 


3-20. Calculate (x) and (x 2 ) for the n = 2 state of a particle in a one-dimensional box of length a. 
Show that 



We will use the equations for a particle in a one-dimensional box 



For n = 2, 



7 

a~ 


2n 2 7i 2 


a 

2nn 







(3.31) 

(3.32) 


(3.33) 


3-21. Calculate (p) and ( p 2 ) for the n = 2 state of a particle in a one-dimensional box of length a. 
Show that 


a 


p 


h 

a 
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We will use the equations from the chapter 


(P)= 0 


, n 2 n 2 h 2 2 

< P) = -f- = a l 


nnh nh 


g = 


a 2 a 


h 2v h 2 

For n = 2, a, = - and (p') = -5. 

a a 


(3.38) 

(3.40) 


3-22. Consider a particle of mass m in a one-dimensional box of length a. Its average energy is given 
by 


Because ( p) = 0, ( p 2 ) = a 2 , where ct /; can be called the uncertainty in p. Using the Uncertainty 
Principle, show that the energy must be at least as large as h 2 /%ma 2 because o x , the uncertainty in 
x, cannot be larger than a. 


From Equation 3.43 and the condition a y < a , 


Then 


and so 


h 

2o 


< a < a 

X — 



h 2 

4a 2 


< o 2 

— P 


( 1 ) 


We are given that (p 2 ) = a 2 , so we write 


= (^> 

2m 2 in 


(E) 


Substituting Equation 2 into Equation 1 gives 


7r 

8ma 2 


< (E) 


( 2 ) 


3-23. Discuss the degeneracies of the first few energy levels of a particle in a three-dimensional box 
when all three sides have a different length. 


E -- 


tf_ 
8 m 




(3.57) 
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Even if a =/ b =/ c, the energy levels will not necessarily be degenerate. 


3-24. Show that the normalized wave function for a particle in a three-dimensional box with sides of 
length a , b , and c is 




■ y - z) = (^) 


1/2 


. n n x . n ny n nz 

sin-sin —-sin —— 

a b c 


We can separate \j/(x, y , z) into three one-dimensional wavefunctions X(x ), Y(y ), and Z(z) such 
that i/f(x, y , z) = X(*)T(y)Z(z). These three one-dimensional wavefunctions have the same form 
and boundary conditions as the one we treated in Section 3-5, and so (as in Section 3-9) 


n 7xx 

X(x) = A sin —— 
* a 

n n y 

Y(y) = A y sin — 
n nz 

Z{z) = A sin —— 


n= 1, 2, 3, ... 


«„ = 1, 2, 3, ... 


n = 1, 2, 3, 


To normalize J/, we require that 

„ f" ^ n nx f h „ n ny r c n nz 
\fr(x, y, z)f\x, y, z) = 1 = (A A A ) 2 / sin 2 ——dx sin -*-—dy sin 2 - 2 —dz 

Jo a Jo b J 0 c 

f a 2 nnx a 

In Problem 3-10, we learned that / sin —dx = Thus 

Jo a 2 

'a\ fb\ /c s 


*(■*, y> zW(x, y,z)= 1 = (A x A y Af (|) (- j (|) 


or 


o x 1/2 

AAA = | -) 


3-25. Show that (p) = 0 for the ground state of a particle in a three-dimensional box with sides of 
length a, b, and c. 


„ , . 9 .3 ,3 

T= -‘^'T X +, Ty +k Vz 


pa pb pc 

<P> = / dx dy I dzjr*{x, y, z)Pf(x, y, z) 

Jo Jo Jo 

r . n x nx a /. /r,jrx\ f h . 2 «,wy f . 2 nn Zj 

=—ih\ / sin —-—— (sin —- )dx / sin —- dy / sin —— dz 

Jo a dx \ a J J 0 b J 0 c 


... . 2 n x 7tx f h . 

-mj / sin ——a* / sin — 
Jo a Jo 1 


b dy 


( . n r*y\ 
\ b J 

dy 

b sin 2 
Jo 

, f c . n 

nz 

d /. 

dy I sin - 

Z 

— Sin 

Jo 

C 

dz V 


nz 


dz 


(3.58) 



64 


Chapter 3 


r . n x 7i 
ike / sin 

J o « 


7T.X: U TV X 

cos ——ax that 


Each of these three sets of integrals has a multiplicative factor like 

results from taking a derivative. We have previously shown (Problem's-14) that such an integral is 
equal to zero, and so we have (p) = 0 for a particle in a three-dimensional box. 


3-26. What are the degeneracies of the first four energy levels for a particle in a three-dimensional box 
with a — b = 1.5c? 


E 


h 2 / n l + n l + 2.25 n\ 
8m y a 2 


(3.57) 


Energy level (n^, ra y , rc z ) Degeneracy E/(h 2 /Sma 2 ) 


'111 


"211 


*"221 

^112 

£. 


311 


212 



0. 

l, i) 


1 

4.25 

(2, 

1, 

DO, 2, 

1) 

2 

7.25 


(2, 

2, 1) 


1 

10.25 


(1. 

1, 2) 


1 

11 

(3, 

1, 

DO, 3, 

1) 

2 

12.25 

(2, 

l, : 

2)0, 2, 

2) 

2 

14 


(i, 

3, 3) 


1 

30.25 


3-27. Many proteins contain metal porphyrin molecules. The general structure of the porphyrin 
molecule is 



This molecule is planar and so we can approximate the n electrons as being confined inside 
a square. What are the energy levels and degeneracies of a particle in a square of side ct? The 
porphyrin molecule has 18 n electrons. If we approximate the length of the molecule by 1000 pm, 
then what is the predicted lowest energy absorption of the porphyrin molecule? (The experimental 
value is « 17 000 cm -1 .) 


ft 2 

8 ma 2 


(n 2 + n 2 ) 


E n is singly degenerate for n x = n y and doubly degenerate for n x =£n y . 


(3.57) 
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Energy level 


Degeneracy 

E u 

0.1) 

1 

E n 

(1,2) (2, 1) 

2 

e 22 

(2, 2) 

1 


(3,1) (1,3) 

2 

E 2> 

(3, 2) (2, 3) 

2 

£ 4 , 

(4, 1) (1, 4) 

2 

£33 

(3,3) 

1 

£42 

(4, 2) (2, 4) 

2 

£43 

(4, 3) (3, 4) 

2 


Because each energy level can hold 2 n -electrons, the lowest energy absorption of the porphyrin 
molecule will be that which excites an electron from the £ 42 state to the £ 43 state. Then 


AE = Sma 2 ^' 2 + B *- 2 ~~ 1 “ "*') 

(6.626 x 10- 34 J-s ) 2 
8 ( 9.11 x KT 31 kg) (1000 x 10 -12 m) : 
= 3.012 x 10" 19 J 


(42 + 3 2 - 4 2 - 2 2 ) 


Because E = hcv, v = 1.52 x 10 4 cm 


3-28. The Schrodinger equation for a particle of mass m constrained to move on a circle of radius a is 

h 2 d 2 \lf 

- - \ = Eir{d) 0 < 9 < 2n 

2 1 dQ 2 ~ ~ 

where I = ma 2 is the moment of inertia and 6 is the angle that describes the position of the particle 
around the ring. Show by direct substitution that the solutions to this equation are 

f (9) = Ae irfl 

where n = ±(2/ E)' ,2 /h. Argue that the appropriate boundary condition is i p{0) = i/(Q + 2n) and 
use this condition to show that 

n 2 h 2 

£ = — n = 0 , ± 1 , ± 2 , ... 

Show that the normalization constant A is (27 t) - i/2 . Discuss how you might use these results for a 
free-electron model of benzene. 


We can write the differential equation as 


d 2 ir 
' dd 2 + 


2 El 

IF 


MO) = 0 


-n 2 Ae M + 


2 El 

IF 


Ae" ,f> 


= 0 


Substituting xj/(9) = Ae‘ n<> gives 
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or n = ±(2 IE) i/2 /h. Because the particle is moving in a circle, it must return to any designated 
point after traveling 2n radians: \)r(9) = \lr (6 + In). Then 

ginf) _ e in{0+2n) 

1 = e' 2 ™ 

1 = cos 2nn + i sin 2nn 

This is true only if n is an integer. In that case, 

n 2 fi 2 

— n = 0, ±1, ±2, ... 

To normalize we require that 



pin 

A 1 dd = 1 
Jo 


There are six 7r electrons in benzene. If we model the electrons of a benzene molecule as described 
above, there will be two electrons in each of the three energy levels n = 0 and ± 1. The first 
electronic transition would be a n — 1 -» n = 2 transition, and the frequency associated with this 
transition would be given by the expression 


v 


ft 

And 


(2 2 - l 2 ) 


3-29. Set up the problem of a particle in a box with its walls located at —a and +a. Show that the 
energies are equal to those of a box with walls located at 0 and 2a. (These energies may be obtained 
from the results that we derived in the chapter simply by replacing a by 2a.) Show, however, that 
the wave functions are not the same and in this case are given by 

1 nnx 

yjf (x) = —m sin —— n even 

Yn 2 a' /2 2a 

1 nnx 

= —777 cos —— n odd 

a 1/2 2 a 

Does it bother you that the wave functions seem to depend upon whether the walls are located at 
±a or 0 and 2a? Surely the particle “knows” only that it has a region of length 2 a in which to 
move and cannot be affected by where you place the origin for the two sets of wave functions. 
What does this tell you? Do you think that any experimentally observable properties depend upon 
where you choose to place the origin of the x-axis? Show that <t x ct ; > ft/2, exactly as we obtained 
in Section 3-8. 


The general solution of the Schrodinger equation for a particle in a one-dimensional box is 
(Section 3-5) 


x/r(x) = A cos kx + B sink* 


(2 m £) ,/2 
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We have the boundary conditions ^r{—a) = yj/(a) = 0, so 

a) = A cos(—/:a) + 5 sin(— ka) = A cos£a — Z? sin/:a = 0 


and 


yjf(a) = A cos {ka) + B sin (ka) 
Adding and subtracting these two equations gives 

A cos ka =0 and 


= A cos ka + B sin ka = 0 


B sin ka = 0 


The general solution to these equations is to set 


k = 


HTC 

2 a 


where n = 1,2,... and to satisfy the boundary conditions by setting £ = 0 when n is odd and 
A = 0 when n is even. Thus 


yh (x) — B sin —— n even 

la 

, n7TX AA 

= A cos- n odd 

2 a 

The normalization constants A and B are both equal to a~ l/1 . We find £ through the defined 
variable k: 

(: 2mE) l/2 nn 

h 2 a 

. A 2 n 2 

E = - -r 

32 ma 2 


When we solved the Schrodinger equation for the boundary conditions yjf{0) = y//(2a) = 0 
(Section 3-5), we found 


h 2 n 2 

8m(2a) 2 


n— 1, 2, 


which is the same result as that for a box with walls located at ±a. Realize that the wave functions 
are independent of where the walls are located; however, how we define our coordinate system 
will change the way we express the wave function mathematically. No experimentally observable 
properties depend upon how we define our coordinate system - the coordinate system is a purely 
hypothetical construct which does not impact any observable system. Since o x and a p are observable 
properties, a a > h/2 as in Section 3.8. 

X p 


3-30. For a particle moving in a one-dimensional box, the mean value of x is a/2, and the mean square 
deviation is a 2 = {a 2 / 12)[1 — (6/7r 2 n 2 )]. Show that as n becomes very large, this value agrees 
with the classical value. The classical probability distribution is uniform, 

p{x)dx — ~clx 0 < x < a 

a 

— 0 otherwise 


(x) 


1 

a 



xdx = 


a 

2 


and 



a 



Classically, 
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SO 

9 ? a 2 

cr 2 = (x 2 ) - (x) = — 

For the particle in a box, 

.. 2 a 2 f. 6 1 a 2 

lim a = hm — 1- x-.x = — 

n—►«> n—*oo 12 |_ 7T 2 rt 2 J 12 

3-31. This problem shows that the intensity of a wave is proportional to the square of its amplitude. 
Figure 3.7 illustrates the geometry of a vibrating string. Because the velocity at any point of the 
string is du/dt, the kinetic energy of the entire string is 



where p is the linear mass density of the string. The potential energy is found by considering the 
increase of length of the small arc PQ of length ds in Figure 3.7. The segment of the string along 
that arc has increased its length from dx to ds. Therefore, the potential energy associated with this 
increase is 

V = f T(ds — dx) 

Jo 

where T is the tension in the string. Using the fact that (ds) 2 = (dx) 2 4- (du) 2 , show that 



Using the fact that (1 + x)' /2 « 1 + (x/2) for small *, show that 



for small displacements. The total energy of the vibrating string is the sum of K and V and so 



0 x x + dx l 


FIGURE 3.7 

The geometry of a vibrating string. 
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We showed in Chapter 2 (Equations 2.23 through 2.25) that the nth normal mode can be written in 
the form 


u n (x, l) — D n cos (eo n t + 4> n ) sin 


nnx 

~T 


where co n = vnn/l. Using this equation, show that 


and 


2 2 ? 

n v n~p 1 , 

K n = —4/- D -. Sin K' +<t>n) 


n 2 n 2 J 

V = - Dl COS 2 (to t + 4> ) 

11 v n wi ' 


41 


Using the fact that v = ( T/py /z , show that 

1 1 7 

n-yrnp 
" 41 

Note that the total energy, or intensity, is proportional to the square of the amplitude. Although we 
have shown this proportionality only for the case of a vibrating string, it is a general result and 
shows that the intensity of a wave is proportional to the square of the amplitude. If we had carried 
everything through in complex notation instead of sines and cosines, then we would have found 
that E n is proportional to \D n \ 2 instead of just D Generally, there are many normal modes present 
at the same time, and the complete solution is (Equation 2.25) 


mix 


E rin 

D „ cos(co n t + 4> n ) sin — 
/! = ] 1 


Using the fact that (see Problem 3-16) 


f 1 . nnx . mnx 

I sin-sin- ax — 0 if m n 

Jo l l 


show that 


E = 


2 2 oc 

n V P ..2 r>2 


41 




fl=l 


We begin with the potential energy associated with the vibrating string, 


-f 


- 

Jo 


T(ds — dx) 


/ t[ 

(dx 2 + du 2 ) l/2 

— dx] 

*0 1 - 

S _ v 2 ” 

J 

1/2 

f T 

/ du \ 

- 1 

'0 

\ 3 jc / 



dx 


Using the fact that (1 + x) l/2 ~ 1 + x/2 for small jc, we obtain 


/' 


Vf* I T 
10 


] /du\~ 

] + 2{dl) ~ l 




Starting with the equation for the nth normal mode 


u (jc, /) = D cos(o ) t + 0 ) sin 


nnx 
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we obtain the partial derivatives 


du N . nnx 

"gf = - M n D „ Sill K f + V S111 — 


du nn nnx 

= ~ D n C0S ("/ + 4>„) COS — 


where a; = vnn/l. Thus, 


K =•- 


dx 


2 Jo V 3 1 J 

p f 1 , , , , « 7 rj: , 

2 Jo C ° nD " Sin " ( "" f + Sin ~ dx 

2 J Sin (co n t + </>„) sin —j~dx 
n 2 n 2 v 2 p 2 • 2 , 2 n7rjc 

2/2 A. s‘n Kf + </>„) j Q sin — 

2 2 2 

n 7T U P . 2 , 

——^ sin K*+ 0„> 


V -=2 


T f 1 fdu\ 2 


± dx 


T [' n 2 n 2 2 2 / , , 2 j 

J —p~ D n COS 2 (COJ + <p n ) COS 2 — 

— D 2 n COS- (coj + 4> n ) j cos — ^ 


Tn 2 n 2 2 , 

—^-D 2 n cos-(coj + 4> n ) 

Tn 2 n 2 , 


■D 2 cos 2 (aj (i f + <£„) 


where T = pu 2 . The total energy is given by 


E = V + K 

n n ' n 


n 2 n 2 v 2 p . . - Tn 2 n 2 , 2/ 

—-—D„ sin (ai n f + 0„) + -^r-£>„ cos (<y„f + <*>„) 

9 0 9 2 2 2 

n n v p n 9 vpnn ~ - 

———D„ sin (co n t + <£„) + ———D„ cos (cu„f + </>„) 

n 2 2T 2 U 2 p , r • 2/. , , . x ,_2/.. . , a Nl 


D 2 [sin 2 (oj (i t + 4> n ) + cos 2 (cu„f + <£„)] 


2 2 2 

n n v p . 
4/ 


Now, using the complete solution, we find 


v—v nnx 

2^ u n (x, 0 = 2^ D n cos (coj + 4> n ) sin — 

n=l n=l 1 

du ^ n 

—=• = - 2^ w £>„ sin(ru„r + <£„) sin - 


^^ nn nn. 

—— = > — £> COS(a) t + 0„) cos — 

dx t-i l n " l 
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To find V and K, use the identity from Problem 3-16 


f . nnx . mnx f nn 

I sin —— sin —-—dx = / cos — 

Jo l l Jo l 


nnx mnx l 

cos —-—dx = 

l 2 nm 


We then have 


t'-mh 

= f l D n sin K' + 4>„) sin ~ M m D m sin K' + 4>J sin dx 

p y™' . f 1 . nnx . mnx 

= O Sin K ? + *„) Sin K/ + / Sin -T- Sm ~J—‘ 

Z n = l m=l ^0 L 1 


= 9 I]^ 2 ^ 2 sin 2 Kr + 0 rt )(- 

n=l 

-2,.2 oo 


ti=1 

P 7tV 

4/ 


JVd 2 si n z (<y„7+ </>„) 


n=l 


and 


mnx 


P-U®h 

T f'/^njr nnx \ (^ mn mix 

= 2 Jo 1^ T D " C0S( " nf + 0n) C0S t) U-* “r D ". C0S K* + tf> m ) cos — 

^tt 2 y 2 ' v 2 ' _ _ . , , s f 1 nnx mnx , 

= 2^2^ nmD n D rn C0S K ; + <A.) C0S(C0 m f + 0 m ) / COS — COS —J—</* 

" n = l m=l ■'0 ‘ ‘ 

JVD 2 cos 2 (<y„7 + <f> n ) 


dx 


21 2 


n 2 v 2 p 00 


4/ 


Y^n 2 D 2 cos 2 (a) n t + </>J 


n= 1 


Finally, 


oo oo 


E £ n = E v * + 

n=l n=l n=l 


wVp “ 


pn 2 v 2 00 


4/ 


71 = 1 

n 2 v 2 p 00 


J^n 2 D 2 n cos 2 (coj + <pj + ^j~Y n2D n sin 2 H* + </>„) 


M=l 


4/ 


Y n2 °n [ cos2 K f + 4> n ) + sin 2 (<w„f + <p n )] 


n=l 


X^P _2 n2 


E" !D ‘ 


n=I 


4/ 
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3-32. The quantized energies of a particle in a box result from the boundary conditions, or from the 
fact that the particle is restricted to a finite region. In this problem, we investigate the quantum- 
mechanical problem of a free particle, one that is not restricted to a finite region. The potential 
energy V(x) is equal to zero and the Schrodinger equation is 


d 2 \(r 

~dS + 


2m E 


f(x)=0 


— OO < X < oo 


Note that the particle can lie anywhere along the .x-axis in this problem. Show that the two solutions 
of this Schrodinger equation are 


f.(x) = A.e 


i(2/n E) ,/2 x//i _ ^ gikx 


and 


xlf 2 (x) = A 2 e- i(2 "' E],lll/ " = A 2 e~ ikx 

where 

( 2 m £) l/2 

k = —T~ 

Show that if E is allowed to take on negative values, then the wave functions become unbounded 
for large x. Therefore, we will require that the energy, £, be a positive quantity. We saw in our 
discussion of the Bohr atom that negative energies correspond to bound states and positive energies 
correspond to unbound states, and so our requirement that E be positive is consistent with the 
picture of a free particle. To get a physical interpretation of the states that \fr l ( x ) and f 2 (x) describe, 
operate on VqM and rJ / 2 (*) with the momentum operator P (Equation 3.11), and show that 

- dilf. 

P\l/ t = - ih — 2 - = hk\l/\ 


and 

- dil/^ 

P\j/. = = —hk\Jr 7 

dx 

Notice that these are eigenvalue equations. Our interpretation of these two equations is that Vq 
describes a free particle with fixed momentum hlc and that i fr 2 describes a particle with fixed 
momentum —hlc. Thus, ifr l describes a particle moving to the right and describes a particle 
moving to the left, both with a fixed momentum. Notice also that there are no restrictions on k, and 
so the particle can have any value of momentum. Now show that 


Notice that the energy is not quantized; the energy of the particle can have any positive 
value in this case because no boundaries are associated with this problem. Last, show that 
xj/*(x)f ] (x) = A\A { = \A f \ 2 = constant and that f 2 (x)\l/ 2 (x) = A\A 2 = \A 2 \ 2 = constant. 
Discuss this result in terms of the probabilistic interpretation of V f *V r - Also discuss the application 
of the Uncertainty Principle to this problem. What are ct ; and a x l 


From Example 2-4, we know that the solutions to this Schrodinger equation are 

f { (x) = A/*' f 2 (x) = A 2 e~ ,kx 


where 

y/2mE 

k = 


h 
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Suppose E can be less than zero. Then k -> i(-2mE)' n /h and 


lim fAx) = lim 


diverges. Therefore, E must be positive. Using Equation 3.11 for the momentum operator, we find 


= (A, e ‘“) 

= —i 1 hkA [ e' kx = TikA^e >kx = Mx/r l (x) 

Pir 2 = —ih= -ih-y- (A,e~ lkx ) 
dx dx v - ' 


= i 2 hkA 2 e- ikx 


-hkA^e = —hk\j/(x) 


For a free particle, all energy is kinetic energy. The possible values of the momentum of a free 
particle ar thk and —hk. Using E = p 2 /2m } we find that 


Finally, 


£_ _ (±Tik) 2 _ Trk}_ 
2m 2m 2m 


^( jc )^,( jc ) = '*') [A x e ikx ) 

i i 9 

= y4|v4, = = constant 

f;(x)f 2 (x) = (A’ 2 e ikx ) {A 2 e~ lkx ) 

I l 9 

= z4*A 2 = |/\ 2 |“ = constant 

Since \j/*(x)\l/(x) is a constant, the particle is equally likely to be found anywhere along the x 
axis. Thus, there is an infinite uncertainty in the location of the particle. This is consistent with the 
Uncertainty Principle because the momentum of the particle is known exactly (a ; = 0). 


3-33. Derive the equation for the allowed energies of a particle in a one-dimensional box by assuming 
that the particle is described by standing de Broglie waves within the box. 


The de Broglie relationship is 

h 

A=- (1.12) 

P 

Because the waves are standing waves, an integral number of half-wavelengths will fit into the box, 
or 


nk 

— — a and 
2 



Solving for p gives 


and the corresponding energy is 




2 i 2 f 2 

p 1 n h 

2m 2m 4 a 2 


n 2 h 2 
8 ma 2 
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3-34. We can use the Uncertainty Principle for a particle in a box to argue that free electrons cannot 
exist in a nucleus. Before the discovery of the neutron, one might have thought that a nucleus of 
atomic number Z and mass number A is made up of A protons and A - Z electrons, that is, just 
enough electrons such that the net nuclear charge is -f Z. Such a nucleus would have an atomic 
number Z and mass number A. In this problem, we will use Equation 3.41 to estimate the energy of 
an electron confined to a region of nuclear size. The diameter of a typical nucleus is approximately 
10 -14 m. Substitute a = 10 -14 m into Equation 3.41 and show that a is 

a,>3x 10 -20 kg-m-s -1 


Show that 

E = — = 5 x 10“ 10 J 
2m 

« 3000 MeV 

where millions of electron volts (MeV) is the common nuclear physics unit of energy. It is observed 
experimentally that electrons emitted from nuclei as f) radiation have energies of only a few MeV, 
which is far less than the energy we have calculated above. Argue, then, that there can be no 
free electrons in nuclei because they should be ejected with much higher energies than are found 
experimentally. 


tilth nh 



For n = 1 and a = 10 14 m. 


6.626 x 10 -34 J-s 
2(1 x 10 -14 m) 


10 -20 kg-m-s -1 


(3.41) 


and in this case 


E = 


mv 2 

— 




(Problem 3-23) 


(3 x 10 -20 kg-m-s -1 ) 2 
2(9.11 x 10 -31 kg) 


«5x 10 -10 J « 3000 MeV 


Because no nuclei emit electrons with energies on the order of 1000 MeV, we assume such electrons 
do not exist in nuclei; therefore, there can be no free electrons in nuclei. (Electrons with energies of 
only a few MeV are the result of a neutron decaying into a proton and an electron in the nucleus.) 


3-35. We can use the wave functions of Problem 3-29 to illustrate some fundamental symmetry 
properties of wave functions. Show that the wave functions are alternately symmetric and 
antisymmetric or even and odd with respect to the operation x -* — x, which is a reflection through 
the x = 0 line. This symmetry property of the wave function is a consequence of the symmetry of 
the Hamiltonian operator, as we now show. The Schrodinger equation may be written as 

H(.x)\jf n (x) = E n f n (x) 

Reflection through the x = 0 line gives x -> — x and so 

H(-x)x/r n (-x) = E n f n (-x) 
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Now show that H(x) = H{—x) (i.e., that H is symmetric) for a particle in a box, and so show that 

H(x)^ n (-x) = £>„(-*) 

Thus, we see that i(r n (—x) is also an eigenfunction of H belonging to the same eigenvalue E n . Now, 
if only one eigenfunction is associated with each eigenvalue (the state is nondegenerate), then argue 
that tfs n (x) and x) must differ only by a multiplicative constant [i.e., that ifr n (x) = ci/r n (—x)]. 
By applying the inversion operation again to this equation, show that c = ± 1 and that all the wave 
functions must be either even or odd with respect to reflection through the x = 0 line because the 
Hamiltonian operator is symmetric. Thus, we see that the symmetry of the Hamiltonian operator 
influences the symmetry of the wave functions. A general study of symmetry uses group theory, 
and this example is actually an elementary application of group theory to quantum-mechanical 
problems. We will study group theory in Chapter 12. 


Consider the wavefunctions found in Problem 3-29. For odd n 

1 / nnx\ 1 /nnx\ 

*.<-*> = -&■ cos (- a ) = ■ cos (77) = x) 

and the wavefunctions for odd n are symmetric. For even n 

1 . / yitzx \ 1 . (nnx\ 

*.<-*>= sm (-17)= -7* sm (17 ) = -*- w 

and the wavefunctions for even n are antisymmetric. We will now show that H(x) is an even 
function of x: 


* w —2=3? 


r, 2 _£ 

ft dx 
h 2 d 2 


„ ^ h 2 d 2 

H(-x) = - -= = -- 7-7 = H{x) 

2m d(—x) 2 2mdx 2 


Now we have shown that E n tj/ n (-x) = H(x)i(r n (—x) = H(x)\/r n (x). If the state is nondegenerate, 
1 jf n {—x) = crfr n (x). Repeating the operation, we find 

= cf n (x) = c 2 f n (-x) 


which leads to the conclusion that c = ±1 and consequently to the conclusion that all is n (x) are 
either even or odd with respect to reflection through the x = 0 line. Thus the symmetry of the 
Hamiltonian influences the symmetry of its eigenfunctions (assuming a nondegenerate system). 
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Vectors 

PROBLEMS AND SOLUTIONS 


C-l. Find the length of the vector v = 2i — j + 3k. 

Use Equation C.5: 

V = |v| = (v 2 + v] + u 2 ) 1/2 

= [2 2 + (—l) 2 + 3 2 ]' /2 

= VT5 


C-2. Find the length of the vector r = xi + y j and of the vector r = x\ + y j + zk. 

Use Equation C.5 for the length of a vector: 

r = |r| = (r 2 + r 2 + r e 2 ) l/2 

= (^ 2 + / + o 2 ) 1/2 
= ( x 2 + y 2 )'' 2 

r = |r| = (r] + r] + r 2 ) l/2 
= (, 2 + / + Z 2 )' /2 

C-3. Prove that A • B = 0 if A and B are perpendicular to each other. Two vectors that are perpendicular 
to each other are said to be orthogonal. 

If A and B are perpendicular to each other, then the angle 6 between them is 90°. From the definition 
of the scalar product (Equation C.6), 

A-B= |A||B|cos6> = |A||B| cos 90° = 0 


C-4. Show that the vectors A = 2i — 4j — 2k and B = 3i + 4j — 5k are orthogonal. 

- 77 
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Using Equation C.9, 


A B = A x B x + A y B y + AB z 

= (2) (3) + (—4) (4) + (—2)(—5) 
= 0 


C-5. Show that the vector r — 2i - 3k lies entirely in a plane perpendicular to the y axis. 


The y axis can be represented by the vector A = yj, where y can take on any real value. If r is 
perpendicular to the y axis, the scalar product of this vector and the vector r should be 0: 

r ■ A = rA + r A + r z \ 

= (2)(0) +(0)00 +(-3)(0) 

= 0 


C-6. Find the angle between the two vectors A = — i + 2j + k and B = 3i — j + 2k. 


Using Equation C.9, 


A B 


^^ x + A y B y + A z B z 
-3 -2 + 2 = -3 


Then, from Equation C.6, 

-3 

-3 

(1 + 4+ 1) 1/2 (9+ 1 + 4) 1/2 
109° 


|A||B| cos# = 

COS0 = 

9 = 


C-7. Determine C = A x B given that A = —i + 2j + k and B = 3i — j + 2k. What is B x A equal 
to? 


Using Equation C.15 for the cross product of two vectors gives 

A x B = (A y B z - A t B y )l + {AB x - A x B z ) j + (A x B y - A y B x ) k 
= (4 + l)i + (3 + 2)j + (1 — 6)k 
= 5i + 5j - 5k 

From Equation C.13, we know that A x B = —B x A, so 

B x A = -5i — 5j + 5k 
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C-8. Show that A x A = 0. 


Again, use Equation C.15 for the cross product of two vectors: 

A x A = (A„A z - A z A y )i + (A t A x - A x A z )j + (A x A y - A y A x )k 
= 0 


C-9. Using Equation C.14, prove that A x B is given by Equation C.15. 


A = A x i + A y j + Ak 
B = B x i + B y j + B z k 

A x B = (a x i + A } j + A z k) x (B x i + B y j + B z k) (1) 

Because A x , A y , A z , B x , B y , and B z are scalars, we can write Equation 1 as 

A x B = A x B x {\ x i) + A x B y (i x j) + A x £(i x k) 

+ A y B x d x i) + A y £ y (j x j) + A y B z (j x k) 

+A z B x (k x i) + A z B y ( k x j) + A z B z (k x k) 

Now we substitute Equations C.14 into this expression to obtain 

A x B = 0 + A x fl y k - A x Bj - A y B x k + 0 + A y B t i + A z B x j - A z B y i + 0 

= ~ a a) 1 + ( A A ~ A A)i + ( A A - a a) k 

which is Equation C.15. 


C—10. Show that |L| = mvr for circular motion. 


By definition, L = rxp (Equation C. 17). Because p = mv, we can write L = mr x v. For circular 
motion, the angle between the direction of travel r and the velocity vector v is always 0 = 90°. 
Using Equation C. 12 gives 


mr x v = m|r||v|csin0 
= mrucsin90° 
= mvrc 



The vector c is a unit vector of length one, and so |L| = mvr. 
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C-11. Show that 


d dA „ dB 

—(A B) = — B + A — 

dt dt dt 


d d A d B 

— (A x B) = — xB + Ax — 
dt dt dt 


A = A x (t)i + A v (r)j + A z (r)k 
B = B x {t) i + Bit) j + fl t (f)k 


The first derivatives of these vectors are 


Equation C.9 gives 


dA dAlt ). dA (r). dA (r), 

ar = 7r ,+ — J+ 7r k 

as dBM). dBi i). dB it) 

7t = —' + — , + — k 


A B = A x {t)B x {t) + A It)B it) + A'(t)B t (t) 


= [a,«)a,(o] + ^ [a,«)B,(o] + ^ [a,(i)fl,(0] 

dA dA dA dB dB dB 

= —+- >-B + ~r L B ! 4- -r-A + —-^A + —-M 

dt x dt ' dt 1 dt x dt •' dt 


dA dB 

= — • B + A • — 
dt dt 


Equation C.15 gives 


A x B = (A y B z - A z B y )i + (A z B x - A x B ; ) j 4- (A x B y - A y B x ) k 


|(A x B) = j f {A y B t - A t B y ) i + ^(A 7 B x - A,B ? )j + ^(A x B y - A,fi)k 

/dA dB dA. dB v A \. 

= ( —i-B + —M--B--^A i 

\ dt 1 dt ' dr ' dr z / 

/ dA dB dA dB \ 

+ {^f B - + 7f A ^-df^-7r A d> 

+ (i^ B+ d Jz A - d A, B yJL A ) k 

\ dr v dt x dt 1 dt v 

/dA dA \. /dA dA \ . 

V dr 2 dr 7 V dt x dt Z / J 

/dA dA \ /dB, 4 dB \ 

+ (— —^-B ) k + ( —7A — A )i 

V dr ' dr 7 V dr •’ dr 7 


dB. dB 


+ bf A .-77 i+ 


dr dr z , 
/dB. dB 


—±A k 
dr 7 


dA „ A dB 

= — xB + Ax — 
dr dr 
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C-12. Using the results of Problem C-l 1, prove that 


A d 2 A d / dA\ 

dt 2 dt \ X dt ) 


From Problem C-l 1, 


t dA\ dA dA d (dA\ 

Ax— = — x — + Ax— — 
dt ) dt dt dt \dt ) 

The first term on the right side of expression is zero (Problem C-8). Thus, 


d_ 

It 


d 

/ d A\ 

d l 

- 1 

Ax — 

= A x — 

dt 

l dt 

dt V 


= Ax 


d 2 A 

h7 


C—13. In vector notation, Newton’s equations for a single particle are 

d 2 r 

m rf? = F<w) 

By operating on this equation from the left by rx and using the result of Problem C-12, show that 


where L = mrx dr/dt = r x mdr/dt = r x m\ — r x p. This is the form of Newton’s equations 
for a rotating system. Notice that dL/dt = 0, or that angular momentum is conserved if r x F = 0. 
Can you identify rxF? 


We start with Newton’s equations, 


Operating from the left by rx gives 


d 2 r 

= FU, y, z) 

dr 


d 2 r 

r x m —r- - rxF 
dt 2 


We can use the results of Problem C-12 to rewrite this last equation as 

dr\ 


dt 


m— rx—- =rxF 


dt) 


— (r x p) = r x F 
dt 

dL 

— = r x F 
dt 


The quantity r x F is called torque. 




CHAPTER 


Some Postulates and General Principles 

of Quantum Mechanics 

PROBLEMS AND SOLUTIONS 


4-1. Which of the following candidates for wave functions are normalizable over the indicated 
intervals? 

a. e" x2/z (- 00 , 00 ) b. e x (0, oo) c. e ie (0, 27 r) 

d. sinh* (0, oo) e. xe~ x (0, oo) 

Normalize those that can be normalized. Are the others suitable wave functions? 


Only the functions given by (a), (c), and (e) can be normalized. The functions given by (b) and (d) 
diverge as x -*■ oo. If a function cannot be normalized, it is not a suitable wave function. Therefore 
(b) and (d) are not suitable wave functions. We now normalize the functions given by (a), (c), 
and (e). 


e" x dx = 1 




c. 


recalling that e x is an even function. 

A 2 f e- i0 e ie dO = 1 
Jo 


pin 

Jo ' 


dd = A 2 (2n) = 1 


-(=) 


1/2 



A — 2 


4-2. Which of the following wave functions are normalized over the indicated two-dimensional 
intervals? 
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a. 


e -ix 2 +y 2 )/2 


0 < X < OO 

0 < y < oo 



Normalize those that aren’t. 


0 < x < a 
0 < y < b 


b. e ~ {x+y)/2 


0 < x < oo 
0 < y < oo 


r oo roc roo r oo 

/ dx dye~ (x * +y2) = / dxe~ x / dye~ y 

Jo Jo Jo Jo 

-GfGf 

n 
= 4 


b. 


c. 


Therefore, to normalize the function, it must be multiplied by - 7 =. 

-y 7T 

/»QO /'OO /'OO 7*00 

I dx I dye~ u+y) = I dxe~ x I dye~ y = 1 
Jo Jo Jo Jo 

This function is normalized. 


This function is normalized. 


4—3. Why does t have to be everywhere real, nonnegative, finite, and of definite value? 


This is required if rjf*ir is to be a measure of probability. 


4-4. In this problem, we will prove that the form of the Schrodinger equation imposes the condition 
that the first derivative of a wave function be continuous. The Schrodinger equation is 


dx n 


If we integrate both sides from a — € to a + 6 , where a is an arbitrary value of x and € is 
infinitesimally small, then we have 


d^j/ 

dx 


d\j/ 

dx 


_ 2 m f a 

~ L 


[ V (jc) — E]\f/(x)dx 


Now show that d^/dx is continuous if V(x) is continuous. 
Suppose now that V(jc) is not continuous at * = a, as in 



a 


■> x 




Some Postulates and General Principles of Quantum Mechanics 


85 


Show that 


d\J/ 

dx 


d\{r 

dx 


= ^ r [V l +V-2E]il,(a)€ 


so that dxjf/dx is continuous even if V(x) has a finite discontinuity. What if V(x) has an infinite 
discontinuity, as in the problem of a particle in a box? Are the first derivatives of the wave functions 
continuous at the boundaries of the box? 


We start with 


d\j/ 

dx 


d\j/ 

dx 


= % r 

r=</-<■ h Jo-e 


[V(x) - E]yfr(x)dx 


(1) 


Because V(x) is continuous, lim f ^ 0 V(a±e) = V(a). We already know that is continuous, 
so 


2m 
lim — 7T 
ft 2 


f 


2 m 

[V(jc) - E]f(x)dx = [ V(a) - E) f(a) lim / dx = 0 


h 


f -»0 


ra-\ 

Ja—€ 


( 2 ) 


Combining Equations 1 and 2 shows that 

lim ( ~ 
e-*0 V dx 


d\j/ 

dx 


= 0 


and therefore, di/z/dx is continuous. Now suppose that V(x) has a finite discontinuity at x = a. We 
divide the integral into two parts, a — € to a and atoa + e: 

2m f a+€ 2 m T f a /*«+* -i 

~2 J [V(*) - EMx)dx = p- I Jf [V,(x) - E]i,(x)dx + j [V f W - E]Mx)dx I 

2m f f° f a+€ 

= ~tf\ [v,(a)~ E]f(a) J' dx + [V r (a) - E]f(a) J dx 

= jfr [Vi(a) + V r (a) - 2E] f(a)e 


Because lim [ V t (a) + V r (a) — 2E\ Tj/(a)e — 0, d\f//dx remains continuous even though V(x) has a 
finite discontinuity. If V(jc) has an infinite discontinuity at an arbitrary point a y however, we cannot 
approach a from one side and therefore cannot integrate the expression |r f*+*[V(x) — E]i/s(x)dx. 
This implies that d^/f/dx is no longer a continuous function at a. For this reason, the first derivatives 
of the wave functions of a particle in a box are not continuous at (and only at) the boundaries of the 
box. 


4-5. Determine whether the following functions are acceptable or not as state functions over the 
indicated intervals. 

1 

a. - (0, oo) b. e sinhjc (0, oo) 


c. e x cos* (0, oo) 


d. e x (—oo, oo) 


a. Unacceptable because it cannot be normalized. 

b. Acceptable. 

c. Acceptable. 

d. Unacceptable because it cannot be normalized. 
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4-6. Calculate the values of a\ = ( E 2 ) — (E) 2 for a particle in a box in the state described by 


fix) 


= (™y 2 x 2 (a-x) 2 0 < x < a 


Using Postulate 4, (E) is given by 


(E) 


and (£ 2 ) is given by 


-f 

-f 


\l/*(x)Hyjf(x)dx 


(4.11) 


(E 2 ) = / i/\x)H 2 f{x)dx 

Jo 


We are interested in o\ for the state described by 


r(x) = ir(x) = 


630 


1/2 


x 2 (a — x) 2 


To evaluate (E) and ( E 2 ), we will need to know the first four derivatives of yj/. These are given by 

d J^ = (™Y[2 x (a- X )'-2xHa-*)] 

d't(x) = /mon" 2 [2(a _ _ ix(a _ x) _ 4x(a _ x) + 2x ^ 

= (^r) ( 2 “ ! - 12a* + 12* 2 ) 


dx 


<?f(x) ( 630\ I/2 

^> = (_) (-12o + 24*) 


dx 4 

Using these results, 


d A f(x) ( 630 ^ 


1/2 


(24) 


(E) 


h 2 d 2 


fjx) \ 


dx 


= — — f (^^-\ x 2 {a ~ x ) 2 {la 2 — Max\lx 2 )dx 
2 /n J 0 \ a / 

f x 2 (a — x) 2 {la 2 — 12a* + 12* 2 ) dx 

Jo 


630 ft 2 
2ma 9 
630 h 
2 ma 9 


2 r pa pa 

I la 2 x 2 (a — *) 2 dx + / 

_ Jo Jo 


*) 2 dx + / — 12a* 3 (a — *) 2 d* + / 12* 4 (a — x) 2 dx 

o 


f 


or 


We used the general integral 


f 


6h 2 

{E) = — 

ma 


x m (l -x)"dx = 


( 1 ) 


m\n\ 


(m+n + 1)! 


( 2 ) 
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to evaluate the integrals in the last step to obtain Equation 1. We now evaluate (E 2 ), which is given 
by 


( E 2 ) = f \f/*(x)H 2 i{r(x)dx 
Jo 


Substituting in the appropriate quantities gives 


(E 2 ) 


= /Vw( 

6307z 4 r 


ft d y/(x) 
4 m 2 dx A 


dx 


4m z a 


2 9 f * l (a - xf(24)dx 
Jo 


or 


(E 2 ) = 


126 ft 4 


Using Equations 1 and 3 gives 


a 2 E = ( E 2 ) - ( E > 2 = 


126ft 4 _ 36ft^_ _ 90ft 4 
m 2 a A m 2 a A m 2 a 4 


(3) 


4-7. Consider a free particle constrained to move over the rectangular region 0 < x < a y 
0 < y < b. The energy eigenfunctions of this system are 


, , X ( 4 V' 2 • n x nx ■ n v ny «, = 1, 2, 3, ... 

v. fe),) =UJ sm ~ s,n ^- ■;= i,2,3,... 

The Hamiltonian operator for this system is 

H = - } t (*L+*L 
2m Vajt 2 dy 2 

Show that if the system is in one of its eigenstates, then 

o 2 e = (E 2 )-(E) 2 = 0 


If the system is in one of its eigenstates, then 

Hxfr — E \1/ 

T V'v " t «v Yn x n v 

H 2 tI/ ■=■ E 2 'll/ 

Y n x n v "x n \- n x n v 


Therefore, 


<£)=//^<=/ 

= E V,f / = £ .,., 

<«•>-/f 
= E l-,J / K-A-, = E l", 


and cr^ = (£ 2 } - (£) 2 = 0. 
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4-8. The momentum operator in two dimensions is 



Using the wave function given in Problem 4-7, calculate the value of (p) and then 

o) = ( P 2 > - ( P > 2 

Compare your result with a 2 in the one-dimensional case. 


We find 

pa pb 

(P) = dx dyxf/* n (. x,y ) 
Jo Jo 


,. a .a 


fn n (*• y) 


Aih 

ab 




n 7 ix n Tty ( nn nnx . n Tty nit n nx n Tty 

dy sin —— sin — a — cos —— sin - b j-^- sin-cos —— 

a b V a a b b a b 


= 0 


{pl) = f [ dyr -.; (x - y) [-*' ih + £?)] ^ 

= — f dx [ 
ab Jo Jo 


n nx n ny ( n 2 n 2 n 2 n 2 

x > I x _|_ ) _ 




n 7xx . n Tty 


sin 




4 \a 2 


i , , hr I n x n‘ 

*! = {p 2 )- {P ) 2 = ( P 2 ) = j(f 2 + j 


This is an extension of the result in the one-dimensional case (Problem 3-25). 


4-9. Suppose that a particle in a two-dimensional box (cf. Problem 4-7) is in the state 

30 

1f(x,y) = , , .Mn X(.a-x)y{b-y) 

(ab) 

Show that yfr(x, y) is normalized, and then calculate the value of (E) associated with the state 
described by \j/(x, y). 


First, we show that f(x, y) is normalized. 

pa ph QQQ pa f h 

dx dyf*-4r = -r-^\ dxx 2 (a-x) 2 dy y 2 (b - 
Jo Jo aJb- Jo Jo 


y ) 2 


900 [(2) (2a 5 ) 

7P . 


5 ! 


( 2 ) (2b 


ib 5 y 

i 


= 1 
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We used Equation 2 of Problem 4-6 to evaluate the integrals over dx and dy . To find ( E ), we 
evaluate 




/»« /»/? 

1 dx I dy x(a — x)y(b — y) 

Jo Jo 

r k 2 (d 2 d 2 \ , , i 

2 /•« /*b 

Js J dx J dy x(a - x)y(b - y)[y(b - y) + x(a - x)] 

2 r pa ph pa ph 

? [J dx J dy x(a - x)y 2 {b - yf + J dx J dy x 2 (a - x) 2 y(b - y) 

- iy^ (^l\ ^ 4a5N \ 

? L\3l/ V _ 5 !’) + v"5 !~) V3!/_ 


5b} f l j_ 


4-10. Show that 


f 0 (x) = n-' /4 e- x2 ' 2 


xl/ t (x) = (4 /n)' /4 xe x ,2 
f 2 (x) = (4jt)- ,/4 (2x 2 - \)e~ 


are orthonormal over the interval -oo < x < oo. 


All of the functions are real, so i/*(x) = if,r{x ). We want to show that 


/ OO 

K 

-oo 


/ oo 

’Ao 

■oo 

/ oo 

■oo 

/ oo 

■oo 


(x)dx = 


(x)f(x)dx = S 


(jt)dje = 


t/r 2 (j :)dx= 


(2x 2 — \) 2 e~ x dx 


iAoWV^O) = - 

I \7T 


i'o(x)irJx) = 


2 f°° 

e ~ x2dx = ] 

4 f 00 2 

“-77T / * 2 e -jr djc = 1 

Jr 1/2 y 0 

2^1 

1 r f°° c°° 

[J. J x2e ~* dx ~ Lj- X dx _ 


1 r /3 tt i/2 


Jt' /2 \ 7T l/2 


+ — =1 


xe x dx = 0 


/ OO 

OO 


<*>*2 = 7 T 72 


■1/2 _ „l/2\ _ 


x(2x 2 - \)e~ x = 0 


The last integral is easy to evaluate because the integrand is an odd function and the integral is over 
a symmetric interval. 
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4-11. Show that the polynomials 

P 0 (x) = 1, P l (x) = x, and P 2 ( X ) = l(3x 2 - l) 
satisfy the orthogonality relation 

/ i 25 

where <$ /n is the Kroenecker delta (Equation 4.30). 


Again, all the functions are real, so P*(x ) = P n (x). 

j P^(x)dx = j dx = 2 
1 yl 


J P\(x)dx = j x 2 dx = = 

f P^{x)dx = ~ f (9x* — 6x 2 + 1 )dx = j 

J -1 2 j 0 5 

j P 0 {x)P x (x)dx = j xdx = 0 
J P Q (x)P 2 (x)dx = J (3x 2 - \)dx = 0 


j P } (x)P 2 (x)dx = ^ j (3x 3 — = 0 


4-12. Show that the set of functions (2/a) 1/2 cos(rt7r;c/a), n = 0, 1,2, ... is orthonormal over the 
interval 0 < x < a. 


Because the functions are real, ^*(jc) = ^(jc). 


r 2 r nnx mnx 

I \jf (x)djc = - / cos-cos-d* 

Jo n m a Jo a CL 




This integral was solved explicitly in Problem 3-18. 


4-13. Prove that if 8 is the Kroenecker delta 

nm 

s _ 1 n = m 
nm — 0 n ^ m 

then 

oo 

5 = c 

/ > n nm m 

n —1 

and 

rya 5 = y"a 6 

n m n 

These results will be used later. 
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The sum ^ c n <5 nm = c m because every term is equal to zero except for those where n = m. Now 

n = l 

YYab 8 =Y a ('F bS \ = Y ab 

/_ _/ /_ _ j n m nm /_ _ j n I /_ _/ m nm I / j n n 

n m n\m / n 

where we used the first result to evaluate b 8 . 

/ j m nm 


4-14. Determine whether or not the following pairs of operators commute. 


d 

<■> s 


— 2 — 
dx 2 dx 


(b) j: — 

dx 

(c) SQR SQRT 

(d) x2 t t ~ 2 


X h r d fd 2 f df\ d*f d*f 

- - (d 1 „i\if d 3 f d‘f 
BAf -\d? + 2 Tx)~x-lx s + 1 7? 
ABf = BAf 


This pair of operators commutes. 


7 n r 

ABf — x — 
dx 

d df 

BAf = -(xf) = f + x-f- 
dx dx 


ABf4BAf 

This pair of operators does not commute. 


ABf = [SQRT(/)] 2 = (±f ]/2 ) 2 = / 
BAf = SQRT(/ 2 ) = ±f 
ABf =f BAf 


This pair of operators does not commute. 


ABf =x 7 


d (d 2 f\ 2 d 2 f 


dx \dx 


d 2 ( ,df\ 2 dff „ dff df 

BAf = 7?{ x Tx)= x d? +4x 7? + 2 Tx 

ABf =f BAf 


This pair of operators does not commute. 
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4-15. In ordinary algebra, (P + Q)(P - Q) = P 2 - Q 2 . Expand ( P + Q)(P - Q). Under what 
conditions do we find the same result as in the case of ordinary algebra? 


(P + Q)(P - Q) = P 2 - Q 2 + QP - PQ = P 2 - Q 1 + [ Q, P 


In order for this result to equal the result found in ordinary algebra, P and Q must commute. 


4-16. Evaluate the commutator [A, B], where A and B are given below. 

A B 


a. 


(a) 

(b) 

(c) 

(d) 


d 2 
dx 2 
d_ 
dx 

f 


— X 


dx 


dx 2 


— X 


d 

Tx +X 

d_ 

dx 


Tx +X 


Ahf ^ ^ 

ABf = ~i(xf) = 2— +x —-j- 
dx dx dx 1 

d 2 f 

BAf = X d? 


ABf = 
BAf — 


[A, B) — ABf — BAf = 2— 

dx 


ix ~J\% + xf ) = 77 + f - x ‘ f 

(tx + x ) (%- xf ) = U- f - xlf 


[A, B] = 2 


c. 


f x df 

ABf = J f dx = fix) - f( 0) 
BAf = -f f dx'fix') = fix) 

dx Jo 

[A, B]f = -/(0) 

72 , 


-3 


3 * d 2 f df 


+ x 2 -r I -x-^-i\+x i )f 
dx dx 


[A,B]=4x— + 3 
dx 
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4-17. Referring to Table 4.1 for the operator expressions for angular momentum, show that 

[L,,L,] = «RL Z 
[L y ,L i \ = ihL x 


and 


[L , L ] = ihL 

L z’ X J y 

(Do you see a pattern here to help remember these commutation relations?) What do these 
expressions say about the ability to measure the components of angular momentum simultaneously? 



In the same way, we can show [L y , LJ = ihL x and [L z , LJ = ihL y . The pattern involves the 
cyclic permutation of jc, y , and z. Since no combination of the operators L x , L , and L z commutes, 
it is not possible to simultaneously measure any two of the three components of angular momentum 
to arbitrary precision (as discussed in Section 4-6). 


4-18. Defining 


L 2 = L\ + L) + L\ 


A r% 

show that L commutes with each component separately. What does this result tell you about the 
ability to measure the square of the total angular momentum and its components simultaneously? 


L 2 L - L L 2 = 0 

X X X X 

L 2 L -LL\ = L\L -(L L + ihL ) L 

y x x y y x \ y x zj y 

tlL-kli-iiL-iki.-ihiyL, 



= 0 + qi,- L t LL t - a,L,L y L,L,L' + i*L,L, 

= K [K L . - L .K) + k {kk - kk) - ih (kk - kk) 
= k ( ~ ih k ) + k ( is£ ,) - (~‘»k) 
=*(kk-kk)-*‘k 

= m(-mL x )-tfL, = o 
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In a similar way, we can show that L 2 commutes with L y and L z . This result tells us that we can 
simultaneously measure the square of the total angular momentum and any of its components to 
arbitrary precision (as discussed in Section 4-6). 

4-19. In Chapter 6 we will use the operators 

L.—L + i L 

4- x y 

and 

L_ — L x ~ iL y 

Show that 

L + L_ = L 2 - L 2 z +hL z 

[L z ,L+\=hL+ 

and that 

[L z ,L_] = -hL_ 

L + L_ = \ L x + iL y J (L x - iL y j = L\ + iL y L x - iL x L y + L\ 

= l\ + L\ + i[L y , l x ] = L 2 X + L) + hL z = L 2 - l\ + hL z 

where we used the fact that l\ + L 2 y = L 2 — l\. 

\ L , L, 1 = l l + it L - It - ill 

L 2 +J zx 1 y x 1 >' z 

= [l z ,l x \ + i[l z ,l y ) = ihl y + hl x 
=hl + 

[ A A | AA AA A A 

L , L_\ = [L z , L x ] - i[L z , L ] = ihL y - TiL x 
= -hi 
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i 9i/ r 

YP^ = y[ - itl JL 




4 \ 1/2 n y n y . n x nx n y ny 


—— sin —— cos 
/ b a 

1/2 


d ( 4\ /4 nn x n Tty 

sin ir si "ir 

/ 4 \ 1/2 / . nnx . n ny n 

= —ih — sin —— sin — 1— 

\ab) \ a b 


xy . nnx n ny 
- sin —— cos — 


1/2 


f 4 \ ' n 

= —iTu[/ — ih I — 1 — 


xy m nnx 


ab J 


■ r -, ~~ n ny 

sin —— cos — 


Y, P y \ = YP y -PY = ih 


YP * f = y 1 ~ ih J^ 


../ 4 \ n * n y n x nx ■ n y n y 

= —ih — —— cos —— sin —— 

\ab) a a b 


9 / / 4 \ 7 72 ttjc 72 ny 

P Yxlr = —ih — y — sin —-sin —-— 

x dx \ \abj a b 


( 4 \ 7 n ny nnx n 

— — & ~T —-cos —-sin — 

\ab J a a 

[ A A 1 A A A A 

y>Px] = yp x -p x y = o 


,ny 


4-21. Can the position and total angular momentum of any electron be measured simultaneously to 
arbitrary precision? 
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Yes. The position and total angular momentum operators are vector operators given by R = 
ijc + jy + kz and L = iL, + jL^ + kL z . We are interested in whether R and L commute. 

[R, L] = [u + jy + k z, i L x + j L y + kLJ 
= [x, L x ] + [y, L y ] 4- [z, L z ] 

= 0 

where we have used the fact that ii=jj=kk= 1 and i j = j k = k i = 0 (MathChap- 
ter C). Therefore, the position and total angular momentum of any electron can be measured 
simultaneously to arbitrary precision. 


4-22. Can the angular momentum and kinetic energy of a particle be measured simultaneously to 
arbitrary precision? 


Yes. The proof is similar to that in Problem 4-21. 

[K, L ) = [k x ,L x ] + [k y ,L } ] + [k z ,L z ] 

= 0 

We see from this that the kinetic energy and angular momentum of the electron can be simultaneously 
measured to arbitrary precision. 


4-23. Using the result of Problem 4-20, what are the “uncertainty relationships” AxAp y and AyAp x 
equal to? 


Because [X, P,] and [K, P] are both equal to zero (Problem 4-20), the “uncertainty relationships” 
are Ax A p y = AyAp x = 0. This means that the quantities x, p y and y, p x can be measured 
simultaneously to arbitrary precision. 


4-24. We can define functions of operators through their Taylor series (MathChapter I). For example, 
we define the operator exp (S) by 


= f-(sr 

n «'■ 

n=0 


Under what conditions does the equality 


e A+B _ e A e B 


hold? 


Let / be the identity operator. Then 


a a 2 

= i + A + B + — + 0[(A + B) 3 ] 

A m A a A A A A 

A 2 B 2 AB BA - 

= , + A + B + Y + Y + - + - + 0«A + Bn 
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and 


e A e B = 


i + A + — + o(A>) 


D 

/ + B + — + 0(B 3 ) 


- ~ „ a 2 g 1 

= i + a + b + — + — + ab + oka + B?) 


These two expressions are equivalent only if [A, B ] = 0; in other words, only if A and B commute. 


4-25. In this chapter, we learned that if \j/ n is an eigenfunction of the time-independent Schrodinger 
equation, then 

V n (x,t) = xlr n (x)e- iE '‘' h 

Show that if \p m and xp n are both stationary states of H, then the state 

W(x, 0 = c m \j/ m {x)e~ iE «’ lh + c n if n (x)e~ iE " /h 
satisfies the time-dependent Schrodinger equation. 


Postulate 5 gives the time-dependent Schrodinger equation as 

8V(x,t) 


HV(x,t) = ih- 


dt 


We will substitute 'P into each side of this equation separately to show that the equivalence holds. 
The left side becomes 

HV = H \c i p e - iE " xl " +c f 

L m 1 m n • n j 

= E c \Ir e~ iE '"' /h + E c xp e~ iE »' /r ' 

m m ~ m n n r n 


and the right side is 


34 / (—iE . P iE 

in — = in - z-c xp e-‘ E '"'h - n -c if e-^'n 

dt \ n n nVn 


= c E xp e lE «’ l/r ' + c E xp e 

m m n n 


iE l/Ti 


4-26. Starting with 


(x) = 




and the time-dependent Schrodinger equation, show that 

d(x) f i 

/ V*-{Hx-xH)Vdx 
dt J h 

Given that 


Ti 2 d 2 

h = ~^7? + vm 


Hx-xH = 


2m dx 




show that 
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Finally, substitute this result into the equation for d(x)/dt to show that 




Interpret this result. 


-f 


(x) = / Vx^dx 


d(x) f a»P* - . f T , 3^ . 

dt J dt J 3 1 


Using Postulate 5 to express S'l'/Sf, we can write 
d{x) 


dt 


= --f 

in J 


(Hvyx'i>dx + 


if 

in J 


V'xfH^dx 


Because H is Hermitian, this is equivalent to 
d{x) 


dt 


= -— f VHx'l>dx + — [ ty'xfHWdx 

in j in j 

= l -j V*(Hx-xH)Vdx 


Now, using the given expression for H, we find that 
(Hx-xH)f = 


r-fr d‘ ,1 


1 

S3 

a. 

SJ 

"■*1 

_1 

V(X \ 

xf-x 

L^ri? + vw/ J 


(1) 


= ^ L ^i == -^d_ L + v(x)xf + Wxd2i_ xV(x) f 

2m dx 2 2m dx 2m dx 2 


* ~ —ft 2 d —ft 2 i A 

(Hx-xH) = -— =- ~P X 

m dx m ft 

= —P 
m x 

Substituting Equation 2 into Equation 1 gives 

d(x) 
dt 


( 2 ) 


m- 


= (p x ) 


which is the quantum mechanical equivalent of the classical definition of linear momentum, 

p = mv . 


4-27. Generalize the result of Problem 4-26 and show that if F is any dynamical quantity, then 

d{F) 


dt 


-fH 


(.HF - FH)Vdx 


Use this equation to show that 

d(PJ I dV\ 

dt \ dx j 


Interpret this result. This last equation is known as Ehrenfest’s theorem. 
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Replace x by F in the first part of the previous problem to show that 

d(F) 


dt 




(H F — FH)^dx 


Now consider the case where F = P : 


HP = —ihH — 
x dx 

n 2 d 3 d 

= -X— (-M) -p, - ihV(x) — 

2m dx' dx 

( h 2 \ d 2 d dV 

p - H = - ih {-^)l?- mvw T*- ih T x 




HP - P H = ih- 


dV_ 

dx 


Substituting this result into Equation 1 gives 

d(P) 


dt 


f i* dv 

J * dx 


y dx = (- d ^- 
dx 


( 1 ) 


Ehrenfest’s theorem is the quantum mechanical equivalent of Newton’s law, F = ma. 


4-28. The fact that eigenvalues, which correspond to physically observable quantities, must be real 
imposes a certain condition on quantum-mechanical operators. To see what this condition is, start 
with 


A\jf — aty 


(1) 


where A and ^ may be complex, but a must be real Multiply Equation 1 from the left by \f/* and 
then integrate to obtain 


J Tjf*Aij/dr=a j ^jf/dx = a 


( 2 ) 


Now take the complex conjugate of Equation 1, multiply from the left by \jf, and then integrate to 
obtain 


J \j/A*\j/^dx — a* — a 

Equate the left sides of Equations 2 and 3 to give 

J ^/*A^dx = J \/fA*\j/*dx 


(3) 


(4) 


This is the condition that an operator must satisfy if its eigenvalues are to be real. Such operators 
are called Hermitian operators. 


We start with 

A\j/ — aij/ 

Multiplying Equation 1 from the left by and then integrating gives 

j \lf*A\l/dx = J ^l/*a\!/dx=a J yjf'yjfdx = a 


( 1 ) 


( 2 ) 
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The complex conjugate of Equation 1 is 


Multiplying this expression from the left by x// and then integrating gives 


J xj/A*xf/*dz 


J \lfa*\j/*dz = a* j xl/xj/*dz=a 


( 2 ) 


because we have imposed the restriction that a is real. Equating Equations 2 and 3 shows that if a 
is real, then 


J f*A\trdz 


J i/A*\j/*dz 


4-29. In this problem, we will prove that not only are the eigenvalues of Hermitian operators real but 
that their eigenfunctions are orthogonal. Consider the two eigenvalue equations 

A and Aty m =aJ m 


Multiply the first equation by i \r* m and integrate; then take the complex conjugate of the second, 
multiply by xfr , and integrate. Subtract the two resulting equations from each other to get 



K^n dx 


/: 


= K - O / VC’M* 


f 


Because A is Hermitian, the left side is zero, and so 

K - O f ^nAn dx=Q 

J -oo 


Discuss the two possibilities n = m and n ^ in. Show that a n = a*, which is just another proof that 
the eigenvalues are real. When n ^ m, show that 



Kt, dx = 0 


m =/ n 


if the system is nondegenerate. Are xj/ m and \j/ n necessarily orthogonal if they are degenerate? 


Carrying out the stated steps gives 

j KMn dx = a nf ^mtn dX 
j f n A*^dz = a J f n f;„dz = a' m J f* m f n dx 

Subtracting these two expressions gives 

f V m A f dx - j 'l'„ A *K dx = ( a „ ~ O J Kfn dx = 0 

We set this last equation equal to zero because (as stated in the question) A is Hermitian. If n = m, 
then the integral f \jr* m ^/ n dz is equal to one and so the above equation tells us that a n = a* (= a*). 
In other words, a must be real. If n ^ m, for a non-degenerate system ( a n — cf m ) will be nonzero 
and so 


j fmf„ dx = 0 « ^ m 
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Note that \jf m and yj/ n are not necessarily orthogonal if they are degenerate, because a n can equal a* m . 


4-30. All the operators in Table 4.1 are Hermitian. In this problem, we show how to determine if an 
operator is Hermitian. Consider the operator A = d/dx. If A is Hermitian, it will satisfy Equation 4 
of Problem 4-28. Substitute A — d/dx into Equation 4 and integrate by parts to obtain 



d\lr 

\Jf* - dx = 

dx 


00 

rf 

-oo 



f 


dij/' 


dx 


For a wave function to be normalizable, it must vanish at infinity, so the first term on the right side 
is zero. Therefore, we have 



if' — xj/dx = - 
dx 



dx 


For an arbitrary function ^r(x), d/dx does not satisfy Equation 4 of Problem 4-28, so it is not 
Hermitian. 


f f d'i/f 

We will use the fact that / v du = uv — I u dv. Let be v and dx Then 



d’il/ 

r-fdx 

dx 


\rf 




00 r , d +\ 

— I y/——dx 

1—00 J — c 


dx 


1 d 

ty — ^'dx 
, dx 


4-31. Following the procedure in Problem 4-30, show that the momentum operator is Hermitian. 



\{r* P x y}/dx 



The momentum operator is Hermitian. 


4-32. Specify which of the following operators are Hermitian: id/dx , d 1 /d: c 2 , and id 2 /dx 1 . Assume 
that —oo < x < oo and that the functions on which these operators operate are appropriately well 
behaved at infinity. 


We must determine whether the operator satisfies the condition 


£ 


f*(x)Af{x)dx 


-f 


f(x)A*r(x)dx 


If the operator satisfies this equation, then it is Hermitian (Section 4-5). 
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This operator is Hermitian. 



This operator is Hermitian. 



This operator is not Hermitian. 


Problems 4-33 through 4-38 deal with systems with piece-wise constant potentials. 


4-33. Consider a particle moving in the potential energy 


V(x) 



whose mathematical form is 


V(x) = 


0 

^0 


* < 0 
x > 0 


where V 0 is a constant. Show that if E > V QJ then the solutions to the Schrodinger equation in the 
two regions (1 and 2) are (see Problem 3-32) 


V'l 00 = Ae‘- 

V + fle-'V 

x < 0 

0 ) 

f 2 (x) = Ce' 

k i x + £) e -'V 

x > 0 

( 2 ) 
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where 



and k 0 


^niE-V^y 


(3) 


As we learned in Problem 3-32, e lkx represents a particle traveling to the right and e~ lkx represents 
a particle traveling to the left. Let’s consider a particle traveling to the right in region 1. If we 
wish to exclude the case of a particle traveling to the left in region 2, we set D = 0 in Equation 2. 
The physical problem we have set up is a particle of energy E incident on a potential barrier of 
height V 0 . The squares of the coefficients in Equation 1 and 2 represent the probability that the 
particle is traveling in a certain direction in a given region. For example, \A\ 2 is the probability that 
the particle is traveling with momentum + Tik x (Problem 3-32) in the region x < 0. If we consider 
many particles, N Q9 instead of just one, then we can interpret | A | 2 N 0 to be the number of particles 
with momentum fik ] in the region x < 0. The number of these particles that pass a given point per 
unit time is given by v\A\ 2 N Q7 where the velocity v is given by hkjm. Now apply the conditions 
that yfr{x) and di/r/dx must be continuous at x = 0 (see Problem 4-4) to obtain 


A + B = C 


and 


k^A- B)=k 2 C 


Now define a quantity 


and show that 


Similarly, define 


and show that 


vJB\% _ M,|l?| 2 /V 0 /m = \B\>_ 
v,\A\ 2 N 0 Tik x \A\ 2 NJm |A| 2 


R = 


k { +k 2 ) 


y 2 |C| 2 /v 0 = M 2 !C| 2 yy 0 /m = kjc^ 
V, |A| 2 A^ 0 hk,\A\ 2 NJm k x \A \ 2 


T = 


4fcj k 2 
(k t + k 2 ) 2 


The symbols R and T stand for reflection coefficient and transmission coefficient, respectively. Give 
a physical interpretation of these designations. Show that R + T = 1. Would you have expected 
the particle to have been reflected even though its energy, E, is greater than the barrier height, V 0 ? 
Show that R 0 and T -> 1 as V 0 -> 0. 


Region 1 (x < 0): 


ft 2 gVi 

2m dx 2 


= Ef x 


The solution to this differential equation is 




2 mE\ 


= Ae ik A + Be- ik S 


1/2 
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Region 2(x > 0): 


fi 2 d 2 f 2 

2m dx 2 


+ V 0^2 = E ^2 


giving 


f 2 (x) = Ce'V + £><T'V k 2 


"2 m(E - 

W 



Let D — 0 as stated in the problem. Now we impose the boundary conditions = 0 and 
dijf/dx = 0 at x = 0, so 


1r l (0) = f 2 (0) 



<W_2 

dx 


\x=0 


This gives 


A B — C (1) k ] A-k l B = k 2 C (2) 

If we multiply Equation 1 by k 2 and subtract the result from Equation 2, we can obtain 

B _ k x - k 2 

A k 2 +k x 

\Bl /*,- kX 

|A | 2 U,+*J 

If we multiply Equation 1 by k t and add the result to Equation 2, we can obtain 

C _ 26, 

A k ] + k 2 


(3) 


= 4 

k,\A\ 2 (k,+k 2 ) 2 

The quantity R is the proportion of the wavefunction that is reflected back into region 1 and T is 
the proportion of the wavefunction that is transmitted into region 2. Therefore, R + T = 1, which 
is in agreement with the sum of Equations 3 and 4. 

Ak^ + k'-lk^ + k* _ (*,+* 2 ) 2 

(k t +k 2 ) 2 (&, + k 2 ) 2 

In a classical treatment of the problem, the particle would not be reflected when its energy was 
greater than the barrier height. This is a quantum mechanical effect. As V Q -* 0, k x k 2 , and so 

^ 0 and T —»■ 1. 


4-34. Show that R = 1 for the system described in Problem 4-33 but with E < V Q . Discuss the 
physical interpretation of this result. 


h 2 d 2 il/ ] 
2m dx 2 


= Ef | 


Region 1 (x < 0): 
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giving 


Region 2 (x > 0): 


*,(*) =/le'V + fl e -V *, 



h 2 d 2 \l / 2 
2in dx 2 


+ (E 


W 2 = 0 


giving 


f 2 (x) = Ce px + De~ Px 


2 m(V 0 -E)l l/2 

h 2 


Now, p must be real because E < V Q . This means that for V' to remain finite as x —► oo, C must 
equal zero. The boundary conditions give 


^(0) = * 2 (0) 


d^_ i _ df^ 

x=0 dx 


A -\- B = D ik } A — ik i B = —fiD 

We can now use these relationships between the coefficients to solve for R as in Problem 4-33. 

B _ P +f*, 

A — + iky 

B 2 = + ik t )(P - ik t ) _ 

(”)8 + i *|)(-)8 - i *,) 


This result tells us that all the particles will be reflected by the barrier. 


4-35. In this problem, we introduce the idea of quantum-mechanical tunneling , which plays a central 
role in such diverse processes as the a-decay of nuclei, electron-transfer reactions, and hydrogen 
bonding. Consider a particle in the potential energy regions as shown below. 


Region 2 



0 a 


Mathematically, we have 

0 x < 0 

V{x) = V 0 0 < x < a 
0 x > a 

Show that if E < V Q , the solution to the Schrodinger equation in each region is given by 

Vq(;c) = Ae ik ' x + fie-V jc < 0 (1) 

xlr 2 (x) = Ce k * x + De~ k i x 


0 < x < a 


( 2 ) 
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and 


tfr 3 (;t) = Ee ik ' x + Fe~ ik ' x x > a 


(3) 


where 



and k 2 


^ 2m(V 0 — £) \ 1/2 


(4) 


If we exclude the situation of the particle coming from large positive values of x, then F = 0 in 
Equation 3. Following Problem 4-33, argue that the transmission coefficient, the probability the 
particle will get past the barrier, is given by 


T = 


\E? 

|A| 2 


(5) 


Now use the fact that tJ/(x) and dyff/dx must be continuous at x = 0 and x = a to obtain 


A + B = C + D ik t (A — B) = k 2 (C — D) 


( 6 ) 


and 


Ce k i“ + De~^“ = Ee ik ■" k 2 Ce^“ - k 2 De~ k >“ = ik t Ee ik >“ (7) 


Eliminate B from Equations 6 to get A in terms of C and D. Then solve Equations 7 for C and D 
in terms of E. Substitute these results into the equation for A in terms of C and D to get the 
intermediate result 


2ik x A = [{k\ —k\ + 2ik l k 2 )e k ^“ 


+ ( k] - k\ + 2ik l k 2 )e * 2 "] 


Ee ik 
2 k 2 


Now use the relations sinhx = (e x — e x )/2 and coshx — (e x + e x )/2 (Problem A—11) to get 


4 ijfc^e-'V 


A 2{k\ — kf) sinh/: 2 a + 4ik f k 2 cosh k 2 a 

Now multiply the right side by its complex conjugate and use the relation cosh 2 x = 1 + sinh 2 x to 
get 

, „ ' 2 

T = 


4 <£+*!£ , 
k]k\ 2 

Finally, use the definition of k t and k 2 to show that the probability the particle gets through the 
barrier (even though it does not have enough energy!) is 


T = 


1 


( 8 ) 


or 


1 + 


T = 


4e(u 0 - e) 


sinh 2 (u n — e) 


1/2 


1 


sinh 2 [%(l - r )' /2 ] 

4r(l - 7) 


(9) 


1 + 


where v Q = 2ma 2 V 0 /Ti 2 , s = 2 ma 2 E/h, and r = E/V 0 = e/v Q . Figure 4.3 shows a plot of T 
versus r. To plot T versus r for values of r > 1, you need to use the relation sinhtx = i sinx 
(Problem A-l 1). What would the classical result look like? 



Transmission coefficient 
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FIGURE 4.3 

A plot of the probability that a particle of energy E 
will penetrate a barrier of height V {) plotted against 
the ratio E/V {) (Equation 9 of Problem 4-35). 


h 2 d 2 !// 

Region 1: - ——- 5 - = E ^v 8 Ivin S 
2m dx 


ik.x | D ik.x 


fAx) = Ae ,k A + Be 


n ail/ 

Region 2: - — — + V 0 f 2 = E ^v § ivin § 


2 m dx 


k*x , 


i ff 2 (x) = Ce* x + De 


x < 0 


0 < x < a 


n d L i\r 

Region 3: --—=- = E\jr 3 , giving 

2m dx 


ik.x | C'sy—ik.x 


irJx) = Ee ' x + Fe 


x > a 


where 


*■=(¥) 


and m 


1/2 


y—e— 


Let F = 0 (given in the problem). Now we will use the boundary conditions 


dx 


df 2 


x=0 


dx 


x=0 


1 ^,( 0 ) = * 2 ( 0 ) 

to find 

A+B=C+D ik^A - B) = k 2 (C - D) 
and the boundary conditions 

f 2 (a) = f 3 (a) 

to find 


djf_2 
dx 


3 

dx 


ik.a 


C«V + De~v = Ee lk <“ k 2 Ce^ - k 2 De~V‘ = ik { Ee 
Following the steps suggested in the problem, 

»*, [A-(C+D-A)] = k 2 (C - D ) 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 


( 6 ) 


( 7 ) 


2 ik t A = (ik ] + k 0 )C + (ik f — k 2 )D 


( 8 ) 
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and 


2LCe k i" = (k 0 + ik.)Ee' t i' 


C = 


(k 2 + ik { )Ee ik i" 
2 * 2 e*»" 


( 9 ) 


2LDe- k *“ = (k 2 - ik.)Ee“ 


D - 


(k 2 - ik.)Ee ik '“ 


2k 2 e * 


k.a 


Substituting Equations 9 and 10 into Equation 8 gives 


2 ik.A = (ik t + /c 9 ) . 

1 ' 1 2 ' 2fc 2 e^ a 


{k 1 + ik^Ee^<" Uc^-ik^Ee 


ik. a 


+ (ik . - k 2 ) 


Ee ik ■" 
lk 2 
Ee ,k 
2 *, 


(*, + /*,)- , -(ik ] -k 2 ) 


1 2 2k 2 e~ k i“ 

2-1 


e k i" 


e~ k i" 


[(k 2 2 -k] + 2ik t k 2 )e~ k i“ + (k] - k\ + 2^,^)^"] 


which can be written as 
E 


4ik { k 2 e- ik <“ 


A k 2 .(e k * a - e“V) - * 2 (eV - e -V) + 2 ik.Ue k * a + <rV') 


4 


2(/c 2 — &[) sinh/: 2 a + 4//q/: 2 cosh/: 2 <3 
To find 7, we need to evaluate 


( 10 ) 


(ID 


Using Equation 11, we obtain 
T = 


T = 


(4ik i k 2 e~ ikl<, ){—4ik y k 2 e~ ik ' (l ) 


1 _ 2 ~ 


( 2(^2 ” &f) sinh/c 2 a + 4ik.k 2 cosh k 2 a){2(k\ — k 2 ) sinh k 2 a — Mk.k 2 cosh k 2 a) 


16 k\k 2 


4 (k\ — k]) 2 sinh k 2 a + 16 k]k\ cosh k 2 a 
Using the identity cosh 2 x = 1 + sinh 2 jc, we have 


T = 


16 k]k\ 


(4£ 2 4 ~ %k]k 2 2 + 4 k\) sinh 2 k 2 a + \6k]k 2 2 sinh 2 k 2 a + \6k 2 k: 

l2h2 4 


2 

1^2 


16/c,/c 2 


4(/c 2 + &f) 2 sinh /c 2 a + 16 /c,/c 2 A (k\ + k\) 


4 + V ^ 2 ^ 2 2 sinh2 V 


M iv 2 


Using the definitions of and k 2 in Equation 4 gives 


T = 


4+- 


2mg _i_ 2>n(V { ~E) 
h 2 fc 2 


r 


f gnUV-E) ] 

v 7)2 / L » a J 


sinh 


2 ma 2 


2 \ 1/2 


O^o-S) 


1/2 
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Now let u Q = 'lma 1 VJ J h 1 , e = 2ma 2 E/h , and r = E/ V Q = e/v 0 to find 

4 

T =- 

4 + —^—- sinh 2 (i> 0 - e) l/2 
e(v 0 - e) 


1 + 


4e(v„ - e) 


sinh (u 0 — e) 


- pW 2 


sinh 2 [uQ /2 (1 — r) l/2 ] 

4r(l - r) 

The classical result would have a discontinuity at E — V Q \ if E < V Q the probability that the particle 
would penetrate the barrier would be zero, and if E > V Q the probability that the particle would 
penetrate the barrier would be one. 


4-36. Use the result of Problem 4-35 to determine the probability that an electron with a kinetic energy 
8.0 x 10" 21 J will tunnel through a 1.0 nm thick potential barrier with V Q = 12.0 x 10“ 21 J. 


The probability of the electron tunneling through the barrier is given by the expression for T in 
Problem 4-35, 

1 

T ~ — sinh 2 K /2 (1 - r)' /2 ] 

4r(l — r) 

First we calculate the values of the variables in this expression. 

_ E_ _ 8_ _ 2 
r ~V 0 ~ 12 “3 

2 ma 2 V 0 

v o=—tf— 

2(9.1094 x lO -31 kg)( 1.0 x 10~ 9 m) 2 (12.0 x 10“ 21 J) 

“ (1.0546 x 10" 34 J-s) 2 

= 2.0 

Now substitute into Equation 7 from Problem 4-35: 


t sinh 2 [up /2 (l — /~) l/2 ] 
4r( 1 - r) 


sinh 2 [(2.0) /2 (1) /2 ] 

1 +- . , 3 

4(2)(i) 


= 0.52 
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4-37. Problem 4-35 gives that the probability of a particle of relative energy Ej V Q will penetrate a 
rectangular potential barrier of height V Q and thickness a is 

1 

7 ~ sinh 2 [vp /2 ( 1 - r) l/2 T 
4r(l - r) 

where v 0 = 2 mV 0 a 2 /h, 2 and r — Ej V Q . What is the limit of T as r 1? Plot T against r for 
u 0 = 1/2, 1, and 2. Interpret your results. 


Use the fact that sinh* = x -f x 3 /6 + • • ■ to write 

T — -Tr-r- = - — as r 1 

1 . u 0 (1 ~ r) , 1 + V o/ 4 

4r(l - r) 

In the graph below, the solid line is the graph of T versus r for = 1/2, the dashed line is the 
graph of T versus r for v 0 = 1, and the dotted line is the graph of T versus r for v Q = 2. 



4-38. In this problem, we will consider a particle in a finite potential well 

V(x) 



whose mathematical form is 

V Q x < —a 

V(x) = 0 —a < x < a 

V o 


x > a 


a) 
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Note that this potential describes what we have called a “particle in a box” if V Q -> oo. Show that 
if 0 < E < V 0 , the solution to the Schrodinger equation in each region is 


yjf x {x) = Ae k ' x x < —a 

if 2 (x) = B sin ax + C cos ax —a<x<a 
yj/Ax) = De~ k ' x x > a 


( 2 ) 


where 


, / 2m(V — E)\ J / 2mE \ 12 

1 “ ( h 2 ) and “ “ ( h 2 ) (3) 

Now apply the conditions that and d\j//dx must be continuous at jc = —a and x = a to obtain 


Ae k ' a = —Bs'maa + Ccosaa 


(4) 


De > 0 — B sin aa + C cos aa 


(5) 


and 


k.Ae k '“ = aBcosaa + aCsinaa 


~k.De ]<l = aBcosaa — aCsinaa 


Add and subtract Equations 4 and 5 and add and subtract Equations 6 and 7 to obtain 

2Ccosaa = (A + D)e“ k ' a 


( 6 ) 


( 7 ) 


( 8 ) 


2 B sinaa = (D — A)e 


-k,a 


(9) 


laCsmaa = k. (A + D)e 


-A, a 


and 


laBcosaa = —/:,(/) — A)e 
Now divide Equation 10 by Equation 8 to get 


a: sinaa 

-~ a tan aa = k. 

cos aa 

and then divide Equation 11 by Equation 9 to get 
a cos aa 


(D^-A andC^O) 


sinaa 


= a cot aa — ~k { and (D ^ A and B 0) 


( 10 ) 


(ID 


( 12 ) 


(13) 


Referring back to Equation 3, note that Equations 12 and 13 give the allowed values of E in terms 
of V 0 . It turns out that these two equations cannot be solved simultaneously, so we have two sets of 
equations 


and 


a tan aa — k t 


a cot aa = ~k. 


(14) 


(15) 
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Let’s consider Equation 14 first. Multiply both sides by a and use the definitions of a and k x to get 


/ 2 ma 2 E 

V 


1/2 


tan 


/ 2ma 2 E\ 

V h 2 ) 


1/2 


2 ma 2 


<V 0 -E) 


1/2 


(16) 


Show that this equation simplifies to 


e l/2 tan e l/2 = (u Q — e ) l/2 (17) 

where £ = 2ma 2 E/h 2 and u 0 = 2 ma 2 VJh 2 . Thus, if we fix v 0 (actually 2 ma 2 V 0 /h 2 ), then we can 
use Equation 17 to solve for the allowed values of £ (actually 2ma 2 E/h 2 ). Equation 17 cannot be 
solved analytically, but if we plot both £ l/2 tan £ l/2 and (v 0 - £) 1/2 versus £ on the same graph, then 
the solutions are given by the intersections of the two curves. Show that the intersections occur at 
£ = 2 ma 2 E/h 2 = 1.47 and 11.37 for v 0 = 12. The other value(s) of e are given by the solutions to 
Equation 15, which are obtained by finding the intersection of -£ l/2 cot £ l/2 and (v Q - s)' /2 plotted 
against e. Show that £ = 2 ma 2 E/h 2 = 5.68 for v Q = 12. Thus, we see there are only three bound 
states for a well of depth V Q = \2h 2 /2ma 2 . The important point here is not the numerical values 
of E, but the fact that there is only a finite number of bound states. Show that there are only two 
bound states for v 0 = 2ma 2 V Q /h 2 = 4. 


h 2 d 2 rl/ 

Region 1: - — + V Q f l = Ef t , giving 

Zm ax 

iM*) = 

(We ignore the solution c 2 e~ k ' x because if the particle goes from region 2 into region 1, it must be 

traveling to the left.) 

h 2 d 2 ir 

Region 2: -- —r = Ef 2 , giving 

2m dx 

\j/ 2 (x) = B sin ax + C cos ax 


as in Example 2-4. 

h 2 d 2 ilf 

Region 3: - — -7 + giving 

2m dx 

\p 2 (x) = De~ k ' x x > a 

(We ignore the solution c x e k ' x because if the particle goes from region 2 into region 3, it must be 
traveling to the right.) In the above expressions 

, /2m(V' 0 -£)\ in , (2mE\ m 

-j a " d “=(—) 

Now use the boundary condition equations \j/ [ (—a) = ^ 2 (-a), yfr 2 (a) = ^(a) 9 dirjdx = chj/jdx 
at x = —a , and d^Jdx = d^/dx at jc = a to find 


Ae = — B sinaa + Ccos aa 


(4) 


B sin aa 4 - C cos aa = De 1 


k,a 


(5) 


kAe k ' a = aB cos aa +aC sinaa 


( 6 ) 


—k x De V — aB cosaa — aCsinaa 


(7) 
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Adding and subtracting Equations 4 and 5 gives 


2C cosaa = (A + D)e~ k i" 

( 8 ) 

2 B sinaa = (D — A)e~ k '° 

(9) 

Adding and subtracting Equations 6 and 7 gives 


2 aC sin aa = k ] (A + D)e~ k '° 

( 10 ) 

2aB cos aa = —k ] (D — A)e~ k ' a 

( 11 ) 


Now divide Equation 10 by Equation 8 and Equation 11 by Equation 9 to obtain 


-= a tan aa — k. (D^-AandC^O) ( 12 ) 

cos aa 1 

a cos aa 

— : -= a cot a a = —k. (D =/ A and B =4 0) (13) 

sin aa 1 

We now have two sets of equations: 


a tan aa = k ] 


(14) 


a cot aa — —k } 


(15) 


The result that A = ±D implies that the chance of the particle leaving the finite well through one 
side of the well is equal to the chance that it will leave the finite well through its other side. Using 
the definitions of a and k { (Equation 3) and multiplying Equation 14 by a, we find 


2 ma 2 E\' /2 (2ma 2 E\' 12 

n 2 ) tan v n 1 ) 


2 ma 2 

~1F 


1/2 


a 0 -E) 


06 ) 


If we let e = 2 ma 2 E/h 2 and u 0 = 2 ma 2 V 0 /h 2 , we obtain 


e l/ 2 tane l/2 = (u 0 — e ) l/2 

(17) 

Likewise, we can obtain the expression 


—e l/ 2 cote l/2 = (v 0 — e ) l/2 

(18) 


by going through the same procedure with Equation 15. The solutions to Equations 17 and 18 are 
shown graphically for v 0 = 12 in the captioned figure. The solutions for v 0 = 4 are shown in the 
figure below. Because these graphs show two intersections, there are two bound states for v 0 = 4. 
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0 4 8 12 £ 0 4 8 12 £ 


(a) (b) 

F I G U R E 4.4 

(a) Plots of both s >/2 tan e 1/2 and (12 — e) 1/2 versus e. The intersections of the curves give the allowed values of £ 
for a one-dimensional potential well of depth V {) = \2h 2 /2ma 2 . (b) Plots of both — £ 1/7 cot£ 1/2 and (12 — e) 1/2 
plotted against e. The intersection gives an allowed value of s for a one-dimensional potential well of depth 
V 0 = \7h 2 /2ma 2 . 
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Spherical Coordinates 

PROBLEMS AND SOLUTIONS 


D-1 . Derive Equation D.2 from D. 1 . 


Equations D.l are 

x = r sin 9 cos <p y = r sin 9 sin <p z — r cos 9 

We use these equations to write tan <p as 

, sin</> r sin 9 / sirup \ y 

tan (p =-— =- - - = - 

cos (p rsin# \cos <p / x 

Likewise, we can write (using trigonometric identities) 

r 2 = r 2 (sin 2 9 + cos 2 0)(sin 2 <P + cos 2 <p) 

= r 2 sin 2 9 sin 2 <p + r 1 cos 2 9 sin 2 <p + r 2 sin 2 9 cos 2 <p + r 2 cos 2 9 cos 2 <p 
= (r sin 9 sin <p ) 2 + (r sin 9 sin <p ) 2 + (r cos 0) 2 (sin 2 (p + cos 2 <p) 

= x 2 + y 2 + z 2 
r = (x 2 + y 2 + z 2 ) 1/2 

and 


(D.l) 

( 1 ) 


( 2 ) 


z = rcos9 


cos 9 = 


C* + r + r) 


2\I/2 


Equations 1, 2, and 3 are Equations D. 2 . 


( 3 ) 


D-2. Express the following points given in Cartesian coordinates in terms of spherical coordinates. 
(x,y,z): ( 1 , 0 , 0 ); ( 0 , 1 , 0 ); ( 0 , 0 , 1 ); ( 0 , 0 , — 1 ) 


Use the equations derived in the previous problem (Equations D.2). 
a. ( 1 , 0 , 0 ) 

r = (x 2 + y 2 + z 2 ) m = 1 
9 = cos -1 = cos -1 0 = 

(p = tan -1 (-) = tan -1 0 = 0 


Spherical coordinates: (1, |, 0) 
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b. (0,1,0) 

r = (x 2 + y 2 + z 2 )' /2 = 1 
9 = cos -1 = cos -1 0 = ^ 

* =,an " ®G)=i 

Spherical coordinates: (1, |, |) 

c. (0,0,1) 

r = (x 2 + y 2 + z 2 ) 1 ' 2 = 1 
6 = cos” 1 = cos” 1 (1) = 0 

* = lan " © = ,ln "' 5 

(This means that 4> can take on any value.) Spherical coordinates: (1,0, <p) 

d. (0,0,-D 

r = (x 2 + y 2 + z 2 ) 1/2 = 1 
6 = COS”' = COS”' (-1) = 7T 

0 = tan”' (-) = tan” 1 ^ 

Vjc / 0 

Spherical coordinates: (1, n, 0) 


D-3. Describe the graphs of the following equations: 

a. r = 5, b. 9 = jt/ 4, c. 0 = n/2 


a. A sphere of radius 5 centered at the origin 

b. A cone about the z-axis of internal angle j c. The yz-plane 


D-4. Use Equation D.3 to determine the volume of a hemisphere. 


Let the radius of the hemisphere be a. A hemisphere corresponds to 0 < 9 < n and 0 < 0 < n, so 

dV = r 2 s\n8drd6d(j> 

r , r r 2na 3 

V = I r 2 dr I sin 9d9 I d(/> = —-— 

Jo Jo Jo 3 


D-5. Use Equation D.5 to determine the surface area of a hemisphere. 


Let the radius of the hemisphere be a. Then the surface area of a hemisphere is 

dA = r 2 sin 9d9d<p 

A = a 2 f sin 9dd 
Jo 


f 

Jo 


d(j) — 2na 2 
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D-6. Evaluate the integral 


by letting x = cosO. 


1=1 cos 2 0 sin OdO 


If jc = cos 0, then dx — — sin OdO, x = 1 for 0 = 0, and ;c — -1 for 0 = tv. Then 


p n pn 

1= I cos 2 6 sin 3 OdO = / cos 2 0 sin 0(1 — cos 2 0)d0 
Jo Jo 

= — dxx 2 { \ — x 1 ) = J x 2 dx — J x*dx 


1 1 1 1 _ 4 

3 + 3 + 5 + 5 _ T5 


D-7. We will learn in Chapter 6 that a 2p y hydrogen atom orbital is given by 

1 _ n 

\/c =—re r/ sin 0 sin 0 
2, ’y \\pln 

Show that xl/ 2} is normalized. (Don’t forget to square \j / 2; first.) 


We want to show that 


First, we square Jr 2 : 


m 2n 

ir 2/) \j/ 2) r 2 sin OdrdOdcj) — 1 

v - v 


fipf 2 ,, v = y^r 2 e~ r sin 2 dsin 2 <p 


\ r °o r n r 2tt 

/ = —— / drr A e~ r I dO sin 3 0 / sin 2 <pd<p 
32 tv J o Jo Jq 

-(s>'>G)(t)- 


and we have shown that Jr 2; is normalized. 


D-8. We will learn in Chapter 6 that a 2s hydrogen atomic orbital is given by 

** = w ^ (2 “ r)e ~ r ' 2 

Show that Vs y is normalized. (Don’t forget to square Vv first.) 


We want to show that 


m lTT 

^ z ,r 2 sinOdrdOdcf) = 1 

. 
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First, we square \{r 2x : 


**‘ = 3& C2-r) ‘ 


2 -r 


Then 


1 /’OO /» 7 T /» 2 jr 

— - I r 2 (2 — r) 2 e~ r dr I dGsinO I d<p 

32tz J o Jo Jo 

1 / Z* 00 f°° f°° \ 

^ U J r 2 e~ r dr -4 J r 3 e~ r dr + J r*e~ r drj (2) (2tt) 

= I [4(2)-4(3!)+ 4!] = 1(8) = 1 


and t/^v is normalized. 


D-9. Show that 



i/2 


F,°(0, </>) = ( T- I COS0 

V 47r 


1/2 


y, 1 ^, 0) = ( — ) e'*sin0 

o7T 


and 


1/2 


r- 1( ^, = ( — ) <T*sin0 


are orthonormal over the surface of a sphere. 


We can show that two functions f. and J1 are orthonormal by demonstrating that 

* oo /* tt 2jt 


m l 

. 


f*f 2 r 2 sin GdrdOdcp = <$.. 


For the functions above, 


/ O /»7T /* Z7T 

T, 0 *}', 0 — — / sin0cos 2 0d0 I d(f> 

-HO)- 


3 ( -cos 0 


/ o /» 7T z’2^- 

f i '* t 1 1 = — / desirfe d<j) 

8 ?r 2 o 2 o 


/ O /* 7T /* 2?T 

K“ 1 *y~ 1 = — / d0sin 3 0 / d(p 

Jo Jo 

- e ( 0 "" 

/ /» Q /’ff /• 27T 

yfy, 1 = J F 1 - | *K | ° = —dd cos6 sin 2 0 j e i,p d<p = 0 



Spherical Coordinates 


119 


[ Y?*Y~' = -^- f dO cos 0 sin 2 0 f e~ i4t, d<p = 0 
J 4V27T Jo Jo 

J Y}*Y~' = 2- jf sin 3 0 jf = 0 


/* /» 2jt 

(Recall from Problem 3-15 that I e~ l4> d(p = I e t4> d(j) = 0.) 

Jo Jo 


D-l 0. Evaluate the average of cos 0 and cos 2 0 over the surface of a sphere. 


To determine the average of cos 0 over the surface of a sphere, we must evaluate the integral 

P7T p2jT | P7T 

I sin 0 cos OdO / d<p =-(2 tz) / sin20<J0 = O 
Jo Jo 2 Jo 

Because this integral is equal to zero, the average of cos 0 is zero. For the average of cos 2 0 over the 
surface of a sphere, we must first evaluate the integral 


pn p2jt p 1 An 

/ sin0cos 2 0<J0 / d<p = 2 tz I x 2 dx = — 

Jo Jo J-i 3 


The average of cos 2 0 over the surface of a sphere is then given by 

f cos 2 Od A An 1 
JdA = 3(4tt) = 3 


D-11. We shall frequently use the notation dr to represent the volume element in spherical coordinates. 
Evaluate the integral 

/ = J dre~ r cos 2 0 

where the integral is over all space (in other words, over all posible values of r, 0 and 0). 


= fdre~' 


cos 2 9 


POO P 71 p2n 

= / drr 2 e~ r / <J0cos 2 0sin0 / d<f> 
Jo Jo Jo 


D-12. Show that the two functions 

/,(r) = cos 0 and f 2 {r) = (2 — r)e~ r/2 cos0 
are orthogonal over all space (in other words, over all possible values of r, 0 and 0). 
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If f t (r) and f 2 (r) are orthogonal, then 

I = J rfr/,*(r)/ 2 (r) = 0 

We now evaluate this integral as 




CHAPTER 


The Harmonic Oscillator and the Rigid Rotator: 

Two Spectroscopic Models 

PROBLEMS AND SOLUTIONS 


5-1. Verify that x(t) = A sino;? 4- B cos cot, where co = {k/m) x/2 is a solution to Newton’s equation 
for a harmonic oscillator. 


Newton’s equation for a harmonic oscillator is 

d 2 x k 

—j d- x = 0 

dt m 

Substituting x(t) = A sin cot A- B cos cot into Newton’s equation, we find 


(5-3) 


- Aco 2 sin cot — Bar cos cot H- (A sin cot A- B cos cot) 

m 


k k 

—- (A sin cot + B cos cot) H- (A sin cot A- B cos cot ) = 0 

m m 


where we have used the relationship co = (k/m) 


1/2 


5-2. Verify that x(t) = C sin(&>r + 0) is a solution to Newton’s equation for a harmonic oscillator. 


Newton’s equation for a harmonic oscillator is 

d 2 x k 

— A- —x = 0 
dt m 

Substituting x(t) = C sin(<Df + 0), we find 

k k k 

— Cco 2 sin {cot A- <t>) H - Csin(a;/ + 0) =- Csin(a;r + 0) A - Csin(&tf + 0) — 0 

m m m 

1/2 


(5-3) 


where we have used the relationship co = ( k/my 12 . 


5-3. The general solution for the classical harmonic oscillator is x(t) = C sin (cot + 0). Show that the 
displacement oscillates between +C and — C with a frequency co radian-s _1 or v = co/2tc cycle* s _1 . 
What is the period of the oscillations; that is, how long does it take to undergo one cycle? 
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Consider the general solution x(t) = C sin (cur + 0). Because the sine function varies from +1 to -1, 
the value of x varies from +C to — C. To find the period of oscillation, we determine the smallest 
nonzero value of r that satisfies the condition 

sin (cot + 0) = sin [co(t + r) + 0] 

= sin(cur + 0 + cox) 

= sin(cor + 0) cos co x + cos (cot + 0) sin cox 
This condition is met when x satisfies the two conditions 

cos cox = 1 sin cur = 0 


or, equivalently, 


cox — 2nn n — 1 , 2 ,... 

The smallest value of r is then In/co , which is the time it takes for the oscillator to undergo one 
cycle. The frequency of oscillation is 

1 co 
V = x = 2^ 


5-4. From Problem 5-3, we see that the period of a harmonic vibration is r = 1 /v. The average of the 
kinetic energy over one cycle is given by 

1 f T mco 2 C 2 y 

(K) = - / —-— cos 2 (o;r + 4>)dt 

t Jo 2 

Show that {K) = E/2 where E is the total energy. Show also that (V) = E/ 2, where the 
instantaneous potential energy is given by 

kC 2 

V = sin 2 (cur + 0) 

Interpret the result (K) = {V). 


We start with the general equation for a harmonic oscillator x = C sin(&>f + 0) (Problem 5-2). The 
total energy of this oscillator is 


E = K -\- U — 


m 

2 



2 



where we have used Equations 5.11 and 5.12 for K and U. Substituting x(t) into this expression 
gives 

E = —co 2 C 2 cos 2 (cot + 0) + ^ C 2 sin 2 (cot + 0) 

k k 

= -C 2 [cos 2 (a)t + (p) + sin 2 (cor + </>)] = -C 2 

Now 

1 f r mco 2 C 2 

(K) = - / -cos 2 (cot + (p)dt 

r Jo 2 

mcoC 2 r rHl 

•p 


2r 


cos 2 xdx 
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mcoC 2 r* 
.2 


2t 


[f +si H 

[ COX 
~2 


-JO)T +<p 


mcoC 2 \cox | sin2(a>r + 0) — sin 20 
2r 1 ~ + 

mcoC 2 \cox ( sin 2cur cos 20 + cos 2cut sin 20 — sin 20 
2r |_T + 4 

mcoC 2 Tcur sin 47T cos 20 + cos 47r sin 20 — sin 20 
T + 4 


2r 

mco 2 C 2 kC 2 

4 = ~4~ 


£ 

"2 


where we have used the fact that r = 2j x/co (Problem 5-3). Likewise, 

kC 2 r 

(V) = —— / sin 2 (cot + (j))dt 
2t J o 

[1 — cos 2 (o>r + 0)]dr 

_ fcC 2 £C 2 /cox\ _ kC 2 _ E 
~~~ 2xoo \~2 ) ~ ~4~ ~ 2 

The motion of a harmonic oscillator is such that (K) = (V) over a cycle of motion. 



5-5. Consider two masses m x and m 2 in one dimension, interacting through a potential that depends 
only upon their relative separation (x x — x 2 ) 7 so that V(x x , x 2 ) = V(x x — x 2 ). Given that the force 
acting upon the j th particle is f. = — {dV/d *.), show that /, = — f v What law is this? Newton’s 
equations for m x and m 2 are 


m 


d 2 x x 


3 V J d 2 x 2 

-and —r- 

dx. 2 dt 2 


8V_ 

dx~ 


Now introduce center-of-mass and relative coordinates by 

ra.Jt. -f m~x~ 


v _ 11 1 2 2 

M 

where M = m x + m 2 , and solve for x x and x 2 to obtain 


X = X x - X 2 


X = X + —jx and x 2 = X- '^-x 

1 M L M 

Show that Newton’s equations in these coordinates are 

d 2 X m l m 2 d 2 x 3 V 


m 


1 dt 2 


+ 


M dt 2 3* 


and 


d 2 X m,m.d 2 x 


m 


2 dt 2 


3 V 

M dt 2 ~ + Jx 


12 ' 


Now add these two equations to find 
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Interpret this result. Now divide the first equation by m, and the second by m 2 and subtract to obtain 

(fx / 1 1 \ 3V 

dt 2 \m ] m 2 J dx 

or 

d 2 x _ dV 
^ dt 2 dx 

where /z = m { m 2 /(m i + m 2 ) is the reduced mass. Interpret this result, and discuss how the original 
two-body problem has been reduced to two one-body problems. 


The forces acting on masses 1 and 2 are 

dV 


/. = - 


dx. 


av _ av __ 

h ~ dx 2 ~ dx , “ 7l 


where we obtain the second equality from the fact that V(x r x 2 ) — V(x l — x 2 ). This is Newton’s 
second law: for every action there is an equal and opposite reaction. Now use the definitions of 
center-of-mass, X, and relative coordinates, x , 


X = 


/ttjjCj + m 2 x 2 
M 


( 1 ) 


( 2 ) 


Multiply Equation 1 by M and Equation 2 by m 2 and add to find 




Now multiply Equation 1 by M and Equation 2 by m x and subtract to find 


m, 


(3) 


(4) 


Substitute Equations 3 and 4 into Newton’s equations to obtain 


d 2 x. 


m, — r- = m. - 

1 dt 2 1 




dt 2 “ 1 dt 2 + M dt 2 


and 


d 2 x~ 


—7- = m. * 

2 j+2 1 




= m 


d 2 X m 2 m { d 2 x 


dt 2 1 dt 2 2 dt 2 M dt 2 

where we have set 9 V/dx x = 9 V/dx. Add Equations 5 and 6 to find 

d 2 X 


dV_ 

dx 


dv_ 

dx 


(5) 


( 6 ) 


Mi¬ 


di 


= 0 


The physical interpretation of this equation is that the center of mass moves at a constant velocity. 
Now divide Equation 5 by m ] and Equation 6 by m 2 and subtract the results to obtain 


d 2 x 
dt 2 


m. 


1 \ dV 


m 2 J dx 


( 7 ) 


If we define /z = m,m 2 /(m, + m 2 ), then we can write Equation 7 as 

d 2 x 

^~Ti 
dt 2 


dV 

dx 
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This is the equation of mass for a body of mass fi moving under a force -9 V/dx. We were able to 
reduce the two-body problem because we could express the forces acting on body 1 in terms of the 
forces acting on body 2. 


5-6. Extend the results of Problem 5-5 to three dimensions. Realize that in three dimensions the 
relative separation is given by 

r n = [(*, - x 2 ) 2 + (j, - y 2 ) 2 + (z, - z 2 ) 2 ] 1/2 


We can treat the jc-, y-, and ^-dimensions individually because these directions are orthogonal. The 
equations in the .x-direction are the same as in Problem 5-5. To find the equations in the y and 
z-directions, we can substitute y or z in place of x (and Y or Z in place of X) in the equations of 
Problem 5-5. We then find that 


or 


d 2 x dV d*y__ _9V dh _ _dV_ 
^ dt 2 dx ^ dt 2 dy ^ dt 2 dz 


d 2 r 

Mtt = — VV 
dt 2 


which is the three-dimensional extension of Problem 5-5. 


5-7. Calculate the value of the reduced mass of a hydrogen atom. Take the masses of the electron 
and proton to be 9.109 390 x 10“ 31 kg and 1.672 623 x 10“ 27 kg, respectively. What is the percent 
difference between this result and the rest mass of an electron? 


m.m. 

M =- 

m { + m 2 


(9.109 390 x 10" 31 kg)(1.672 623 x 10" 27 kg) 
1.673 534 x 10“ 27 kg 


= 9.104 432 x 10“ 31 kg 


The percent difference between this result and the rest mass of an electron is 


9.109 390 x 10" 31 kg-9.104432 x 10“ 31 kg 
9.109 390 x 10" 31 kg 


0.05% 


5-8. Show that the reduced mass of two equal masses, m, is m/2. 

Setting m ] = m 2 = m, we find that 

m 1 m 2 m 2 m 

^ m } + m 2 2m 2 

5-9. Example 5-2 shows that a Maclaurin expansion of a Morse potential leads to 

V (jc) = Dfi 2 x 2 H- 
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Given that D = 7.31 x 10 -19 J-molecuIe _l and ft = 1.81 x lO 10 m _1 for HC1, calculate the force 
constant of HC1. Plot the Morse potential for HC1, and plot the corresponding harmonic oscillator 
potential on the same graph (cf. Figure 5.5). 


Because V(;t) = kx 2 /2 for a harmonic oscillator, 

k = 2D/3 2 = 2(7.31 x 1(T 19 J-molecule -1 ) (1.81 x 10'° m -1 ) 2 = 479 N-m -1 

The bond length of HC1 (Z 0 ) is 127.5 pm (Table 5.1). The graph below shows the Morse potential 
V(x ) = Z>[ 1 — e _/S( '~V] 2 (solid line) and the harmonic oscillator potential V(x) = j/c(Z - Z 0 ) 2 
(dashed line) for HC1. 



5-10. Use the result of Example 5-2 and Equation 5.34 to show that 

Given that v = 2886 cm -1 and D = 440.2 kJ-mol -1 for H 35 C1, calculate ft. Compare your result 
with that in Problem 5-9. 


V ° bs 2nc \ /i 


1/2 


(5.34) 


Example 5-2 shows that k = 2Z)/r, which upon substituting into Equation 5.34 gives 

3 2 \ 1/2 


1 / 2Dfy 

2tc c \ jx 


p 


= Itccv 


obs 



1/2 


Solving for p, 
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For H 5 C1, 


_r 

-2 d) 


P = 27rev . ( 
r obs V.2 D 

= 27t( 2.998 x 10 s m-s -1 ) 2886 cm -1 x cm 


1.008 x 34.97 
1.008 + 34.97 


-i 1/2 


(1.661 x 10“ 27 kg) 


440.2 x 10 3 J-mol -1 
, 6.022 x 10 23 mor 1 

= 1.81 x 10 10 m -1 

which is the same as the value for P given in the previous problem. 


5-11. Carry out the Maclaurin expansion of the Morse potential in Example 5-2 through terms in x 4 . 
Express y in Equation 5.24 in terms of D and p. 


V(x) = D( 1 -e-^) 
1 - 


= D 

= D 


\ - p x + [ -P* x i - l -P> x > + O(x') 

L O 


1)2 


px -\p 2 x 1 +\p'x s - 0{x*) 
2 6 


n2 


“I 2 


= Dp 2 x 2 1 1 - \px + \p 2 x 2 - 0(x 3 ) 

2 6 

= Dp 2 x 2 1 1 - px + X -P 2 x 2 + ] -p 2 x 2 + O(x') 


= D 


p 2 x 2 - p 2 x 3 + —0V + 0(x 5 ) 


By comparing this result to Equation 5.24, we see that 

y = -6 Dp 2 


5-12. It turns out that the solution of the Schrodinger equation for the Morse potential can be expressed 
as 

= 5 (” H) - 5f ( v H) 

where 


x — 


hcv 
4 D 


Given that v = 2886 cm 1 and D — 440.2 kJ-mol 1 for H 35 C1, calculate x and vx. 
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(6.626 x 10" 34 J-s)(2.998 x 10 8 m.s“')(2886cm"')(100 cm-m" 1 ) 
= /440.2 x 10 3 J-mol" 1 \ 

4 V 6.022 x 10 23 mor 1 ) 

= 0.01961 


vx = (2886 cm -1 )(0.01961) = 56.59 cm"' 


5-13. In the infrared spectrum of H 79 Br, there is an intense line at 2559 cm '. Calculate the force 
constant of H 79 Br and the period of vibration of H 79 Br. 



(5.34) 


k = (27rcv obs ) n 


= [2tt( 2.998 x 10'° cm'S"')(2559 cm"')] 
*(1.008 amu)(78.92 amu) 


79.93 amu 


(1.661 x 10 kg-amu l ) 


= 384 N-m" 1 
The period of vibration is 


T = - = — = 1.30 x 10" 14 s 
V cv 


5-14. The force constant of 79 Br 79 Br is 240 N • m 1 . Calculate the fundamental vibrational frequency 
and the zero-point energy of 79 Br 79 Br. 



(5.34) 


1 

° bs = 2 tt( 2.998 x 10 10 cm-s" 1 ) 
= 321 cm" 1 


240 N-m"' 


(78.92 amu) 2 
78.92 amu + 78.92 amu 


(1.66 x 10 27 kg-amu ') 


1/2 


We use Equation 5.27 to find the zero point energy: 

E Q = \hv = \hcv = 3.19 x 10" 21 J 


5-15. Verify that i/r,(jc) and ^ 2 {x) given in Table 5.3 satisfy the Schrodinger equation for a harmonic 
oscillator. 
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The Schrodinger equation for a harmonic oscillator is 


d 2 f 2a 1 , 

7? + F (B *-2^-- 0 


(5.26) 


where E v — hv(v + From Table 5.3, 


4a J 


3 \ 1/4 


= ( - xe 


n 


y—CtX 2 /2 


* 2 (X) = ^y\2ax 2 - l)e— 2/2 

where a = ( kix)' /2 /h . Substituting if. into the Schrodinger equation with v = 1 gives 


<£f _i 2^ 

dx 2 + n 2 


£ 1 - 1 = 0 


d_ 

dx 


v) (* 


3 \ l/ 4 


-a* 2 /2 


— a* e 


2„-«*72 


) +£( 


2 (i (3hv 1 


4cr 


3 \ 1/4 


+ ^ - -kx 2 — xe-** 1 ' 2 == 0 


7T 




*£ 


—qjc 2 /2 _ 


= 0 


-3a* + a 2 * 3 H— (27tv)/z* — a 2 * 3 = 0 
Ti 

—3a* 4- 3a* — 0 


where ^ == (27T v) 2 /x. Substituting into the Schrodinger equation with v — 2 gives 


$ + w( E '- l 2 kX ‘ ) +' = ° 


/ a n 

,' /4 d r 

\47T; 

' dx . 


2\X (5hv 1 , 9 \ / OL \!/4 J 2 n 

+F (t ■ 2 kx ) (s) <2 “* - |)e =0 

(5a — 1 la 2 * 2 + 2oi i x A )e~ axl/2 + ~ (2a x 2 - l)e~ aj,2/2 = 0 

5a — 1 la 2 * 2 + 2a 3 * 4 — ^(2nv)ix + a 2 x 2 + --(2 nv)ixax 2 — 2a 3 * 4 = 0 
n n 


5a — 1 la 2 x 2 — 5a + 1 la 2 x 2 = 0 


2„2 


Both if . and if. are solutions to the Schrodinger equation. 


5-16. Show explicitly for a harmonic oscillator that f 0 (x) is orthogonal to Vq ( x ), if 2 (x), and if 3 (x) 
and that if { (x) is orthogonal to if 2 (x) and f 3 (x) (see Table 5.3). 


From Table 5.3, we have 


Ux) = Q'\^ 2 


3 \ U* 


( 4a 3 i 

ft (x) = I — ) xe 


/ of \ 1/4 _ 

f 2 (x) = (—) (2a* 2 - \)e~* x 12 

f J (2 a * 3 — 3*)<?- a * 2/2 
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There are five integrals we must evaluate to show orthogonality. Three have integrands that are odd 
functions of x , and so are zero. 

/ oo r oo poo 

dxf 0 (x)f l (x)= / dxf Q (x)ijf 3 (x) = / dxf^{x)f 2 {x) = 0 

■OO J —CO J —OO 

This leaves the integrals with even integrands to be evaluated explicitly. 

r 00 /ax '/ 4 /a\'/ < f , 2 

I dx\l/ 0 (x)rj/ 2 (x) = 2 (—J j J dx(2ax 2 - \)e ax 

(if] 


and 


= 0 


f°° /4a 3 \ 1/4 / a 3 \ 1/4 f 00 

I dxijf Ax)tyJx) = 2 (- ) ( — ) / dx(2ax A — 3x 2 

J -oo V * / \97ry y 0 


2\ ofjc 2 


-0 


5 _ 17 . Jo normalize the harmonic-oscillator wave functions and calculate various expectation values, 
we must be able to evaluate integrals of the form 

I v (a) = f x 2v e~ ax2 dx v = 0, 1, 2, ... 

J -oo 

We can simply either look them up in a table of integrals or continue this problem. First, show that 

poo 

l u (a) = 2 / x 2v e- l? dx 

Jo 

The case v = 0 can be handled by the following trick. Show that the square of l 0 (a ) can be written 
in the form 


I, 


n oo 

dxdye~ 

_ 


Now convert to plane polar coordinates, letting 

r 2 = x 2 + y 2 and dxdy = rdrdO 


Show that the appropriate limits of integration are 0 < r < oo and 0 < 0 < tz/2 and that 

r»7r/2 poo 

! si\ — A I 
i 0 ! 


Ilia) 


pn/2 pc 

= 4 / dO 
Jo Jo 


drre 


which is elementary and gives 


or that 


m = 4 • - 


71 1 7V 


.<‘>-0 


2 2 a a 


7r\ >/ 2 
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Now prove that the I^a) may be obtained by repeated differentiation of I 0 (a) with respect to a 
and, in particular, that 


d v l 0 (a) 

da' 1 


(-!)■/,(«) 


Use this result and the fact that I 0 (a ) = (7r/a) l/2 to generate /,(a), I 2 (a), and so forth. 


The function I u (a) is an even function, and so 

roo 

W = 2 / 

Jo 


x 2v e~ ax dx 


Because the function I (a) depends only on a , we can write 

/*oo r oo r oo n oo 

/ 0 2 (a) = 4 / / dye-"' 2 = 4 / dxdye~ aUl+ ' 3) 

Jo Jo Jo Jo 

We realize that we are integrating over the entire first quadrant, so our limits of integration in polar 
coordinates are 0 < r < oo, 0 < 0 < 7t/ 2. In polar coordinates, dx dy = r dr dO and x 2 + y 2 = r 2 , 
and so we can write 

fjr/2 


W 


= 4 / dO 
Jo Jo 

_2 n ( ^ \ - 71 
\2a / a 




Now differentiate 7 0 (a) with respect to a: 

d A = .f° 

da 7_ 0 


dxx 2 e~“ x = -/.(a) 


A 

da 


/ OO 

dxx 4 

OO 


e-‘" = /,(«) 


Extrapolating to the rcth derivative gives the general solution 

d v IJa) 

Because / 0 (a) = (7r/a) 1/2 , 7 1 = {n/of /2 /2a, I 2 = 3(7r/a) 1/2 /4a 2 , and so forth. 


5-18. Prove that the product of two even functions is even, that the product of two odd functions is 
even, and that the product of an even and an odd function is odd. 

Recall that an even function is one for which f(x) = f(—x) and an odd function is one for which 
f(x) = —/(—*). Let P(x ) be the product of two functions f(x) andg(jc). For two even functions, 

PM = fMgM = f(-x)g(-x) = P(-x) 

so the product of two even functions is even. For two odd functions, 

PM = fMgM = -/(-*) [-g(-x)] = f(-x)g(-x) = P(-x) 

so the product of two odd functions is also even. For one odd and one even function, 

PM = fMgM = [-/(-*)]*(-*) = -n-x)g(-x) = -P(-X) 

so the product of one odd and one even function is odd. 
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5-19. Prove that the derivative of an even (odd) function is odd (even). 

If f(x ) is even, it can be represented by a power series of the form 

fix) = f 0 + f 2 x 2 + f A x 4 + 0(x 6 ) 

where the only allowed values of n in x n are even. The derivative of this function is 

fix) = 2f 2 x + 4/ 4 jc 3 + 0(x 5 ) 

which is an odd function expressed in a power series. Similarly, if g(x) is odd, it can be represented 
by 

gix) = /,* + fx 3 + fx s + Oix 1 ) 
where the only allowed values of n in x n are odd, and its derivative is 

g'ix) = /, + 3 f 3 x 2 + 5fx 4 + Oix 6 ) 

which is an even function. 


5-20. Show that 

iX ‘ ) = L^ X)xl ^ MdX=5 2U^-‘ 

for a harmonic oscillator. Note that ( x 2 ) ]/2 is the square root of the mean of the square of the 
displacement (the root-mean-square displacement) of the oscillator. 


( Q/ \ 1/4 2 

—J ( 2ax 2 — \)e~ ax /2 . So 

/ oo 

V r 2 ix)x 2 \// 2 ix)dx 

■OO 

= 2 (£r)' /2 f dxilax 1 - l) 2 x 2 e~ ax2 

/a \ ] f 2 f°° 2 

= (-) / dxiAa 2 x 6 - W + x 2 )e~ ax 

= (“)' /2 L’ (-1^) - 4a (-L) + (-L)l (") 

\jt / |_ \16a 3 / \8“ 2 / \4a/JVa/ 

5 5 h 

~ 2 a ~ 2(^) 1/2 


5-21. Show that 

ip 2 ) = J f 2 ix)P 2 f 2 ix)dx = ^hiixkY' 2 


for a harmonic oscillator. 
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( Cy \ 1/4 . A 

—J (2 ax 2 - l)e~ ax 12 and P = -ihd/dx. So 


(. P 2 ) 


i/Ax)P 2 \//Ax)dx 


0 -*AH 


-f 

= 2 (£^) ,/2 j dx(2ax 2 - \)e~ ax ' 12 j-ft 2 -^ [( :2ax2 “ 1)« 

= -Ti 2 (^)' /2 J dx(2ax 2 - \)e~ axl (5a - 1 la 2 * 2 + 2a V) 

= ~ h2 (^)' /2 f dx ( 4 “ 4;c6 “ 240(3x4 + 210(2x2 ~ 5 “) e ~“ x2 

= -n 2 (“)’ /2 La 4 ( ™ ) - 24a 3 ( * ) + 21a 2 (-L) - 5a (1)1 (*) 

\jt/ L V 16a 3 / \8a 2 / \4a J \4/J\a/ 


1/2 


= Ti 2 ^a = ^h(ixk) l/2 


5-22. Using the fundamental vibrational frequencies of some diatomic molecules given below, 
calculate the root-mean-square displacement (see Problem 5-20) in the v = 0 state and compare it 
with the equilibrium bond length (also given below). 


Molecule 

v/cm 

Z 0 /pm 

h 2 

4401 

74.1 

35 C1 35 C1 

554 

198.8 

l4 N I4 N 

2330 

109.4 


We will use Equation 5.34 to find k. Solving for k gives 

k = (27 TCV) 2 jJL 

The root-mean-square displacement is given by (x 2 ) l/1 . For the ground state, 

/ oo 

f 0 (x)x 2 f 0 (x)dx 

■CO 

-err 


x 2 e~** dx 


2 / Of \ J / 2 /7T y/ 2 / 1 \ __ 1 _ 

\7T / \a/ \4a / 2a 


2 Oik) 


1/2 


47 VCVfX 

and so the root-mean-square displacement of the molecule is 


<* 2 > 1/2 = 


Ti \ 


1/2 


47 XCVfJu 


Vtl) 


For H„ 


(x z ) 


2\l/2 _ 


1.055 x 10“ 34 J s 


1/2 


4/r(2.998 x 10'° cm-s _1 )(4401 cm"') [(^f 5 ) (1.661 x 10 -27 kg)] 
= 8.718 x 10“ ,2 m = 8.718 pm 
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For 35 C1 35 C1, 

(x 2 )'" = 


1.055 x 10- 14 J s 


4tt( 2.998 x 10 lo cm-s-')(554 cm" 1 ) [(^) (1.661 x 10“ 27 kg)] 
= 4.172 x 10“' 2 m =4.172 pm 

and finally, for l4 N l4 N, 

, ,,, ( 1.055 x 10 -34 J s 

(x 2 ) 12 — <- 

|47r(2.998 x 10 lo cm-s- 1 )(2330cm-') [J4M(1.661 x 10“ 27 kg)] 

= 3.215 x 10 _12 m = 3.215 pm 

These values are all much smaller than the equilibrium bond lengths. 


1/2 


1/2 


5-23. Prove that 

(K) = (V0 0> = Y 

for a one-dimensional harmonic oscillator for v = 0 and v — 1. 


The operators for V(x) and K(x) given in Table 4.1, the expressions for \/f v (x) given in Table 5.3, 
and Equation 5.30 for the vibrational energy levels are 

kx 2 

vw = — 

n 2 d 2 

/a\»/4 


*° w =( 7 ) 


W/2 


TV - 

, 4a : 

^ t (x) = - 

TV 


,3 \ 1/4 


xe 


-ax 2 j2 



For v = 0, 


(K) 



dxf 0 (x) 


-K_ 4 2 
2/x dx‘ 


f 0 (x) 


= _^!(“V /2 rdxe ~ a *-' [a 2 * 2 -a] 

IX \7T/ J 0 

k 2 /ay/ 2 /7ry> 

a \7V J Va/ 


4a 


~ a ' 2 


h 2 ct 

4 1L 


*f*Y' 2 =3 

4 w 2 
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and 


For v = 1, 


and 



£0 

2 


(K) 



dx\l/ { Qc) 


-ft 2 <?_ \ 

2 n dx 2 ) 


TA| O) 



(V) 



dxx/z^x) 



f,(x) 


= ft 



dxx :V"' 



3ft 

4a 


3 ft ny- _ £, 
4 W “T 


5-24. There are a number of general relations between the Hermite polynomials and their derivatives 
(which we will not derive). Some of these are 

dH($) 

—^ = 2 *//„(*)-// B+1 (S) 

H v+ ^)-2^H v ^) + 2vH v _ t (l)=0 


and 


djm 


2 vH v _tf) 


Such connecting relations are called recursion formulas. Verify these formulas explicitly using the 
first few Hermite polynomials given in Table 5.2. 


We will verify these formulas for v = 0, 1, and 2. The Hermite polynomials for these values of v 


are 


H&)= 1 */,(!) = 2 $ H 2 (l) = 4^-2 
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Using the first recursion formula, we have 

dHJM) _ 


2 $//„($)-//,(*) 


or 


dt; 

0 = 2 f(l)- 2 § =0 


For u = 1, 




= 2 $//.($)- // 2 ($) 


</| lV,/ 2V 

2 = 2f (2|) - (4 £ 2 - 2) = 2 

Using the second recursion fromula for v = 1, we have 

// 2 (f)-2^,(0+ 2uf/ 0 (f) = 0 

4£ 2 -2 -2$(2£) + 2 = 0 


The third recursion formula is 


For v = 1, we have 


and for v = 2 , we have 




= 2vH v _^) 


2 = ( 2 )( 1 )( 1 ) = 2 

8 £ = ( 2 )( 2 )( 2 $) = 8 ? 


5-25. Use the recursion formulas for the Hermite polynomials given in Problem 5-24 to show 
that {p) = 0 and (p 2 ) = h(ixk) l/2 (v + 5 ). Remember that the momentum operator involves a 
differentiation with respect to x , not £. 


(P) 



dxilr v (x)P x 1r v (x) 


= —ih 



dxf^x) 


dfjpc) 

dx 


In Example 5-6 we learned that H v (x) is an even function of x if v is even and is an odd function of 
x if v is odd. Because e~ ax /2 is an even function of jc, \/r is an even function of x if v is even and an 
odd function of x if v is odd (Problem 5-18). Also, the quantity di/rjdx is an even function if v is 
odd and is an odd function if v is even (Problem 5-19). Therefore, the integrand of (p) will always 
be the product of one odd and one even function, and is therefore an odd function (Problem 5-18). 
Because the integrand is integrated over all space, (p) = 0. Now consider 


/ OO 

dxxi/ v (x)P 2 xfr u (x) 

■CO 


= -h 2 



dxi/ v (x) 


d 2 f u (x) 
dx 2 
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We use the Schrodinger equation for a harmonic oscillator 

17 1 + f( £ -“^ ! )^ w = 0 


to write 


<p 2 ) = 2p J dxir v (x) (e v - ^kx 2 ^ if v (x) 

/ OO 

dx\l/ v (x)x 2 \lr u (x) 

-OO 

= IvLhco + f^dtNMM 2 N v H v G)t 




( 1 ) 


Using the second recursion relation in Problem 5-24, we have 


fHtf) = £ 





— V 

(u-1 )H v _ 2 ^)+ ] -H^) 

1 

+ 2 

(u+1 )H^)+ ] -H v+2 (^) 


= v(v - 1 )H v _ 2 (i=) + ^ ^ H v (O + \ H v+2 (O 

Substituting this result into the integral of Equation 1 above gives three integrals, only one of which 
is nonzero (Section 5-6), so 

(p 2 ) = 2phco (v + \)-^-2 ( u + 0 H ^ )e ' e 

= Iphco + 0 _ ~ ^ J ^S x ^v^ dx 

= 2 fi(M ) 1/2 + ^) - MM )' /2 (v + 0 

= Hnk )'' 2 (^ + 5 ) 


5-26. It can be proved generally that 


(* 2 > = T(u + i) = 


(pk) 


1/2 


O'+ 9 


and that 


3 3h 

(x 4 ) = —A2v 2 + 2u + 1) = —— (2u 2 + 2u + 1) 

4a 2 4 pk 

for a harmonic oscillator. Verify these formulas explicitly for the first two states of a harmonic 
oscillator. 



1 n 


2a 2 (p,k)' /2 
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3 3ft 2 
4a 2 4 nk 



3 3 h 


2a 2((xk) ]/2 



15 _ 15ft* 
4a 2 4 ixk 


5-27. This problem is similar to Problem 3-35. Show that the harmonic-oscillator wave functions 
are alternately even and odd functions of x because the Hamiltonian operator obeys the relation 
H(x) = H(-x). Define a reflection operator R by 

Ru(x) = u(~x) 

Show that R is linear and that it commutes with H. Show also that the eigenvalues of R are ±1. 
What are its eigenfunctions? Show that the harmonic-oscillator wave functions are eigenfunctions 
of R. Note that they are eigenfunctions of both H and R. What does this observation say about H 
and R1 


Consider the Schrodinger equation of a harmonic oscillator 

H(xW n (x) = E n * n (x) 

Replace x by —x and use the fact that H(x) = H(—x) to obtain 

H^-x) = E n ^ n (-x) 

Both (— x) and ifr n (x) are eigenfunctions of H(x) corresponding to the eigenvalue E ft . Because 
the system is nondegenerate, these eigenfunctions can differ by only a multiplicative constant c. We 
can write this as i/ n (x) = c\/f n (—x). But \j/ n (—x) = c^(x), and so c = ±1 (as in Problem 3-35). 
Thus \jr n is always either even or odd. Moreover, because H v (x ) is even when v is even and odd 
when v is odd, and because 

t v (x) = N v H v (a ]/ 2 x)e -° x2/2 (5.35) 

i// (x) is even when v is even and odd when v is odd. Now define R as Ru(x) = u(—x). R is linear 
because 


R [c,«,(j:) + c 2 u 2 (x)] = c, m, (— jc) + c 2 u 2 (-x) 
= c, Ru ] (x) + c 2 Ru 2 (x) 
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Because Rilf n (x) = \j/ n {—x) = ±^00, we see that the eigenvalues of R are ±1 and the 
eigenfunctions are ty n (x). Because H and R have mutual eigenfunctions, they commute. 


5-28. Use Ehrenfest’s theorem (Problem 4-27) to show that {p x ) does not depend upon time for a 
one-dimensional harmonic oscillator. 


d ^Px) 

dt 



(—kx) = 0 


because (x) is the integral of an odd function. The fact that d(p x )/dt = 0 means that (p x ) does not 
depend upon time. 


5-29. Show that the moment of inertia for a rigid rotator can be written as / = txr 2 , where r = r x + r 2 
(the fixed separation of the two masses) and fi is the reduced mass. 


By definition, at the center of mass 


m i r \ = m 2 r i 


/ = m x r\ + m 2 r 2 


ix 


m ] + m 2 


Now r. — r — r 2 and r 2 = r-r,,so we can write the first equaiton as either m,(r — r 2 ) = m 2 r 2 or 


m 


— r.) = m.r r Solving these expressions for r, and r 2 gives 


m ] + m 2 


m j -I- m 2 


Substituting these results into the expression of / gives 


/ = m j r, + m 2 r 2 


m j + m 2 


m ] + m 2 
m~ 


m ] + m 2 


+ 


m l + m 2 

m. 


m ] + m 2 


= (X 




+ 


m, 


m, + m 2 m, + m 2 


= fxr 


5-30. Consider the transformation from Cartesian coordinates to plane polar coordinates where 

x — rcosO r — (x 2 + y 2 ) ]/1 

y = rs\r\0 0 = tan" 1 


( 1 ) 


{r,0) 


x 
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If a function /(r, 0) depends upon the polar coordinates r and 9 , then the chain rule of partial 
differentiation says that 


(df\ _/3/\ /9r\ /3/\ /d<9\ 

\3x ) y \3r )u \3^/ y r \3 jc/ y 


and that 


8f\ (d f\ ( dr\ 

d y) x 


df\ /36>\ 
do)r\dy) x 


( 2 ) 


(3) 


For simplicity, we will assume r is constant so that we can ignore terms involving derivatives 
with respect to r. In other words, we will consider a particle that is constrained to move on the 
circumference of a circle. This system is sometimes called a particle on a ring. Using Equations 1 
and 2, show that 


S ,--"©, - ©.-=?©. 


(4) 


Now apply Equation 2 again to show that 

'aV 

dx 2 


’ 3 

( v\ " 



dx 

\ 9jc / y _ 


30 \ 

’ 3 

sin 0 

( df \ 1 

30 

r 

V30/J. 


l—) 

v_L V a *A 


sin# 

r 

2 . 


Similarly, show that 


d\f 

dy 2 


sin 0 cos 0 (df\ sin 2 0 (d 2 /\ , 

= ? \se), + ~^~\W), (r6 “ d) 


sin0cos0 fdf\ , cos 2 0 /3 2 /' 

8e). + ~lae Tl (rfixed) 


and that 


aV aV 

3a: 2 + 3y 2 


~ v a w j 1 /3 2 / 

V f — - — ~\ -— - > —r I -y 


(r fixed) 


Now show that the Schrodinger equation for a particle of mass m constrained to move on a circle 
of radius r is (see Problem 3-28) 


n 2 d 2 f{d) 

~ 2/ dO 2 

where / = mr 2 is the moment of inertia. 


= Ef{9) 


0 < 0 < 2n 


First use Equations 1 to find the partial derivatives of r and 0 with respect to x and y: 


/3r\ 

\dxj y ~ 


d(x l + y 2 ) 


2x1/2 


dx 


30 \ 

*~x)~ 


2x1/2 


3 (xU_y 2 ) 




dx 


(x 2 + y 2 )' /2 

y 

(x 2 + y 2 ) 1/2 

1 


= COS0 


= sin0 


/ 


, ' + © 

rsin0 sin0 


2 ' * 2 


x 2 + y 2 
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x 2 + y 2 


Now substitute into Equations 2 and 3 to find Equations 4: 


= 0 + 


a/\ /aa 


99 J. \8x 


sina (9f 


r \99 


9A = /9/\ / 3 *\ = cos a/ 3 /\ 

9 y) x VaeAWA r \de) r 


where r is fixed. Now (keeping r fixed) 


a (df 


8x V 8x 


a (8f 


99 \ 9x 


fa [” sin0 /3/\ ’ll / sina\ 

(aa L — \WJI r V ~) 

sin0cos0 /3/\ sin 2 0 /3 2 /\ 

V 1 l 30 A + r 2 l aa 2 A 


giving 


'_a_ (?L\ 1 _ [A /AO 1 
.dy \ 9 yAJ \- de \ 9 y/J r va? 

a r cos 9 / 8f \ 11 / cos 9 \ 

89 [~T~ V90/JL V - ^ - / 
sin 9 cos 9 / 3/\ cos 2 9 f9 2 f' 

? V30A + ? (W. 


J 9x 2 8y 2 


sin 2 a + cos 2 a / a 2 / 


L( d lL 

r 2 V aa 2 


The Schrodinger equation for the particle is 


~2-V 2 t,W = Et,(9) 
h 2 a 2 iA (9) 

-T - ", ■ = Ef (9) 

2m r 2 99 2 

h 2 d 2 f (9 ) 

■ " ■ = Exlf (9) 
21 99 2 ’ 
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5-31. Generalize Problem 5-30 to the case of a particle moving in a plane under the influence of a 
central force; in other words, convert 

2 a 2 a 2 

V = —t + —~ 
dx 2 dy 2 

to plane polar coordinates, this time without assuming that r is a constant. Use the method of 
separation of variables to separate the equation for this problem. Solve the angular equation. 


We can use the partial derivatives we found in the previous problem and Equations 2 and 3 to write 


3/ 


dx 


=C0S 9 f 


3/ 


dr 


sin # ( df 

do 


{df\ . fdf\ cos# (df\ 

\3 y) x \^ r ) h r \3 oJ r 


Now (as before) 

3V 

dx 2 


and 


3 2 J_ 

dy 2 


= cos # 


= cos 2 # 


cos # 

sin # 
r 

d 2 f 

dr 2 


df 

dr \dx 

a 2 / 


+ i^ 


dx) 


df 

dd \dx 


dr 2 


+ 


sin 2 9 (df 


-sin0| ^ 
dr 


d6 
+ cos# 


sin a / 9 2 / V 
r 1 drdO ) 


d 2 f 


2 cos # sin# 


+ 


2cos# sin# /df 


-(V- 


3/ 


\dy) x Idr \dy 
d 2 f 


- I "f" 

aa 1 


+ (^ 


aaar 

Va/-aa ) 

sin 2 9 ( df 


cos a ( df 

aa 


sina ^ a 2 / 
aa 2 


s7 1 + 


3/ 


sin 2 a ^ a 2 / 
aa 2 


= sin# 


sin# 




ay A Laa va>> 
cos a /a/ 


aa 1 + 


cos# / d 2 f 
r [ drdO 


+ - 


= sin 2 # 


cos# 

r 

a 2 / 

dr 2 


cosa ( d -f 

d r 


+ sina 


a 2 / 

dddr 


sin a ( df 

aa 


TT I + 


cosa ( a 2 / 

aa 2 


+ 


2cosa sina / a 2 / 


2 cos a sina /a/ 

1 — + 
aa 


araa 

cos 2 a ( df 


a7 + 


cos 2 a ( a 2 / 

aa 2 


giving 


v2/= *S 


+ (tl 

w 


a 2 / 

3r 2 


+ - 


+ 


I (tL\ 

r 2 (aa 2 ) r 


Now consider the Schrodinger equation of a particle moving in a plane under the influence of a 
central force: 


S.2 ro2. 


'd 2 f Idf \ d 2 f 
2/x L dr 2 r dr r 2 d9 2 


+ V(r)\fr(r, 9) = Ei/s(r, 9) 
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Let i j/(r, 6) = R(r)®(9) to get 


h_ 

~R 


2 r 


,d 2 R 


dR 


, n 2 d 2 @ 

+ 2 ^ lv - E] -sW = 0 


Separating the equation, we get the two equations 


^2 r 




,d 2 R 


dR 




+ 2 fj,r 2 [V - E] 


<2 = - 


n a 0 

©~do 2 


where p 2 + q 2 = 0. Using the second of these equations, we find 

d 2 © q 2 ^ 

-~—h —t 0 — 0 

do 2 h 2 

The general solution to this equation (Example 2-A) is 

0(0) - c x e** iB = Ecos(n0 + 0) 


where n = q/h. 


5-32. Using Problems 5-30 and 5-31 as a guide, convert V 2 from three-dimensional Cartesian 
coordinates to spherical coordinates. 


This is an extremely long and tedious exercise in partial differentiation. We can avoid this tedium 
by approaching the problem another way. Let q v q v and q 3 be any suitable set of coordinates and 
let x, y , and z be given by 


■* = x(q r q 2 ,q 3 ) y = y(q r q 2 , q 3 ) z = z(q v q 2 , q 3 ) 


For example, for spherical coordinates q ] = r,q 2 = 0 and q 3 = 0. We give here without proof (the 
proof is actually straightforward, although lengthy) a general formula for V 2 in terms of q v q 2 , and 
q 3 : 

_d_ /hj^ dr\ J_ /M, Bf\ _d_ (h x h 2 3/y 

dq ] V h x dqj dq 2 \ h 2 3 qj 3 q 3 \ h 3 3 


V 2 / = 


h.h 0 h^ 


where 





2 


We can now apply this formula to spherical coordinates, where x = r sin 0 cos 0, y = r sin 0 sin 0, 
and z = r cos (9. Using the above formula, we find 


h 


2 

1 



sin 2 6 cos 2 0 + sin 2 0 sin 2 0 + cos 2 0 


h { — [sin 2 0(cos 2 0 + sin 2 0) + cos 2 6>] 1/2 = 1 
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Likewise, 


2 * 2 / 2 

2 _ f8x\ + (?y\ j ) — r 2 cos 2 0 cos 2 0 + r 2 cos 2 0 sin 2 0 + r 2 sin 2 0 

2 \30/ \90/ V36>/ 

h 2 = r [cos 2 0(cos 2 0 + sin 2 0) + sin 2 0 ] 1/2 — r 


and 


Then 


.teV+riiV+riiV-r 


90/ \d<Pj \d<P 


~ 2 sin 2 9 sin 2 <j> + r 2 sin 2 9 cos 2 <p 


h 3 = r [sin 2 0(sin 2 4> + cos 2 <p )] ' /2 = r sin 9 

3/ 


v 2 / = 


1 

r 2 sin# 


j- I r 2 sin6»^- ) + fsin0^4 ) + tt 

dr 


1 3/ 




dr J de \ 86 J d(f> \sin9 d<p J ] 

1 d 


r 2 dr \ dr J r 2 sin0 30\ 3 9/ r 2 sin 2 9 d<f> 


. n df\ l 3 2 f 

sin#— ) + 


5-33. Show that rotational transitions of a diatomic molecule occur in the microwave region or the far 
infrared region of the spectrum. 


Assuming that the diatomic molecule can be treated as a rigid rotator, the frequency of a rotational 
transition is 


v = 


An 2 1 


(/ + 1 ) 


J = 0, 1,2, 


(5.60) 


From Section 5-9, a typical moment of inertia for a diatomic molecule is 5 x 10 46 kg-m 2 . The 
observed frequency is therefore an integral multiple of 


6.626 x 10“ 34 J-s 
4 jt 2 (5 x 10' 46 kg-m 2 ) 


= 3.4 x 10 10 s" 1 


Frequencies in the vicinity of this value occur in the microwave or far infrared region of the 
spectrum. 


5-34. In the far infrared spectrum of H 79 Br, there is a series of lines separated by 16.72 cm '.Calculate 
the values of the moment of inertia and the internuclear separation in H 79 Br. 


Assuming that H 79 Br can be treated as a rigid rotator, 

v = 2B{J + \) 7 = 0, 1,2, ... 


B = 


h 

Zn 2 cl 


(5.63) 


(5.64) 
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The lines in the spectrum are separated by 16.72 cm so 


Av = 2 B = 


2 h 


16.72 cm -1 = 


&7T 2 cI 

2(6.626 x 10“ 34 J-s) 
8 tt 2 (2.998 x 10'° cm-s' 1 )/ 
I = 3.35 x 10“ 47 kg-m 2 


We can find /x for H 79 Br: 


M = 


(78.9) (1.01) 
79.91 


(1.661 x 10" 27 kg) = 1.653 x 1(T 27 kg 


Now we can use the relationship r — (/ /ix)' 12 to find r. 


/3.35 x 10 47 kg-m 2 
V 1.653 x 10“ 27 kg 


1/2 

= 1.42 x lO' 10 m = 142 pm 


5-35. The J = 0 to J = 1 transition for carbon monoxide ( l2 C l6 0) occurs at 1.153 x 10 5 MHz. 
Calculate the value of the bond length in carbon monoxide. 


Assuming that 2 C 6 0 can be treated as a rigid rotator, 


v = 2B(J+ 1) 


J = 0, 1,2,... 


B = 


For the J = 0 to J = 1 transition, 


8 n 2 I 


1 n h 
-v = B = —t— 

2 8tt 2 / 


-(1.153 x 10" s' 1 ) = 
2 


6.626 x 10" 34 J-s 


in 2 ixr 2 

We can find ijl and use the relationship r = (///z) l/2 to find r. 
(12.00)(15.99) 


ix = 


(1.661 x 10 -27 kg) = 1.139 x 10 -26 kg 


27.99 


r = 


6.626 x 10— 44 J-s 


1/2 


L47r 2 ( 1.139 x 10“ 26 kg)(1.153 x 10" s“‘)J 
= 1.13 x 10 _l ° m = 113 pm 


(5.61) 

(5.62) 



146 


Chapter 5 


5-36. Figure 5.11 compares the probability distribution associated with the harmonic oscillator wave 
function i/r ]0 (£) to the classical distribution. This problem illustrates what is meant by the classical 
distribution. Consider 


x(t) = A sin {cot + <f>) 


which can be written as 



Now 


dt = 


co ] dx 


(i) 


This equation gives the time that the oscillator spends between x and x + dx. We can convert 
Equation 1 to a probability distribution in x by dividing by the time that it takes for the oscillator to 
go from —A to A. Show that this time is n/co and that the probability distribution in x is 


p(x)dx -- 


dx 


TV yj A 2 — X 2 


( 2 ) 


Show that p(x) is normalized. Why does p(x) achieve its maximum value at x = ±A? Now use 
the fact that f = a' /2 x, where a = ( kp,/h 2 ) u2 , to show that 


P$)dS = 


d$ 


tvtJciA 2 — £ 2 


(3) 


Show that the limits of £ are ±{aA 2 ) U2 = ±(21) l/2 , and compare this result to the vertical lines 
shown in Figure 5.11. [Hint: You need to use the fact that kA 2 /2 = £, 0 (v = 10).] Finally, plot 
Equation 3 and compare your result with the curve in Figure 5.11. 



£ 


FIGURE 5.11 

The probability distribution function of a harmonic oscillator in 
the v = 10 state. The dashed line is that for a classical harmonic 
oscillator with the same energy. The vertical lines at £ ±4.6 

represents the extreme limits of the classical harmonic motion. 


The variable co is the angular velocity of the oscillator, defined as co = 2ttv where v is in cycles per 
second. In going from - A to A the function x(t) goes through \ cycle, so 

2jv (| cycle) n 




The Harmonic Oscillator and the Rigid Rotator: Two Spectroscopic Models 


147 


Substitute a> 1 = tn 1 into Equation 1 and divide by t : 


dt 

t 


dx 


7TyJA 2 - X 2 


Interpreting dt/t as a probability distribution in x, we find 

dx 


p{x)dx — 


TXy/A 2 - , 


( 2 ) 


To show that this expression is normalized, we integrate over the time period we are observing: 


/. 


dx 


1 


> = — sin — 

— A 71 yjA 2 ~ X 2 n A 


= 1 


-A 


The maximum values of p(x) are at x — db A because these are the points at which the classical 
harmonic oscillator has zero velocity. Substituting £ = a ]/2 x and d% = ct l/2 dx , 


P&)dS = 


dH 


iXy/aA 2 — £ 2 


Since the limits of x are ±A, the limits of £ are ±a ]/2 A = ±y/aA 2 . But IcA 2 / 2 = E ]Q = ~hco, so 
A 2 = 21 h/(pbky /2 . Also, a — (/x/c) 1/2 /ft, so (aA 2 ) I/2 — (21) 1/2 = 4.58. The plot of Equation 3 is 
given by the dashed curve in Figure 5.11. 


5-37. Compute the value of L 2 7(#, <p) for the following functions: 

a. 1/(4tt) 1/2 b. (3/4tt) i/2 cos# 

c. (3/87r) ,/2 sin#e'^ d. (3/87r) I/2 sin 0e~ l<p 

Do you find anything interesting about the results? 


Equation 5.52 is 


L 2 = -h 2 


i 3 / . J\ i a 21 

sin#— ) + 


a. L 2 


|_ (47T ) ' J 


sin# a# \ dO J sin 2 # d<p 2 J 
= 0 because 1 /(4yr) 1/2 is independent of # and <p. 


(5.52) 


1/2 


b. L 1 I J — cos # ] = -h 2 ( — j [-2 cos #] — 2ft 2 I — ) cos # 

4tt / \Atx I \47r 


1/2 


c. 




sin# 


sin# 




/ 3 \ \n / 3 \ 1/2 

= — ft 2 ( — ) [—2 sin #] e t<p = 2 h 2 ( — ) sin Qe l<p 

\%7X ) \87T / 


d. L 2 sin Oe = L 2 sin &e l<p J , which we evaluated in c. 

All of the spherical harmonics examined are eigenfunctions of L 2 and the eigenvalues are multiples 
of ft 2 . This is a general result. 
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Problems 5-38 through 5-43 develop an alternative method for determining the eigenvalues and eigen¬ 
functions of a one-dimensional harmonic oscillator. 

5-38. The Schrodinger equation for a one-dimensional harmonic oscillator is 

H tA(jc) = Eir(x) 

where the Hamiltonian operator is given by 

- n 2 d 2 l, 2 

H = —n + ~ kx 

2/xdx 2 2 

where k = p-to 2 is the force constant. Let P and X be the operators for momentum and position, 
respectively. If we define p = (phco)~ [/2 P and x = (pa>/Ti)' /2 X, show that 

- P 2 k hco ^ 

H = — + -X 2 = —(p 2 + x 2 ) 

2p 2 2 


Use the definitions of p and x to show that 


p = -i- 


px xp ~ [p , x] = -i 


Recall that P = —ih(d/dX) and X = x, so 


/) -» 2 d l i k Z 1 , T * d l ■ ^ 2 

2pdx 2 + 2 ~ 2p ( ’dx 2+ 2 

= ff* + ^X 2 

2/x 2 

(ihco - pia) 2 h 0 

= - p - x 

2 pi 2 PLGO 

hco ^2 

= -j(p + x ) 


^(^ r ' /2 ' = rfrax 


pxf - xpf = -i(f +x d £) + ix d £ = -if 
px — xp = —i 


5-39. We will define the operators a_ and a to be 


a_ = ^(x + ip) and a + = -^=(x-ip) 
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where x and p are given in Problem 5-38. Show that 

a_a + — \{x 2 + i[p, x] + p 2 ) = \(p 2 + x 2 + 1 ) ( 2 ) 

and that 

a + a_ = \{p 2 + x 2 - 1) (3) 

Now show that the Hamiltonian operator for the one-dimensional harmonic oscillator can be written 
as 

- hco 

H = —(a_a + + a + a_) 

Now show that a_a + + a + a_ is equal to 2 a + a_ + 1 so that the Hamiltonian operator can be written 
as 

H =ha> {a + a_ + j) 

The operator a + a_ is called the number operator, which we will denote by v, and using this 
definition we obtain 


H = Tico (v + i) (4) 

Comment on the functional form of this result. What do you expect are the eigenvalues of the 
number operator? Without doing any calculus, explain why v must be a Hermitian operator. 


a_a + = \{x + ip)(x - ip) 

= i [* 2 + i(px - xp) + p 2 ] 
= l(f + x 2 + 1 ) 

“+<*- = £(-* - ip)(* + ip) 

= \ [x 2 + i(xp - px) + p 2 ] 
= \{p 2 + x 2 -\) 


Adding Equations 1 and 2 gives 


p 2 + x 2 = a + a_ + aa^ 

and using this result and the result of Problem 5-38 gives 

- hco ^ ~ ho) „ ^ ^ ^ 

H = — (p 2 + x 2 ) = — ( a + a_ + a_a + ) 


Now 


2 a + a_ = p 2 + x 2 — 1 


so 


2a, a -j- 1 = p 2 + x 2 = a a + a a 

4 * — r + 


( 1 ) 


( 2 ) 


H = —(2 a + a_ + \) = hco ( a + a_ + 5 ) 


and we can write 
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Letting 0 = a + a_, we find H — hco(v + +). The eigenvalues of v must correspond to the v of 
Section 5-9. The operator v must be Hermitian because H is Hermitian. 


5-40. In this problem, we will explore some of the properties of the operators introduced in Problem 5- 
39. Let \fr and E v be the wave functions and energies of the one-dimensional harmonic oscillator. 
Start with 

Hf v =hco (a + a_ + ^jf v = E v xlf v 

Multiply from the left by a_ and use Equation 2 of Problem 5-39 to show that 

H(a_if v ) = (E v -hco)(a_^ v ) 


or that 


oc Vv, 


Also show that 


H(a + f u ) = ( E v +hco)(a + if v ) 


or that 


a+'l'v oc Vr „ +1 

Thus, we see that a + operating on \j/ v gives \j/ v+] (to within a constant) and that a_\{/ v gives Jr v _ { 
to within a constant. The operators a + and a_ are called raising or lowering operators , or simply 
ladder operators. If we think of each rung of a ladder as a quantum state, then the operators a + and 
a_ enable us to move up and down the ladder once we know the wave function of a single rung. 


From the previous problem, 

H^ v —hco (a + a_ + ^jxj/ u = E v f v 
Multiplying from the left by a_ gives 

hco (a_a + a_ + X -a}j = Eajr v 
Now use the relation a a + = a + a_ + 1 from Problem 5-39 to obtain 

hco (a + a_ + 0 ajr v = E v a_f v 

hco (a + a_ + aji v = (E v - hco)a_ty v 


Because H = a + a_ + we have 

H(a_f ii ) = (E v -hco)(a_f v ) 
oc i/L_, 
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Likewise, starting with 


Tico ( a + a_ + l = EJr v 


Multiplying from the left by a + gives 

hco (a a a -j- -a, j \js = E a,\jf 
Now use the relation a + a_ = a a + — 1 from Problem 5-39 to obtain 


hco (aji -| a^\lf — E a ^ 

V + ' 2/ + v v + v 

hw (a+a_ + l - - 1 ^) a + f v = E v a + f v 


Tico d + d_ + - a + ir v = ( E v + hco)a^ v 


Because H = a a_ + 5, we have 


Hia+'l'v) = ( E v +hco)(a + \j / v ) 
a ^,,+1 


5-41. Use the fact that x and p are Hermitian in the number operator defined in Problem 5-39 to show 
that 

J f*vf v dx > 0 

J ^*vir v dx = J f*a + a_i/ v dx 

= - 2 = y xlr* v pd_xl/ v dx 

= 2 = /(**.)**- - 2 = J(p\if u yd_f u dx 

= 2 = J (H v Ya_f v dx + 2 = J (ipf,)*aj/ v dx 

= J (a_ij/ v y(d_irjdx 

— f \a_i^ v \ 2 dx — o 


5-42. In Problem 5-41, we proved that v > 0. Because V r u _, and v > 0, there must be 

some minimal value of u, u mjn . Argue that a_ty v = 0. Now multiply a ^ = 0 by a + and use 
Equation 3 of Problem 5-39 to prove that u mjn =”6, and that v = 0, 1, 2, . .T 
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The natural zero-point for a_ is when it acts on xf , since the lowest quantum state has already 

min ^ 

been reached and i Jr cannot be lowered any further. Therefore we define a_\j/ v = 0. 


=0 

min 

hcoa a \j/ = 0 

U min 

+ =0 
£ min 

A Tico 

(H - y w„ mta = 0 


« hco 

Hxj/ = —f 

' u mln 2 "ml. 


Because Equation 4 of Problem 5-38 states that H = hco(v + 5 ), xjf v treated in this problem must 
be the eigenfunction of v = 0. Therefore, u min = 0. 


5-43. Using the definition of a_ given in Problem 5-39 and the fact that a_xfr Q = 0, determine the 
unnormalized wave function x// Q (x). Now determine the unnormalized wave function xj/fx) using 
the operator a + . 


a_xl/ = 0 


—=Xx + ip)xj/ 0 = 0 


= —xdx 


% 

t0 = *“' 2/2 


Since x// i ~ a + xfr Q ~ xxfr Q - ipxfr 0 , and 


xxlr 0 - ipxfr Q = xxf/ Q - ^ = 2xe x ‘ 12 = 2xxj/ Q 


we can write 


xj/ ~ xe j2/2 


Problems 5-44 through 5-47 apply the idea of reduced mass to the hydrogen atom. 


5 _ 44 . Given the development of the concept of reduced mass in Section 5-2, how do you think the 
energy of a hydrogen atom (Equation 1.22) will change if we do not assume that the proton is fixed 
at the origin? 


m e e 4 

8 e 2 /z 2 n 2 


E 


( 1 . 22 ) 
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Instead of using m e , we will need to use (i , since the distance from the center of mass to the proton 
will not be zero. 


5-45. In Example 1-8, we calculated the value of the Rydberg constant to be 109737 cm -1 . What is 
the calculated value if we replace m e in Equation 1.25 by the reduced mass? Compare your answer 
with the experimental result, 109677.6 cm” 1 . 


From Problem 5-7, the reduced mass of hydrogen is \x — 9.104 431 x 10 31 kg = 0.999 455 6m e 

.4 


m e 
* H = 8 


(1.25) 


Replacing ra e with fi gives a new R n value of 

(109 737.2 cm _1 )(0.999 455 6) = 109 677.5 cm" 1 
which differs from the experimental result by about 1 x 10 _4 %. 


5-46. Calculate the reduced mass of a deuterium atom. Take the mass of a deuteron to be 3.343 586 x 
1CT 27 kg. What is the value of the Rydberg constant for a deuterium atom? 


(9.109 390 x 10 -31 kg)(3.343 586 x 10“ 27 kg) 

^ ” 9.109 390 x 10" 31 kg + 3.343 586 x 1(T 27 kg 
= 9.106 909 x 10- 31 kg = 0.999 727 7m e 

R h = (109 737.2 cm -1 )(0.999 727 7) = 109 707.3 cm' 1 


5-47. Calculate the ratio of the frequencies of the lines in the spectra of atomic deuterium and atomic 
hydrogen. 


The ratio of the frequencies of the lines in these spectra is the same as the ratios of the Rydberg 
constants found in Problems 5-45 and 5-46: 

109 707.3 cm -1 
109 677.5 cm -1 


= 1.000 272 
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The Hydrogen Atom 

PROBLEMS AND SOLUTIONS 


6-1. Show that both h V /2m^ and e /An e Q r have the units of energy (joules). 


Recall that V 2 has units of m 2 (Section 5-8), so 

h 2 v 2 


2m 


J -s -m -kg = J 


4ne 0 r C *s -kg -m -m 


— = kg-m-s = J 


6-2. In terms of the variable 0 , Legendre’s equation is 


in6>-^ ^sinfl ^^ ^ + (P 2 sin 2 0 - m 2 )0(0) = 0 


Let * = cos 0 and P(x ) = 0(0) and show that 

„ 2 ^^ 2P (■ X ) o df> M , 

(1 - x *)——- 2 x —7-h 


dx L 


dx 


fl¬ 


irt 


2 I 


1 -X 2 


P (x) = 0 


Begin with Legendre’s equation, 


sinO-^- ( sinfl “ v ^ t/ '' ) + (/J 2 sin 2 0 — m 2 )@(0) = 0 
dO \ 


,d@iO)\ 
dO ) 


Expanding the first term in 0 gives 


. 2 d 2 ® • d@ 2 2 2 

sin 2 0—j + sin 0 cos 0 —-h (/? 2 sin 2 0 — m 2 )0(0) = 0 

dO dO 


Let x = cosd and P(x) = Q(0). Then 


d@ dP dx . dP , s , n dP 

- = -—— = -sin0— = -(1 - x 2 ) ]/1 — 
d6 dx dO dx dx 


d 2 & d (d@\ dx d 


dO 2 dO\dOj dO dx 

x dP 


dx 


= — sin# 


dP 


L(1 - x 2 ) l/2 dx 
d 2 P 


~(\-x 2 ) 


2x1/2 


£_P_ 

dx 2 


= - x — + {\- x y 

dx dx 


( 1 ) 
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Substituting these expressions into Equation 1 gives 


(1 " x2)2 J7 ~ 2 * (1 ~ xl)d ~L + ^ (1 - * 2) - m2 ] p = 0 


„ 2 ,d 2 P(x) „ dP(x) , , 0 

(1 -X*■)—— - 2x — —4- [0- 


dx 


dx 


m 


1 - Jt 2 


P(x) = 0 


6-3. Show that the Legendre polynomials given in Table 6.1 satisfy Equation 6.23 with m = 0. 


dP 

dx 


(1 -X 2 )^-- -2*—+ /(/ + l)P = 0 


Letting m = 0, Equation 6.23 becomes 

(fP 
dx 2 

For / = 0, P 0 (x) = 1 and the equation is satisfied. For / = 1, P, (*) = x and Equation 6.23 becomes 

-2* + 1(2)* = 0 

For l = 2, P 2 (x) = {(3x 2 — 1) and Equation 6.23 becomes 

1 


: 2 '- ' 2 
.2 


(1 — * 2 )(3) — 2j: (3jc) + 2(3) 




= 3 - 3* 2 - 6* z + 9x 2 - 3 = 0 


For / = 3, P,(*) = £(5* 3 — 3*) and Equation 6.23 becomes 


(1 -x 2 )\5x-2x 


i(15^ 2 - 3) 


+ 3(4) 


-(5.x 3 — 3*) 
2 


= 15* - 15* 3 - 15* 3 + 3x + 30* 3 - 18* = 0 


For / = 4, P,(x) = ^ (35jc 4 - 30* 2 + 3) and Equation 6.23 becomes 


(1 - * 2 ) | i(420* 2 - 60) 


2x 


^(140* 3 — 60*) 


+ 4(5) 


2(35* 4 — 30* 2 + 3) 


= 210* 2 - 210* 4 - 30 + 30* 2 - 140* 4 + 60* 2 + 350* 4 - 300* 2 + 30 = 0 


6-4. Show that the orthogonality integral for the Legendre polynomials, Equation 6.24, is equivalent to 

f P l (cosO)P n (cosO)s\u6dO =0 l=£n 
Jo 


Begin with 


j P,(x)P n (x)dx = 0 l±n 


(6.24) 


Let * = cos 6 and dx = - sin Odd and write Equation 6.24 as an integral over 0, where 0 ranges 
from 7T to 0: 




(cos 0)P (cos0)(— sin0)<i0 = 0 
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Integrating from 0 to n and evaluating the result at the limits of integration yields 

f P l (cosO)P n (cosO) sin OdO =0 
Jo 

where n. 


6-5. Show that the Legendre polynomials given in Table 6.1 satisfy the orthogonality and normalization 
conditions given by Equations 6.24 and 6.25. 


We can write Equations 6.24 and 6.25 together as 


f 1 28, 

J P l {x)P n {x)dx= in 


21 + 1 


Some examples of Legendre polynomials satisfying this condition are (for / = 0, 1 and 2) 
J Pj(x)dx = j dx = 2 
J P 2 {x)dx = J x 2 dx = - 

xdx — 0 


/: 


P 0 (x)P 2 (x)dx 


=\s: 


Ox 1 - 1 )dx = 1-1=0 


J P x (x)P 2 (x)dx = i J (3x 3 — x)dx = 0 


6-6. Use Equation 6.26 to generate the associated Legendre functions in Table 6.2. 

d m 

Pl m '(x) = (1 - x 2 ) |m|/2 — p,(x) (6.26) 

P°(x) = (1 - x 2 )°-^- 0 P 0 (x) = P 0 (x) = 1 

p,°(x) = (i - x2) °J^P' {x) = p M) = x 

P[{x) = (1 - x 2 ) ,/2 ^/>,(*) = (1 -* 2 ) ,/2 

P°(x) = (1 - x 2 )°^- 0 P 2 (x) = P 2 (x) = ^(3* 2 - 1) 

PUx) = (1 -x 2 )' ,2 —PAx) = 3x(l -x 2 )' 12 
dx 

d 2 

P 2 (x) = (1 - x 2 )— 2 p 2 (x) = 3(1 - * 2 ) 
dx 

d° 1 

/?(*) = (1 - x 2 )°— Q P^x) = P 3 (x) = -(5x 3 - 3x) 



158 


Chapter 6 


p 3 ‘(x) = (i - x 2 y /2 ^-p,(x) = ^(5x 2 -\)(\~x 2 y /2 
dx - 2 

P 2 {x) = (\-x 2 )-f- 2 P,(x) = \5x(\- x 2 ) 
dx 

P](x) = (1 - x 2 y /2 -^P 3 (x) = 15(1 - * 2 ) 2/2 


6-7. Show that the first few associated Legendre functions given in Table 6.2 are solutions to 
Equation 6.23 and that they satisfy the orthonormality condition. Equation 6.28. 


, d 2 P „ dP 
0 - x ) —— - 2x— + 
dx dx 


1(1 + 1)- 


m 


2 n 


1 -* 2 


P = 0 


(6.23) 


When l = m = 0, Pq(x) = 1 and Equation 6.23 is clearly satisfied. When / = 1 and m = 0, 
P,°(x) = x and Equation 6.23 becomes 

0-2*(1) + (2-0)jc = 0 

When I = m = 1, P,'(x) = (1 - x 2 ) l/2 and Equation 6.23 becomes 


0 = (1 — x 2 ) 


1 

X 2 1 

— 2x 

X 

(1-* 2 ) 1/2 

(1-* 2 H 

o-x 2 y /2 _ 


+ 


= -(l -x 2 ) ,/2 ~ 


2 - 

+ 


1 


(1 -x 2 )] 
2x 2 


(\-x 2 ) 


2x1/2 


(l- x 2 y /2 ( \-x 2 y ' 2 

+2(i -x 2 y /2 ~ 


d-x 2 ) 


2x1/2 


* 2 -l 

“ (1-X 2 ) 1 ^ 2 

The orthonormality condition is 


+ (1 -x 2 y /2 = 0 


/_ P '"" { 


(x)Py"(x)dx = 


a + M) 


(2/ + 1) (/ — |m|)l 

Examples of associated Legendre functions satisfying this condition are 

2 / 2 ! 


" ) = 3 = 3 0i 


J [P, 1 (x)] 2 dx = J dx( 1 

[Pl(x)] 2 dx = £ d*(9x 2 - 9x 4 ) = y = ^ (yI 
J P{(x)P 2 (x)dx = J dx [3x(l — x 2 )] = 0 


(6.28) 


6-8. There are a number of recursion formulas for the associated Legendre functions. One that we will 
have occasion to use in Section 13-12 is 

(21 + 1) xP} . (x) = (l- \m\ + 1)0*) + (/ + H)0*) 

Show that the first few associated Legendre functions in Table 6.2 satisfy this recursion formula. 
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Let l = 1 and m = 0: 

3xP?(x) = 2P°(x) + P°(a) 

3x 2 = (3x 2 — 1) + 1 

Let l = m = 1: 

3xPl(x) = Pl (x) +2 Pj(x) 

3 x (\ - x 2 )' /2 = 3 x (\ - x 2 ) l/2 + 0 

Pg (x) = 0 because m cannot be greater than /. Let / = 2 and m = 0: 

5xP°(x) = 3P°(x) + 2P°(x) 

5 9 3 

-(3a: 3 - a) = -(5a 3 ~ ^ x ) + 2a 
15 , 5 15 , 5 

— a - -a = —A J - -A 
2 2 2 2 

Let l = 2 and m — 1: 

5a P 2 ' (a) = 2P 3 ‘ (a) + 3 Z 5 , 1 (a) 

15a 2 (1 - a 2 ) 1/2 = (15a 2 - 3)(1 - a 2 )' /2 + 3(1 - a 2 ) i/2 
15a 2 (1 - a 2 ) ,/2 = 15a 2 (1 - a 2 ) i/2 

Let / — 2 and m — 2: 

5xP 2 (x) = P 2 (x) + 4P 2 (x) 

15a(1 - a 2 ) = 1 5a( 1 - a 2 ) +0 

P 2 (a ) = 0, because m cannot be greater than /. 


6-9. Show that the first few spherical harmonics in Table 6.3 satisfy the orthonormality condition. 
Equation 6.31. 


pn p2n 

/ dO sine / d4> Yrv, <t>YY k n {0, <fi) = 8J mk 

Jo Jo 


The normalization condition is 

?2n pn 


pin pn pin pn 

I d(p I dO sin 6 \Y® (9, (p)\ 2 = I d<p dO sin 0(4tt)~ 1 
Jo Jo Jo Jo 


= 2n \^) = ' 
2 n pn 


p2n pn p2n pn 

/ d<p d9 sin9\Y? (6, <P)\ 2 = d<p dd sine 
Jo Jo Jo Jo 


/ 3 cos 2 e 
v 4 tt 





=2n [^)]-, dxx2 =' 


p2n pn p2n pn 

/ d(p / dO sin 0 | Y^ (9, (p) | 2 = / d<p dO sin 0 
Jo Jo Jo Jo 


3 sin 2 0 

87T 


/ 3 \ /•* 

= 2tt ( —— ) / Jx(l — x 2 ) = 1 

\ 07T / 


(6.31) 
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The orthogonality condition is 

/» 2 t x rn r2n pn 

/ d<p dOsine Y°(6,<pyY°(9,<t>) = d<p dd sin<9 
Jo Jo Jo Jo 


3 1/2 cos# 


4n 


= 2n | 

r*2n 


C 


£)jT 


dx x — 0 


f dip f dd sin 9 Yq (6, cpyY* 1 (d, <p) = f e^dcp f d9sin9 
Jo Jo Jo Jo 

f” dtp [ d9 sin 9 Y° {9, 4>YY±'{9, <t>)= l e^dcp ( d9sin9 
Jo Jo Jo Jo 

p2n 

because we know that / d(pe ±llp = 0. 

Jo 


3 I/2 cos0 


= 0 


2 5/2 7t 

3 1/2 sin 9 cos 9 

Y^t 


= o 


6-10. Using explicit expressions for Y["(9, </>), show that 

1*7(0, 4>) I 2 + <P) I 2 + I Y~ ] (9, 4>) I 2 = constant 


This is a special case of the general theorem 

+/ 

Y, | Yy(9, </>)| 2 = constant 

m=~! 

known as Unsold’s theorem. What is the physical significance of this result? 


\Yl(9,4>)\ 2 + \Y?(9,cl>)\ 2 + \Y-'(9,<P)\ 2 


3 sin 2 9 3 cos 2 9 3 sin 2 9 

8 n An 87 r 


3_ 

An 


Unsold’s theorem states that the electron density in a filled subshell is spherically symmetric. 


Converting Cartesian coordinates to spherical coordinates 

In the following problems, we will often need to use the following equations relating Cartesian and 
spherical coordinates: 


x = r sin# cos</> 
y = r sin # sin 0 


r = (x 2 + y 2 + z 2 ) 1/2 


0 — cos 


(x 2 + y 2 + z 2 ) 1/2 J 


z = r cos 9 
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From these expressions, we can derive the following relationships: 


dr \ 

— = sin # cos 0 

k dx / 


© 

/30\ sin 
\dx J r si 


3#\ cos # si 

By) = “ 


sin# 

sin0 


f dO^ cos # cos 0 

W = 7 


dr\ 

— = sin0 sin<£ 

By J 


-) = 


30 

dz 


cos # 

sin# 


30 

dy 


COS 0 
r sin# 


a- 


^90 


6-11 . In Cartesian coordinates, 


, •„ i 8 a 


Convert this equation to spherical coordinates, showing that 


L = —ih — 
2 dtp 


As in Problem 5-30, the chain rule of partial differentiation states that 


Bf\ = (Bf\ (Br\ (Bf\ (W\ / 3 /\ ( 

dx) \9r/\9;c/ \90/\9 j:/ \90/ \ 


90 \ 
dx) 


and that 

'90 

dy) ' \dd) 

Using the relations between Cartesian and spherical coordinates, we find 


9/\ _ fdf\ fdr\ f 9/ \ /90\ f df\ ft 
dy) ~ \dr) [dy ) + V907 \9^ J + \90 J 


df\ . ^ /3/\ COS# COS 0 

-Us.nScosW-U —— 


. Q ■ , , Bf\ cos 6 sin <p 

sin 0 sin <p\ — M- 

dr) r 


(Bf\ = 
\By) 


3/\ _ sin 0 / 9/ 
90 / r sin0 [dtp 

Bf\ _ cost (3f\ 

90 ) r sin0 \90/ 


Now, 


3/ Bf\ fdf 

X Vy- y ^) =rSmeC0S *[V, 


rsin#sin0 — 
dx 


— ( r sin 2 # cos 0 sin 0 — r sin 2 # cos 0 sin 0) 

(df 

+ (sin # cos # cos 0 sin 0 — sin # cos # sin 0 cos 0) I — 

V 3# 


4- (cos 2 0 + sin 2 0) (—^ 


9/ 

30 


/ t, i 9 3 

L = —in x - y — 

z 1 3;y y dx 


-ai- 

dtp 


Therefore 
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6 -12. Convert L x and L from Cartesian coordinates to spherical coordinates. 


We can use our expressions for (df/dx) and (df/dy) from the previous problem. The only new 
quantity needed is 


V 

dz 


af \ / ar\ /9/\ / d(p\ /an /de\ 

d r ) \9z/ \30/ \dz) + \ae) \9^/ 


Then 

L x — -ih 

= —ih 


V' 1 =cose ('V\_sine ( 'V 
dz J \dr) r \B<j> 


9 9 

L y Yz~%] 

a 2 2 9 

(r sin 0 cos 0 sin<£ - r sin 0 cos 0 sin0)-b (— sin 0 sirup — cos 6 sirup) — 

dr 36 


- cot 6 cos (p — — 

90J 

, d , 9 
= —— sin 0— - cot0cos0— 
ao ocp 


and 


L = —ih 


= —ih 


a a ■ 

9 2 2 a 

(r cos 0 sin 0 cos (p - r cos 0 sin 6 cos 0) — + (cos 6 cos (p - sin 6 cos 0) — 

dr 36 


— cot 9 sirup 


3<p 


( a „ . a 

= -ih cos (p -cot 9 sin 0—— 

V 36 d (p 


6-13. Prove that L 2 commutes with L x , L y , and L z but that 

[L x , L y ] = ihL z [L y , L] = ihL x [L , L x ] = ihL y 
{Hint: Use Cartesian coordinates.) Do you see a pattern in these formulas? 


In Example 6-7, we showed that L 2 commutes with L ? . Because the labelling of x, y and z is 
arbitrary, L 2 must also commute with L y and L x . Recall that 


L 


X 






L = —ih I x — 
3y 



and now find 
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[L , L ] = L L - L L 

L jt’ y J x y y x 


= -ft 2 
= -h 2 


dz 3 y 


y~z I - yz 

dx 


dx 


~ xy- 


y^z -z-zr. ^ - \z^7. ~ x ^z 


-yz 


dxdz dz 2 


+ r 


dz 


- Z‘ 


dx 


+ xz- 


dz 

a 2 


3z 


dy / \ 


dxdz 
d 


= - h V^- X 'ay 

[iy 4 ] = 44 - 1 , 1 , 


dxdy 

— ihL 


dxdy dydz 

d__ 3 2 ~ 

3z 2 3;y Z dydz_ 


= -ft 2 
= -ft 2 




3 

L'3>' 


3 _ _ _3 
3 y ^ dx 

dxdy dx 1 dydz 


3 

< 

d 2 


X ~ - y ~ ' * Z dx ~ X ~dz 


z— + *z —„— yz— 


d__ d_ 

dy ^ dx 
d 2 

+ xy UH 


32 n 


+* t-t- + - T— 

dxdy dydz dx~ dz dxdz 


= - , > I (4 ■ 4)= ihL ■ 


L z • — L z L x L x L z 


= -ft 2 
= -ft 2 




dz dy 
d 2 


Zt~ ~ y^r -z— x— - y — 


dz 


dy 

d 2 


dy 


dx 


' d d 2 3 2 , 3 2 

*— + xy-—z — x z~2 ~ y~inr + a a 

dz dydz dy dxdz dxdy 


22 i 


- xy Wl + y ^z +XZ t?- Z ^- yZ M,i 


= -h‘lx—-zl-]=i*L 


dz dx . 

These formulas involve a cyclic permutation of x, y, and z. 


6-14. It is a somewhat advanced exercise to prove generally that (L x ) — (L y ) = 0 (see, however, 
Problem 6-58), but prove that they are zero at least for the first few /, m states by using the spherical 
harmonics given in Table 6.3. 


Because the labelling of x and y is arbitrary, if we can show that ( L x ) = 0 we will have also shown 
that {L ) must equal zero. 

pin pn 

(L x )= dtp / desine Y; n (d,<pyL x Y?(e,<p) 

Jo Jo 
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Recall from Problem 6-12 that in spherical coordinates 

/ 3 3 

L = —ih — sin 0-cot 9 cos 0— 

x V oO 30 

For l = m — 0, is a constant and so ( L x ) = 0. For / = 1 and m = 0, 

1/2 


/ 3 \ ; 

L 0) = —ih ( — ) sin 0 sin 0 
x \47T ) 

/ 3 \ rln pn 

(L ) = —ih ( — ) / d0sin0 / <i0sin 2 0cos0 
x \47 t/Jo Jo 


= —ih 


47T 


f 


(0) / d#sin 2 0cos0 = 0 


For / = 1 and m — ±1, 


/ 3 \ 1/4 / g 3 \ 

0) = -ih ( — j (-sin 4>— -cote cos 0—J cosine 
/ 3 \ 1/2 

= ih ( — ) (e*'^ sin 0 cos 0 ± /e ±l0 cos 0 cos 0) 

y o7T J 

(L)=ih[ — | f dip f dO sin 0 (sin 0 cos 0 zh. i cos e cos 0) 
* \8nJJo Jo 


-“(s) ™f 


2 ;r /»jt /» 27r 

sin0d0 / d#sin0cos0± / J0cos0 / /sinflcos# 


/»27T /• jt 

I d(f> cos 0 / i ! 

Jo Jo 


/ i sin# cos0 — 

Vo 


d# sin# cos# ± (0) / /sin# cos# = 0 


6-15. For an isolated hydrogen atom, why must the angular momentum vector L lie on a cone that 
is symmetric about the z-axis? Can the angular momentum operator ever point exactly along the 
z-axis? 


The uncertainty principle prohibits L from lying along the z-axis. If we observe precise values of 
L 2 and L z we cannot observe precise values of L x and L y ; therefore (as discussed in Section 6-3) 
the angular momentum vector must lie on a cone that is symmetric about the z-axis. If it pointed 
exactly along the z-axis, we would know the precise values of L x and L y (both would be zero) as 
well as the exact values of L 2 and L,, so this can never occur. 


6-16. Referring to Table 6.5, show that the first few hydrogen atomic wave functions are orthonormal. 


The orthonormality condition for hydrogen atomic wave functions is 

Hdrr 2 l" dO sin 0 C d<P ^(r, 0, 0)0„, m (r, 0, 0) = (6.51) 

Jo Jo Jo 

We first show that the first few hydrogen atomic wave functions are normalized. For 0 ]OO , 

/ poo pn pin 

<*t*,*oo*,oo = / drr 2 dOsinO dtp ip 
Jo Jo Jo 



The Hydrogen Atom 


165 


p In pn poo 

= dcj) I dO sin 6 dr r 2 

Jo Jo Jo 


X \a 0 J 




= 4 - 



dr e~ 2 "r 2 


0 / ■'O 


= 4 f e~ 2a o 2 do = 
Jo 


For \j/. 


200 ’ 


f drx/r 200^200= f drr 2 ( dOsinO f d<j> x/r^ir. 
J Jo Jo Jo 

pin pn poo 

= I d(p I dO sin 0 I dr r 2 
Jo Jo Jo 




if- 2 

8 la 



0 / •'O 


dr r 2 (4-4a + c 2 ) e~" 


— - f da (4c 2 — 4c 3 + a 4 ) e" 
8 Jo 


= - (4-2! — 4-3! +4!) = 1 


For yjr m . 


f dT^; m ir„ 0 = f drr 2 f dO sinO f d</> Vr* 0 ^ 210 

J Jo Jo Jo 

f 2n r r°° ,T 1 /z \ 3 

= / d(j> I dO sin 0 I drr 2 
Jo Jo Jo 


if 2 

16 la 


3 /*7r 



0 / *^0 


/ 


. — ) a 2 cos 2 0e 17 
32?r Va, 


d0sin0cos 2 0 / dr r 2 a 2 e a 


= T 6 L dxx2 L d °°' e ~’ = G ) <4!)=1 


For or^ 21 _,, 


/ 




pin 

JO 


on 

poo 

[2-( 

'2 \ 3 

1 dO sin 0 

/ dr r 2 

— ) a 2 sin 2 17 

’0 

Jo 

647T V 

a oJ 


poo pn 

= I dr r 2 I dd sin# f dcj> ^± 1 ^ 21*1 
Jo Jo 

pin pn 

= d<p / , 

Jo Jo 

1 /»7r /»oo 

= — / <J0sin 3 0 / dr r 1 o 2 e~ (T 

= Tif', dx( '~ x2) l daa ' e " = h ( 5 ) (4!) = 1 

We now show that the first few hydrogen atomic wave functions are orthogonal: 

/ /»oo /»?r pin 

d *tm'l'2oo = j o drrl J 0 ddsinO d<$> Vm^ioo 


pin pn p 

= d(j> I dO sin 6 / drr 2 
do do do 


1 /Z 


7T 1/2 Vfl 


3/2 

— | e 

: o/ 


1 


(327T) 1/2 Va 0 


3/2 


- (2 — a)e~ 


■all 
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- — (~\ f 

V2 \aj Jo 

= — f 

-Jl Jo 


dr r 2 (2 — a)e 


-'Saji 


~3rr/2 


1 

n 


da(2a — cr )e 


2 2! - - 3! - 


= 0 


In showing that either \j/ lQ0 or i// 200 is orthogonal to VSio* we ^ nc * ^ at l ^ e i nte g ra l over Q is 


J dG sin# cos# — j 


dx x — 0 


and so these orbitals are orthogonal. Likewise, in showing that either ^ 100 , V^oo or ^210 orthogonal 
to ^211 or 1 A 21 -P the integral over 0 is 


nln 

Jo ' 


dfa** = 0 


and so these orbitals are orthogonal. 


6-17. Show explicitly that 


H1r = - 


m e e 

8 s 2 0 h 2 


is 


for the ground state of a hydrogen atom. 


The Hamiltonian operator for a hydrogen atom is (Equations 6.2 and 6.3) 


n 2 

2m 


pa 


V. 

CO 

CN 

s*. 

_1 

l 3r) 


1 


^2 1 


• 1 

3# / r 2 sin 2 # 30 2 J 4ne Q r 


and from Table 6.5 the ground state wave function of a hydrogen atom is 

1 . t n r 2 

* 0 = 


1/2 3/2' 




7 x ' a. 


S 0 h 2 


Km e 


We can therefore write 

h 2 3 


Hxl/ = _- - [,-2 9 M I e _lo 

0 2m r 2 3r \ dr j 47rs„r 


h 2 


1 


(4;r 2 )2 
2 


' 2 7T 1/2 - V2 

m e 


4ne Q r 8 elh 2 47T£ 0 r 

4 

m e 

'1 4 $'*° 


dLe-'-+ r - e -l .;‘ 

a o a o 


to 


4 ns 0 r n' ,2 al ' 2 
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6-18. Show explicitly that 


for a 2 p Q state of a hydrogen atom. 


H\lr = - 


m e e 
32 £ 2 /i 2 


The Hamiltonian operator of a hydrogen atom is the same as in Problem 6-17, and the wave 
function of the 2 p 0 state is 


1 


^ 2 "'> (327r) l/2 a 0 5/2 


re r/2 "“ cos 0 


a 0 — 


n m e 2 


We can now write 


= ~2m 




j__a_ 

r 2 3r 


1 


dr 


r 2 sin 0 30 


sin 0- 


3i//. 


2 /’o 


30 


+ 




4ne 0 r Y2l ‘» 


1 


2 mj L (32n-) l/ V L 


/ r 2 3r 2 r 2 

e _r/2 "" cos 0(2/-- : -1- 


2 a„ 


2a 0 ' 4a 2 


+ - 


/z 2 


2m e r 2 (327r) l/2 ao /2 
h 2 1 


2r cos 0 n e 
e ~ r/2t '■) + 


re 


“ r /H 


. —-e r/2 "‘> cos# 
2m e (327r) ,/2 a 0 5/2 V4a 0 2 


47re 0 /- (327r) l/2 ao /2 

1 


cos# 
h 2 


(32n) ]/1 al /2 \2m a Q 4tt£, 


^ 2 


8 m e a 0 


2 ^2/’o - 


m e 


32 £ 2 /z 2 ^ 2 "" 


e r/2 "'>cos 0 


6-19. Given the first equality, show that the ground-state energy of a hydrogen atom can be written as 

+ 2 2 4 4 

ft e /n e me 

—_—_—■_9_ = _ e 

0 2m c al $7t£ 0 a 0 327T 2 £oft 2 8 £pft 2 


Recall that we can write a 0 as 


£ 0 h 2 4n£ 0 Ti 2 

7r/n e 2 m e 2 

c c 


We showed in Problem 6-17 that 


so we can write 


E 


o 


Hf = 


in^e 4 
8e 2 /i 2 




4 4 2 2 

m e e m c e e m^e 

86q/z 2 327T 2 £q7i 2 8tt£ 0 47r£ Q 7i 2 

ft 2 m e e 2 ft 2 

2m e a 0 4ns 0 h 2 2 m e a 2 


87T£ 0 ^o 
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6-20. Calculate the probability that a hydrogen \s electron will be found within a distance 2 a 0 from 
the nucleus. 


This problem is similar to Example 6-10. The wave function for the Is orbital of hydrogen is 


^,00 = 


V” \<*Q ) 


where a ~ r/a Q , and the probability that the electron will be found within a distance 2 a Q from the 
nucleus is 


prob = 



f " , 1 

dO sin 0 1 dr r 2 — 

Jo 



e 


-2(7 



= 4 



dao 2 e 2 " 


= 4 (i-T e ") = 1 “ 13e ‘ , = 0 ' 762 


6-21. Calculate the radius of the sphere that encloses a 50% probability of finding a hydrogen 
Is electron. Repeat the calculation for a 90% probability. 


The probability that a 1 s electron will be found within a distance Da 0 of the nucleus is given by 
prob(D) = f dip f dd sin0 f "drr 2 -(-\ e~ 2 ° 

Jo Jo Jo 71 \ a o) 

= 4 f dao 2 e~ 2n = 1 -e~ 2D {2D 2 + 2D+ 1) 

Jo 

We find that D = 1.3 for prob(D) = 0.50 and D — 2.7 for prob(D) = 0.90, so the 50% and 90% 
probability spheres have radii of 1.3 a Q and 2.7 a Q , respectively. 


6-22. Many problems involving the calculation of average values for the hydrogen atom require 
evaluating integrals of the form 


r oc 

K = / 

Jo 


e fir dr 


This integral can be evaluated readily by starting with the elementary integral 


w = f 


e~ pr dr = - 

P 


Show that the derivatives of / (p) are 

dl, 


d jo = _r 
dp Jo 


re 


-K'dr = -/, 


d 2 i n r , « 

§■ = J r 2 e~ p 'dr = I 2 


dp 
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and so on. Using the fact that I 0 (P) = \/p, show that the values of these two integrals are -\/P 2 
and 2/p 3 , respectively. Show that, in general 


d n I. 

dp 


7 = (-D" f 
Jo 


r n e~ l>r dr = (-1)"/ 


n\ 


= (-!)"■ „ +l 


and that 


n\ 


n Qn + \ 


I = 


/ oo 

e~ Pr dr 

*A = r± (e -» )dr= -r rt -» dr= -, t 

dfi Jo 30 ' ’ Jo 1 

l2 r /*oo o /•oo 

—£= — (-re'"') dr = / rV^dr = L 

dp 1 Jo dp V ’ Jo 2 

Alternatively, since 7 0 (/l) = 1 /p. 


Generally, 


and so 


d/ 0 _ d (\ 


_1_ 

dp dp \PJ T z 

2, a / 1 ^ ^ 

= 


d_% = l 
dp 1 dp \ p 


jn j poo 

-o = (_iy* / rV^r 

Jo 


= (-!)" 


/ = 


o 

/z! 

J71 + I 


n! 


D +1 


6-23. Prove that the average value of r in the 1 s and 2s states is 3a 0 /2Z and 6 a 0 /Z, respectively. 


The average value of r, (r), is given by 

r»27T pTl 


(r) 


d<9 sin 0 f dr r 2 \f/ nlm (r, 9, <PYf nlm (r, 6,<p) 
Jo 


— I d(f) / ut/otno J M,/ / Y nlm \', Yt Y n l m 

Jo Jo 


The wave functions for the Is and 2s states are (Table 6.5) 


* ,0 ° (0 e ’ 


3/2 




V327T V a o/ 



170 


Chapter 6 


= 4 


p CO 

/ ^ 

JO 


’da ctV 2 " = ^ ) = -(^ 


Z V 167 2 VZ. 


( 0 2 ., = 


*Y r, 

a 0) Jo 


(4 — 4a -b a 2 )e“ 


= — / dcr(4cr 3 — 4a 4 + a 5 )e a 
8Z Jo 

6 a n 

= g|(4-3! -4-4! + 5!) = 


6-24. Prove that (V) — 2(E) and, consequently, that (K) = —(E), for a 2s electron. 


The average potential energy of a hydrogen-like 2s electron is (Equation 6.1) 


(V) - 


4ne Q r 


pin pn poo 

I d(j) f dQs\r\6 / dr r 2 ^ s 

Jo Jo Jo 

e 2 / 7\ y C°° 

-TZ -(-) / drr(2-ay 

j2tt€q \Gq/ Jo 

--— ( — ) f da (4a -4a 

32 ns 0 \a 0 J J o 


4 w/” 2 ' 


e 2 /Z 


e 2 /Z 


dr r(2 - a) 2 e~ 


32jre 0 \a Q 


da (4a — 4<j 2 + a 3 )<? " 


167T£ 0 <3 0 


The total energies of a hydrogenlike atom are (Problem 6-34) 


87T£ 0 a 0 /z 2 327 vs 0 a 0 


for n = 2, so (V) = 2(E). Because (K) + (V) = £, ( K) = -(E). 


6-25. By evaluating the appropriate integrals, compute (r) in the 2s, 2 p, and 3 s states of the hydrogen 
atom; compare your results with the general formula 

<r„,) = ^[3« 2 -/(/ + !)] 


In Problem 6-23 we found the average value of r in a hydrogen 2s orbital to be (r) = 6 a Q . The 
wave functions for the 2 p and 3s states are (Table 6.5) 

1 / Z \ 3/2 

° e ~" icose 
I / 7 \ J/i 


3/2 
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So for Z = 1, we have 


1 ( 1 

^ ~ 32n\ a, 


j / | \ p 2 n pn poo 

-( — ) / ^0 / d# sin# cos 2 # / dr P<j 2 e~ (T 

32n \a 0 / J Q J 0 Jo 

uL dxx, L wv "=i6 (I) <5!> = 5 °» 


| /in' /»oo 

= — t / d<p I dd s\nd dr r\21 - \8cr + 2e 2 ) 2 e- 2a/ * 

3 na 0 Jo Jo Jo 

4 a f°° 

= Y~ daa 2 [3 6 + 4(3 4 a 2 ) + 4a 4 - 4(3V) + 4(3 V) - 8(3 V 3 )] , 
_ ^ [a-.SI (|)‘ + 4.3*.5I (|)‘ + «-7. (I)* 


^ 3 6 • 3! + 4-3 4 -5! +4-7! (- 


—4-3*-4l (|Y +4-3’-S! (|) -8-3*-6!(| 


Using the general formula 


(rj = ^[3n 2 -/(/+!)] 


we obtain 6 a Q , 5a 0 and 21aJ2 for the values of {r nl ) for the 2s, 2p and 3s orbitals, in agreement 
with the above calculations. 


6-26. Show that the first few hydrogen atomic orbitals in Table 6.6 are orthonormal. 


See the solution to Problem 6-16. 


6-27. Show that the two maxima in the plot of r 2 i/r 2 v (r) against r occur at (3 dt V5)a Q . (See Figure 6.3.) 


f(r) = r 2 rfr\ s (r) 


2- e~ rlu « 


We can write r 2 \l/ 2 s (r) as 


32tt \aj \ aj 

-=A( 2-^)V"- 

32na 0 \ a 0 J 

To determine the maxima of f(r), we find the values of r for which df(r)/dr = 0: 


2 r 2 - e- rf(, <> - 2 - e~ r/l ^ - 2 -<r r/ "« 


df{r) _ 1 

dr 32nal 


( r \ 2r r ( r 

q _ 2 12 _ max | _ max _ max j 2 _ max 


= H 2 - 2 a 0 r mM - 2 a 0 r mM - 2 a 0 r max + r 2 ax 
= 'max - H 2 ™* + Aa l 


'max = O ± 
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6-28. Calculate the value of (r) for the n = 2, l — 1 state and the n = 2, / = 0 state of the hydrogen 
atom. Are you surprised by the answers? Explain. 


The average value of r, <r), is given by 

{r) = J drf nl (r,e,(pyxlr nl (r,e,4>) 


We use the wave functions in Table 6.6 to find 



These results show that an electron in the 2s orbital is farther from the nucleus (on average) than 
an electron in the 2 p orbital. This is surprising, as we might expect the reverse to be true from 
our studies of multi-electron systems in general chemistry; note, however, that a one-electron 
hydrogen-like wave function differs from multi-electron wave functions (Chapter 8). 


6-29. In Chapter 4, we learned that if l/r, and f 2 are solutions of the Schrodinger equation that have the 
same energy E n , then c l f l + c 2 \f/ 2 is also a solution. Let i/r, = i/ 2l0 and \j/ 2 = \j/ 2u (see Table 6.5). 
What is the energy corresponding to \j/ = c,^, + c 2 f 2 where cf + c 2 = 1? What does this result 
tell you about the uniqueness of the three p orbitals, p x , p , and p z ? 


Recall that the energy of the hydrogen atom depends only on the value of n. Therefore, i]r 2u and 
\j/ 2]0 have the same energy, £ 2 ,and so (Chapter 4) the energy corresponding to f = c, r/r l + c 2 f 2 
where cf + c\ = 1 is also E r The three p orbitals (p x , p y , and p z ), therefore, are not a unique 
representation of the three degenerate orbitals for n = 2 and / = 1. 


6-30. Show that the total probability density of the 2 p orbitals is spherically symmetric by evaluating 
IZl=-i V r 2 i m - (Use the wave functions in Table 6.6.) 
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1 


Y *llm 


1 

yin 



(cos 2 0 + sin 2 0 cos 2 0 + sin 2 0 sin 2 0) 


32nal 
ZW' 7 
327ra^ 


[cos 2 0 + sin 2 0 (cos 2 0 + sin 2 0)] 
(cos 2 0 + sin 2 0 ) 


Z 3 cr 2 e~ 


a 


32nal 


The sum depends only on the variable r (through a ), so the total probability density of the 
2 p orbitals is spherically symmetric. 


6-31. Show that the total probability density of the 3 d orbitals is spherically symmetric by evaluating 
Y^m =-2 ^ 32 m ■ (Use the wave functions in Table 6.6.) 


E 1 - > S'-™ 


n=—2 


81 2 7T \a. 


(3 cos 2 0 - l) 2 


+ 2 sin 2 0 cos 2 0 cos 2 0 


, , . , sin 0 cos 20 sin 0 sin 20 


+2 sin 0 cos 0 sin 0 + 
Z-W 2 ' 7 ' 3 f (3 cos 2 0 - l) 2 


+ 


81 2 7TC!o l 


2 2 
+ 2 sin 2 0 cos 2 0 (sin 2 0 + cos 2 0) 


+ 


sin 4 0 (cos 2 20 + sin 2 20) 


ZW 2 " 3 


[(3 cos 2 0 - 1 ) 2 + 12 sin 2 0 cos 2 0 + 3 sin 4 0] 


(81) 2 6;ra 3 

Now substitute sin 2 0 = 1- cos 2 0 into the above expression to get 
£ *32m = , on [9 COS 4 0 — 6 COS 2 0 + 1 


(81) 67ra 0 


Z 3 CT 4 g _2<T/3 


+ 12(1 — cos 2 0) cos 2 0 + 3(1 — cos 2 0) 2 ] 


_ T [9 cos 4 0—6 cos 2 6 + 1 + 12 cos 2 0—12 cos 4 0 
(81) 2 6 tt^ L 

+3 — 6 cos 2 0 + 3 cos 4 0] 

4Z 3 crV 2 ' r/3 _ 2ZW 2fr/3 
= (81) 2 6jra 3 “ (81) 2 3 tt^ 

The sum depends only on the variable r (through a), so the total probability density of the 
3 d orbitals is spherically symmetric. 


6-32. Show that the sum of the probability densities for the n — 3 states of the hydrogen atom is 
spherically symmetric. Do you expect this to be true for all values of nl Explain. 


In Problem 6-31 we showed that the sum of the probability densities of the 3d orbitals is spherically 
symmetric. The probability density of the 35 orbital is also spherically symmetric, and so we need 
only show that the sum of the probability densities of the 3 p orbitals is spherically symmetric. The 
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angular dependence of the 3 p orbitals is the same as that of the 2 p orbitals. In Problem 6-30 we 
showed that the sum of the squares of the 2 p orbitals is spherically symmetric, and therefore the 
same must be true for the 3 p orbitals. Thus, the sum of the probability densities for the n — 3 states 
of the hydrogen atom is spherically symmetric. We expect this to be the case for all values of n. 
Recall from Problem 6-10 that 


+/ 

Y | Y™{0, 0)| 2 = constant (1) 

m = —l 

When we sum all of the probability densities corresponding to any given /z, we evaluate a sum 
similar to that in Equation 1. Because the sum is equal to a constant, it cannot have any angular 
dependence and will depend only on r. Such a sum is spherically symmetric. 


6-33. Determine the degeneracy of each of the hydrogen atomic energy levels. 


The energy depends only on the quantum number n: 


E =-- 


Sn£ 0 a 0 /r 


n — 1,2,. 


(6.45) 


For a given value of /z, there are n — 1 allowed values of /. For each / there are 21 + 1 allowed 
values of m. All of these combinations of / and m are degenerate, and so the total number of energy 
sublevels for one value of n is 


n -1 


J](2/ + 1) 


2 (n - 1 )n 2 

-1 -n —n 


6-34. Set up the Hamiltonian operator for the system of an electron interacting with a fixed nucleus of 
atomic number Z. The simplest such system is singly ionized helium, where Z — 2. We will call 
this a hydrogenlike system. Observe that the only difference between this Hamiltonian operator and 
the hydrogen Hamiltonian operator is the correspondance that e 1 for the hydrogen atom becomes 
Ze 2 for the hydrogenlike ion. Consequently, show that the energy becomes (cf. Equation 6.44) 


E 


H 


m c Z 2 e 4 

8£q/z 2 /z 2 


n— 1, 2, 


Furthermore, now show that the solutions to the radial equation, Equation 6.47, are 




\ 2n[(n + /)!] 3 J \naj 
Show that the 1 s orbital for this system is 


-Zr/na r 21 +1 
U n+l 


2 Zr 


na n 


*u = 7 = (“) 

\a Q J 


3/2 

I e 


~ Zr f% 


and show that it is normalized. Show that 


3a n 

(r) = —- 
' 2Z 


r 


mp 


Z 


and that 
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Last, calculate the ionization energy of a hydrogen atom and a singly ionized helium atom. Express 
your answer in kilojoules per mole. 


The Hamiltonian operator for a hydrogenlike system is 

- h 2 j Ze 2 
2m 47 i£ n r 

c U 

The only difference between this Hamiltonian and that of a hydrogen atom is that e 2 is replaced by 
Ze 1 . Because e appears nowhere else, we can obtain the results of this problem by replacing e 2 by 
Ze 2 in the hydrogen atom results. For example, the expression for the energy of a hydrogen atom is 


8 elh 2 n 2 


n ~ 1,2,... 


and so the energy of a hydrogenlike atom is given by 


m c (Ze 2 ) 2 _ mZ 2 e 4 
8 E^hrn 1 8 slh 2 n 2 


n = 1 , 2 , 


The Bohr radius (£ 0 h 2 /n/xe 2 for hydrogen) for a hydrogenlike atom is 

s h 2 

a Q = -^— 2 

TTfjiZe 2 

Consequently, we can replace a Q by aJZ in Equation 6.47 to find 


*» = 


(!L±l 1211 1/2 (lZ\ +v \> e -z^ nL ™ ( 2 Zl 

2 n[(n + l)\f] \naj n+l \na 0 


The hydrogen atomic Is orbital for a hydrogen atom is 


(6.44) 


and becomes, for a hydrogenlike atom of atomic number Z, 




To see whether this function is normalized, we evaluate 


/ pin p n p 

dxyj/* s yfr u = I d(j) I dGs\nO I 

Jo Jo Jo 


> 

drr 2 — ~e~ 2Zr,a <' 


47 3 r°° 

^ / drr 2 e~ 2Zr 
a o J o 


4Z 3 2!aq 

~a[sZ 3 


We now evaluate {r) u using Equation 2. 


pin pn poo / Z^ \ 

{ r ). = / d<p I d9s\r\6 I drr 3 l— 2 )e 
Jo Jo Jo \n%J 

47 3 Z’ 00 4 a f°° 

= =4- / drr 3 e- 2Zr/ “» = / da a 3 

% 7o z J o . 


e -2Zr/“„ 


jfol1 _ H 

Z 16 2Z 
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The value of r mp is given by 


d_ 

Jr 


-1 If* xtfr 2 =0 

YUTU mp 


d 7 3 

± r 2 ±_ e ~2ZrJ% = 0 
dr mp Ttal 
-2Zr 2 

2r e ~ 2Zr ™p A '° + -^e" 2Z V‘'o = 0 


mp 


a n — Zr — 0 

0 mp 


r mp 2 


The ionization energy is given by -E v and so we find from Equation 1 

m Z 2 e 4 


IE = 


= (1312 kJ-mor‘)Z 2 


8 e 2 /i 2 


Therefore, 


IE H = 1312 kJ-mol -1 = 13.60 eV and IE He+ = 5248 kTinol - = 54.39 eV 


6-35. How does E n for a hydrogen atom differ from Equation 6.44 if the nucleus is not considered to 
be fixed at the origin? 


See the solution to Problem 5-44. 


6-36. Determine the ratio of the ground-state energy of atomic hydrogen to that of atomic deuterium. 


The energy of the ground state of a hydrogen atom is given by (Problem 6-35) 


E = 


txe 

8 e 2 /r 2 


where n is the reduced mass of the atom. The ratio of the ground-state energy of a hydrogen atom 
to a deuterium atom, E H /E D , is then 


= Mh 
E d 

In Problems 5-7 and 5—46 we calculated that ix H = 9.104431 x 10 -31 kg and that /x D = 
9.106 909 x 10 -31 kg, so the ratio of the energies is 

E a = 9.IQ4_431xJ 0-^ g = 

E d 9.106909 x 10" 3 'kg 


6-37. In this problem, we will prove the so-called quantum-mechanical virial theorem. Start with 

Hit = Ef 
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where 

h 2 , 

H = - — V 2 +V(x,y,z) 

2m 

Using the fact that H is a Hermitian operator (Problem 4-28), show that 

J i/*[H, A]xl/dr — 0 

where A is any linear operator. Choose A to be 

; / 3 3 3 

A = - ,h VTx +y Ty +l Tz 


and show that 


dV 3 V dV\ ih 


[H , A] = lh ^ x _ +y _ +z _ ) ._ (P;+p;+p;) 

( 3 V dV dV\ . 


where A' is the kinetic energy operator. Now use Equation 1 and show that 

dV 3 V dV\ 


( 1 ) 


(2) 


(3) 


Equation 3 is the quantum-mechanical virial theorem. Now show that if V(x, y, z) is a Coulombic 
potential 


V(x , y, z) = 


Ze 2 


4^£ 0 (j: 2 + y 2 + z 2 ) l/2 


then 


where 


(V) = -2{K)=2(E) 


(4) 


(E) = {K) + (V) 


In Problem 6-24 we proved that this result is valid for a 2s electron. Although we proved Equation 4 
only for the case of one electron in the field of one nucleus, Equation 4 is valid for many-electron 
atoms and molecules. The proof is a straightforward extension of the proof developed in this 
problem. 


We first show that 

J f*[H,A]irdr = 0 

Writing out the commutator, we have 

J \jf*HAyjfdx — j jl/*AHjj/dz = 0 


Using the Hermitian property of //, we can write this difference as 



j xfr*A (fi^dx = 0 


(1) 
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We know that = E\jf, so 


Now let 


A]fd r = E / VA^dx - E / ty'A^dx = 0 


; . / a a a 


We are given 


h 2 , 

H = ~ — V 2 +V(x,y,z) 
2 in 


HAf = -ih - —V* + V(jt, y, z) hc^- + y 


3/ , 3/ , a/’ 


7 9 2 / 


2m V 3;c 


J |_ 3x 3y dz J 

9 3 / , 3-7 , 37 , 37 

+773^: +z 373 +- x 33T2 


3jc 3^ 3jc 9z 


a7 3 3 / 

+ 2 3T + 7t-t +z 


3'7 , 37 , .37 , 37 


dy 2 dz dxdz 2 


f„ ( 3 / 3 / 3 / 

v (*7 + >>7 + z-^- 

\ dx 7 3 y dz 


ih 3 ( 3 3 3 \ /3 2 / 37 37 

• 4H/ = 2^( j: 8l + 3 + z 7 (37 + a7 + 3? 


ih 1 ( a V 8’/ 

—— JC—T + * . - 


9 3 / , 37 , 37 


/ 3 3 3 \ 

m (^ + 3 +z 7 v/ 


9 3 / . 3 s / 


2m V 3 jc 


■ x-r -4- y —;-h y — t + y-r ^— 

3;c3z 2 3 jc 2 3jy 3y 3 3y3z 2 dx 2 d z 


\f dv dv dv 

■ ,S K"37 + , 37 + 3 


3 / 3 / 3 /\ 


Therefore, 


tf, A 


iTz 3 / 3 


2 7T + 2 TT + 2 TT + • r ‘T - + 7T - + Z T“ 


3 V 3 V 3 V 


2m \ 3* 3y 3z 7 \ 3* 3y 

/ 3 V 3 V dv\ ih / A2 A2 A2 

‘H'37 + >, 37 + Z 3F)“m( P ' +P ' + P ' 


-af,*! 


3 V 3 V 

—-h Z —— 

3y 3z 


where we know P and £ from Table 4.1. Now, substituting this result into Equation 1 gives 


/ dV dV dV\ 7 

f* ih x — +y— + z—)-2ihK fdx = 0 
\ dx dy dz J 

r ( dv dv dv\ , 
7* \ x u + ^ +z u) i ’ d 
I dv dv dv 

[x -h y-h z — 

\ 8x 7 dy dz 


=7 


^IKxj/dr 


— 2(K) 
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Now consider the Coulombic potential 

V(x, y, z ) = 

This gives 


Ze 2 


47 reJx 2 + y 2 + z 2 )' /2 


dv dV 3 V Ze 2 (x 2 V 2 Z 2 

— 4—y 4—j 

= -V 


dx ^ dy Z dz 47T£ 0 V r?> r 3 ' r 

Ze 1 
47t£ 0 r 


and so substituting into Equation 3 gives {V) = —2(K). Because {K} + (V) = E, we can write 

E-(K)=-2(K) 

or E = — {K} for a Coulombic potential. 


6-38. Use the virial theorem (Problem 6-37) to prove that {k) = (V) = E/2 for a harmonic oscillator 
(cf. Problem 5-23). 


For a three-dimensional harmonic oscillator, 


V(x,y,z) = 





Therefore, 


dv dv dv , 0 

'37 + ^ + ^ = M+ ‘* y+M=21 ' 


and substituting into Equation 3 of Problem 6-37 gives 2{V) = 2{K). Because ( K) + (V) = E , 
we can also write 


(k) = (V) = ±E 


6-39. The average value of r for a hydrogenlike atom can be evaluated in general and is given by 

/(/+!)' 


n 2 ^ [ 1 

< r >- = -T , + 2 


1 


Verify this formula explicitly for the t^ 2ii orbital. 


We first determine (r) 2l directly: 


{r) 2 


f r f°° 2 

= I d(p I sin Odd / r dr<j>l u r(t> 2]] 

Jo Jo Jo 

- r d<p cos 2 4> f de sin 3 e r d rr 3 (—) 7 
2 0 Jo Jo Jo \ a Q ) 


"Z'-A'o 


2 >2nai 


=-35-...! r dxx > e ~ 

32*Z 3 /, 


a„ 5 a n 

—°-(5!) = —2 
24Z V Z 
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Using the equation given in the problem, 


Z l 2 L 

= 4Oo5 = H 
Z 4 Z 


1(1 + 1 ) 


6-40. The average value of r 2 for a hydrogenlike atom can be evaluated in general and is given by 

(r2) = ^( 1+ 3r 1 _^±iMi) 

' z 2 I + 2 [ n 2 J 

Verify this formula explicitly for the t /^ 2i0 orbital. 


We first determine (r 2 ) 21 directly: 


/* 2n pit poo 

= dtp sin Odd / r 2 dr<p 2]0 r 2 tp 2i0 

Jo Jo Jo 

y 3 p2n p(p poo / 7«U 

=-r / dtp / d0sin0cos 2 0 / ( — ) e~ Zr, “ u r 4 dr 

32nal J 0 Jo Jo \ a 0 / 

2ttZ 3 2 p /Zr \ 2 _ 2r/ „ 4 
=-r — / — e L '“«r dr 

32nal 3 J 0 \a 0 / 

a 2 f 00 

= —^ / djcjcV' 

24Z 2 7o 


<>-% = 


sinfld# / rdr<pl ]0 r <p 2[0 


2ttZ 3 2 


— e - Zr/a "r 4 dr 


dxxe~ 


24Z 2 ' 0 Z 2 


Using the equation given in the problem, 


, 2 4 al , 3 

)21 — z 2 "^2 




i(i + 1 ) — | 


z 2 L 2 \12/j 

16a 2 /15\ 30a 2 

~zF V 8 J ~ Z 2 


6-41. The average values of 1/r, 1/r 2 , and 1 /r 3 for a hydrogenlike atom can be evaluated in general 
and are given by 


a 2 0 n\l + 5 ) 


r 3 l„i aln 2 l{l + + 1) 
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Verify these formulas explicitly for the i/r orbital. 


We first evaluate these quantities directly: 

<*2n 


^ dct> j* smede j\ 2 drru 0 - r fu 0 

i / Z \ ^ f 2n f n f°° 1 

= —— ( — ) / dtp I d9 sin# cos 2 6 I drr 2 - 
32n \a 0 J J 0 J 0 J 0 r 

o pOO y p CO 

= —A\ drr \- Zr '“o = -f— / dxx 3 e~* 

16a 0 3 Jo 24a 0 J 0 


Zr 

a, 


— e -Z'l% 


Z Z 

-(3!) = — 

24a/ 4a 0 

f»2n 


|\ /* 2 jt nn poo ] 

— )= dtp I sin 9d9 / r 2 drf; t0 — xp m 

r li] Jo Jo Jo r 

1 /Z\ 3 f 2n f n f°° 1 

—-j — j I d(t> I dO sin 0 cos 2 0 I drr 2 ^ 

32 n \aj Jo * Jo Jo r 2 

= —A\ drr 2 e- Zr/ “» = —J dxx 2 e~* 

16a„ 3 Jo 24 al J 0 


Zr 

a , 


— e - Zr/ “o 


Z 2 Z 2 

24^ (2 ° = 12 a 2 

n27Z 


\) = I" dtp f” sin OdO 
r 1 21 Jo Jo Jo r 

=-Lfiy r „ r **>*„*» r 

32 n \aj J 0 Jo Jo r 3 

z 5 2 f M ,. z 3 r 

= -- / drre z ' T a ^ — - / 

16a 3 3 1 24a 3 /o 


Zr 


dxxe~ 


24a 3 


Using the equation given in the problem, 

r U Z 
ir 


21 ^ a 0 


a 0 2 ( 2) 3 (1 + i) 12a 0 2 

z 3 z 3 


a 3 (2) J [l + i(2)] 24a ( 


6-42. The designations of the d orbitals can be rationalized in the following way. Equation 6.63 shows 
that d xz goes as sin 0 cos 6 cos </>. Using the relation between Cartesian and spherical coordinates, 
show that sin# cos# cos</> is proportional to xz. Similarly, show that sin 0 cos 0 sin <p ( d yz ) is 
proportional to yz\ that sin 2 0 cos 20 (d x2 _ y2 ) is proportional to x 2 — y 2 \ and that sin 2 6 sin 20 (d xy ) 
is proportional to xy. 
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The relations between Cartesian and spherical coordinates are 

x — r sin 0 cos 0 y = r sin 0 sin <p z — r cos 6 

Thus, for the d xz and d yz orbitals, we see that 

r 2 sin 6 cos 0 cos 0 = xz 
sin 6 cos 0 cos 0 oc. xz 
r 2 sin 6 cos 0 sin 0 — yz 
sin 9 cos 6 sin 0 oc yz 

Likewise, for the d x 2 _ y i and d orbitals, 

r 2 sin 2 0 cos 2 0 - r 2 sin 2 0 sin 2 0 = x 2 — y 2 
r 2 sin 2 0 cos 2<p — x 2 — y 2 
sin 2 0 cos 20 a x 2 — y 2 
r 2 sin 2 0 cos 0 sin 0 — xy 
f r 2 sin 2 9 sin 20 — xy 
sin 2 9 sin 20 a xy 


Problems 6^3 through 6-47 examine the energy levels for a hydrogen atom in an external magnetic field. 

6-43. Recall from your course in physics that the motion of an electric charge around a closed loop 
produces a magnetic dipole, /x, whose direction is perpendicular to the loop and whose magnitude 
is given by 


/A = iA 


where i is the current in amperes (C-s" 1 ) and A is the area of the loop (m 2 ). Notice that the units of 
a magnetic dipole are coulombs-meters^seconds " 1 (C-m 2 -s _1 ), or amperes - meters 2 (A-m 2 ). Show 
that 




qv 

2nr 


for a circular loop, where v is the velocity of the charge q and r is the radius of the loop. Show that 

qrv 


for a circular loop. If the loop is not circular, then we must use vector calculus and the magnetic 
dipole is given by 

q(r x v) 


Show that this formula reduces to the preceding one for a circular loop. Last, using the relationship 
L = r x p, show that 
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Thus, the orbital motion of an electron in an atom imparts a magnetic moment to the atom. For an 
electron, q = — \e\ and so 


£[ 

2m 


For a circular loop, the frequency with which a charge q will pass a given point is v/2nr (the speed 
of the charge divided by the circumference of the circle). Then 


i — qv — 


qy_ 

2 nr 


The area A of the loop is nr 2 , so 


Using vector calculus, we find 


qvnr qrv 
“■= iA= —=— 


q( r x v) qrv sin# qrv 


^ ~ 2 2 2 
because 9 = n/2 for a circular loop. Finally, to show the last relationship, recall that p = mv, so 

q(r x v) qm(r x v) 


M = 


2m 


<?(r X p) _ q_ h 

2m 2m 


6-44. In Problem 6-43, we derived an expression for the magnetic moment of a hydrogen atom 
imparted by the orbital motion of its electron. Using the result that L 2 = h 2 l(l + 1), show that the 
magnitude of the magnetic moment is 


At = -£[/(/ + D ] 1/2 

where /J c = h\e\/2m e is called the Bohr magneton . What are the units of )8 e ? What is its numerical 
value? A magnetic dipole in a magnetic field (B) has a potential energy 

V = -jx-B 

(We will discuss magnetic fields when we study nuclear magnetic resonance, NMR, in Chapter 14.) 
Show that the units of the intensity of a magnetic field are J-A _1 -m“ 2 . This set of units is called a 
tesla (T), so that we have 1 T = 1 J-A -1 -m" 2 . In terms of teslas, the units of the Bohr magneton, 
/? e , are J T -1 . 


Taking the square root of both sides of the equation L 2 — h 2 l(l + 1) gives |L| = h [1(1 + 1)] 1/2 . 
Recall from Problem 6-43 that 


Substituting in |L| = Ti [1(1 + 1)] 1/2 gives 

m + D ] 1/2 = - pm 1 + D ] ,/2 
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Because the quantity [/(/ + 1)] 1/2 is unitless, the units of /3 t are the same as the units of /z (Cm 2 - s ’). 
The numerical value of /S e is 

(1.602 177 x 10" 19 C)(1.054 572 x 10" 34 J-s) 

^ ~~ 2(9.109 390 x 1(T 31 kg) 

= 9.274 007 x 10 -24 Cm 2 -s -1 =9.274 007 x 10" 24 J T-' 


The units of B are the units of V divided by the units of /z, or 


C-m 2 'S -1 


= J-A-'-m" 2 = 1 T 


6-45. Using the results of Problems 6-43 and 6-44, show that the Hamiltonian operator for a hydrogen 
atom in an external magnetic field where the field is in the z direction is given by 


H = H 0 + 



where H 0 is the Hamiltonian operator of a hydrogen atom in the absence of the magnetic field. 
Show that the wave functions of the Schrodinger equation for a hydrogen atom in a magnetic field 
are the same as those for the hydrogen atom in the absence of the field. Finally, show that the energy 
associated with the wave function x// nlm is 

E = E < 0) + p e Bm (1) 


where £' 0) is the energy in the absence of the magnetic field and m is the magnetic quantum number. 


The Hamiltonian operator for a hydrogen atom in an electromagnetic field can be expressed as 


H = H 0 + V 


where H 0 is the Hamiltonian operator of an isolated hydrogen atom and V = -ji-B is the potential 
energy associated with the external magnetic field. If the external magnetic field is in the z direction, 
then only the z components of the vectors n and B effect the potential energy of the atom, and we 
find 


H = H 0 -^ z B i = H 0 + 


B B - 


\e\ - 


2m 


-L B 


A a ^ A 

The hydrogen atomic orbitals which satisfy the equation H 0 \j/ n — E n ^fr n are eigenfunctions of L z , 
and so they are also eigenfunctions of H. Because Li\f n]m — mh^r nlm , 

Ht nlm = H 0 f nlm + ^L z ^ nlm 

E fnlm = + WMnln 


giving 


E = £< 0) + p c Bm 
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6-46. Equation 1 of Problem 6-45 shows that a state with given values of n and / is split into 21 + 1 
levels by an external magnetic field. For example. Figure 6.8 shows the results for the 1 s and 
2p states of atomic hydrogen. The Is state is not split (21 4 - 1 = 1 ), but the 2p state is split into three 
levels (21 + 1 = 3). Figure 6.8 also shows that the 2p to \s transition in atomic hydrogen could (see 
Problem 6^47) be split into three distinct transitions instead of just one. Superconducting magnets 
have magnetic field strengths of the order of 15 T. Calculate the magnitude of the splitting shown 
in Figure 6.8 for a magnetic field of 15 T. Compare your result with the energy difference between 
the unperturbed \s and 2p levels. Show that the three distinct transitions shown in Figure 6.8 lie 
very close together. We say that the 2 p to Is transition that occurs in the absence of a magnetic 
field becomes a triplet in the presence of the field. The occurrence of such multiplets when atoms 
are placed in magnetic fields is known as the Zeeman effect . 


>> 

W) 

u. 

a> 

c 

W 


No magnetic 
field 


Magnetic 
field 


2/7* 


1 s ■ 




tty 


m 
+ 1 
0 
-1 


Corresponding 

spectrum 


FIGURE 6.8 

The splitting of the 2 p state of the hydrogen atom in a magnetic field. The 2p state is split 

into three closely spaced levels. In a magnetic field, the 2p to \s transition is split into three distinct transition 

frequencies. 


In Problem 6-45 we derived the equation E — £* 0) + f$ c B z m. Thus 

A E = E 2 — E { = P e B z (m 2 — m,) 

For the 1 s state m = 0 and for the 2 p state m = 0, ±1. Thus (m 2 — m,) = 0, ±1 and so the 
magnitude of the splitting shown for a magnetic field of 15 T is either 0 or 

A E = (9.274 x 10" 24 J-T"')(15 T)(l) 

= 1.391 x 10“ 22 J 

The energy difference between the unperturbed 2 p and Is energy levels is (Equation 1.11) 

Av = (109 737 cm-') = 82 303 cm-' 

E 2„ ~ E U = 1 635 X 10_ ' 8 J 

The magnitude of the splitting caused by the magnetic field is on the order of 0.01% of the energy 
difference between the unperturbed energy levels. 







186 


Chapter 6 


6—47. Consider a transition between the / = 2 and the / = 3 states of atomic hydrogen. What is the 
total number of conceivable transitions between these two states in an external magnetic field? 
For light whose electric field vector is parallel to the direction of the external magnetic field, the 
selection rule is Am = 0. For light whose electric field vector is perpendicular to the direction of 
the external magnetic field, the selection rule is Am = ±1. In each case, how many of the possible 
transitions are allowed? 

Recall from Problem 6-46 that a state with given values of n and l is split into 21 + 1 levels by 
an external magnetic field. The l = 2 state will therefore be split into 5 states (m = 0, ±1, ±2) 
and the / = 3 state will be split into 7 states (m = 0, ±1, ±2, ±3), making a total of 35 possible 
transitions. Using the selection rule Am = 0, five transitions are possible (when m = 0, m = 1, 
m = — 1, m = 2, or m = — 2 for both states). Using the selection rule Am == ± 1, the following ten 
transitions are allowed: 


1=2 

-> / - 3 

m — 0 

m = 1 

in =0 

m = -1 

m = 1 

m = 2 

m = - 1 

m = —2 

m = 1 

m = 0 

m = — I 

m— 0 

m = 2 

m = 3 

m — 2 

m = I 

m = —2 

m = - 3 

m = —2 

m = -1 


Problems 6-48 through 6-57 develop the quantum-mechanical properties of angular momentum 
using operator notation , without solving the Schrodinger equation . 

6-48. Define the two (not necessarily Hermitian) operators 

L + = L x + i L and L_ = L x ~ i L 

Using the results of Problem 6-13, show that 

[L i rL + } = LL + -L + L i =hL + 

[L z , L_\ = L i L_ - L_L i = —hL_ 

and 

[L\L + ] = [L 2 , L_] = 0 


[L y ,L ! ) = ihL x [L,l x ] = ihL y 


In Problem 6-13, we showed that 

tU £,] = ih k 
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Now 

[ 4 -£+] = KK- ~ L +~ L z 

= L (L +iL)~ L L - ill 

z y x y J x z v z 

= l L +iL L — L L -iL L 

z x z y x z y z 

= <44 - LX) - ,{LL, - U j 
= [4.4] - i [4’ 4] 

= ihL y - i(ihL x ) = Ti(L x + il y ) = TiL + 

[4- 4] = 44 - 44 

= L (L -iL)- l l +iL L 

z \ x y) xz. y i 

= L L -iL L - L L + iL L 

IX z v X z y z 

= CLL x -L x L i ) + iCLX-L i L y ) 

= [4 t . 4] + ■' [4- 4] 

= ihL y + i(ihL x ) = h(—L x + iL y ) = —TiL_ 

We also showed in Problem 6-13 that L 2 commutes with L x , L , and L z . Using this result, we find 

[4.4] = 44 - 44 

= 4 (4 - <4) - 44 - ‘ L X 

= L 2 L x + iL 2 L y - L x L 2 - ill 2 
= (L 2 L x - L x L 2 ) - i(L y L 2 - L 2 L > ) 

= [4. 4] - ■' [4- 4] = 0 

[4.4] = 44-44 

= L 2 (L x -iL^ - L x L 2 + iLl 2 
= l 2 l x - iL 2 L y -l x L 2 + ill 2 
= (L 2 L X - L x L 2 ) + i(L v L 2 - L 2 L y ) 

= [4.4] + i[4,4] = 0 

6-49. Show that 

L_L + = L 2 x + L] l + l l x L y -iL y L x 
= L 2 -L)-TiL i 

l + L_ = L 2 - L] + hL i 


and 
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L_L + = (L x -iLXL x +iLy) 


= L] + L) + iL x L y - iLL x = L 2 - L\ + i 
= L 2 - L\-hL i 



L + L_ = (L x + iL ) xL x -iLy) 

= L\ + L) + i[L r ,L x ] = L 2 - L 2 z +hL z 


6-50. Because L 2 and L z commute, they have mutual eigenfunctions. We know from the chapter that 
these mutual eigenfunctions are the spherical harmonics, Y™(6, 0), but we really don’t need that 
information here. To emphasize this point, let be the mutual eigenfunctions of L 2 and L z such 
that 

= p 2 f afi 

and 

kf«n = a f«t 

Now let 

ftp = L + f tt p 

Show that 

L z ftp = (“ + h )ftp 

and 

t 2 ftl = fftp 

- 

Therefore, if a is an eigenvalue of L z , then a + h is also an eigenvalue (unless r//^ happens to 
be zero). In the notation for the spherical harmonics that we use in the chapter, L + y, m (0, 0) a 

Yr + '(e,<t>). 


We start with 

ftp = Kf a p 

Operating by L z from the left gives 

kftJ=KKfap = (LA+iWf a p 

= ([4 C] + kk + * [4. K] + iL A) f+ 

= (ihL y + L x L z + hL x + il y L 2 ) f ali 

= (l + l z + h ~ L + ) f a p = +*) f a p 

= (a+h) 
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Finally, 

L 2 vc; = L 2 L + K 

= {l% + iDl^ ap 

= ([&- 4] + U 2 + ‘[^ 2 iJ+‘'^ 2 )^ 

= ( l P+ ii y L 2 ) t ap = i + ff aP = f?r a i 


6-51. Using L_ instead of L + in Problem 6-50, show that if a is an eigenvalue of L z , then a —Ti 
is also an eigenvalue (unless i/r^ 1 = L_0 a/i happens to be zero). In the notation for the spherical 
harmonics that we use in the chapter, L Y' ( n (6, 0) a K / # "“ l (0, 0). 

We solve this problem by using the same approach as in Problem 6-50. 

= LL_f ap = [Ll x - iLl)^ 

= ([k’k] + LA-i[k’K]- iL , L l )* at , 

= (ihL y + L x L z -nl x - iL y L z ) f afl 

= = L_(a- h) ir afl = (a-h) 


6-52. Show that each application of L + to rfr afi raises the eigenvalue by /z, so long as the result is 
nonzero. 


In Problem 6-50, we showed that if 


M a/) = a< t> aP 


then 


= («+ ft )V r i l 

Now applying L + to and operating with L z gives 

L z L^ = L + 

where we have used the relation Z^L + = L + L z + hL + . Now L^r^ = (a so 

L z L +^ = L + {a + 2h) = (a + 2h) 

which shows that the eigenvalue once again increases by Ti. We can continue this process to show 
that L z tyufi — (a + 3^)0^ 3 , and so forth. 


6-53. Show that each application of L to lowers the eigenvalue by h , so long as the result is 
nonzero. 
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In Problem 6-51, we showed that if 

~ L A P = a A 

then 

= (“ - 

Applying L_ to and then operating by L z gives 

LL_A = L_ (I -h)*3 

where we have used the relation L z L_ = L_L z — hL_. Now L z ^~^ = (a — ft)^ 1 , so 

L z LAai! = L_ (a- 2h) l/g, 1 = (a - 2 h) ^ 

Just as in Problem 6-52, we can continue this process to show that L z \j/~ 2 = (a — 3ft) and so 
forth. 

6-54. According to Problem 6^1-8, L 2 commutes with L + and L_. Now prove that L 2 commutes with 
L\ and L 2 _. Now prove that 

[L 2 , L"] = 0 m = 1, 2, 3, ... 

ii>, in = eii - l\d = (i.) - (£.£’) 

Using the fact that L 2 and L + commute, we can rewrite this as 

[L 2 , L 2 + ] — L + L 2 L + — L + L 2 L + = 0 

We can show that L 2 commutes with L 2 by replacing L + with L_ in the above proof. We can show 
that the general statement is true using a stepwise approach. For example, consider the case of 
m — 3. We have already shown that L 2 commutes with L 2 and L 2 . Then 

aiLll = DLl-ilL^(L%)(Ll)-Ll(L t D) 

Using the fact that [L 2 , L 2 + ] = 0, we can rewrite this as 

[L\ i’j = L + (l‘Q L t - LlDl t = LIL% - L\L% = o 

We can show the general statement is true for any m — n as long as we have proved it for m = n — 1. 
Again, the case with L_ is proved in the same way, substituting L_ for L + . 

6-55. In Problems 6-50 through 6-53, we proved that if xj/^ = , then 

= (a dh mft)**" m - 0, 1, 2, ... 

so long as the result is non-zero. The operators L ± are called raising (L + ) or lowering (L_) operators 
because they raise or lower the eigenvalues of L ? . They are also called ladder operators because the 
set of eigenvalues a ± raft form a ladder of eigenvalues. Use the result of Problem 6-54 to show 
that 


i 2 A; n = 
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L 2 ^"' = L 2 Llf att 


afi 


= Lift 


afi 


6-56. Start with 


= (« ± mh)f t 


±m 

afi 


Operate on both sides with L and subtract the result from (Problem 6-55) 


= P ^ a '" 


'afi 


to get 


(L 2 - L])^ == (L 2 + L 2 )^ 1 = IP 2 ~ (a ± mft) 2 ]^ 

Because the operator L 2 + L 2 corresponds to a nonnegative physical quantity, show that 

P 2 - (a ± mh) 2 > 0 

or that 

~P < a ±mh < P m— 0,1,2,... 

Because P is fixed, the possible values of m must be finite in number. 


The steps outlined in the problem lead easily to the result 

(L 2 - L 2 )^; = (L 2 + L 2 )^"' = [p 2 - (a ± mh) 2 ]^; 

Because the operator L 2 + L 2 corresponds to a nonnegative physical quantity, we know that 

^ (iCf { l l + L l) * 0 


/■ 


Then 


[£ 2 - (a ± mft) 2 ] J dr (i/r*"')* > 0 

P 2 — (a zb mft) 2 > 0 


—P < a ±mh < ft m — 0, 1,2, 


6-57. Let a max be the largest possible value of a ± mh. By definition then, we have that 



P 


a 


xr a 


P 




P 
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and 


CV'a p = 0 

max' 

Operate on the last equation with L_ to obtain 

L_L + ir^ p = 0 

= (L 2 -L]-hL)f a 

m 

and 

P 2 = “L + S “max 


Use a parallel procedure on \{/ a ^ to obtain 


B 2 = a 2 ■ — ha . 

y min min 


Now show that a max = —a min , and then argue that the possible values of the eigenvalues a of L z 
extend from +a max to -a max in steps of magnitude h. This is possible only if a max is itself an integer 
(or perhaps a half-integer) times Ti. Finally, show that this last result leads to 


and 


0 1 =1(1+ \)Ti 2 l = 0 , 1 , 2 , ... 


a = mh m = 0, ±1, ±2, ±/ 


Recall from Problem 6-49 that L_L + = L 2 — L 2 Z —hL z . Then 

LL + f a . p = L_(0) = o = (L_L + )f ama p 

Using our definitions in the beginning of this problem, we can evaluate the result for the operation 
of each operator on \fr „ to get 

“max" 

0 = \B 2 — a 2 — ha ]\lf u 

w Ly w max max J * 

This result implies that 

B 2 — ( a 2 + ha ) = 0 

y V max 1 ^max' 

or, equivalently, 

B 2 = a 2 + ha (1) 

y ^max 1 max v ' 

Similarly, fora min , recall that L + L_ = L 2 - L 2 Z + hL z . Then 

Using the definitions at the beginning of this problem (replacing a max with a min ), we can substitute 
the result in for each operation and write 

0 = IP 2 ~ - KninW* .« 
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This result implies that 


or, equivalently. 


— (a 2 . — ha . ) — 0 

~ v mm min 7 


8 2 = a 2 — ha 

r mm mm 


Now we have two equations for £ 2 , one in terms of a mM and one in terms of a min . Setting these 
equal to one another, we find 


a 2 -\-ha = a 2 —ha . 

max ' max min min 




= A ± 20: min ~ ft 
2 2 

“max = "“min 0r “min “ h 


However, a mjn is the minimum value of a, so a max ^ a min - h and we can conclude that a max = — a min . 
According to Problem 6-55, a varies in integral steps of ft, so a must vary from Qf min to a max in 
steps of h. This is only true if a max is an integer or half-integer times h. We call this multiplicative 
constant / and so 


a 


max 


= ih 


a 


min 


= -lh 


Because a varies in integral steps of h, we can describe any value of a by 


a = mh m = 0, ± 1, ±2,..., ±1 


(If a = 0, then / must be an integer.) We can also write (from Equation 1) 

p 2 = (in ) 2 + h(ih) = h 2 (i 2 + i)= /(/ + l )h 2 

where / is, of course, an integer. 


6-58. According to Problems 6-50 and 6-51, 

L + Yr(o,<P)=*ctjr'(9,<p) 

and 

L_Yr(e,<p) = hc-,Yr'(e,<t>) 

where we are using the notation Y[”(9, <p ) instead of f afl . Show that 

A he hc~ 

L x Y, m (9, 4>) = ~f Y; n+> (0, </>) + -^Yr'(d, <t>) 

and 

^ hc + hr~ 

L y YT(9, = C +l (0. <P) ~ -jr- Yr' ( 9 , <j>) 

Use this result to show that 

(L ) = (L y ) — 0 


for any rotational state (see Problem 6-14). 
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Add the first two equations given in the problem to obtain 

(L + + L_)YT(0, 0) = he* Y?*\B , 0) + hc~ n YT~ X {B, 0) 

2.1 x Yr(9, 0) = he* Y;" + ' (0,0) + hc~ m Yr'ie, 0) 

i x rrv, <p) = *~ y; n+ '( 9 , 0) + ^ 0) a) 

Subtract the first two equations given in the problem to obtain 

(L + - LJ Y; n (6, 0) = he*, Yr + ' ( d , 0) - fie" y/'" 1 (0, 0) 

2 iL y YT(0, 0) = ftc,+y ; m+l (0, 4>) + hc;jr\e, 0 ) 

l v y, m ( 0 , 0 ) = ^ y; ,,+l ( 0 , 0 )-^ y/"-'( 0 , 0 ) ( 2 ) 

We will now use these results to show that (L x ) = (L y ) = 0 for any rotational state. 

(L x ) = J Y?'{e,4>)'L x Y?{e,<P) sin 00000 

Substituting in from Equation 1 gives 

hc + C 

{L x ) = -*■ I y / ffl (0, 0)*y / m+l (0, 0) sin 00000 

+ ~~^ L J y / m (0,0)*y,'""'(0,0) sin 00000 

= 0 


because the functions K / m (0, 0) are orthogonal. Likewise, 

(L y ) = J y;"(0,0)*L v y, m (0,0) sin 00000 

Substituting in from Equation 2 gives 

(L y ) = —^r / y;"(0,0)*y/" + '(0,0) sin 00000 


Tic f 

—if / Y !"( d ' < t , v Y r'( e ' ( t ) '> s ' neded< t > 


= 0 


because the functions y/"(0, 0) are orthogonal. 
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From Equations 6.37 and the definitions of L + and L_ (Problem 6^48), 


L + — L x + 1 L 


= —ih — sin 0-cot# cos0— + M cos0-cot# sin0— 


a# 


30 


a# 


dtp 


= h 
= he* 


a a 

(cos0 + i sin0)- b / (cos0 + i sin0) cot# — 

3# 30 J 


8 n 9 
-1- l cot # — . 

a# a0 j 


L = L -it 


/.i/ \j t u 

= —ih — sin0-cot# cos0— — Ti cos0-cot# sin 0— 

l T cm T 5j; l ' o/i ' 'i j 


a# 


90 


a# 


dp 


= h 


a a 

(cos0 — i sin0)-b « (cos0 - < sin 0) cot# — 

9# 90 J 
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Determinants 

PROBLEMS AND SOLUTIONS 


E-1 . Evaluate the determinant 


Add column 2 to column 1 to get 


D = 


2 1 
-1 3 
2 0 


1 

2 

1 


3 1 1 
2 3 2 
2 0 1 


and evaluate it. Compare your result with the value of D. Now add row 2 of D to row 1 of D to get 

1 4 3 

-13 2 

2 0 1 


and evaluate it. Compare your result with the value of D above. 


D = 


2 1 1 
-13 2 
2 0 1 


= 2 


3 2 
0 1 


Adding column 1 to column 2, we find 


D = 


3 1 1 
2 3 2 
2 0 1 


= 3 


3 2 
0 1 


-1 2 

2 1 


2 2 
2 1 


+ 


+ 


-1 3 

2 0 


2 3 
2 0 


= 6 + 5 — 6 = 5 


= 9 + 2 — 6 = 5 


which is the same result as the value of the original determinant. Adding row 1 to row 2 and 
evaluating the resulting determinant, we find 

= 3 + 20-18 = 5 

Again, the value of this determinant is the same as that of the original determinant (in accordance 
with Rule 6). 


D = 




-13 2 

o n i 


3 2 
0 1 


-4 


-1 2 

2 1 


+ 3 
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E-2. Interchange columns 1 and 3 in D in Problem E-l and evaluate the resulting determinant. 
Compare your result with the value of D. Interchange rows 1 and 2 of D and do the same. 


Interchanging columns 1 and 3 gives 


D = 


1 2 
3 -1 
0 2 


3 -1 
0 2 


2 -1 
1 2 


+ 2 


2 3 
1 0 


= 6-5-6 =-5 


Likewise, interchanging rows 1 and 2 gives 


D = 


-1 

2 

2 


3 

1 

0 


1 1 
0 1 


- 3 


+ 2 


= -1 -4= -5 


The value of the determinant changes its sign when two rows or columns are interchanged, in 
accordance with Rule 3. 


E-3. Evaluate the determinant 



6 1 
4 -2 
-3 1 


Can you determine its value by inspection? What about 



6 1 
4 -2 

-3 1 


For the first determinant, inspection shows that the first column is identical to the third column, so 
(by Rule 2) the value of this determinant is 0. For the second determinant, inspection reveals that 
the first column is twice the second column. This means (Rules 2 and 6) that the value of the second 
determinant is zero. 


E-4. Find the values of x that satisfy the following determinantal equation 

x 1 1 1 

! , ° ° = 

10x0 
1 0 0 x 


Expanding the determinant along its first row gives 



X 

0 

0 


1 

0 

0 


1 

X 

0 


1 

X 

0 

X 

0 

X 

0 

— 

1 

X 

0 

+ 

1 

0 

0 

— 

1 

0 

X 


0 

0 

X 


1 

0 

X 


1 

0 

X 


1 

0 

0 


Expanding each 3x3 determinant along its first row gives 


7 

x 0 


x 0 


0 0 


1 0 


0 x 


1 X 

X 2 

0 x 


0 x 

+ 

0 X 

— X 

1 X 


0 0 

+ x 

1 0 
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x 4 — x 2 + 0 — x 2 — 0 — x 2 = 0 
x 4 — 3x 2 = 0 
x 2 (x 2 — 3) = 0 
x = ±V3, 0 


The four solutions to the determinantal equation are x = 0, 0, and ±V3. 


E-5. Find the values of x that satisfy the following determinantal equation 

* 1 0 1 

1 * i 0 =0 

0 1*1 
1 0 1 * 


Expanding the determinant along its first row gives 



X 1 

0 


1 

1 

0 


1 * 1 

X 

1 X 

1 

— 1 

0 * 

1 

- j 

0 1 * 


0 1 

* 


1 

1 

* 


1 0 1 


Expanding each 3x3 determinant along its first row gives 


* 1 


1 1 


* 1 

+ 

0 1 


1 * 

+ x 

0 a: 


0 1 

1 * 

— X 

0 * 


1 X 

1 * 


0 1 

1 1 


1 0 


x 4 - x 2 - x 2 - x 2 + 1 - 1 - 1 - x 2 + 1 = 0 
x 2 (x + 2)(x — 2) = 0 
x = ±2, 0 


The four solutions to the determinantal equation are x = 0, 0, and ±2. 


E-6. Show that 


cos# 

sin# 

0 


— sin# 
cos# 
0 


0 

0 

1 




Expand this determinant about the third column: 


cos # — sin # 0 

sin# cos# 0 
0 0 1 


cos# 

sin# 


— sin# 
cos# 


= cos 2 # + sin 2 # = 1 
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E-7. Solve the following set of equations using Cramer’s rule 

x + y = 2 
3x — 2y = 5 


Using Cramer’s rule (Equations E.9 and E.10), 

2 1 
5 -2 


3 -2 



9 

5 


1 2 
3 5 


3 -2 


-1 

—5 


1 

5 


The solution to this set of the equations is (|, j). 


E-8. Solve the following set of equations using Cramer’s rule 

x + 2y + 3z = -5 
-x -3y + z = -14 
2x + y + z = 1 


Following Example E-4, 

1-5 2 3 


-5 

-3 1 

1 1 

- 2 

-14 1 

1 1 

+ 3 

-14 -3 

1 1 


-3 1 

1 1 

- 2 

-1 1 

2 1 

+ 3 

-1 -3 

2 1 



I 2 1 1 I 

(—5) (—4) — 2(— 15) + 3(—11) 20 + 30 - 33 17 

(—4) — 2(—3) + 3(5) “ -4 + 6+15 “ 17 


1 

-5 

3 






-1 

-14 

1 


-14 1 

+ 5 

-i i 

+ 3 

-1 -14 

2 

1 

1 


1 1 

2 1 

2 1 


y 17 


-15- 15 + 3(27) 

* = 17 

— = 3 
17 
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1 2 -5 

-1 -3 -14 -3 -14 -1 -14 -1 -3 

21 1 1 1 1 2 1 +5 2 1 

Z = yj = yj 

11 - 2(27) - 25 _ -68 _ 

Z ” 17 17 

The solution to this set of the equations is (1, 3, -4). 
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Approximation Methods 

PROBLEMS AND SOLUTIONS 


7-1. This problem involves the proof of the variational principle, Equation 7.4. Let Hij/ n = E n \jr be 
the problem of interest, and let 0 be our approximation to 0 Q . Even though we do not know the \f/ n , 
we can express 0 formally as 


0 = 

n 


( 1 ) 


where the c n are constants. Using the fact that the x// n are orthonormal, show that 


c n = J K4>dr 

We do not know the 0 n , however, so Equation 1 is what we call a formal expansion. Now substitute 
Equation 1 into 

_ ffHtdz 
<P J<t>*4>dx 

to obtain 

T <c E 

17 —'n n n n 


Subtract E 0 from the left side of the above equation and E Q , c*c n / Y^ n c*c n from the right side to 
obtain 


E 


_ F _ 


T c*c 

t-nx n n 


Now explain why every term on the right side is positive, proving that E 0 > E Q . 


By our formal definition, 

J t* m <Pdr = j V m J2 C n^n dT 


T c I 0*0 dr = Y c 8 — c 

/ j n j ™ m r n / v n nm m 
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Now find E, in terms of c : 


£, = 


/ /}</></1 


f 4>*<pd z 

f <t>* H<pdx = J2J2< c m f \(r*H\[r m dz 

* n m ^ 

= j2jl< C rr, E m \ VAJl 

n m J 

= y y y \*c e s =Yc*ce 

/ v / , n m m nm / j n n n 
n m n 

f <t>*4>dz =J2Jl C n C m [ Vn't'JX 

J it m J 

= YYc* n c s = Y< c 

/ j / v n m nm / * n n 

n m n 

y c*c e 

£—>n « n n 


E * z < c 

t—n\ n n 


Now subtract E 0 from each side: 


E *- E o = 


T c*c (E - E n ) 

n n K n 0 / 


Y ] C*C 
t—>n n n 

By definition E n > E Q9 so the right-hand side of the equation is positive and E 0 > E Q . 


7-2. Using a Gaussian trial function e ar for the ground state of the hydrogen atom (see Equation 7.6 
for H ), show that the ground-state energy is given by 

v 3 h 2 a e 2 a ]/2 

E(a) = 


2m 


2'\n 


3/2 


and that 


E . = 

mm 


4 m/_ 

3n \6n 2 slh 2 


The Hamiltonian operator for the hydrogen atom is 

it— 

2 m t r dr \ dr J 4n£ 0 r 
The variational principle expresses E 0 as 

_ f^JH^dz 
* f (p*<j>dz 


(7.6) 


(7.3) 


Where <p is the trial wavefunction. In this problem 0 = e ar , so the numerator of this equation is 

[ (p* H(pdz = r Anr 2 dre- ar2 [--(r 2 -^ - 
J Jo L 2 mr 2 dr\ dr J Ans 0 r\ 


Anh 2 
2/72 e 

Anh 2 

’ 2^r 


r°° 2 ^ r°° 

/ dr (4a 2 r 4 — 6ar 2 ) e ^ / drr<?~ 

7o ^o 

Ho" 


-2orr 2 


2 '_i_ 
4a 
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and the denominator is 


I MdT = jf 


4 TT / 

8a \2a^ 


4nr 2 dre~ 2ar 


n y/ 2 


We can now write 


ft 2 

3 / 7r y/ 2 " 

e 2 1 

2m e 

_ - 8 V2a) 

47re 0 4a 

3 ft 2 a 

1 / 7T \ ! /2 

8a \2a/ 
e 2 a l/2 


" 2m e 

2 l/2 s 0 n 3 ' 2 



The minimum value of E, occurs when 

<p 


dE, 
__£ 

da 


3ft 2 e 2 

2m ro T r'i' 1 /2 


(27T 


= 0 


or 


“ min “ 187r 3 e^ft 4 


The value E . is thus 

min 


E . = E(ct ) = - 

min ' min' 


m e 


\2iT^epi 2 


= -±( 


3tt V 167r 2 ^ 


m/_\ 
67t 2 elTi 2 ) 


7-3. Use a trial function <p(x) = 1/(1 + fix 2 ) 1 to calculate the ground-state energy of a harmonic 
oscillator variationally. The necessary integrals are 


and 


dx {In - 3)(2 n - 5)(2 n - 7) - - - (1) tt 

-co (1 + px 2 y ~ (2n - 2)(2n - 4) (2n - 6) - - • (2) 


00 x 2 dx (2n — 5) (2/z — 7) • • • (1) tt 
.oo (1 +Px 2 y ~ (2n — 2) (2/i — 4) ■ • ■ (2) ~^ 2 


The Hamiltonian operator for a harmonic oscillator is expressed as 


ry_d^_ kx 2 _ 

2(i dx 2 + 2 


We now determine E ' (Equation 7.3) using the trial function (p = 1/(1 + fix 2 ) 2 . The numerator is 



(j>* Hcpdx 


£ 


i 


rt.2 


-00 (1 + @X ) Lm (1 + fix ) 


2/S 


, 2 \3 


2pn 2 / 7-5-3-1 -TT \ 12/S 2 ft 2 

~7~ \8-6-4-2-/S i/2 J 


ft 2 12j8 2 * 2 
7d +/Sx 2 ) 4 
' 7-5-3-1 -tt 


+ 


10-8-6-4-2-/S 3/2 


srSy]" 

\ k / 3-1-tt \ 
J + 2 U-4-2-/3 3/2 J 


77r/S ,/2 ft 2 /(tt 
32/x + 32/S 3/2 
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and the denominator is 


/ oo n o 

(p*(pdx — I 

■co J -o 


dx 


5-31-7T 


57T 


(l+/3;t 2 ) 4 6-4-2-£ l/2 16/3 


1/2 


We then find 


= 


/_“ 4>*<t>dx 

77rp' /2 h 2 / 16/6 I/2 


32//, V 57r 
To find the minimum value of we use 


+ 


&7T 


32£ 


3/2 


/ 16/3 l/2 \ _ 1 ph 2 \ k 
V 5 n ) ~ \0~ + K)/3 


dE„ 7h 2 


dp 10 M io£ 2 

f = (^Y" 


= 0 


lh 2 J 

(We retain only the positive solution because E > 0.) Substituting this value back into the equation 
for Eq gives 

_7 l/2 /z/£\ l/2 7 i/2 S / A: x 1/2 

£ min - “jo" ) + "To - 

71 /2 / b \ '/2 / b \ '/ 2 

= —ft |-| = 0.529 ft ( - 


compared to 


/V 


^ac, = 0.500 ft (- 




1/2 


The approximate value of £, differs from the exact value by about 6%. 


7-4. If you were to use a trial function of the form <p(x) = (1 + cax 2 )e ~ ax2/1 , where a = ( kfi/h 2 ) ,/2 
and c is a variational parameter to calculate the ground-state energy of a harmonic oscillator, what 
do you think the value of c will come out to be? Why? 


The value of c will equal zero because <j)(x) = e 0x2/1 is the exact form of the ground-state wave 
function. 


7-5. Use a trial function of the form 0(r) = re or with a as a variational parameter to calculate the 
ground-state energy of a hydrogen atom. 


The Hamiltonian operator for the hydrogen atom is given by Equation 7.6. We now find using 
Equation 7.3. The numerator is 


j 4>*H(pdx = 4tt jf 


3 -a r 


AnTi* 


drr 3 e 


" 4 

.(2^7 


■~^e~ ar (2r - 4ar 2 + a 2 r 3 ) - — «T 
2mr 2 1 ’ 47 T£„ 


24a 24a 2 1 


e 2 6 


7T/2 


3^ 2 


2m e L(2a) 3 (2o?) 4 (2a) 5 J e 0 (2a) 4 2m a 3 8£ Q a 4 
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and the denominator is 


J (p'cpdr = An j drr*e~ lar = An 


So 


24 

L(2^7 

E f (f)*H(f)dT a 2 h 2 ae 2 
* f <$f<t>dT 6 m e 8e 0 7r 


To find the minimum value of a, we use 

dE 2a . Ti 


.} e 2 

mm _ _ q 


da 6 m e 8£ q tc 

3me 2 


And finally 


compared to 


&£ 0 nh 2 


3m e 4 


3 e 2 


E — — _ 

m,n l28£ 2 7T 2 h 2 8 4jre n a 


0~0 


£ =_I_fL 

exacl 2 47re„a 


3tt 

a 5 


o“o 


The approximate value differs from the exact value by about 25%. 


7-6. Suppose we were to use a trial function of the form </> = c } e~ ar + c 2 e~ fir to carry out a variational 
calculation for the ground-state energy of the hydrogen atom. Can you guess without doing 
any calculations what c p c v a, and E min will be? What about a trial function of the form 

<P = El, c t e-V-V’? 


The energy £ min will turn out to be the exact ground-state energy of atomic hydrogen because the 
exact ground-state wave function can be expressed by the trial function with the proper choice of 
c j, c 2 , and a. The parameter c 2 is zero and a is 1 /a Q . The parameter c x is the normalization constant, 
l 3/2 /(7r 1/2 a 0 3/2 ). A similar result will be found for the more general trial function. 


7-7. Use a trial function of the form e~^ x2 with as a variational parameter to calculate the ground-state 
energy of a harmonic oscillator. Compare your result with the exact energy hv/2. Why is the 
agreement so good? 


The Hamiltonian operator for a harmonic oscillator is given in Problem 7-3. We now determine E 
(Equation 7.3) using the trial function <p = e~ p * 2 . The numerator of is 


L 


dxe 


-fix 2 


Ti 2 d 2 kx 2 

~2Hd? + ~ ,e 


fix 2 


OO pC 

<j)*H<pdx = 

oo J - c 

tj 2 poo poo 

= - — J dx (A/3 2 x 2 - 20) e- 1 ^ +kl dxx 2 e~ 2 ^ 

_ h 2 f) / n \ 1/2 k / 7r 

= \2fiJ + 8/3\2j) 


1/2 
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and the denominator is 



dx(j)*(p 




1/2 


Therefore 

_ SZo PHWx _ ft 2 jS * 

* f^dxcp*# 2 p, 8/3 

To find the minimum value of we first find /3 min and then substitute into our equation for 


<P 

__ h 2 

k 

dp 

2\x \ 

wL 

B . 

~ min 

fixk\ 

1/2 

V4 h 2 ) 



h / ^ N 

,/2 

E . 



min 

2 

/ 


This is the exact ground state energy. The exact energy is obtained because the form of the trial 
function is the same as that of the exact ground-state wave function 


= 0 




7-8. Consider a three-dimensional, spherically symmetric, isotropic harmonic oscillator with V ( r ) = 
kr 1 12. Using a trial function e~ ar with a as a variational parameter, estimate the ground-state 
energy. Do the same using e~ ar . The Hamiltonian operator is 


h 2 d_ 
Ijxr 2 dr 



k 

+ 2 r 


2 


Compare these results with the exact ground-state energy, E = \hv. Why is one of these so much 
better than the other? 


For a three-dimensional, spherically symmetric, isotropic harmonic oscillator, 

2(xr 2 dr \ dr) 2 

Now we carry out a variational calculation to find the minimum value of E' when e~ ar2 is the trial 
function (using Equation 7.3). The numerator of E is 



and the denominator is 
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Then 


/ <p* H<t>dx 3h 2 a 3k 
* ~ f 4>*<pdx ~ ~HT + 8a 

We can now find the value of the minimum energy, 

= 3 A_ =0 

da 2 n 8a^ “ 


(M) 


1/2 


2 n 


4 © 


1/2 


This value of £ min is the exact result because the trial function has the same form as the exact wave 


function. Now repeat this procedure using e ar as the trial function. The numerator of E^ is 

ft 2 a / a \ hJL~ 

2 (xr 

2 ooo 

/ dr (a 2 r 2 e~ 2ar - 2are _2 “0 

Jo 


j 4>* H(pdx = 4 tt J 


r 2 e~ 


4nh 


2 fi jo 

4nh 2 ( 1 




drr 4 e~ 2ar 


1 




2 lx \4a 2a 


4ixk 


3 

4a 5 


and the denominator is 


Then 


J <j)*<j)dT = 4n J dr 


r 2 e~ 2ar = 4tt- 


4a 3 


E^ = 


and 


giving 


and 


f 4>*<pdx 
dE. 2 ft 2 a„ 


da 


2/jl 


hW 

3k 

2/2, 

+ -; 

2a‘ 

3k 


“min 

= 0 


(3fJ.k\ 
= {-¥-) 


1/4 


'k\' /2 

£.,. = 3 ,n s (i) 

/X/ 


Notice that £ mjn is about 15% greater than the exact value. 


7-9. Use a trial function of the form e 01x1/2 to calculate the ground-state energy of a quartic oscillator, 
whose potential is V(x) = cx 4 . 
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The Hamiltonian operator of a quartic oscillator is 


Jj—i 

2/x djt 2 

We will now carry out a standard calculation using Equation 7.3 to find the minimum value of 
given the trial function stated in the problem. The numerator of E. is 


J H4dz = J + J dxcx‘. 

= ^ fdxe-' -^Tdx x'e- 1 +2 cf 
M Jo V Jo Jo 

h 2 a / n \ 1 / 2 h 2 a /n \ ] / 2 6c /n\ 

(i \4a/ A(i \a/ 8a 2 \a/ 

/ft 2 a 3c \ /7T \ 1 / 2 

\ 4/a 4a 2 / Va / 


x z c“ aj: + 2c / Jx xV 
o 

1/2 


4 -ax' 


and the denominator is 


Using these results, we find 


2 S?~"=0' n 


_ f 4>*H<pdv _h 2 a 3c 
* J (p*<j)dT 4fx Jr 4a 2 


The minimum value of a is then 


dE_ _ _ _3c_ _ Q 

da ~ 4ix la 2 ~ 


/ 6 (ic 


a . = * 

mm ^ h 2 


min 

1/3 


giving 


£. = r6 1/3 


3 ,mC'V 




2/3 


7-10. Use a trial function of the form </> = cos Ax with —n/2X < x < n/2X and with X as a variational 
parameter to calculate the ground-state energy of a harmonic oscillator. 


For a harmonic oscillator, 


- __ Ti 2 d 2 kx 2 

2(i dx 2 2 

Note that in this problem we are given limits on x which will determine our limits of integration 
when we evaluate Equation 7.3. The numerator of E' is 


/ nJlfl, 

<j>*H(j)dT= / 

J-nfZ 
h 2 x 2 r 
" 2(i J_ 


JT/2k 

dx cos Xx 

7r/2A 

2\2 pn/2k £ nn/2k 


h 2 kx 2 

— (-A 2 cos Ax) H-cos Xx 

2(i v 7 2 


dx cos Ax T 


k [**' , , , 

- dx x cos Ax 

2 J-n/2k 
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tfk r /2 J 2 k r 

= — / dz cos 1 z H-t / 

2/x J _„ii 2A,' j - n j2 

h 2 x r' 2 , a r /2 j , , 

= - / COS" z H—T / dzz cos z 

d Jo A- y 0 

_ ft 2 A / 7 t\ k (n 7 n\ 

~ ~~ix V4/ + A 2 \48 “ 8/ 


fn/2 


dz z 2 cos 2 z 


and the denominator is 


Then 


giving 


[.... r /2X 2 i j 2 r /2 2 2 /ttx tt 

I (j) (pdr = I cos Axdx — cos = -( — ) = — 

J J-n/2k ^ Jo A \ 4 / 2A 


g _ f <P* H(t>dr Ti 2 X 2 ^ A /7r 2 1 


f (p*(t>dr 2/i A 2 \24 4 

^ ft 2 A . 


Therefore, we find that 


E . = 


dk 


^min 


A/X \ 1/2 /7T 2 


^-I)=o 


M ^ in Vl2 2 
2fc 2 V 6 


2^ \2S 2 7 V 6 


1/2 */;r 2 \ 1/2 / 2h 2 \' /2 

+ 4 ( 6 V (k/x) 


.^~r 

D 


= 0.568 ft ( - 


1 

2 771 


b\ '/2 

TH¬ 

AU 


1/2 


The value calculated here is about 13% greater than the exact value of 0.500 h(k/n.) l/2 . 


7-11. Use the variational method to calculate the ground-state energy of a particle constrained to move 
within the region 0 < x < a in a potential given by 

V(x ) = V 0 jc °~ x ~l 

_ _ , a 

— V Q (a - x) - < x < a 

As a trial function, use a linear combination of the first two particle-in-a-box wave 
functions: 


</>(-*) = c, 


/2 \ 1/2 

I - I sin-he. 

W a 



2 nx 
a 


Recall that the particle-in-a-box wavefunctions are orthonormal. This means that H ]2 = H 2] = 0, 
5,2 = S 21 = an< 1 = ^22 = s0 Equation 7.37 becomes 


H n - E 0 
0 H 22 - E 


= (H U - E)(H 22 -E) = 0 


(1) 
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Now we evaluate //,,, where //,, = f f x Hf x dz. 

2 f a/2 . TZX ( h 2 d 2 \ . 7IX 2 f" . Ttx f" ft 2 d 2 

H., = - sin— - —-j +V 5,n — dx + - sin— - — —-j + V^a-x) 
" a J 0 a V. 2m dx 2 0 / a a i„ /2 a; t 2ffI ^ 


fcV f“ 


f“ ■ 2 nX j 2V 0 f 
/ sin 2 — dx + — 

Jo a a Jo 


2 f a . nx f n d 2 "1 . nx 

a Ja/i a 2m dx 2 J a 

2v 0 r ' 2 ■ 2 nx j -.I, r ■ 2 nx , 2v o r ■ 2 nx j 

—- / xsin 2 —dx + 2V 0 I sin —dx -/ x sin —dx 

Cl JQ Cl Ja /2 & Cl Ja /2 & 


Now we use the integrals discussed in Problem 3-10: 


4 n 2 maJ 


h n (“) ^2 | _ — — » _ - — ~ 
\2 / "*" a \ 4 47r 87T 2 


2tix ~2 ,-vy-vyo 


a 

2nx\ 

a 


sin - 


4rc 

a ) 

o/2 

2 

2_ 

2 

a 

aic 

a 

_ 

■A -^ 4- 


16 

oo 

8 n 2 


2V 0 /a: 2 a-xsin 2 ^ a 2 cos jf- 


a y 4 47r 

+ 2V «(-2-a)- 


2 V 0 / a 2 a 2 a 2 a 2 n 

a l 4 87T 2 16 87r 2 


h 2 , /I 1 

--2 + ^O a ( 7 "1-2 

8ma 2 0 V 4 ?r 


In the same manner, we find that //„ is 


= 2 -i 

a Jo 


2 f“ /2 2nx ( h 2 d 2 \ . 2nx 

- / sin- --—r + V 0 ;c sin- dx 

a ,/n a V 2m dx 2 0 J a 


ft 2 . V 

2ma 2 4 

Substitute these values into Equation 1 and solve for E to find 
h 2 .. /I 1 \ 


/1 1 \ /i 2 V 0 a 

i + Vlj + ^j £ = w + — 


Given m, a, and V 0 , we can determine which of these roots is £ mjn . 

7-12. Consider a particle of mass m in the potential energy field described by 



This problem describes a particle in a finite well. If V Q -» oo, then we have a particle in a box. Using 
4>{x) = l 2 - x 2 for -/ < x < l and <p{x) = 0 otherwise as a trial function with Z as a variational 
parameter, calculate the ground-state energy of this system for 2mV 0 a 2 /Ti 2 = 4 and 12. The exact 
ground-state energies are 0.530 h 2 /ma 2 and 0.736 h 2 /ma 2 , respectively (see Problem 7-29). 
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We are given 


<P(x ) = l 2 - x 2 -l < x <1 


h = -*L£_ 

2m dx 2 

- 

2m dx 2 + 


— a < x < a 


1*1 > a 


Note that d 2 (f)/dx 2 — —2. We can then write 


r<f>*H<t>dx= f a dx{l 2 -**)-+ f * V 0 {1 2 - x 2 ) 2 dx + [\l*-x 2 )- 

J-oo J-i m J_, J_ a m 


•dx 


+ f dx(l 2 -x 2 )— + f v 0 (l 2 -x 2 ) 2 dx 
Jo m J e 


= J ^-(/ 2 - x 2 )dx + 2V 0 j (l 2 - x 2 ) 2 dx 

We are justified in writing this last equality because (/ 2 - x 2 ) 2 is clearly an even function (symmetric 
around the y-axis). Now 


/ 


r.2 / /3 

/ 3 1 


00 IK 

rHcpdx = — ^---)+2V l ' 

5 


2 1 1 /5 5 n 


2/3 


4h 2 l 

3m 




r<p*wx= f a 2 - x 2 ) 2 dx = 

J-oo J-l 15 

JT x 4>'H<pdx 


= 


fZo<l>*4> dx 
15 


16 ^ 

16 ma 2 


4 ^ 2 , ^0 fa _ , s £ , 2^ _ 34 x n 

3m/ 2 15 \ / / 3 / 5 




where a = 2m V Q a 2 /h 2 and s = l/a. Now minimize £ with respect to 5 : 

9£, __8_ a f\5_ _ _30_ 15_\ _ 

dS ~ *1 + 5 \s 2 min SL+ZJ- 0 
0 = 3«*1 - 6“*L - 8*1 + 3a 


For of = 4, this becomes 


12*1 - - 244i„ + 12 = 0 

3*1 - 2*1 - 64 . + 3 = 0 


= 1-6546 


£. = 0.6816- 
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which differs from the exact ground-state energy by about 30%. For a = 12, 


365^ -72-4,- 8£ n + 36 = 0 
9*1-8*L- 1851 + 9 = 0 

5 min = 0.68353 

h 2 

E. = 0.6219—r 
* ma 2 

which differs from the exact ground-state energy by about 40%. 


7-13. Repeat the calculation in Problem 7-12 for a trial function 4>(x) = cosAx for —tt/2A < x < 
n/2k and 4>(x) = 0 otherwise. Use A. as a variational parameter. 


We are given 


4>(x) = cos Ax 

2m dx 2 


n n 

— < x < — 
2 A. 2A 


— a < x < a 


~ 2 mdx 2 0 


\x\ > a 


Note that d 2 <p/dx 2 = -A 2 cos Ax. We can then write 


/ oo r—o 

<p'H<t>dx = / 

-oo J -tt/2X, 


h 2 X 2 f~ a f a Ti l X l 

dx -cos 2 Ax + / V n cos kx dx + / dx— —cos 2 Ax 

2m J_„ 


pn/2X fi^X 2 rnflX 

+ I dx -cos 2 Ax + / V 0 cos 2 Ax dx 

Ja 2m J„ 


/“ 


^2,2 


2m 


2,2 r n/2k 


= [ 

m Jo 


dx cos 2 Xx + 2 V c 


pn/2k 

l ‘ 


dx cos 2 Xx 


h 2 X 2 f 71 \ +2V f n a sin 


m 


(s) 


4A 


4A 


and 


/ oo rjr/2k 

(f)*(j)dx = I < 

-oo */ — n/2k 


71 


dx cos 2 Ax = — 
2k 


Using Equation 7.3 then gives 


£, = 


fZ<f>*<Pdx 

h 2 X 2 (\ aX sin 2 aX 

2^ S2 + 2V ‘ 


1 s sin 2s 

2 7t 


x2 r 


2 ma 


s 2 4- 2a ( -- 


n 


2tt 

sin 2s 
2 tt 
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where a = 2m V Q a 2 /h 2 and s = Xa. Now minimize E' with respect to 5 : 


dE, 

_ <P 

ds 


= 0 


2a 2a 

2s . -cos 2s — 0 

mm _ _ min 

71 7X 


For a = 4, we find s min = 0.92423 and E = 0.6381 h 2 /ma 2 , which is about 20% greater than 
the exact value. For a = 12, we find s injn = 1.1689 and E = 0.8432 h 2 /ma 2 , which is about 15% 
greater than the exact value. 


7-14. Consider a particle in a spherical box of radius a . The Hamiltonian operator for this system is 
(see Equation 6.43) 


h 2 d / 2 d \ h 2 l(l + I) 
2 mr 2 dr \ dr ) 2mr 2 


0 < r < a 


In the ground state, / = 0 and so 


H = - 


h 2 d 
2mr 2 dr 



0 < r <a 


As in the case of a particle in a rectangular box, (p(a ) = 0. Use 4>(r) = a — r to calculate an upper 
bound to the ground-state energy of this system. There is no variational parameter in this case, but 
the calculated energy is still an upper bound to the ground-state energy. The exact ground-state 
energy is n 2 Ti 2 /2ma 2 (see Problem 7-28). 


To simplify the problem, first calculate the result of the Hamiltonian operator operating on 0: 


Hcf>= —- 
m r 

Now we solve for the minimum value of E. The limits of integration come from the fact that the 
Hamiltonian is 0 everywhere except where 0 < r < a. 


/ f a h. 2 c 

0* H(j)dx = 47r / r 2 dr — (a — r) — 4n I 

J o mr J 0 


a Ti 2 

— r(a — r)dr 
m 


Anh 2 ( a 3 
~2 


m 


2 


47r^ a 
m 6 


J (f)*(pdr = 4n J r 2 dr{a — 


rf 


aJ 2 a 5 a 5 


= 47T-1-I = 47T — 

V 3 4 5 ) 30 

/ 4>* Hcpdx _ 5h 2 


E = 

0 / 0*0dr 


ma 


On comparison, we see that E is about 1% greater than the exact ground-state energy of n 2 Tt 2 /2ma 2 . 


7-15. Repeat the calculation in Problem 7-14 using 0(r) == {a — r) 2 as a trial function. 
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Again, we first calculate the result of the Hamiltonian operator operating on <p: 



Now 



r = 47r^-^— ^ J dr(6r 2 - 4ar)(a — r) 2 

4nh 2 ( 2a 5 \ 4nh 2 a 5 

2m \ 15/ 15m 



r 2 dr(a - r) 4 



_ f 4 >*H<pdr _ T^_ 
f cp*(pdx ma 2 


The approximate value of is about 40% greater than the exact ground-state energy of n 2 h 2 /2ma 2 . 
(In other words, the trial function we picked in the previous problem was a better approximation of 
the actual wave function.) 


7-16. Consider a system subject to the potential 


VM = - X 2 + + 


24 


Calculate the ground-state energy of this system using a trial function of the form 


4> = c^ 0 {x) + c 2 i/ 2 (x) 

where i/ 0 (x) and f 2 (x) are the first two even wave functions of a harmonic oscillator. Why did we 
not include t^C*)? 


We do not include V'iM in this problem because it is an odd function, so f^dxxf/^x) 2 = 0. 
Since the Hamiltonian operator is not explicitly dependent on i/c JZ^dx^p■j(x)Hx(r ] (x) = 0, so V r 1 
does not contribute to the wave function of a system with this Hamiltonian operator. We will use 
Equation 7.37 to determine E: 


H u - ES U 
H 2I - ES 2] 


H ]2 -ES i2 
^22 _ 


= 0 


We will use the normalized wave functions of the harmonic oscillator, so S nm = 8 nm . Now we must 
find the H nm components of the determinant: 

= J dxif/ Q Hiffy — E Q -\- —{x )oo + 24 ^°° 

^2\ = J dx'lp‘2 HljSQ = 0 + — (x~ ) 20 + ~ {x >20 

H n = J dxr 0 fif 2 = f dx^Hf 0 

/ 8 

dx\j/ 2 Hij /2 — E 2 + — (x' ) 22 + — (x } 22 
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where E v is the energy level of a quantum mechanical harmonic oscillator and = 

Both an( ^ ^2 are even functions. Therefore, for any ( x y ) nm where y is odd, 
(x r ) = 0 and so 

( x )oo = ( x ‘ ) 20 = ( x )n ~ ® 


Recall from Table 5.3 that 


f 0 ( X ) = Q l/A e-^ 

/ a \ t/4 

GO = (—J ( 2 ax 2 - De- 


Now calculate the (x A ) : 


(* >00 = - 


(?) L x ‘~°’ dx 

/a\*/ 2 6 / n\>/2 3 


/ay/ z o n r\ 

\7T/ 8a 2 \a/ 

/a \‘/2 r 00 

(jt ) » = fc> L (2 “- 


(2a* 6 - ^ 4 )e"" x d* 


(•* >22 = r 


/2aV' I" 5-3 3 

= (-) [ 2 “i6?D> - 


©1 


V' 1 (4**222 -4a” + -U fiV' 2 = 22 


W V 32a 4 16a 3 ' 8 a 2 / W 

Combining the above results and using Equation 5.27 for we find that 

tf,. = £o + |<Ao + ^<Ao 


= T + 24 


(*»■) 


^21 — g (■*' >20 — 24 (* >20 


24 U'/Vj “ 


// 22 - E 2 + ~(x ’> 2 + —(* >2 

5/ia> 5 , ,, 

= — + 24< 394 “> 


where = (k/fx) ' . Rreturn to Equation 7.37: 


0= H u~ E 

« 2 , ^22 - ^ 


0 = («„ - E)(H 22 -E)- h 2 2 
0 = //„// 22 -(//,, + H n )E + E 2 - H 2 


0 = E 2 -\3hco + 


„ 5 . 27/uoS 13 8 2 8 2 

+ ^ h( °) +-^— 2 - + ( 32 ) 2^4 - 128a 4 
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Solving this equation for E gives 


1 " 
_ 2 _ 


„ 3 , 18 1 \, n , x2 3 ficuS 11 B 2 

E = —hoo + 2 — o (2ha)) + — — 2 —b 77 — 7 

2 32a 2 2 2 a 2 64 a 4 


7-17. It is quite common to assume a trial function of the form 

0 = C,0, + C 2 4> 2 H-1- C n 0 n 

where the variational parameters and the 0 n may be complex. Using the simple, special case 


0 = Ml + C 2 <p 2 


show that the variational method leads to 


where 


£, _ C l C 1^11 C 1 C 2^12 C 1 C 2^21 g 2 C 2^22 

CjCjSjj + CjCjSjj + ^1^2^21 3” ^2^2^22 


-//.Mr = //; 


I Mjdr = sr 


because H is a Hermitian operator. Now write the above equation for E 0 as 

C \ C 2^\2 C ] C 2^2\ C 2 C 2^22 
— "1“ C 1 C 2*^12 C 1 C 2^21 C 2 C 2^22^ 


and show that if we set 


we obtain 


BE. BE. 

—± = 0 and —£ = 0 
Bc\ 3c* 


(H u E<f,S \]) c \ + (^12 ^ 0 ^ 12^2 — ® 


(// 21 E^ ) S 2l )c l + (^22 E < j,S 22 ) c 2 — 0 

There is a nontrivial solution to this pair of equations if and only if the determinant 

^11 _ ^0^11 ^12 _ ^0^12 _ Q 

^21 “ ^ 0*^21 ^22 — ^ 0^22 

which gives a quadratic equation for E^. We choose the smaller solution as an approximation to the 
ground-state energy. 


Start with (Equation 7.3) 


fdr<j)*H<p 
f dr 0*0 
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Now substitute <p = c,0, + c 2 <p 2 to obtain 

J dr<t>*H<f) — j dT{c](j>] + cl<j>l)H(c i <t> ] + c 2 <p 2 ) 


= c * c i f • 


1 


dzcp*H(j) ] + c 2 c, / dT<$>\H<$) x + c*c 2 / dx<f>* H(p 2 + c*c 2 / dx<$)\H<\). 


!■ 




— Cj Cj //j j + c 2 c j // 2 , + c, c 2 // |2 H- c 2 c 2 H 22 


j dx(p*(p = J dz(c*<j)* + c 2 0 2 )//(c,0, + c 2 (/> 2 ) 

= c]c x j dx(p*(p l + c 2 c, j dx<p 2 (f) ] + c*c 2 J dx(t>*(p 2 + c*c 2 J dx<p 2 <t> 2 


Cj Cj ( 4- c 2 CjS 21 + c,c 9 S 19 + c 7 c,5 r 


'l u 2^12 


-2 U 2^22 


and so 


Because is Hermitian, we can write 


E _ £l C i ~b ^ 2^1 ^21 C 2^\2 C 2 C 2 ^22 

0 + c*CjS 21 + cfoS,, + c 9 *c 9 S, 


-1^2^12 


-2^2^22 


and 


H,, = / W* = HJ., 

s u = f 4 >*<t>jdT = s; 


Now we multiply both sides of our equation for by f dx<j)*<p to obtain 


C 1 *^11 C 2 C 1 *^21 C l C 2^12 C 2 C 2^22) — C l C 1 ^11 C 2 C 1 ^21 C 1 C 2^\2 C 2 C 2 ^22 

Now differentiate with respect to c * and set the derivative equal to zero to find the minimum value 
of with respect to c*: 

dE 

dc* ( C 1 C] 1 ClC] ^ 21 C]C2 ^ ]2 C 2 C 2 ^ 22 ) + ^ 4 >^ C \*^11 C 2 ^n) ~ C \ 1 + C 2^\2 

^E<p ^ Cj//jj + c 2 // 12 — ^(CjSu + c 2 5 ]2 ) 

3cj CjCjSjj c 2 Cj iS 2 j d - c,c 2 S 12 ~h c 2 c 2 S 22 


C l^Al C 2^\2 |5j| + c 2 5 |2 ) 

cJCj 5, j + c*c, S 21 + c*c 2 5 12 + c 2 c 2 5 22 


0 —c,(// M E^S U ) + c 2 (H n E^S | 2 ) 
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Repeat for c 2 to find the minimum value of E with respect to c 2 : 



(cTc.5. 


1 ^ 1^11 


+ C,S 21 + c;c 2 5 12 + c*c 2 S 22 ) + £ 0 (c,S 21 + c 2 S 22 ) = c x H 2X + c 2 H. 


22 


dE# __ C 1^2I C 2^22 1*^21 C 2^22) 

3c, cJ'CjS,, + c^Cj iS 21 + c^c 2 5 12 + c 2 c 2 5 22 


C \ ^21 C 2^22 ^ 0 ^ 1^21 C 2 ^ 22 ^ 
c *i c i S n + c\ C] S 2X + c\c 2 S x2 + c* 2 c 2 S 22 


0 = c x (H lx - E*S 1X ) +c 2 (// 22 - E 0 S 22 ) 


7-18. This problem shows that terms in a trial function that correspond to progressively higher energies 
contribute progressively less to the ground-state energy. For algebraic simplicity, assume that the 
Hamiltonian operator can be written in the form 

H = H (0) + £ (1) 


and choose a trial function 


4> = c x jr x +c 2 i// 2 

where 

y = 1,2 

Show that the secular equation associated with the trial function is 



//, 2 


1 

+ 

o 

H \ 2 

»12 

// 22 -£ 


".2 

£f + £'" - £ 


where 


E$ l) = J ir'H w ifjdx and // 12 = J tfH w f 2 dr 

Solve Equation 1 for E to obtain 


E\ 0) + + E™ + E 


?(D 


( 0 ) 


E = 


?(D 


±- {[£[ 0) + £[’’ - £' 0) - + 4//*} 


2 , 1/2 


( 2 ) 


If we arbitrarily assume that £, (0) + E\ l) < Ef' ! + E 2 \ then we take the positive sign in Equation 2 
and write 


£{ 0) + £} u + E 2 ‘ + £ 2 ‘ ; £} u ' + £, 

E = ---1- 


7(D 


7(0) 


70) 


7(0) 


0 ) 


7(0) 


E? 


1 + 


4 H\ 


12 


[£[ 0) + £, (1) - £ 2 0> - £ 2 [) ] 2 
Use the expansion (1 + x) l/2 = 1 + x/2 H-, x < 1 to get 


1/2 


£ = £, (0) + £, (1) + 


H, 


12 


p(0) , t?( 1) rp( 0) r(I) 

£ii T" tL, \ Ejj £L ? 


+ 


(3) 
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Note that if £', <0) + E[ l> and Ef ] + E[ 11 are widely separated, the term involving // 2 2 in Equation 3 
is small. Therefore, the energy is simply that calculated using alone; the i/r 2 part of the trial 
function contributes little to the overall energy. The general result is that terms in a trial function that 
correspond to higher and higher energies contribute less and less to the total ground-state energy. 


Because we can assume that the xffj are normalized, we know that 


5 1l “ S 22 ~ 1 


S|2 — 5 21 — 0 


and because H is Hermitian, we know that //,, = H... Now we find the values of the H : 

12 21 i j 

H H (< V, + W (I V, = £jty, + £{V i 
H ^ 2 = H (0 V 2 + (I V 2 = £ 2 V 2 + £ 2 'V 2 
H u = J = £< 0) + E\ 

H 22 = J driftHrlr 2 = £ 2 m + E\ 

drrlr*H t// 2 = Ef } J drxj/*\l/ 2 + J dT\ff* H w ^r 2 


?(D 


?{\) 

J 2 


H »-f‘ 
/■ 


= J dxi/;H ( "f 2 

Substituting these results into Equation 7.37 


H U -ES U 


7/, 


£S, 


// 12 -£S I2 
H 22 — £S 22 


= 0 


gives 


£ (°) + £<U _ £ 


= 0 


».2 

f/ 12 £' 0) + £''>-£| 

Expanding this determinant gives 

[£[ 0) + E? ~ E] [£f + E$ ] - E] - H\ 2 = 0 

£ 2 £ [£[ 0> + ^ + £f + £<'>] + [£[ 0) + £<'>] [£< 0) + £<’>] - // 2 = 0 

Now we solve for £: 


(7.37) 


( 1 ) 


£ = — 


( 0 ) 


+ £{ u + Ef + £ 


?(l) 


f([£“ + £j"] 1 + [£? + £?>]’ 


+2 [E<°> + £['>] [£«" + £>'>]- 4 [£f» + £["] [E®> + £<»] + 4H, 1 ,] 

(0) , F (l) 


2 1 !/ 2 


1 1 + 2 + 2 ± 1 {[£ f 0) + £ f ,J - £ f J - £< f >] 2 + 4 //, 2 2 } 

[£[ 0) + £, 0) - £< 0) - £<°] 


1/2 


2 

£{ 0) + E\ l) + £ 2 0) + £< f) 


+ 


2 

1 + 


AM 1 

h/7 I2 


1/2 


= £{ 0) + £+ 


Hi 


£(°) + £<b _ £(0) _ £,(') 


[£, (0) + £1° - £f - £ 2 |J ] 

+ o(h: 2 ) 


j \ I ^2 

where we have chosen the positive sign in front of the square root term because E. < E n . 
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7 - 19 . We will derive the equations for first-order perturbation theory in this problem. The problem we 
want to solve is 


Hyj/ = Eir 


(1) 


where 


H = H {0) + (,) 


and where the problem 


// (( V 0) = £ ({ V 0) (2) 

has been solved exactly previously, so that t/t ( 0) and £ (0) are known. Assuming now that the effect 
of H {X) is small, write 


l/r = t/t (0) + A\jf 


E = £ (0) + A£ 


(3) 


where we assume that A\fr and A E are small. Substitute Equations 3 into Equation 1 to obtain 

H (( V (0) + £ ( V (0) + H i0) Air + H (]) At/t = £ (0) i/r (0) + AE}jf (0) + £ (0) A^ + A£Ai/r (4) 

The first terms on each side of Equation 4 cancel because of Equation 2. In addition, we will neglect 
the last terms on each side because they represent the product of two small terms. Thus, Equation 4 
becomes 


H {0) Af + // (1 V t0) = E {0) Aty + AEi/z 


(!>,/,(o) _ p(°) 


r (0) 


(5) 


Realize that A^ and A£ are the unknown quantities in this equation. Note that all the terms in 
Equation (5) are of the same order, in the sense that each is the product of an unperturbed term 
and a small term. We say that this equation is first order in the perturbation and that we are using 
first-order perturbation theory. The two terms we have neglected in Equation 4 are second-order 
terms and lead to second-order (and higher) corrections. Equation 5 can be simplified considerably. 
Multiply both sides from the left by and integrate over all space to get 

J i/' (0, *[/3 r(0) - E m ]Ai/dz + J = AE J ^ dx (6) 

The integral in the last term in Equation 6 is unity because \j/ {0) is taken to be normalized. More 
important, however, is that the first term on the left side of Equation 6 is zero. Use the fact that 
H (0) — E {0) is Hermitian to show that 

J Vr (0) *[// (0) - E^Airdx = J {[H (0) - E^W®}* Afdx 

But according to Equation 2, the integrand here vanishes. Thus, Equation 6 becomes 

A E = J f {0) *H 0) f i0) dx (7) 

Equation 7 is called the first-order correction to E {0) . To first order, the energy is 
E = E {0) + J H {[) ^ (0) dr + higher order terms 
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Substitute Equations 3 into Equation 1 to find Equation 4: 

[tf (0) + W (l) ] [> (0) + Axfr] = [£ (0) + A E] [> (0) + Af] 

// (< V (0) + W (1 V (0> + H (0 ) AiA + W (l) AiA = £ (( V (0) + A£^ (0) + £ (0) Ai/r + AEAxlr 

Recall that H {0) \// i0) = £ ( °V (0) - If we neglect the last terms on each side of the above equation 
because they are the product of two small terms, Equation 4 becomes 

+ £ ( V (0) = E (0) Ai/r + A£> (0) (5) 

which we can write as 


[tf (0) - £ (0) ] Af + £ ( 1 V (0) = A E\l/ i0) 

Multiplying the above expression by ^ (0)+ and integrating gives Equation 6: 

J ^ ( 0 ) *[tf (0) _ E (0) ]Afdx + j \l/ ( 0 ), H 0 ) x[f (0) dr = AE j 


( 6 ) 


We now use the fact that // (0) - £ (0) is Hermitian. Recall from Chapter 4 that a Hermitian operator 
A satisfies the equation 


j dxf'Ag = J dxgA'f* 


(4.31) 


Thus 


J T/r ( 0 ) *[W (0) - E (0) ]Ai/dx = J A\j/{[H (0) - E i0) ]\{/ {0) ydx 

= J {[W (0) - E™]^}*Afdx 

The integrand vanishes because H (0) \// i0) — £ ( °V <0) = 0. Equation 6 then becomes 

A E = J ^ ( 0 ) *// (I V ( 0 ) Jt 


(7) 


7-20. Identify H {0 \ H {1 \ i/r (0) , and £ (0) for the following problems: 

a. An oscillator governed by the potential 


v w = r 2 + F + s x4 

b. A particle constrained to move in the region 0 < x < a with the potential 


V(x) = 0 
— b 


0 < x < - 
2 


- < x < a 
2 


c. A helium atom 

d. A hydrogen atom in an electric field of strength £. The Hamiltonian operator for this system is 

ft 2 e 2 

H — - -—V 2 — --h eSrcos 6 

2m e 47ts Q r 
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e. A rigid rotator with a dipole moment n in an electric field of strength £. The Hamiltonian 
operator for this system is 

„ ft 2 

H = - — V 2 + ix£ cos 0 
2/ 

where V 2 is given by Equation 6.3. 


a. 


The first term in this potential is the harmonic oscillator potential, so we will choose a harmonic 
oscillator as the reference system. Thus 

-, m h 2 d 2 1, , 

H =-^71 + A x 
2 /X dx 2 2 


H w = \-x 2 + -^-x 4 


b_ 

24' 


xj/ i0) = N v H v (a l/2 x)e~ a * 2/2 

£ <0) = hv (v + ^\ v = 0, 1,2, . 


where we have used Equations 5.26, 5.35, and 5.27 to specify H (0 \ i/r <0) , and £ <0) , respectively. 

b. This particle is confined to the region 0 < x < a, so we will choose a particle in a box as a 
reference system. Thus 


£(°) 

HO) 


V4 0) 
£ ( °> 


2m dx 2 

0 


0 < x <a 

„ a 
0 c x < - 
2 

a 

- < x < a 
2 



&ma 2 


nnx 

a 

n 


n — 1 , 2 ,. 
1 , 2 ,... 


0 < x <a 


where we have used Equations 3.14,3.27, and 3.21 to specify H i0) , \ /4 0) , and £ (0) , respectively. 

c. If we neglect the interelectronic repulsion in the Hamiltonian operator of the helium atom, then 
we have 


= H h ( 1) + W H (2) 

where H H (j) is a hydrogen-like Hamiltonian operator. Then 

= 4(i)+ 4(2) 


_ _zV _ z 2 /ig 4 

8 slh 2 n] Zslh 2 n\ 

where Z = 2 for helium, the i/r n/m (r.) are given in Table 6.6 and the 4O’) are found using 
Equation 6.2. We use Equation 6.44 for £ (0) . 


H (0) 

HO) 

£( 0 ) 
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d. The natural reference system to use is that of a hydrogen atom in the absence of an electric 
field. We then have 

h 2 e 2 

H (0) _ _£_ 

2/x 4ns 0 r 

H {X) = r cos0 

V 0) = 1f nlm (r,e,<p) 

p(0) = _J± fl_ 

&elh 2 n 2 

where the l^ n/m (rp are given in Table 6.6. We use Equation 6.44 for £ (0) and Equation 6.2 for 
H {0 \ 

e. The natural reference system is that of a rigid rotator in the absence of an electric field. We 
then have 

H {0) = V 2 
2/ 

W (l) = ixScose 
0 (O) = K/"(0, 0) 

£<0) = ~h J(J+l) 

where the Y™(9, 0) are given in Table 6.3. We use Equation 5.57 for E (0) , Equation 5.53 for 
0* (O) , and Equation 5.48 for H (0) . 


7 - 21 . Using a harmonic oscillator as the unperturbed problem, calculate the first-order correction to 
the energy of the v = 0 level for the system described in Problem 7-20(a). 


'a\»/4 


-ax 1 12 


For v = 0, we use Table 5.3 to find 

Now use Equation 7.47 and substitute the quantities found in Problem 7-20(a): 

A E = J xl/ (0) *H i]) \ls (0) dT 

= J dxf q(x) (jrX 2 + 

-(?)"£ 


dxe ax2 ( + —x 1 

6 24 


b /Qf x 1/2 

= 0 + l 2 fe) I ^ 


32a 2 


where we have used the fact that x r ‘e cx is an odd function if n is odd and an even function if n is 
even. 


7 - 22 . Using a particle in a box as the unperturbed problem, calculate the first-order correction to the 
ground-state energy for the system described in Problem 7-20(b). 
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Again we use Equation 7.47 and substitute the parameters found in Problem 7—20(b): 

A E = J y i/r (0 >*W ( 'V (0, dr 

= ( 2 ±) f'dx sin*™ 

\ a ) Jo/2 a 


(2b\ x a . 2nx 

= — hr “ sm- 


V a 


47T 


«/2 


/ 2Z? \ / <3 a\ b 

= \ a"J V2 ” 4/ 2 


7-23. Using the result of Problem 7-20(d), calculate the first-order correction to the ground-state 
energy of a hydrogen atom in an external electric field of strength £. 


From Table 6.6, if for the ground state of a hydrogen atom is 


^100 — 


' a 


2/2 




100 

Now use Equation 7.47 and substitute the parameters found in Problem 7-20(d) to obtain 

A E = J 

C / i \ 3 poo p2n pn 

= — ( — J / drr*e~ r/ “" / dcp dO sin 6 cos 0 

71 V^o/ ■'O J o Jo 


The integral over 0 is 


J d0s\n0cos0 = j dxx — 0 


so A E = 0. 


7-24. Calculate the first-order correction to the energy of a particle constrained to move within the 
region 0 < x < a in the potential 

V(x) =V 0 x °- X ~l 

= V Q (a -x) ^ <x < a 

where V Q is a constant. 


Use Equation 7.47, if {0) from 7-20(b), and the potential V(x) as H 0) to obtain 

A E = J HM+ m dT 

2V 0 f a ' 2 J . 2 nnx 2V 0 [“ 2 njtx 

= —- / Jjcjcsin 2 -1-- / dx(a — x) sin - 

a Jo a a J a/2 a 

v „i n 

2nnx\ 


2V 0 Ix 2 ax sin a 2 cos^ £ 


An tv 


8n 2 n 2 


+ 2V n { ^ sm 

2 Ann a J 


a 

I a /2 
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7-25. Use first-order perturbation theory to calculate the first-order correction to the ground-state 
energy of a quartic oscillator whose potential energy is 

V{x) = cx 4 

In this case, use a harmonic oscillator as the unperturbed system. What is the perturbing potential? 


The Hamiltonian operator is 


H = -^f 1+cx ' 

2\x dx 2 


To use a harmonic oscillator as the reference system, add and substract kx 1 /2 from H : 

- Ti 2 d 2 kx 2 . kx 2 

H = -—r + — + - — 

2 fj, dx 2 2 2 


so 


^ kx 2, 

//<-> = cx 4 - — 
2 


Now use Equation 7.47: 


A E = J V 0) * H {X) f {0) dz 

/a\' /2 A 3c /7T\ 1 / 2 k 

= (n) 2 |_8t? (a) “ W J 


cx — 


3c k 
Aa 2 4 a 


7-26. Use a trial function 


0 = c x x(a — jc) + c 2 x 2 (a — x) 2 
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for a particle in a one-dimensional box. For simplicity, let a = 1, which amounts to measuring all 
distances in units of a. Show that 

1 


1 

140 


h 22 = 


6m 

h 2 

5 ,,= 

30 

"21 = 

30m 

5,2 = 

s 2 ,= 

n 2 


C _ 

1 

105m 


°22 — 

630 


For a particle in a box, 


1 

2 mdx 2 


The two components of our trial function are 

0, = x(a -x) 

We then have 

h 2 


<j) 2 = x 2 (a — x) 2 




H<p 2 =-(a 2 — 6ax + 6jc 2 ) 


m 


We now solve for the H tj and S (j , using the integral 

>i 


Recall that we let a = 1, so 


f mini 

/ x m (\-x) n dx = - 

Jo (m + n + 1)! 


jc(1 -x)dx = —- = h 


H u = n -i 

m Jo 

j 

m Jo 


m3! 6m 


*(1 — jc)(1 — 6jc + 6 x 2 )dx 


M(L- 6 ± +f *) = JL 

m \6 12 5! / 30/n 


m Jo 


H. 


22 


• 2 r ' h 2 2-2 h 2 

x 2 (\-x) 2 dx = -^ = 

0 

ft 2 z* 1 

_ __ / . ^2 
W 7o 


m 5! 30m 

* 2 (1 — x) 2 {\ — 6jc + 6x 2 )dx 

h 2 


h 2 ( 1 3!2! 412! 

“ ~m V 30 _6_ 6T + 6 ~ 


105 m 


1 2-2 1 

jc 2 (1 — x) 2 dx = - = — 

5! 30 


S„ = / 

Jo 

f ] , , 6-6 1 

S„ = S,. = / jc 3 (1 — x) 2 dx =-= - 

12 21 Jo 7! 140 


as stated in the problem. 
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7-27. In Example 5-2, we introduced the Morse potential 

V{x ) = D{ 1 — e~ px ) 2 

as a description of the intramolecular potential energy of a diatomic molecule. The constants D and fi 
are different for each molecule; for H,, D = 7.61 x 10" 19 J and p = 0.0193 pm -1 . First expand the 

L t 2 3 

Morse potential in a power series about x. (. Hint'. Use the expansion e x — l+x + y + -r + ***.) 
What is the Hamiltonian operator for the Morse potential? Show that the Hamiltonian operator can 
be written in the form 

H = + ax 1 + bx 3 + ex 4 -I- (1) 

Ifj, dx 2 

How are the constants a, b , and c related to the constants D and pi What part of the Hamiltonian 
operator would you associate with H {0 \ and what are the functions i/' n (0) and energies £< 0) ? Use 
perturbation theory to evaluate the first-order corrections to the energy of the first three states that 
arise from the cubic and quartic terms. Using these results, how different are the first two energy 
levels of Hj if its intramolecular potential is described by a harmonic oscillator potential or the 
quartic expansion of the Morse potential (see Equation 1)? 


Use the power series of e x given in the hint to expand the Morse potential: 
V(x) = D{ 1 - e ~ fx ) 2 

p 2 x 2 p 3 x 3 


= D 

= D 


1 — (1 — fix + 


+ 00c 4 ) 


2 ‘ 6 
fix f) 2 x 2 


px- 
= Dfi 2 x 2 

= Dp 2 x 2 | 1 - px + 




-,2 


1 2 + 6 


+ 0(x 3 ) 
P 2 x 2 , P 2 x 2 


+ 


+ 0(x i ) 


= Dp 2 x 2 - Dp 3 x 3 + J^ D P 4x * + °(x 5 ) 

The Hamiltonian operator for the system is 

Tt 2 d 2 w 

H = --—y + V 

2m dx 2 

h 2 d 2 2 i 3 4 

—-r + ax 2 + bx 3 + cx + ... 

2m dx 2 

where a = Dfi 2 , b = -Dfi 3 , and c = IDfi*/\2. If we use a harmonic oscillator Hamiltonian 
operator for H {0 \ then [Problem 7-20(a)], 

<*■ fi d ■j 

H (0) = -~ -—j- + ax 2 

2\x dx 2 


H {1) = bx 3 + cx 4 

ti 0) = NH v (a' /2 x)e- a * 2/2 


£' 0) = /iv ( v + - 


v = 0,1,2,... 



230 


Chapter 7 


For the first three states, 




tf°\x) = I — 


4a 


-ax 1 12 

3 \ 1/4 


TV 


xe 


^f\x) = (£^) (2ax 2 - \)e “ x2/2 


Using perturbation theory (Equation 7.47 and 7.48), 

E 0 = Eq 0) + J dr^ ( 0 , *W ( 'V (0) 


=t + * © w L dx x ’ e ~“' +c O'" L dx 

0'"L 


4 —ax 1 


x e 


hv 

= Y +0+2c 

Tiv 3c 
= T + 4a 2 


dx x e 


/ ■ 


£, = £[ U) + / dri/r t 0 , *// (l V (0) 

,.3\ 1/2 


=f-(v) 7 .:-—(") 7 : 

srr 


d* jc 6 e _ “ x2 


37zv „ 
= — + 0 + 2c 
2 


d* * 6 e"“ x 


v 15c 
T~ + 4a 2 


E 2 = Ef + J dr\(r (0) *H 0) xl/ i0) 


= 5 -T +b ( 0 "L dx(2axl -' )V ‘ 


_a_y/2 r 00 

4jt/ /_ 

a y/ 2 r 

iff/ io 


+c 


5ftv „ „ / 

—+ 0 + 2c( 

5 hv 39c 
~~2 4a 2 


dx (2ax 2 — 1) x e 


2 v 4 —ax 


dx (2ax z — 1 yx e 


2„4^-ax* 


7- 28. In this problem, we will solve the Schrodinger equation for the ground-state wave function 
and energy of a particle in a spherical box of radius a. The Schrodinger equation is given by 
Equation 6.43 with / = 0 (ground state) and without the e 2 /4ne 0 r term: 

_jf±( r ,d±\ =Ef 

2mr 2 dr \ dr J 


Substitute u = r\j/ into this equation to get 


d 2 u 

d7 


+ 


2m E 

IT 


u = 0 
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The general solution to this equation is 


u(r) = A cosg '.r + B sin ar 


A cos ar B sin ar 

ir(r) = -+- 

r r 


where a = (2 mE/h 2 ) ]/2 . Which of these terms is finite at r — 0? Now use the fact that yj/(a) = 0 
to prove that 


for the ground state, or that the ground-state energy is 


Show that the normalized ground-state wave function is 

_ I/9 sin7 rr/a 
xj/(r) = (2na) 7 - 


First find the first and second derivatives of \j/ with respect to r in terms of u: 


u 

* = - 
r 


dxj/ u 1 du 

dr r 2 r dr 


d 2 \j/ 2 u 2 du 1 d 2 u 
dr 2 r 3 r 2 dr + r dr 2 


We can now rearrange the Schrodinger equation as follows: 


Ti 2 d ( 2 dyjr 


2mr 2 dr \ dr 


-#\*+ + (iyjL\ = E i, 

2m L dr 2 \r) dr \ 
i 2 u 2 ( u 1 du\l „ /u\ 

7? + ~r{~7 + 'rT,)\ =E (T) 


h 2 '2m 2 du 1 d 2 u 2 / u 1 du 

2m r 3 r 2 dr r dr 2 r V r 2 r dr 


h d U - E 
2m dr 2 

d 2 u 2m E 

T”T + — T-U = 0 


Recall from Example 2-4 that the general solution to this equation is 


u(r) = A cosar + B sinar a = 


cosar sinar 

i j/(r) = A -1- B - 

r r 

To decide which of these terms is finite at r = 0, examine the series expansions of cosar and 


(ar) (ar) 6 

cosar = 1- — + + 0(r ) 

(ar) 3 (ar) 5 7 

sinar = ar-—-1-—- h 0(r ) 



232 


Chapter 7 


Only the sine term will be finite at r — 0, because sin ar and r will both approach zero as r -* 0. 
We can then write xj/{r) as 


Mr) = B- 


sinar 


Because xj/(a) = 0, 


0 = B 


sin aa 


a 


aa = nn 

or, for the ground state, aa — n. Now, using the definition of a given in the problem, we find 

aa = 7r 

1/2 


(2mE 0 \ 

—r— a = n 

\ h 2 ) 


2 mE 0 a 2 _ 2 
- mH 


2t2 


E n = 


nh 
2 ma 2 


Now we normalize x// by requiring 


J dTTjf*\l/ — 1 

47T f drr 2 \j/ 2 (r) = 1 

Jo 

An B 2 I dr s\n 2 ar = 1 
Jo 

**(!) 

B 

So the normalized ground-state wave function is 

Hr) = (2 


= l 


27ra 


1/2 


7-29. In this problem, (see also Problem 4-38) we calculate the ground-state energy for the potential 
shown in Problem 7-12. The Schrodinger equation for this system is 


h 2 d 2 \i/ 

2m dx 2 1 r ° 
h 2 d 2 \j/ 


+ - Exfr 

— Ex/r 


2m dx 2 


—oo < x < — a 


—a < x < a 


h 2 <£xjj_ 
2m dx 2 


+ - Exjf 


a < x < oo 
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Label the three regions 1,2, and 3. For the case E < V 0 , show that 

ifr^x) = Ae* + Be~* 

= C sin ax + D cos ax 
f 3 (x) = Ee* + Fe~* 

where = [2m(V 0 - E)/fi 2 ] l/ 2 is real and a = ( 2mEfh 2 ) 1/2 . If 00 is to be finite as x -*■ —oo 
and xjf 2 (x) be finite as x -> oo, we must have B = 0 and E = 0. Now there are four constants 
(A, C, D, and F) to be determined by the four boundary conditions 


ir.{-a) = irA-a) 


i 

dx 


<^2 

dx 


d\l/~ 

= f 3 (a) — 


df 3 
dx 


Before we go into all this algebra, let’s remember that we are interested only in the ground-state 
energy. In this case, we expect r/r 2 (x) to be a cosine term because cos ax has no nodes in region 2, 
whereas sin ax does. Therefore, we will set C = 0. Show that the four boundary conditions give 

Ae ~ fia = Dcosaa Afie-^' = Dasinaa 

Dcosaa = Fe ~ fia —Dasinaa = — Ffie~ fia 

These equations give A = F. Now divide APe~ Pa = Da sinaa by Ae~ p ° = Dcosaa to get 

P = a tan aa 


Now show that 


» 0 2 m 

a 2 + P = — 


and so 


a 2 + a 2 tan 2 aa = 


2 mV n 


Multiply through by a 2 to get 


J? 2 (l + tan 2 jj) = 


2m V~a 


k 1 


= a 


where r) = aa. Solve this equation numerically for r) when a = 2m V Q a 2 /h 2 = 4 and 12 to verify 
the exact energies given in Problem 7-12. 


The functions \jf v \// 2 , and are determined using the approach discussed in Chapter 4 (Problems 

4-33 to 4-38). 

Region 1 (-oo < x < —a): 


h 2 dhj^ 
2m dx 2 


+ =E yjr x 


P = 


'2 m(E - 



VqW = Ae* + Be- px 
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Region 2 (—a < x < a): 


h 2 d 2 \jr 2 

- -T- = Ei ^ 

2m rfjc 2 2 


i/f 2 (x) = C sinax + D cosajt a = 


Region 3 (a < x < oo): 


ft 2 d 2 \l jr- 

2^7x t + V °^ = E ^ 


ilr 3 (x) = Ee Px + j 8 - 


2m{E - V' 


As explained in the problem text, B = E = 0. We also set C = 0 because ^ 2 (jc) should be a cosine 
term (as explained in the text of the problem). We then have the set of equations 

ifr^x) = Ae px i/ 2 (x) = D cosax ty 3 (x) = 

Firstly, we impose the boundary conditions = 0 and drjf/dx = 0 at ;c = —a: 

d\Ir. d\Lr~ 

f.(-a) = Vs(-a) - 3 — = —- 


Ae Pa — Dcosaa A fie pa = — Dasin(—aa) = Dasinaa 
Now we impose the boundary conditions ifr(a) = 0 and d\j//dx = 0 at x = a: 


= ifrJa) — = —H 


Dcosaa — Fe Pa — Dsinaa — — Ffie 

Following the suggestions in the problem, we find that 

A$e~ Pt ' Dasinaa 

Ae~ Ptt Dcosaa 

P = a tana a 


From the definitions of a and ft. 


2 q 2 _ 2mE . 2m(K 0 ~ E) _ 2mV Q 


a+f, -ir + 


Then, since /3 = a tan aa. 


111 2m V o 

a + a tan aa = —^ 

h 

n n 2m Via 2 

T) (1 + tan rj) = — 
n 


rj = aa 
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We can graph f(rj ) = r) 2 (\ + tan 2 r?) vs. 17 for a — A and a — 12 to find a numerical value of rj: 



n 


We find that a = 4 at r) = 1.0299 and a = 12 at rj = 1.213. Then, fora = 4, 


2 mEa 1 
h 2 


= (1.0299 y 


E = 0.5303- 




ma 


Likewise, fora = 12, E = 0.7357— r. 


ma 


7-30. In applying first-order perturbation theory to the helium atom, we must evaluate the integral 
(Equation 7.50) 

£(l> = 4^7 / / ^ r i^ r 2^* (r ,)K(r 2 )^^ 1 , t (r | )iA,. v (r 2 ) 


where 


W = T5T 


3 \ 1/2 




and Z = 2 for the helium atom. This same integral occurs in a variational treatment of helium, 
where in that case the value of Z is left arbitrary. This problem proves that 


£(') = 


m e 


8 \ I67 r 2 slh 2 

Let r j and r 2 be the radius vectors of electron 1 and 2, respectively, and let 0 be the angle between 
these two vectors. Now this is generally not the 0 of spherical coordinates, but if we choose one of 
the radius vectors, say r,, to be the z axis, then the two Q's are the same. Using the law of cosines, 


r ]2 = (r 2 + r\ - 2r ( r 2 cos0) 


1/2 


show that £ (1) becomes 


Z 6 f°° 
afoz 2 J 0 


E (]) = 


Ane. 


o “o 

2 71 


f 


dr x e 2 Zr d%4nr 2 / dr 2 e 2 Zr d% r \ 


p2n pji 

/ d<p 

Jo Jo 


d 0 sin# 

(rf + r\ — 2 r r cos 0 ) 
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Letting x = cos#, show that the integral over 0 is 

r de sini 9 _ r' _ dx 

Jo (r 2 + r\- 2r.r 2 cos0) 1/2 ( r 2 + r\ - 2 r.r. 


xy 1 


2 _ 

r. 


Substituting this result into £ (l) , show that 

2 1^:76 C 00 

£ (1 > = / 7 / dr x e~ 2Zr d%r\ 

4ns 0 a 6 0 J 0 


ar 


dr 2 e- 1Zr d%rl 


l 


+ / 2Zr 2 /fl o r 


e 2 4Z 


3 /*oo 


47re 0 

-?z 


,rr 

% Jo 


dr x e 2Z VV? 


L f l 


8 \47re 0 a 0 


= £z 


8 Vl67r 2 e ( 


_m/_\ 

6 n 2 £pi 2 ) 


Show that the energy through first order is 


+ £"> = (- Z > + | z ) ( 7 £ t ^ 5 ) = ~ 


= -2.75 


f m e g ^ 

\\67t 2 £pl 2 ) 


compared with the exact result, £ exact = — 2.9031 (m c e* / \67T 2 £pr). 


Choosing i-j to be the z-axis allows us to write 


r I2 = (r? + r\ - 2r x r 2 cosQ x ) x ' 2 


where we use the law of cosines to find r x2 . Now 


£ (1) = 


4tt£„ 


pin pn pin poo poo 

I d(j) 2 I d0 2 sin0 2 I d(p { I dr { r 2 }/ff I dr. 
Jo Jo Jo Jo Jo 

»f 


2 rltl 


d6 x sin 6 X 


(r 2 + r 2 -2r 1 r 2 cos0,) 1/2 


4n£ t 


- 8 tt 2 


0 \ M o 
X 


£)7 

apt) Jo 

f 


dr x r x e~ 2Zr ' ,a o f dr 2 r 2 2 e~ 2Zr d a « 

Jo 


dd x sin 6 X 


Joj + r\ - 2r 1 r 2 cos 9 X ) 
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Let x = cos#,. Then dx = - sin 6 i dd ] , and the limits on 6 >, of (0, jv) become the limits on x of 


(1, -1). Then 

f” dd : sinQ l C 

JO ( r \ + r 2 ~ 2r \ r 2 C0S e \)''' 2 J- 


dx 


i ( r i + r 2 ~ 2r,r 2 x) 1/2 
(rf + r\ - 2r t r 2 x ) ,/2 '' 


(rf + rj - 2 r,r 2 ) l/2 + (rf + r\ + 2 r,r 2 ) l/2 


The first term in this expression is ±(r, - r 2 )/r x r 2 and the second term is equal to ±(r, + r 2 )/r,r 2 . 
Arbitrarily pick r, < r r Recall that E is an intrinsically positive quantity, so only positive solutions 
are physically acceptable as the solution of this integrand. Then 


f' dx 

7-i (rf + r 2 - 2 r.r. 


r 2 - r, + r, + r 2 _ 2 r 2 _ 2 


x)' /2 


Likewise, if r { > r 2 , 


Z* 1 dx 

7 _i (rf + r\ - 2 r.r. 


r , ~ r 2 + r , + r 2 _ 2r , _ 2 


I ' 2 *■’ 1'2 

Substituting this result into £ (1) gives 


x)' /2 


R7 6 r°° / ? c r i r°° ' 

E 0) = -g- / dr x rfe~ 2Zr ' la " I — / dr 1 r\e~ 1Zr ' ll “« -}- 2 / dr 2 r 2 e~ 2 Zr i /a 11 

@0 Jo \^l Jo Jr | 


47re„ 


e 2 16Z^ r 

47 T £ 0 a® 7 o 


e 2 16Z 6 f" d ^ r 2 e -2Zr ]/% ( I £ dr^le-^K + J° dr^e~ 2Zr d% 


•rr- 


Now 


jf 


> 2Zr 2 /r/ () /—9 7r 


a 2 e - 2 Zr d«o /— 2 Zr, 
4Z 2 


and 


/ e- 1Zr d%r\dr 2 = ^ 
4o 


-2Z 


_ j? 2 _ r 

—2Z 7o 


e - 2 Zr d%r 2 dr 2 


rfa Q e 2Zr d a « ale 2Zr d a « ( —2Zr. 


-2 Z 


+ 


4Z 3 


(=?-■) 


rfa Q e 2 Zr i / "o a 3 e 2Zr ' / "" /— 2 Zr, . \ 


—2Z 


+ 


4Z 3 


/ 4Z 3 


-1 


Then 


If 

r x Jo 


r°° a 2 e~ 2Zr i /w o n 2 e~ 2 Zr d% 

dr 2 r 2 2 e- 2Z ^'» + f dr^e~ 2 Zr d% = a ° e 


2 2 


4Z 


2Z l 

ale~ 2Zr J“» + a 3 


,3 r 


4ZV, 4Z 3 r, 


Z 1 


-2°- — - e - 2Zr i/"«. ( — -|—2- 

4Z 3 L r , V«o r ./J 
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and our expression for £ (1) becomes 

- e ~ 2Zr i /a o 

e 2 4Z 3 T a 2 Z 2!a 3 a 2 ' 

“ 4^~^~ L^Z 1 ~ S ( 4Z > 3 "" 16Z 2 . 
g 2 4Z 3 / 5qq \ 

47 re 0 a 3 V32Z 2 ) 

~ 5Z e2 _ ££ / m„g 4 \ 

8 a 0 47 T £ 0 8 \\ 6 n 2 sl'h 2 ) 

From the discussion of the hydrogen atom in Chapter 6 , E (0) for this system is 



E 0) = 


4 Z J 


4ne n 


f 


r 2 0~2 Zr \ l a n 


Yr 


£ (0) = - 


Z 2 m e e 4 
167T 2 £o/z 2 


so 


£m+£<,, =(- zl+ H(i5^) = Y( 


m e £ 


167T 2 £o^ 2 


= -2.75 


_m/_\ 

167 T 2 £pl 2 ) 


This is about 5% larger than the exact value. 


(7.15) 


7-31. In Problem 7-30 we evaluated the integral that occurs in the first-order perturbation theory 
treatment of helium (see Equation 7.50). In this problem we will evaluate the integral by another 
method, one that uses an expansion for 1 /r u that is useful in many applications. We can write 1 /r n 
as an expansion in terms of spherical harmonics 


oo +/ 


|r, — rJ 


47T 


z—f 21 -I- 1 r 

1-0 m~~l Ll ^ 1 r > 


r 

< ym 
l+\ 1 1 


<0 v 4> l )Yr<P v4> 2 ) 


where 9. and 0 . are the angles that describe r in a spherical coordinate system and r < and r > are, 
respectively, the smaller and larger values of r x and r r In other words, if r x < r 2 , then r < = r x 
and r > = r v Substitute 0 lT (r.) = (Z 3 la^Tx) xl 2 e~ ZT ' /il *, and the above expansion for 1 /r n into 
Equation 7.50, integrate over the angles, and show that all the terms except for the / — 0, m = 0 
term vanish. Show that 


Now show that 
£<*> 


£ (1) = 


e 2 16Z 6 


4n£ n 


n OO n c 

I dr { r 2 e~ 2 Zr i /a « I 
Jo Jo 


-IZrJu 


' 2'2 


e 2 16Z 6 
4ns 0 a 6 0 
e 2 

+ 4ns 0 

e 2 4Z 
4ne 0 a 3 
e 2 

+ 4ne 0 
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: 4 7° f°° r 2 n 2 

/ dr.e~ 4Zr >'"» 

e o 4 Jo 1 Z 2 

2 473 /-co 

+ ^—^T d, V] e~ 2Zr d% 

4jt£ 0 4 Jo 


-?z 


8 \47re 0 a 0 


as in Problem 7-30. 


We take Equation 7.50 and substitute the given yjr u and 1 /r n : 


£<» = 


£r o f f dr > dr 2^ r i )K( r 2>^ 1 A l ,.( r l )^.,.(r 2 ) 

y6 poo p 00 /»27t /» 

-g—j / dr l r 2 e~ 2Zr ' ,a « I dr 2 r\e~ ZZr d u u / I 

i 0 n Jo Jo Jo Jo 


2 n pin 


4n r* 


dO^inO^ / d0 2 sin# 2 


^ ^ 2 / + 1 r ,+ 

/=0 m=-/ ' 1 ' > 


We can write the integrals over the angles as 


pin pn pin pn 

/ d<pA d0 | sin0 i y J m (0 1 ,0 1 ) / d<p 2 d9 2 sine 2 Y l m 

Jo Jo Jo Jo 


\6 V <Pd 


Recalling that K 0 °* = (4 tt) 1/2 , we can rewrite this integral as 


pin pn pin pn 

in d*A do x sin e ] y;” ( 0 ,, 0 ,) y°* ( 0 ,,</>,) / / ^sin^y^,^)^*^,^) 

JO Jo Jo Jo 


Recall from our previous discussion of the spherical harmonics (Chapter 6 ) that 


pin pn 

/ d<p 

Jo Jo 


de sin eYr(e,<p)Yt(d,<p) = sj m 


(6.31) 


Thus, all terms containing spherical harmonics vanish unless l = m = 0. Returning to our 
expression for £ (1) , we now have 


£ (1) = 


e 2 z 6 r°° 
lns 0 a 6 0 n 2 J 0 
e 2 16Z 6 f 00 
l^e 0 4 Jo 


dr t r 2 e 2 Zr d “'<> / dr 2 r\e 2 Zr d“«An —An 
Jo 


dr^r 2 e 2Zr \ /o » / dr 2 r 2 e 1 Zr d% — 
Jo 


Now we can examine the two cases r 2 < r x and r 2 > r, separately. When r 2 < r v r> — r {9 and 
when r 2 > r v r > = r 2 . We can separate the integral over r 2 into two parts and find 


E 0) = 


” 2 167 6 r°° r r i 

-— / dr ] r 1 e _ 2 Zr i A '<> I dr 2 r 2 e~ 2Zr * /a " 

o J o Jo 

1A7 6 r°° f°° 

+ j [ } d vs~ ar ‘"‘ 

o a o J® L V «o a 0 

+ —^ [°°dr ir 2 e- 2 Zr d«o L-^,/«o (^L + i) 

4?r£ o «o 7o L V /J 


2Zr . A '<> / dr 2 r 2 e 2 Zr d% 

Jo 


e 2 4Z 3 f 00 


T / ?7 2 r 2 2Zr 

dr.r.e" 22 '.'-. 1 _ e -2Z',/"„ ( ££_I± + 1^4 + 1 


4Z 
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(These integrals have been solved in detail in Problem 7-30.) To evaluate the resulting integrals 
over r { , we can let x = 2ZrJa Q \ 


£ (1) = 


el -} 0 r dxxe "['- e "( ; 2 +x+ '). 

e 2 7 C°° 

+- -— / dxx 2 e~ x [e~ x (x + 1)1 

4ne 0 2a 0 J 0 

7 r°° p 2 7 /’°° 

- I dxxe~ x --— / dxe~ 2x (x 2 + 2x) 

■o a o Jo 4ns 0 2a 0 J 0 

TZ Z_( 2! 2\~| 5Z e 2 

'o U 0 2a o V 8 + 4/J ~~ 8 4jre 0 a 0 


Z /2! 2 


2a 0 V 8 4 


which is the same result as that found in Problem 7-30. 


8 4ne 0 a 0 


7-32. This problem fills in the steps of the variational treatment of helium. We use a trial function of 
the form 

<P( r,, r 2 ) = -^- e - Z(r i +f 2)/ ! 'o 
a- Q n 

with Z as an adjustable parameter. The Hamiltonian operator of the helium atom is 


H = --—V- 


2 e L e 2 

-+ t- 


2 m e 2 m e 47T£ 0 r, 4ne 0 r 2 47T£ 0 r, 2 


We now evaluate 


f dr ‘ 


dr 2 <p*H<p 


The evaluation of this integral is greatly simplified if you recall that fir) = 

(Z 3 /aln) xl2 e~ Zr i la » is an eigenfunction of a hydrogenlike Hamiltonian operator, one for which the 
nucleus has a charge Z. Show that the helium atom Hamiltonian operator can be written as 


H = - —V 


Ze 2 h 2 


Ze 2 (Z — 2)e 2 (Z - 2)e 2 e 2 

: -+ —-— + 4--— + -- 


2 m e 47 re 0 r, 2 m e 47 re Q r 2 4 ne 0 r l 4ns Q r 2 4ite Q r { . 


where 


Show that 


(IL 

2 m. 47 re„r ) V aln 


— _ 


h 2 Z 2 ( Z 3 \’ /2 


2 m t a\ \aln 


E(Z) = 


Z 6 f f 

a 6 0 n 2 J J 


, J Z(r+r)/a f Z 2 e 2 ZV (Z — 2 )e 2 

dr.dr^e Z(r i +r 2 , /"d-1- 

1 2 L 8^e 0 a 0 87T£ 0 a 0 47r£ 0 r, 

+ (Z -2)e 2 + _"I e -z ( r,+r 2)/ao 

47re 0 r 2 4^-e 0 r 12 . 


The last integral is evaluated in Problem 7-30 or 7-31 and the others are elementary. Therefore, 
E(Z), in units of (m e*/\6n 2 e 2 0 h 2 ) is given by 


Z l( d r c - 

n J r 


E(Z) = —Z 2 + 2(Z -2) — 


= —Z 2 + 2(Z — 2)Z + -Z 


2 Zr r 

r + s z 


27 

: 2 - 4-z 
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Now minimize E with respect to Z and show that 



-2.8477 


in units of m e e 4 /\6n 2 elh 2 . Interpret the value of Z that minimizes E . 


To get from 




2e 2 


h 2 2 2e 2 

-V?-b 

2m e 47re 0 r, 4n£ Q r 2 4ne Q r n 


to 


Ze 2 


H = —— V 2 - : -— V 2 - 

2 m„ 4ns 0 r\ 2 m_ 4n£„n 


Ze 2 (Z — 2)e 2 (Z - 2)e 2 e 
+ — -— + —- — + 


0'2 

,2 


4jt£ 0 r ] 


4ne 0 r 2 


4ne o r n 


Ze 2 Ze 2 

simply add and subtract the quantity --h --. The Hamiltonian operator for a hydrogenlike 

^ 7T£ 0 K \ £ 0^2 

atom can be written as 

H =- — V 2 - —— 

2m 4ir£ n r 

e 0 

When the Hamiltonian operator acts on the hydrogenlike wave function r.) given in the problem, 
we find 


(-IL* - ZfL) (lL)' /2 e -Z'K = (£_\ 

\ 2m e 4ne 0 rJ \a%jt J 2m e a 2 0 \a 3 0 ir J 


3 \ i/2 




where we have taken the ground-state energy from Problem 6-34 and converted it into the units 
used (as in Problem 6-19). Now 

h 2 . Ze 2 h 2 , Ze 2 \ ( h 2 Z 2 \ 

2m e 1 47re 0 r, 2m^ 2 4jre 0 r 2 ) <t> ^'' ^ ~ ( m e a 2 ) ^ 

so (substituting for a Q ) we can write 
E(Z) = j j dr { dr 2 <t>*H4> 
dr { dr 2 <p 


=ff 

Z 6 f f 

aiit 2 J J 


e 2 Z 


4tc £ 


(Z - 2)e 2 (Z - 2)e- e 
+ — -— + —-— + 


,2 I 


dr^dr 2 


0 

e 2 Z 2 

4ns n 


4jt£ o r i 


4ns Q r 2 ' 4ne 0 r nJ 


<P 


+ 


(Z - 2)e 2 (Z - 2)e 


4ne Q r x 


+ 


4n£ 0 r 2 


+ 


4n£ Q r i2 j 


e ~ 2 Z(r x +r 2 )/a l} 


This can be broken down into four integrals: 


z 6 r r 

alii 2 J J 


dr } dr „ ( - 


l l~*2 

76 


47T£ r 


c ,-2Z(r ] +r 2 )fa 


'% = -z 2 (— m&e —^ 

V16t T 2 £ 2 0 h 2 ) 


z 6 f 

ain 2 J 


4n£ 0 r t 

/I 


Z(Z - 2) 


m & e 


\6n 2 £lTi 2 


-51 f dr (Z ~ 2)e2 e -^H = Z(Z - 2) ( m - e * ] 

a 6 0 7t 2 J 2 4ne Q r 2 ’\]6jT 2 £ 2 0 h 2 ) 

-|1 f [ dt dT _i_ e -^ x ^ = SZ / m/ 

a^n J J 2 4n£ Q r n 8 \ 167 r 2 e ^ 2 
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Therefore, in units of- ‘ , , , 

\6n l e 0 h 

, 5 Z , 27 Z 

E(Z) = -Z 2 + 2Z(Z - 2) + — = Z 2 - — 

o o 

Minimizing E{Z), we find 



in units of m e e 4 /\6n 2 spi 2 . The value of Z that minimizes E is less than 2 (the nuclear charge of 
helium) because one electron shields the other from the nucleus. 



CHAPTER 


Multielectron Atoms 


PROBLEMS AND SOLUTIONS 


8-1. Show that the atomic unit of energy can be written as 

„ k 2 e 2 me* 

J7 — _ —— _ —— _£_ 

h m c al 4 7T£ 0 a 0 I67r 2 £ 2 7 i 2 


Equations 8.2 and 8.3 give 


4 nsji 


m t e 


and 


E u = 


me 


\6n 2 spi 2 


and substituting into Equation 8.2 into Equation 8.3 gives 




Ti l 


m e 


m e a$ 47T£ 0 a 0 167r 2 £oft 2 


8-2. Show that the energy of a helium ion in atomic units is —2 E h . 


The ground state energy of a helium atom is 

E - 

327r 2 £o^ 2 

If we let m e = 1, e = 1, 47re 0 = 1, and h = 1, then we obtain 



where E h is the atomic unit of energy and we take Z = 2. 


8-3. The electric potential energy at a distance r from a charge q is 


4ne 0 r 

Show that the atomic unit of potential energy is the potential energy at a distance of one Bohr radius 
from a proton (see Table 8.1). 
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In atomic units, e 
proton is 


1, 47 T £ 0 = 1, and a Q = 1. The potential at a distance of one Bohr radius from a 


V = 


4rts 0 a 0 


so V = 1 in atomic units. 


8-4. Show that the speed of an electron in the first Bohr orbit is e 2 /4ne 0 h = 2.188 x 10 6 m-s '. This 
speed is the unit of speed in atomic units. 


Use Equation 1.16 and take r = a Q and n = 1 to obtain 

v = — = — [ m » g2 \ = - 

/n e a 0 m e y4ns 0 h 2 J 4ns 0 fi 

(1.6022 x 10-' 9 C) 2 

= (1.1127 x lO^C^r'-nr 1 ) (1.0546 x 1CT 34 J-s) 
= 2.1877 x 10 6 m-s"' 


8-5. Show that the speed of light is equal to 137 in atomic units. 


In the previous problem we found the conversion factor from SI units to atomic units: 2.188 x 
10 6 m-s - '. Thus 

2.998 x 10 8 m-s“‘ 

c = - 7 - r = 137 

2.188 x 10 6 m-s” 


8 - 6 . Another way to introduce atomic units is to express mass as multiples of m e , the mass of an 
electron (instead of kg); charge as multiples of e, the protonic charge (instead of C); angular 
momentum as multiples of ft (instead of in J-s = kg-m 2 -s -1 ); and permittivity as multiples of 4 ns 0 
(instead of in C 2 -s 2 -kg _1 -m -3 ). This conversion can be achieved in all of our equations by letting 
m t = e = ft = 47 T £ 0 = 1. Show that this procedure is consistent with the definition of atomic units 
used in the chapter. 


All the atomic units in Table 8.1 are clearly equal to one when we let m e = e = ft = 47 re 0 = 1 with 
the exception of £ h and a 0 . For these two units, we use the definitions in Table 8.1 and substitute in 
m e = e = ft = 47 T 6 0 = 1 to find 



h 47T£ 0 a 0 



47T£ 0 ft 2 _ M 2 


me 


M 2 


8-7. Derive Equation 8.5 from Equation 8.4. Be sure to remember that V 2 has units of (distance) 2 
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Because we showed that setting ra e = e —Ti = 47 re Q = 1 is consistent with the definition of atomic 
units, we can rewrite Equation 8.4 as follows: 


H = 


2 m a 


V]- 


2m. 


-V 2 - 


2e 2 


2e 2 


2 1 2 2 r, 


4 7re 0 r, 

2 1 
- + — 


4jr£ 0 r 2 


+ 


47r£ 0 r i2 


8-8. Show that the normalization constant for the radial part of Slater orbitals is 
(2?)" + 5/[(2n)!]'/ 2 . 


From Equation 8.12, the radial part of a Slater orbital is r" x e Kr . We can find the normalization 
constant c by solving the equation 


and so 



- 2 / 1 - 2 ,. 


-^'r 2 dr = 


(2/»)! 

(2f) (2n+,) 


= 1 


( 2 ?r* 

V(2^yi 


8-9. Use Equation 8.12 to write out the normalized 1 s, 2s , and 2p Slater orbitals. How do they differ 
from the hydrogenlike orbitals? 

The Slater orbitals are given by 

S nla (r, e, 0) = N nl r n - ] e~<'Yr(e , 0) (8.12) 

where N nl = (2£)" + */[(2n)!] l/2 . 


Orbital 

n 

/ 

m 

^ nlm 

Is 

i 

0 

0 

2S V2 e-< r /(4x) l/2 

2s 

2 

0 

0 

(2£) 5/ V ? 7(96*r) ,/2 

2 P 

2 

1 

0 

3 1/2 (2f) 5/2 re _fr cos0/(96tt) 1/2 

2 P 

2 

1 

1 

3 1/2 (2 tf l2 re~ Kr+i * sin 6>/(1927r) 1/2 

2p 

2 

1 

-1 

3 i /2 (2^) 5/2 re -<r-,0 sin (9/( 1 92 7 r) I/ 2 


The hydrogenlike orbitals can be represented by the general function \j/ = N n} R nf (r)Y™{9, 0). The 
Slater orbitals are not orthogonal to one other, while the hydrogenlike orbitals are. Slater orbitals 
also have no radial nodes. 


8-10. Substitute Equation 8.5 for H into 

E = I j d r,0r 2 0* (r,)0* (r 2 ) H0 (r,)0(r 2 ) 


E - A + h + y i2 


and show that 
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where 


and 


Ij = J 4r.0*(r.) 




0(r) 


2, 2 = f f dr i dr 2 <f>*(r l )<p(r ] )—<p*{r 2 )<p(r 2 ) 
J J f\ 2 


Why is 7 12 called a Coulomb integral? 


Equation 8.5 is the Hamiltonian operator for a helium atom. To generalize to an atom with atomic 
number Z we substitute Z for 2 in this equation. When we do, the energy E is given by 


E = f /'rfr 1 Jr 2 0*(r 1 )d>*(r 2 ) V* - ]■ V 2 2 - - - - + — 0(r,)d>(r 2 ) 
J J L Z 1 r i r 2 r !2- 


= j dr^'ir,) 

+ J dr 2 <p*(r 2 ) 


2 1 r. 


<P( r,) J dr 2 <p*(r 2 )<t>(r 2 ) 
j^(r 2 ) J dr l <P*(r ] )<p(r l 


+ 


J J dr x dr 2 <p* 


(r,)0*(r 2 )— 0(r 1 )0(r 2 ) 

r i2 


Recall that 0(r,) and 0(r 2 ) are normalized, and so the integrals of 0*(r / .)0(r / .) are equal to one. 
Substituting the given definitions for / ; . and 7 12 gives 


E = A + I 2 + 


The integral J n is called a Coulomb integral because it is due to the coulombic interaction between 
the two electron charge densities. 


8-11 . In this problem we will examine the physical significance of the eigenvalue e in Equation 8.20. 
The quantity e is called the orbital energy. Using Equation 8.19 for multiply Equation 8.20 

from the left by <p*( r,) and integrate to obtain 

e i = A + J n 

where /, and J l2 are defined in the previous problem. Show that the total energy of a helium atom 
E = I t + I 2 + y, 2 is not the sum of its orbital energies. In fact, show that 

e, = E - I 2 (1) 

But according to the definition of I 2 in Problem 8-10, I 2 is the energy of a helium ion, calculated 
with the helium Hartree-Fock orbital (p(r ). Thus, Equation 1 suggests that the orbital energy e, is 
an approximation to the ionization energy of a helium atom or that 

IE ^ —e, (Koopmans’ approximation) 

Even within the Hartree-Fock approximation, Koopmans’ approximation is based upon the 
approximation that the same orbitals can be used to calculate the energy of the neutral atom and the 
energy of the ion. The value of -e, obtained by Clementi (see Table 8.2) is 0.91796^, compared 
with the experimental value of 0.9047.’ h . 
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Use the Hamiltonian operator given by Equation 8.19 (using Z in place of 2, as in the previous 
problem) and multiply Equation 8.20 from the left by 0*(r,) to obtain 


/ 


dr.<t>*( r.) 


■^-f + VTCr,) 


0(r.) 




(r.)4>(r.)dr. 


But 


I .ir,0*(r | )V 1 eff (r | )0 1 (r,) = J n 

so we have 


i\ + = e i 

Because the total energy of a helium atom is E = /, + / 2 + J |2 , it follows that e, = £ - / 2 . 


8-12. Show that the two-term helium Hartree-Fock orbital 

4>{r) = 0.81839e“ 1,44608r + 0.52072^ ~ 286222r 

is normalized. 


For a normalized orbital <p(r ), f dr0*(r)0(r) = 1. Using 0(r) given in the problem, 

/ y» 2 tt /* jt /*oo 

dz<j>*(r)cp(r) = J d<p J ddsindj drr 2 ( 0.81839^“' 44608r + 0.52072^~ 2 86222r ) 2 

poo 

= 4 n drr 2 [(0.81839) 2 e -2 892l6r + 2(0.81839)(0.52072)e _4 3083r 

Jo 

1 


= 4tt (0.81839) 


+(0.52072) 2 e _5 ' 72444r1 
2 


L (2.89216) 3 J 
+(0.52072) 2 


+ 2(0.81839)(0.52072) 
2 


[(4.3083)' J 


L(5.72444) J J 


= 1.00001 


8-1 3. The normalized variational helium orbital we determined in Chapter 7 is 

<p(r) = 1,2368e -27r/l6 

A two-term Hartree-Fock orbital is given in Problem 8-12: 

4>{r) = 0.81839^“* 44608r + 0.52072e _2 - 86222r 
and a five-term orbital given on page 283 is 

<p(r) = O.75738e _l,4300r + 0.43658<T 2 44l5r + 0.17295^“ 4 0996r 
—0.02730e _64843r + 0.06675e" 7 978r 
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Plot these orbitals on the same graph and compare them. 



These expressions are nearly identical for r > 0.3. 


8-14. Given that 4>(1, 2) = lsa(l)\sp(2) - \sa(2) ljj8(l), prove that 

J 4r 1 Jr 2 vI/*(l,2)vI/(l,2) = 2 

if the spatial part is normalized. 


J dr 1 dT 2 'I'*(l, 2)'P(1, 2) = J J dx,dx 2 [1«**(1)1j0*(2) - ljo*(2)ljj8*(l)] 

x [lja(l)lijS(2) - lsa(2)lj/3(l)] 

= J J dT l dT 2 \sa*(l)\sfi*(2)\sa(l)ls/3(2) 


-//■ 
-//' 


4r.4r 2 Ua*(l)l^*(2)lsa(2)ls i 8(l) 


<fr.<*r 2 lttx*(2)lsj8*(l)lsa(l)ljj8(2) 


+ 


/ J dr ' 


dTAsa*(2)lsP*(\)lsot(2)lsf}(l) 


= 1—0 — 0+1 = 2 


where we have used Equations 8.27. 


8-1 5. Show that the spin integral in Equation 8.40 is equal to 2. 


The spin integral in Equation 8.40 is 

J J [a*{a x )P*{o 2 ) - a*(cr 2 )£*(>,)] [arO,)^) - dCT,4a 2 

This expression can be broken into four integrals found in Example 8-3. The sum of these four 
integrals is the value of the spin integral and is equal to 2. 
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8-16. Why is it impossible to distinguish the two electrons in a helium atom, but not the two electrons 
in separated hydrogen atoms? Do you think the electrons are distinguishable in the diatomic H 2 
molecule? Explain your reasoning. 


For two electrons in separated hydrogen atoms, the electrons are associated with two different 
nuclei and are independent of one another. There is no potential energy term that couples the two 
electrons and so the Hamiltonian operator of the system is separable. The two electrons in a helium 
atom cannot be distinguished because the Hamiltonian operator cannot be separated into a sum of 
two terms that are functions of only one electron each, and the wavefunction of this two electron 
system must be antisymmetric under the interchange of the two electrons. 

The electrons in the diatomic H 2 molecule are also indistinguishable. We will learn in Chapter 9 
that the Pauli exclusion principle also applies to molecular orbitals. 


8-17. Why is the angular dependence of multielectron atomic wave functions in the Hartree-Fock 
approximation the same as for hydrogen atomic wave functions? 


The Hamiltonian operator used in the Hartree-Fock approximation depends only on r (Equa¬ 
tion 8.19), and so the angular dependence of the wave functions of a multielectron atom in the 
Hartee-Fock approximation is the same as in the hydrogen atom. 


8-18. Why is the radial dependence of multielectron atomic wave functions in the Hartree-Fock 
approximation different from the radial dependence of hydrogen atomic wave functions? 


The radial dependence of the effective Hamiltonian operator differs from the Hamiltonian operator 
of a hydrogen atom. 


8-19. Show that the atomic determinantal wave function 


1 lsa(l) \sP(l) 

\sa( 2) \sp(2) 

is normalized if the Is orbitals are normalized. 




Expand the determinant given to get 


1 


ir = —= [lsa(l)ls/B(2) - 1ux(2)1jI(1)] 

V2 


Then 


fdxrt = j/wr[,ja(l)W)- .Ja(2)li«l)f 

= 1(1+ 0 + 0+1) = 1(2) = 1 

where we have used the information in the solution of Problem 8-14 to evaluate the integral. 


8-20. Show that the two-electron determinantal wave function in Problem 8-19 factors into a spatial 
part and a spin part. 
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f = ~j= [M1MD1s( 2)/3(2) - l5(2)«(2)l5(l)/3(l)] 
V2 


= ls(l)ls(2) 


4[«(l)/J(2)-«(2)/Kl)] 

V2 


8-21. Argue that the normalization constant of an N x N Slater determinant of orthonormal spin 
orbitals is 1 /\/n7. 


The expansion of an /V x N determinant yields AM terms, and (A!) 2 terms when the wave function 
is squared. However, the only terms in the square of the wave function that yield a non-zero integral 
when integrated over all the electron coordinates are the AM terms. All the cross products yield a 
zero integral because of the orthogonality of at least one spin orbital. Because the spin orbitals are 
normalized, the normalization constant is 1 /AM. 


8-22. The total z component of the spin angular momentum operator for an A-electron system is 


s,„, = E^ 

7 = 1 


Show that both 


and 


1 iSOf (1) ls/f(l) 


* V3l 


V2\\sa(2) ls0(2)| 

lsa(l) 

i^d) 

2sa(l) 

Isa (2) 

ls)8(2) 

2sa(2) 

lsa(3) 


2sa(3) 


are eigenfunctions of S What are the eigenvalues in each case? 


For the first wave function given, 

^z.toial 1 ^ — (' 


S zl + S z2 


V2 

if rn n~ 

V21U 2. 


)>' 


sa(l)lsj8(2) - l^(l)lsa(2)] 


lsa(l)ljj8(2) 


' h h 
~2 + 2 


ljj8(l)lja(2) 


= 0[lsa(l)ls£(2) - ls0(l)lsa(2)] 


Thus i/r is an eigenfunction of S z total with eigenvalue zero. The expansion of the second determinant 
given in the problem involves six terms. A typical term is the diagonal product, 

(X, + s i2 + s z3 ) l**(l)l50(2)2ja(3) = Q - \ + 1s«(1)1^(2)2j«(3) 

Of the six terms in the expansion of the 3 x 3 determinant, three are positive and three are 
negative. Evaluation of each of the six terms involved in the expansion of the determinant produces 
coefficients ofh/2 (multiplying the positive terms) and — ft/2 (multiplying the negative terms). 
Thus turns out to be an eigenfunction of S z tota , with eigenvalue h/2. 
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8-23. Consider the determinantal atomic wave function 

1 


^( 1 , 2 ) = 


72 


* 21l «(o 
* 211 «( 2) 


where i/ 2l±l is a hydrogenlike wave function. Show that ^(1,2) is an eigenfunction of 


and 


L . = L , + L - 

z. total zl z2 


7,total - 7.1 + 7.2 


What are the eigenvalues? 


Use the identities for hydrogenlike wave functions (Equations 8.24 and 8.22) 

7*„,m = ™W nlm S 7 a = h -a SJ = ~\p 

Now 

7.total ^ = -j= (Al + kl) [* 2 |,«(1)* 2I _,0(2) - * 2|I a(2)* 21 _,0(l)] 

= ^[(R-»)^ 2ll a(l)Vr 2l _ 1 ^(2)-(-ft+R)^ 211 «(2)^r 2I _ 1 /8(l)] 

= 0 

Therefore 4* is an eigenfunction of L z lolal with eigenvalue zero. Similarly, 

7,0*1* = (7, + S a ) [* 2I1 «(1)* 21 _,|8(2) - ^ 2I1 «(2)^ 21 _ lJ 8(D] 

(h h\ f n n\ 

(2 - 2) ^2..«0)^2.-./5C2) - 2 + 2) ^.,“(2)^ 21 _^(1) 

= 0 



4> is also an eigenfunction of S z to(a[ with eigenvalue zero. 


8-24. For a two-electron system, there are four possible spin functions: 

1. of(l)of(2) 2. P(\)a(2) 3. a( 1)0(2) 4. 0(1)0(2) 

The concept of indistinguishability forces us to consider only linear combinations of 2 
and 3, 


ir ± = -^[a(\)p(2)±p(\)a(2)] 


instead of 2 and 3 separately. Show that of the four acceptable spin functions, 1, 4, and ifr ±J three 
are symmetric and one is antisymmetric. 

Now for a two-electron system, we can combine spatial wave functions with spin functions. 
Show that this combination leads to only four allowable combinations: 


[*(1)0(2) + *(2)0(I)]-U a (i)0(2) - a(2)0(l)] 

72 


[*(1)0(2)-*(2)0(l)][a(l)a(2)] 
[*(1)0(2) -*(2)0(l)][jB(l)0(2)] 
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and 

[00)0(2) - 0(2)0(l)]-^[a(l)0(2) + <*(2)00)] 

where 0 and 0 are two spatial wave functions. Show that M s = m s] + m s2 = 0 for the first of these 
and that M s = 1, -1, and 0 (in atomic units) for the next three, respectively. 

Consider the first excited state of a helium atom, in which 0 = Is and 0 = 2 s. The first of 
the four wave functions above, with the symmetric spatial part, will give a higher energy than the 
remaining three, which form a degenerate set of three. The first state is a singlet state and the 
degenerate set of three represents a triplet state. Because M s equals zero and only zero for the 
singlet state, the singlet state corresponds to S = 0. The other three, with M s = ±1, 0, corresponds 
to S = 1. Note that the degeneracy is 25 + 1 in each case. 

Putting all this information into a more mathematical form, given that 5 total = 5, + S 2 , we can 
show that (Problem 8-53) 


5L,[«(D^(2)-a(2)/3(l)] = 0 


corresponding to S = 0, and that 



<*(1M2) 


a(l)a(2) 

C 2 

° total 

-Ua(l)/5(2) + a(2)£(l)] 
V2 

00)0(2) 

= 2 h 2 

4=[a(l)0(2) + a(2)0(l)] 
V2 

00)0(2) 


corresponding to 5 = 1. 


When we interchange the two electrons, the only function which changes sign is 0_. By definition, 
then, the three symmetric spin functions are a(l)a(2), 0(1)0(2), and 0 + , and the antisymmetric 
wave function is 0_. 

Allowable combinations of spatial wave functions and spin functions are those for which the 
overall product of the functions is antisymmetric under the interchange of the two electrons. For 
this to be the case, we must combine an antisymmetric spatial wave function with the symmetric 
spin functions and a symmetric spatial wave function with the antisymmetric spin function. There 
are then four allowable combinations 

[0(1)0(2) + 0(2)0(l)]-^[a(l)0(2) - a(2)0(l)] 

[00)0(2) - 0(2)0(l)][a(l)a(2)] 

[ 00 ) 0 ( 2 ) - 0 ( 2 ) 0 ( 1 )][ 0 ( 1 ) 0 ( 2 )] 

and 

[00)0(2) - 0(2)0(l)]-^[a(l)0(2) + a(2)0(l)] 

When we operate on these functions with 5, toul (as we did in the preceding two problems), we 
find that the eigenvalues of these four functions are 0, h, —h, and 0, respectively, or 0, 1,-1, and 0 
in atomic units (recall that the atomic unit of angular momentum is h). Thus M s — 0 for the first 
function, and M s = 1,-1, and 0 for the next three. 
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8-25. Consider a helium atom in an excited state in which one of its Is electrons is raised to the 2s 
level, so that its electron configuration is \s2s. Argue that because the two orbitals are different, 
there are four possible determinantal wave functions for this system: 

1 l5a(l) 2sa(l) 

<t> ' ~ V2 Isa(2) 2sa{2) 

_ J_ ls0(l) 2sp(\) 

\sp{2) 2sfi(2) 

1 1sa(l) 2sfi{\) 

^ “ V2 lsa(2) 2sp(2) 

1 lsjS(l) 2sa(l) 

“ 71 \sp(2) 2sa(2) 

To calculate the energy of the \s2s configuration, assume the variational function 




dr ] dr 2 \s(\)2s(\) 



15(2)25(2) 


and £ 0 is the energy without the 1 /r ]2 term in the helium atom Hamiltonian operator. Show that 



Explain why J is called an atomic Coulombic integral and K is called an atomic exchange integral. 

Even though the above secular determinant is 4 x 4 and appears to give a fourth-degree 
polynomial in E , note that it really consists of two 1 x 1 blocks and a 2 x 2 block. Show that this 
symmetry in the determinant reduces the determinantal equation to 
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and that this equation gives the four roots 

E = E Q + J — K (twice) 

= E 0 + J ± K 

Show that the wave function corresponding to the positive sign in E in the E 0 + J ± K is 

^3 = - 0 4 ) 

and that corresponding to the negative sign in E Q + J ± K is 

% = 7! ( ^ 3 + 04) 

Now show that both 0 3 and y\r 4 can be factored into a spatial part and a spin part, even though 0 3 
and 0 4 separately cannot. Furthermore, let 

Vq = <j) x and i/r 2 = 0 2 

and show that both of these can be factored also. Using the argument given in Problem 8-24, group 
these four wave functions , 0 2 , \fr v 0 4 ) into a singlet state and a triplet state. 

Now calculate the energy of the singlet and triplet states in terms of E 0 , 7, and K. Argue that 
J > 0. Given that K > 0 also, does the singlet state or the triplet state have the lower energy? The 
values of J and K when hydrogenlike wave functions with Z = 2 are used are J = 34/8 l£ h and 
K = 32/(27) 2 £ h . Using the ground-state wave function 

lsa(l) U0(l) 

Isa ( 2 ) lsj 8 ( 2 ) 

show that the first-order perturbation theory result is E = -11 /4 E h if hydrogenlike wave functions 
with Z = 2 are used. Use this value of E to calculate the energy difference between the ground 
state and the first excited singlet state and the first triplet state of helium. The experimental values 
of these energy differences are 159 700 cm -1 and 166 200 cm' 1 , respectively (cf. Figure 8.5). 

In Problem 8-24 we examined the four possible determinantal wave functions for a system with 
two spatial wave functions (such as the helium atom in a ls2s electron configuration). Writing 
these wave functions in determinantal form and substituting Is and 2 s for 0 and 0 gives the 4> j 
listed in this problem. Now we must find the secular equation associated with 

0 = CJ0, + C 2 0 2 + C 3 0 3 + C 4 0 4 

We use Equation 7.40, 

H n — ES U H {2 — ES n H {3 — ES l3 H l4 — ES h 

#21 — #22 — H 23 — ES 23 H 24 — ES 24 _ 

H 3 \ — isS 31 H 32 — es 32 h 33 — es 33 H 34 — es 34 

#4i ~~ H 42 — ES 42 H 43 — ES 4 3 H 44 — es 44 

To solve this equation, we must find the H.. and S ij . We can begin with the H... For example, 
consider H u = f f dx x dT 2 <j> x H(p ] . We need to evaluate the expression 

= \-- + — 2= [1s«(1)2jo( 2) - lsa(2)2**(l)] 

_ 2 G 2 r 2 ^* 12 - v 2 

-2- - 2- + — 2= [lja(l)2^Q!(2) - lja(2)2ja(l)] 

2 o ^* 12 - V 2 
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where we have used the fact that the eigenvalue associated with a Is orbital is -Z 2 /2 and that 
associated with a 2s orbital is —Z 2 / 8 . Because we are examining the helium atom, Z = 2, so 

Z 2 Z 2 5 

2 8 “ 2 £h_£ ° 

Therefore 

H U = ^J j dx ] dx 2 [lsa*(l)2so:*(2) - lsror*(2)2^Q:*(l)] ^£ 0 + 
x [ls«(l)2sa(2) - lsa(2)2sa(l)] 

= l - [£ 0 (1 - 0 - 0 + 1 ) + (J - K - K + 2 )] 

= E 0 + J - K 

The evaluation of H 22 is similar to that of H n (simply replace a by fi everywhere in the expression 
for //,,). We then find 


H 22 = E 0 + J - K 

To evaluate H 2V we evaluate the expression 

fi 33 = lj j dx,dx 2 [1 «**(l)2tf *(2) - lso!*(2)2s/r(l)] ( E 0 + 
x [lsa(\)2sp(2) - lsa(2)2s/3(l)] 

= \ [£„(1 - 0 - 0 + 1) + (/ - 0 - 0 + 7)] 

The evaluation of // 44 is similar to that of H 33 (simply interchange a and /? everywhere in the 
expression for H 33 ). This gives 


#44 = E 0 +J 

The evaluation of H 3A (which is equivalent to H 43 ) is done as follows: 

Hi4 = U / - l5«*(2)2j)8*(l)] ^£ 0 + 

x [ljj 8 (l) 2 jtt( 2 ) - ls/S( 2 ) 2 sa(l)] 

= l - [£ 0 (0 - 0 - 0 + 0) + (0 - K - K + 0)] 

= -K 

The quantities H n , H {V H xv H 23 and H u vanish because integration over the corresponding spin 
functions is zero. (Notice that H. = H jr ) The evaluation of the S ij terms involves manipulations 
like those done in Problems 8-14 and 8-19. All of the off-diagonal vanish because of integration 
over the spin functions, and the diagonal 5. . terms are 1 for j = 1,2, 3, and 4. 

The integral J is called an atomic Coulombic integral because it expresses the coulombic 
forces acting between the two electrons, and K is called an atomic exchange integral because it 
results from the exchange of the electrons between the orbitals. We now substitute the above results 
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into Equation 7.40 to obtain the secular determinantal equation given in this problem. We expand 
this determinant to find 


E^+J-K-E 0 0 


K - E) 

0 

E 0 + J - E 

-K 


0 

-K 

E 0 + J - E 



E n + J - E 

-K 

\E q + J — K — EY 

o 

-K 

E 0 + J — E 


0 


0 


This gives 


(. E 0 +J-K- E) 2 [(£ 0 + J - E) 2 - K 2 ] = 0 


We solve this equation to find 


E = E 0 + J - K or E = E 0 + J ±K 

where (as noted in the problem) the solution E 0 + J — K occurs twice. The 2x2 block in the 
secular determinant corresponds to the algebraic equations 


c 3 (E 0 + J — E) — c a K = 0 
—c 3 K + c 4 (£ 0 + J — E) = 0 


Substituting the solution E = E 0 + J - K into either of these equations yields c 3 = c 4 . Thus, the 
wave function corresponding to this solution is 

^3 = ( ^3 “ 0*) 

where 1/V2 is a normalization constant. Likewise, substituting the solution E = E 0 + J + K into 
either of these equations yields c 3 = —c 4 and the wave function corresponding to this solution is 

= 7f (< ^3+^4) 


where 1/V2 is a normalization constant. 
Now 


*4 

% 


V5 




- [lsa(\)2sP(2) - \sa{2)2sp{\) + \sp(\)2sa(2) - 
l - [ls(l)2s(2) - ls(2)2s(l)] [a(l)p(2) + p(\)a(2)] 


- [1jq:(1)2j/3(2) - \sa(2)2sp(l) - \sp(l)2scc(2) + 
\ [15(1)25(2) + 15(2)25(1)] [o:(l)/J(2) - P( l)a(2)] 


3 ' 


<t> ] = — [lsa(l)2sa(2) — l^o? (2)2^0? (1)] 


4= [15(1)25(2) - 15(2)25(1)] [a(l)a(2)] 
V2 


7 i' 


<P 2 = — [lsp(l)2sp(2) - \sp(2)2sp(l)] 


4= [15(1)25(2) - 15(2)25(1)] [p{\)p{2)] 
V2 


1 Sp (2)250! (1)] 


15$ (2)250! (1)] 
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Referring to the results of Problem 8-24, we can see that is a singlet state and the i j/ v \jr v and 
constitute a triplet state. The energy of the triplet state can be calculated using yfr x , \jr 2 , or \j/ 3 : 


dx x dT 2 \l/* H\l/. 


-//■ 

= \f f dx x dx 2 [\s{\)2s{2) - l5(2)2 5 (l)][a*(l)a*(2)] [e o + J- 
x [15(1)25(2) - 15(2)25(1)] [a(l)a(2)] 


= i [£ 0 (1 - 0 - 0 + 1) + (J - K - K + 7)] 
= E 0 + J - K 


The energy of the singlet state is calculated in the same way and is 


^singlet = E 0 + J + K 

The integrand in J is positive at all points, and so J > 0. If K >0 also, then the energy of the triplet 
state is less than that of the singlet state. We calculated the value of E as — 11 /4 in Problem 7-30 
using first-order perturbation theory. Using the given values of J and K , we find that 

£ (excited triplet) = E 0 + J — K 

_ 5 34 32 

“ ~2 + 8 l ~ (27) 2 
= -2.1241 

is (excited singlet) = E 0 + J + K 

5 34 32 

~ ~2 + 81 + (27) 1 
= -2.0364 


Therefore, we have 

AE(triplet —► ground state) = —2.1241 + 2.7500 = 0.6643 E h = 126 500 cm -1 
and 

A£(singlet -»■ ground state) = —2.0857 + 2.7500 = 0.71365 E h = 156630 cm " 1 


8-26. Determine the term symbols associated with an np x electron configuration. Show that these 
term symbols are the same as for an np 5 electron configuration. Which term symbol represents the 
ground state? 
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For an np 1 electron configuration, there are six entries in a table of possible sets of m } and m y . We 
have (using Equations 8.49, 8.50, and 8.52) 


m t 

m 

s 

M l 

M s 

M, 

i 

+ 5 

1 

+ 2 

+ 1 

i 

1 

2 

1 

1 

2 

+ 2 

0 

+ 2 

0 

-4 

+ 2 

0 

1 

2 

0 

1 

2 

1 

2 

-1 

+ 5 

-1 

+ 2 

1 

2 

-1 

1 

2 

-1 

1 

2 

3 

2 


The M and M s values given here correspond to a 2 P state, and the values of M 3 correspond to a value 
of J of either 1 /2 or 3/2. Thus, the term symbols associated with an np 1 electron configuration are 
2 P 3/2 and 2 P 1/r The ground state is determined by using Hund’s rules; by Rule 3, the most stable 
state (and therefore the ground state) is 2 P |/2 . 

An np 5 configuration can be thought of as an np ] configuration because two of the np orbitals 
are filled and so M s and M L are determined by the remaining half-filled p-orbital. Therefore, 
the term symbols associated with the np 5 configuration will be the same as those for an np 1 
configuration. From Equation 8.53 we also see that the number of sets of m. { and m h remains the 
same for an np 5 configuration as for an np ] configuration. 


8-27. Show that the term symbols for an np 4 electron configuration are the same as for an np 2 electron 
configuration. 


There are fifteen entries in a table of possible m j and m s values for both an np 4 and np 2 electron 
configuration. In deducing the term symbols for an np 4 configuration, we realize that one np orbital 
must be filled and so M L and M s will be determined by the remaining two np electrons. In other 
words, there are two electron "holes" to fill, and so the same table of entries results as for an np 2 
electron configuration, where there are two electrons to place. 


8-28. Show that the number of sets of magnetic quantum numbers ( m ( ) and spin quantum numbers 
(m v ) associated with any term symbol is equal to (2 L + 1)(2 S + 1). Apply this result to the np 2 
case discussed in Section 8-9, and show that the term symbols ! S, 3 P, and *D account for all the 
possible sets of magnetic quantum numbers and spin quantum numbers. 


Each value of M L associated with a value of L gives 2 S + 1 entries, and there are 2L + 1 values of 
M l for each value of L. The total number of entries for each term symbol, then, excluding the J 
subscript, is (2 L + 1)(2S + 1). In the previous problem, we found that there were fifteen entries in 
a table of m j and m y values for an np 2 electron configuration, so if we have accounted for all fifteen 
we have accounted for all possible sets of quantum numbers. Applying the result of this problem to 
the np 2 configuration, we find 

'S 3 P l D 

(1 x 1) + (3 x 3) + (1 x 5) = 15 


These three term symbols account for all possible sets of m f and ra y . 
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8-29. Calculate the number of sets of magnetic quantum numbers ( m f ) and spin quantum numbers 
(m v ) for an nd s electron configuration. Prove that the term symbols ! S, ! D, 3 P, 3 F, and’G account 
for all possible term symbols. 


There are a total of 


G\ 

N\(G — N)\ 


10 ! 

8 ! 2 ! 


= 45 entries 


(8.53) 


in a table of possible values of m l and m v . Proceeding as we did in Problem 8-28, we find 


J S l D 3p 3p 1 G 

(1 X 1) + (1 X 5) + (3 x 3) + (3 X 7) + (1 x 9) = 45 


so these five term symbols account for all possible sets of m } and m y . 


8-30. Determine the term symbols for the electron configuration nsnp. Which term symbol corresponds 
to the lowest energy? 


There are 2 possible sets of m ! and /n v for the ns electron and 6 possible sets of m ( and m v for the 
np electron, so there are 2 x 6 = 12 possible sets of m } and m s for this system. We can denote 
values for the electron in the ns orbital as and those for the electron in the np orbital as m 2j . 
The allowed values are then 





m 2l 

m 2s 


M s 

Mj 

1. 

0 

+5 

1 

+ 1 

1 

1 

2 

2 . 

0 

1 

2 

1 

+ 5 

l 

0 

1 

3. 

0 

+ 2 

1 

1 

2 

l 

0 

1 

4. 

0 

1 

2 

1 

1 

2 

l 

-1 

0 

5. 

0 

+ 5 

0 

+ 2 

0 

1 

1 

6 . 

0 

1 

2 

0 

+ 2 

0 

0 

0 

7. 

0 

+ 5 

0 

1 

2 

0 

0 

0 

8 . 

0 

1 

2 

0 

1 

2 

0 

-1 

-1 

9. 

0 

+ 2 

-1 

+5 

-1 

1 

0 

10. 

0 

1 

2 

-1 

+ 5 

-1 

0 

-1 

11. 

0 

+ 5 

-1 

1 

2 

-1 

0 

-1 

12. 

0 

! 

2 

-1 

1 

2 

-1 

-1 

-2 


Entries 1, 2, 4, 5, 6 , 8 , 9, 10, and 12 correspond to L = 1 and S = 1, or a 3 P term symbol, and 
entries 3, 7, and 11 correspond to L — 1 and S = 0, which is a l P term symbol. The values of J 
can be derived from the table or by using Equation 8.54. The final result gives the term symbols 

3 P 2 3 P, 3 P q *p 

(L+ 2 S) (L + S-l) (|L —°5|) (L + S) 

According to Hund’s rules, the ground state is 3 P Q . 


8-31. How many sets of magnetic quantum numbers ( m f ) and spin quantum numbers (m v ) are there 
for an nsnd electron configuration? What are the term symbols? Which term symbol corresponds 
to the lowest energy? 
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There are 2 possible sets of m ( and m s for the ns electron and 10 possible sets of m } and m s for the 
nd electron, so there are 2 x 10 = 20 possible sets of m f and m s for this system. The determination 
of the term symbols can be carried out as in Problem 8-30. The term symbols corresponding 
to the possible sets of m } and m v values are 3 D and ! D. The values of J are determined using 
Equation 8.54, and the final result is 

3 D 3 3 d 2 3 d, >d 2 

(L + S) (L + S - 1) (|L -S|) (L + 2 S) 

According to Hund’s rules, the ground state is 3 D r 


8-32. The term symbols for an nd 2 electron configuration are 1 S, ! D, ! G, 3 P, and 3 F. Calculate the 
values of J associated with each of these term symbols. Which term symbol represents the ground 
state? 


We can use Equation 8.54 to find the values of J for each term symbol. 


Term Symbol L S J Full Term Symbol 


l S 

*D 

*G 

3 P 

3 F 


000 ‘Sq 

2 0 2 j D 2 

4 0 4 ] G 4 

1 1 2,1,0 3 P 2 , 3 P p 3 P 0 

3 1 4,3,2 3 F 4 , 3 F v 3 F 2 


By Hund’s rules, the ground state is represented by the term symbol 3 F 2 . 


8-33. The term symbols for an np 3 electron configuration are 2 P, 2 D, and 4 S. Calculate the values of 
J associated with each of these term symbols. Which term symbol represents the ground state? 


We use Equation 8.54 to find the values of J for each term symbol. 

Term Symbol L S J Full Term Symbol 


2 P 

2 D 

4 S 


1 

2 

0 


1 2 1 

2 2 ’ 2 

1 5 3 

2 2 ’ 2 

3 3 

2 2 


2 P 2 P 

r 3/2 ’ *1/2 

2 d 2 d 

^ 5 / 2 * ^ 3/2 

4 S 

^ 3/2 


By Hund’s rules, the ground state is represented by the term symbol 4 S 3/2 . 


8-34. Determine the electron configuration of a magnesium atom in its ground state, and its ground-state 
term symbol. 


The ground state electron configuration of a magnesium atom is (from general chemistry) 
lj 2 2^ 2 2p 6 3^ 2 , or [Ne]3s 2 . We learned in our initial discussion of term symbols that ns 2 electron 
configurations correspond to the term symbol l S 0 , so the term symbol for atomic magnesium in the 
ground state is 1 S Q . 


8-35. Given that the electron configuration of a zirconium atom is [Kr](4</) 2 (5s) 2 , determine the 
ground-state term symbol for Zr. 
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The term-symbol for zirconium is determined by the nd 2 electrons. The ground state of an nd 2 
electron configuration is 3 F 2 (Problem 8-32). 

8-36. Given that the electronic configuration of a palladium atom is [Kr](4<f) 10 , determine the 
ground-state term symbol for Pd. 

Because all of the subshells of palladium are filled, the term symbol is J S 0 . 

8-37. Consider the \s2p electron configuration for helium. Determine the states (term symbols) that 
correspond to this electron configuration. Determine the degeneracies of each state. What will 
happen if you include the effect of spin orbit coupling? 

This is a problem for which we did the general case (an nsnp configuration) in Problem 8-30. The 
states corresponding to this electron configuration and their degeneracies are then 

3p 3p 3p Ip 
r 2 r l r 0 r l 

5 3 13 

According to Hund’s rules, the ground state is 3 P 0 . Including the effect of spin-orbit coupling 
removes the degeneracy of the electronic states, and so spin-orbit coupling splits the lines in an 
atomic spectrum. 

8-38. Use Table 8.5 to calculate the separation of the doublets that occur in the Lyman series of atomic 
hydrogen. 

The Lyman series of atomic hydrogen consists of n -> 1 transitions. Since the n = 1 term symbol 
is ls 2 S 1/2 , and the selection rules (Equation 8.57) specify that A L = ±1, we consider only P to S 
transitions. The separation of the doublets can then be obtained using the values in Table 8.5: 

E{2p 2 V yi ) - E(2p 2 ? l/2 ) = (82259.272— 82258.917) cm" 1 

= 0.355 cm" 1 

E(3p 2 P y2 ) - E(3p 2 P [/2 ) = (97492.306- 97 492.198) cm’ 1 

= 0.108 cm -1 

E(4p 2 P y2 ) - E(4p 2 P y2 ) = (102 823.881 - 102 823.835) cm’ 1 

= 0.046 cm -1 

for the 2p, 3p, and 4p doublets respectively. 

8-39. Use Table 8.6 to calculate the wavelength of the 4/ 2 F -> 3d 2 D transition in atomic sodium and 
compare your result with that given in Figure 8.4. Be sure to use the relation >. vac = 1.00029A. air 
(see Example 8-10). 

From Table 8.6, we have 

A E = £(4/ 2 F) - E(3d 2 D) 

= 34 588.6 cm’ 1 - 29 172.9 cm’ 1 
= 5415.7 cm’ 1 
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Therefore, the wavelength of this transition in vacuum is 

A vac = JL = 1.8465 x 1 (T 4 cm = 18 465 A 
Using the relation given in the problem, we find 


X 


air 


1.00029 


18 459 A 


in excellent agreement with Figure 8.4. 


8-40. The orbital designations s, /?, d , and / come from an analysis of the spectrum of atomic 
sodium. The series of lines due to ns 2 S -» 3p 2 P transitions is called the sharp (s) series; the series 
due to np 2 P -» 3s 2 S transitions is called the principal (p) series; the series due to nd 2 D —► 3p 2 P 
transitions is called the diffuse (d) series; and the series due to nf 2 F —> 3d 2 D transitions is called 
the fundamental (/) series. Identify each of these series in Figure 8.4, and tabulate the wavelengths 
of the first few lines in each series. 


Identification of these series in the figure is easily done. The wavelengths found from the figure are 


sharp series 

principal series 

diffuse series 

fundamental series 

11 404 A 

5 895.9 A 

8 194.8 A 

18 459 A 

11 382 A 

5 889.9 A 

8 183.3 A 


6 160.7 A 

3 302.9 A 

5 688.2 A 

12 678 A 

6 154.2 A 

3 302.3 A 

5 682.7 A 


5 153.6 A 

2 853.0 A 

4 982.9 A 


5 149.1 A 

2 852.8 A 

4 978.6 A 



8-41. Problem 8-40 defines the sharp, principal, diffuse, and fundamental series in the spectrum of 
atomic sodium. Use Table 8.6 to calculate the wavelengths of the first few lines in each series and 
compare your results with those in Figure 8.4. Be sure to use the relation A vac = 1.00029A air (see 
Example 8-10). 


Using Table 8.6, we find (doing the problem in the same manner as Problem 8-39, with all 
measurements in wavenumbers) 


sharp series 

principal series 

diffuse series 

fundamental series 

8766.48 

16956.183 

12199.5 

5 415.7 

8783.68 

16973.379 

12216.7 


16 227.317 

30266.88 

17 575.4 

7 884.7 

16244.513 

30 272.51 

17 592.6 


19 399.268 

35 040.27 

20 063.4 


19416.464 

35 042.79 

20080.6 
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Converting these results to A air by using the formula 1.00029A air v va( , = 1, we find 


sharp series 

principal series 

diffuse series 

fundamental series 

11 404 A 

5 895.8 A 

8 194.7 A 

18 459 A 

11 381 A 

5 889.9 A 

8 183.1 A 


6160.7 A 

3 303.0 A 

5 688.1 A 

12 679 A 

6154.1 A 

3 302.4 A 

5 682.6 A 


5 153.3 A 

2 853.0 A 

4 982.8 A 


5 148.8 A 

2852.8 A 

4 978.5 A 



in very good agreement with the results from Figure 8.4 tabulated in Problem 8-40. 


8-42. In this problem, we will derive an explicit expression for V (r,) given by Equation 8.18 using 
0(r) of the form (Z 3 ln) xl2 e ~ Zr . (We have essentially done this problem in Problem 7-30.) 


Z 3 [ J e -2Zr 2 

=-/ dr 2 - 

n J r„ 


y (r,) 

As in Problem 7-30, we use the law of cosines to write 

r |2 = (rf + r\ - 2r,r 2 cos 0) l/2 

and so V e{{ becomes 

V-(r,) = * f I" ** f , 

1 Jr Jo ! 2 Jo Jo (r} + r}-2r,r. 


cos 6) 


1/2 


Problem 7-30 asks you to show that the integral over 0 is equal to 2/r ] if r ] > r 2 and equal to 2 /r 2 
if r x < r v Thus, we have 


F eff (r.) = 4Z 3 


- f ' e~ z ^r 2 dr 2 + f e~ 2Zr ^ 2 dr 2 

Jo Jr 


Now show that 


1 


V'"(r.) = - - e~ 2Zr > I Z + - 


1 


In this problem, we are using atomic units. Use the results in the solution to Problem 7-30 and our 
knowledge of spherical coordinates to write 


sin 0 2 d0 2 


2^/’27T /»OO /»71 

d<p2 J 0 e ~ 1Z, ^ ldr2 l (rf + r 2 -2r 1 r 2 cos0 2 )'/ 2 

/ 2 c r ' r°° \ 

= 2Z 3 ( - J e~ Zr ir 2 dr 2 + 2 J e^^drA 

1 1 r r i r°° ^ 

= 4Z 3 ( — / e- Zr *rldr 2 + I e 2Zr *r 2 dr 2 

Jo Jr, 


( 1 ) 
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We solved these integrals in Problem 7-30 and found that 


1 C r \ a 3 

- / drAe~ 2Zr d% + / dr.r.e~ 1Zr ^“ a = -£ 


or (in atomic units) 


- P dr 2 rle- lz 


4 


\\l- e -2Zr,/a„ (- + I) 
W r j\ 


dr.r.e 2Zr * = —7 -— e 2Zr < I Z + — 

2 2 4Z 2 [r, { r, y 


Substituting Equation 2 into Equation 1 gives 


v ’"^ = §[7,- e - U 'i z + 7, 


= -- e- 2Zr > (z + - 


8-43. Repeat Problem 8-42 using the expansion of 1 /r 12 given in Problem 7-31. 


Again, we use atomic units in this problem. Use the expansion of 1 /r , 2 given in Problem 7-31 to 


7 3 r2n rn °° 1 / \ \ f°° P 

l d<P 2 J Q sin 0 2 ^ 2 ^^ ; (— r\dr 2 -j- 


OO J 


V*(r } ) = — 
n 


^ e ^r 2 z 
, 1+1 e 


As we found in Problem 7-31, the angular integration requires that / = 0 and m = 0, so that 


V'V.) = [ - P dr 2 r 2 e~ 2r * z + /“ dr 2 r 2 e~ 2 ^ z 

ft Jo Jr j 

y J\r 2 r 2 e~ 2 ^ z + j" d, 


dr 2 r 2 e~ lr ^ + / dr 2 r 2 e-^ 


= - - e -2Zr > Z + - 


The last equality uses the results of Problem 8^4-2 and the evaluation of the spherical harmonics 
was done in Problem 7-31. 


Problems 8^4 through 8-48 address the energy levels of one electron atoms that include the effect 
of spin-orbit coupling. 


8—44. Show that L S = \{J — Lf — S z ). 


Using the definition J = L + S, we have 


J • J = J 2 = (L 4- S) ■ (L + S) 


= L 2 + 2L • S + S 2 


because L and S commute. This gives 


L-S--(J 2 -L 2 -S 2 ) 
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8-45. Show that [H, L 2 ] = [H, S 2 ] — [H , J 2 ] — 0, where H is the Hamiltonian operator of a 
hydrogen atom. Hint : Use the result of Problem 8^4 and operate on a function that is a product of 
a spatial part and a spin part. 


First we show that L z and L 2 Z commute with //, and then appeal to the fact that H is isotropic 
(the same in the jc-, y-, and z-directions) to complete the proof. Using the spherical coordinate 
representation for L z , 


we have 


._a_ 

l d4> 


[L, H]f = L z Hf- HLJ 


= ~i (~W + -)¥: + i I -rV 2 + - I ^- = 0 


dtp 


r) dtp 

i\ a/ 


d(p 


where we have used the fact the fact that 3/30 commutes with V 2 because the only 0 dependence 
in V 2 occurs in 3 2 /30 2 . The same reasoning applies to 3 2 /30 2 , so we have 


[L\, H] = 0 


Appealing to the isotropic property of H, we have 

[L, W] = 0 and [L 2 , H]=0 

Now, using the fact that S and S 2 operate only on the spin part of a wavefunction and H does not 
depend upon spin, we also have 

[S, H] = 0 and [S 2 , H] = 0 


Using the result of Problem 8-44, we see that 

[L 2 , H] = [5 2 , H ] = [J 1 , H] = 0 


8-46. Because of the coupling of the spin and orbital angular momenta of the electron, the Hamiltonian 
operator for a hydrogenlike atom becomes 

H = H (0) + H"> 


where (in atomic units) 

„ 1 7 

H { °> = —-V 2 - 


H" } = -r —r 1 • S 

80 2(137)V 

We will now use first-order perturbation theory to evaluate the first-order correction to the energy. 
Recall from Chapter 7 that 


£ 0 ) = / 
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Using the result of Problem 8-44, show that 

= iuO + ,)-/« + l)-^ + l)lj(1) 

where 

Problem 6-41 shows that 

l\) = - -—-- (3) 

W n 3 /(/ + 1)(Z + 5 ) 

Now combine Equations 1 through 3 to obtain 

£(')/£ Z 4 {y(y+ !)-/(/ + !)-5(5+1)} 

n 7 h 2(1 37) 2 /i 3 2/(/ + l)(/ + i) 

For Z = 1 and l = 1, what is the order of magnitude (in cm -1 ) for the spin-orbit splitting between 
the two states as a function of n? (Hint: For a hydrogen atom s = 1/2 and j can be only l± 
1/2.) Recall also that l£ h = 2.195 x 10 5 cm -1 . How does this energy compare with the energy 
separation between the energies for different values of til 

We know that (Problem 8^14) L • S = {(J 2 - L 1 - S 1 ). In atomic units, this equation reduces to 

lS = j(j + \) -/(/+!)- *(i + l) 


Then 

£<» = I 

= L/C# + 1) - /(/ + 1) - S(S + 1)] J ^'yf^dx 

= 2037 ? [jU + •>-/(/ + 1 ) - s(s + 1 )] 

= Z 4 [JU + !)-/(/ + !) -5(5+1)] 

2(1 37) V 2/(/ + l)(/ + ±) 

The spin-orbit splitting is the difference between the state for which j = 3/2, / — 1, and s = \/2 

and the state for which 7 = 1/2,/ = !, and s = 1/2. Substituting into the equation above gives 


A £<” = £<"0‘ = f) - = {) 


1 


2,„3 


2(137) « 


(!) (!) - 2 - G) (!)-(!)(!)+ 2 +G)(f) 


(2)(2)| 


4(137)V E> ' 


2.9 


cm 


-l 


E h is much larger. 
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8-47. The two term symbols corresponding to the ns 2 np 5 valence electron configuration of the 
halogens are 2 P 1/2 and 2 P 3/2 . Which is the term symbol for the ground state? The energy difference 
between these two states for the different halogens is given below 


Halogen 

[£( 2 P 1/2 ) - £( 2 P 3/2 )]/cm 

F 

404 

Cl 

880 

Br 

3685 

I 

7600 


Suggest an explanation for this trend. 

By Hund’s rules, the ground state term symbol is 2 P 3/2 . The energy for this transition increases as 
we go down this column of the periodic table because the atomic number Z increases and E^ ] <x Z 4 
(Problem 8^16). 

8-48. The photoionization spectra of the noble gases argon and krypton each show two closely spaced 
lines that correspond to the ionization of an electron from a 2 p orbital. Explain why there are two 
closely spaced lines. (Assume the resulting ion is in its ground electronic state.) 

There are two closely spaced lines because of spin-orbit, because the energyf the state with m v = + ] - 
is slightly different than that for m x = — Therefore, one line corresponds to the ionization of an 
electron with spin of +5 and one to the ionization of an electron with spin of — x -. 

The spin operators satisfy the same general equations that we developedfor the angular momentum 
operators in Problems 6—48 through 6-56. Problems 8-49 through 8-53 review these results. 

8-49. The spin operators, S x , S , and 5 z , like all angular momentum operators, obey the commutation 
relations (Problem 6-13) 

[s x , s y ,] = ms z [S y , s z ] = ihs x [5, s x ] = ihs y 

Define the (non-Hermitian) operators 

S = S +iS S =S -iS (1) 

and show that 

[5 , S + ] = hS + (2) 

and 

[5 , S_] - —hS_ (3) 

Now show that 

s + s_ = s 2 - s 2 z + ns z 


s_s + = s 2 - s 2 - ns z 


and that 



268 


Chapter 8 


where 

s 2 = s 2 + s 2 + s 2 


We know that (as in Problem 6-13) 

[S x > S y ] - ihS z [5 V , 5 ] = ihS x [5, S x ] = ihS y 

Now 

[*,. sj = S.i, - SJ, 

= KA + - S X S Z - is y ,s z 

= ($A - w - l AA - w 
= [$■• $,] - ■' [s,. $.] 

= ihS y - i(ihS x ) = h(S x + iSJ = hS + 

[s,. S-] = s,S- - -U 

= K( S .-‘ S ,)-*A+‘SA 

= S z S x - t sA - $Az + AA 

= (sA-sA) + hsA -W 

= [M,] + ‘[M.] 

= ihs y + i(ihs x ) = H-S X + iS f ) = -hS_ 

and 

S_S + = A ~ iS y )A + iSy) 

-«+ si +«*a - ir +‘ [*.. *,] 

= S 2 - S 2 - ns 

sj- = A + l ' s X S x - ify 

= s 2 + s 2 , + l [s y J x ] = s 2 -s 2 + hs z 


8-50. Use Equation 2 from Problem 8^t9 and the fact that S z )3 = —to show that 

-- - ( h \ h - 

s l s + p = s + (--p + npj = -s + p 

Because S z a = \ol, this result shows that 

SJ oca = ca 

where c is a proportionality constant. The following problem shows that c = h, so that we have 

SJ = ha 
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Now use Equation 3 from Problem 8-49 and the fact that S z a — \a to show that 

Sjx — c/3 (1) 

where c is a proportionality constant. The following problem shows that c = ft, so that we have 

S + /3 ~ ha and S_a = hfi (2) 

Notice that S + “raises” the spin function from p to a , whereas S_ “lowers” the spin function from 
a to p. The two operators S + and are called raising and lowering operators, respectively. Now 
use Equation 2 to show that 

pL h „ A ih n 

S x a = -p Sa = —p 


2 

S x P = \a S y p = -*a 


Equation 2 from Problem 8^49 states that S S f3 — S S ft = hS P, so 


s t s + p = s + s t p + hs + p 

h 
2 


= s*|-^+w)=s,(^) 


-I 4 *' 

where we used the equality S z P = — If we think of as a function on which S z acts, from 
our previous result and the fact that Sa = \a we see that 

S + P (x a = ca = ha 

where we have used the equality c — h shown in the following problem. Likewise, using Equation 3 
from Problem 8-49, 

S z S_a — S_Sa = —hS_a 

S z S_ a = S_S z a — hS_a 

= S.Qa-S«)=S_(-^ 

n c 

= - 2 S -“ 

S_a occp =hfi 

Now use the definitions of S + and S_ and the results of this problem to find how S x and S y operate 
on a and P (see Problems 5-38 through 5^43). As in our results in Chapter 5 with a + and a_, let 
S_p — 0 and S + a = 0. Start with 


which gives 


S + = S x + iS y S_ = S x -iS y 


S + + S_=2S x 
Sa + S a = 25 a 


0 + hp =2S a 


S a = ~P 
2 
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Similarly, 


5 + - 5_ = 2/5. 

S + a — S_a = 2 iS y a 
0 — h/3 = 2iS y a 

±p 

21 2 


- h hi 

S y a = --P = -P 


Likewise, S x fi = \a and S y fi 


-fa. 


8-51. This problem shows that the proportionality constant c in 

S + f3 = ca or S_a = c/3 


is equal to h . Start with 

j a'adx = 1 = / (S + py{S + P)dx 

Let 5 + = 5 x + iS in the second factor in the above integral and use the fact that S x and S y are 
Hermitian to get 

I (Sjjypdr + i I (S y S + PYpdx = |c | 2 
Now take the complex conjugate of both sides to get 

j FS'SJdx - i I P'S y S + pdx = |c| 2 

= J p*S_S + pdx 

Now use the result in Problem 8^19 to show that 

|c| 2 = J p*S_SJdx = J P*(S 2 - S 2 -hS z )pdr 

= f l> " + = 

or that c = h. 


We know from Problem 8-50 that S + fi = ca, and we can assume that a is normalized. Then, 
following the instructions in the problem text, 

j a*adx = 1 = /( S + P)*(S + p)dx 

|C | 2 = j{S + pyCS x P + iS y P)dr 

= I (S x s + pypdr + i J ( s y s + pypdx 

|c| 2 = J ( s x s + pypdx - i j (, s y s + pypdx 

= J P*S_S + pdx 
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where we have taken the complex conjugate of this equation and used the Hermitian properties of 
the operators S x and S . Now use the equation 5_5 + = S 2 - S 2 - hS z from Problem 8-49 to find 

|c| 2 = J p*s_sjdx = J p'Cs 2 - S 2 z - hS z )pdx 

= /r (+ )f) fdr = S’ 
c — h 

where we have been given S z P = -\fi in Problem 8-50 and will show S 2 fi = ]h 2 fi in the following 
problem. 


8-52. Use the result of Problem 8-50 along with the equations S z a = | a and S z f$ = —to show that 

S 2 a = \h 2 a=\{\ + \)h 2 a 
and 

s 2 p = = i(I + l)^ 


From Problem 8-49, we have the equation 


S 2 = S + S_ + S 2 - hS z 
S 2 a = S S a + S 2 a — hS a 

+ - Z z 

- - /Tia h 2 a 

= s+ m + sl-- — 


h 2 


3 h 2 


= « a H-a- a = - a 


= r (l + 1 ) h 2 a = -h 2 u 


2 \ 2 


2 4 

3 
-J 

4 


Likewise (again from Problem 8-49) 

s 2 = s_s + + s 2 + ns z 

S 2 p = S_SJ + S 2 p + hSB 


= S_Qia) + S z 

=\{\ + ¥^\ h ^ 


8-53. In this problem, we will use the results of Problems 8-50 and 8-52 to verify the statements at 
the end of Problem 8-24. Because S tota] = 5, + S 2 , we have 


SL, = (S, + S 2 ) • (S, + s 2 ) = s 2 + s 2 2 + 2 S, • s 2 

, ,, c c 

y ')'2 


- S 2 + S 2 + 2 (S tl S i2 + S v] S . + S.SJ 
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Now show that 

5 2 lal a(l)a(2) = a(2)S?a(l) + <*(l)5 2 a(2) + 25„a(l)S x2 a(2) 
+25 yl a(l)5 y2 a(2) + 25 ,a(l)5 2 a(2) 
= 2h 2 a(\)a(2) 


Similarly, show that 

S 2 tol J(])m = 2* 2 PWIK2) 

SlJa(\)f}(2) + j8(l)a(2)] = 2h 2 [a(\)f}(2) + 0(l)a(2)] 

and 

5L[a(l)/K2)-/0(l)c*(2)] = O 


5 .otal ~ S i + S 2 


SL = s 2 + 5 2 + 2S, • s 2 = 5? + 5 2 + 2(5, S A + 5„5 y2 + 5 ,5 2 ) 

Now, we evaluate S 2 tal a(l)o:(2), 

5 2 lal a(l)a(2) = Sfa(l)o(2) + 5 2 a(l)a(2) 

+2[S xl «(l)S x2 a(2) + 5 yl a(l)5 y2 a(2) + 5 ll a(l)5 l2 a(2)] 
= a(2)5?a(l) + a(l)5 2 a(2) 


+2 


h h ih ih h h 

-/3(l)-yS(2) + —/3(1)—>8(2) + -«(l)-a(2) 


3 h 2 2>Ti 2 Ti 2 

= —a(\)a(2) + —a{\)a{2) + —a(l)a(2) 
4 4 2 

= 2^ 2 a(l)a(2) 


For 5 2 0tal /3(l)>8(2), we find 

5 2 0ta ,/}(l)£(2) = S]f$( 1)0(2) + S 2 2 0(1)j8(2) 


+2[5 x| >S( 1)5, 2 0(2) + 5 y| >S(l)5 y2 /5(2) + 5 ,£(1)5 2 /S(2)] 
= |8(2)S?|8(l) + j8(l)S 2 2 |8(2) 


+2 


^«(l)^a(2) + (-\) 2 ja(\)ja(2) + (-1 ) 2 |>8( 1) |>8(2) 


3h 2 3 h 2 h 2 

= —mm + —mm + -mm 
= 2h 2 mm 


and for 5 2 lal [a(l)£(2) + jS(l)a(2)], we obtain 

5 2 lal = ms]m + a( 2 )s 2 m + ms\m + msim + 2{s x ms*2m 

+S x] ms x2 m + 5 y| a(l)5 y2 $(2) + 5 v|J 8(l)5 ) , 2 a(2) 

+S ll a(l)S x2 0(2) + S ll 0(l)S l2 a(2)] 
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3 h 1 

= — [«(l)i8(2) + /3(1)a(2)] + 2 


-[£(l)a(2) + 0(2)a(l)] 


+-m\)a{2) + j8(2)a(l)] - -m\)a(2) + 0(2)«(1)] 
= 2ft 2 [^(l)or(2) + /3(2)a(l)] 


And finally, for 5 l 2 OIal [a(l)/S(2) - /3(l)a(2)], 


5,L. = £(2)S?a(l) - a(2)S?£(l) + a(l)S 2 /5(2) - £(l)S 2 a(2) 

+2[S x] a(\)~S xl p(2) - S xt P(\)S x2 a(2) + S yl <x(\)S y2 P(2) 
-S vl £(l)S, 2 a(2) + S ?l a(I)S 2 /J(2) - S ,£(1)S 2 a(2)] 


= ^-[a(l)|8(2)-j8(l)a(2)] + 2 


- 4-[a(D^(2)-j8(l)or(2)] 


[of(l)>S(2) - jB(l)a(2)] - j[a(l)0(2) - 0(l)a(2)] 


= 0 


8-54. We discussed the Hartree-Fock method for a helium atom in Section 8-3, but the application 
of the Hartree-Fock method to atoms that contain more than two electrons introduces new terms 
because of the determinantal nature of the wave functions. For simplicity, we shall consider only 
closed-shell systems, in which the wave functions are represented by N doubly occupied spatial 
orbitals. The Hamiltonian operator for a 2/V-electron atoms is 


i 2 N IN 7 IN i 

/“I J = 1 J ' = 1 J>l U 


( 1 ) 


and the energy is given by 

E = jdTido x ---dr w do w *'{\, 2, .... 2N)HV(l, 2 .2 N) (2) 

Show that if Equation 1 and Equation 8.44 (with N replaced by 2 N in this case) are substituted into 
Equation 2, then you obtain 


B = 2±l, + ±±(2Ju-KJ (3) 

j=\ i = I ./ = ! 

where 



Can you explain why the J jj integrals are called Coulomb integrals and the K jj integrals are called 
exchange integrals (if i =£ j)? Show that Equation 3 for a helium atom is the same as that given in 
Problem 8-10. 
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This problem is more difficult than most of the others in this chapter. First, replacing N by 2/V in 
Equation 8.44 gives the determinantal wave function 


*(1,2.2/V) 


1 

* 


«,(l) 

«, ( 2 ) 


«,( 2 A 0 


k 2 (D 

« 2 ( 2 ) 


u 2 (2N) 


U 2 AfU) 

u 2N (2) 

u w (2 N) 


Now realize that, because of its determinantal nature, ^r(l, 2, ..., 2N ) can be written as 


■*(1,2.2 N) = 


1 

71 2A0! 


^e pM ,(Pl) M2 (P2)... M2W (P2/V) 


(7) 


where P represents a permutation of the numbers (1,2, 3, , 2N ), — +1 if the permutation 
(PI, P2, ..., P2/V) differs from (1,2,..., 2/V) by an even number of interchanges of pairs of 
numbers, and 6 p — -1 if the permutation (PI, P2, ..., P2/V) differs from (1,2,..., 2N) by an 
odd number of interchanges. An equivalent way of writing Equation 7 is 

* 0,2 . 2N) = -^—Y / € p u pi (\)u P2 (2)...u P2N (2N) ( 8 ) 

In other words, we can interchange the labels of the spin-orbitals, rather than the electrons. We 
will be using both expressions for \j/ in this problem. Now let us show that \j/ is normalized. Using 
Equation 7, we can write 

I I d z \d z 2 ■ ■ • ^ r 2 ^ = (2N) \ ^ 6p I I ^ X] ^ Xl ' * '^ r iN u \ (21) 

xu* 2 (Q2) ... u* 1N (Q2N)u } (P1)« 2 (P2)... u 2n (P2N) 

These integrals will vanish unless Q\ = PI, Q2 = P 2, and, in general, Qn — Pn , where n can 
have any integer value between 1 and 2 N. This means that the only permutation Q that will lead to 
a non-zero result is when Q ~ P. This leaves 

/ •/ ^dr 2 .. /'' •/ • • .4r 2 W «t(Pl) Wl (Pl) W *(P2) W 2 (P2) 

x...u* 2N (P2N)u w (P2N ) 


where 6^ = 1. Because the integration variables are dummy variables, all these integrals are 
equal, and equal to unity because the individual spin-orbitals are normalized. There are (2/V)! 
permutations, and so 

f ■■■ j dz,dx 2 ...dx 2N rf = = 1 

Now we consider integrals of the form 




dx.dx 2 ... dx 2N \j/ 


IN 


E» m o) 


.;=i 


* 


where // (0 ) (y) is a one-electron operator, meaning that it operates on only the coordinates of 
electron y. We can express this operator as 


IN 


IN 


7=1 7=1 



Z 



Multielectron Atoms 


275 


Using Equation 7 for ij/, we write 

1 

7T7 - 

P Q 


A ' (2 N) 


I J2 € pJ2*q / • • / ■ dx 2N u*(Ql)u] 

p n J J 


(62) 


x...u*(Q2N) 


2 N 


L./=i 


u i (P\)u 2 (P2)...u 2N (P2N) 


As before, all (27V)! permutations lead to the same integral, and so 

IN n 

a, = E / «;o)w (0, o')« y o')^r. 

7 = 1 J 

Finally, we consider integrals of the type 

A 2 = / / dx w ..dx 2N xlf* 

Using Equation 8 for t/c, we write 

^2 “ (27V)! ^ ^ j j^ Z] dT 2N u Q] (\) u Q2 (2) ... u* Q2N (2N) 


EEr 

1_, = | / <7 // J 




P Q 

IN 


EEr 

L /= l »'<-/ '7 J 


W PI (1)w / , 2 (2) . ..u nfJ (2N) 


P2N K 


These integrals will vanish unless the subscripts of all the spin-orbitals except those for electrons i 
and j match. There will be two non-vanishing terms in the summation of all Q permuations: 


^ (2A0 


J^tEJ^EE / / dx^XjU^iOu'nirf-^u^Ou’nU) 

~ € pJ2Yjf / 7r ( ^r.M* p2 0) M * l O)-|-M pi (i)M />2 O)j 


Note that Q = P for the term with the positive sign and that Q and P differ by the interchange of 
one pair of subscripts for the term with the negative sign. As before, all (27V)! permutations lead to 
the same quantities, and so 

* 2 = EE f f dx l dx 2 u*(\)u*(2)—u i (l )Uj (2) 
i=I i<j J J r \2 

IN _ r r ] 

-EE / dx ] dx 2 u*(\)u*(2)—u j (2)u J (\) 

i= I i<j ' 7 r \2 

2 N 2 N 

= EE^-EE^ 


1 = 1 i<j 


i=l /<7 


Note that the integrals here involve spin orbitals, while the integrals expressed by Equations 5 and 6 
involve only spatial orbitals. Combining our results for A ] and A 2 and substituting into Equation 1, 
we find 


-f J 


dr. .. .dr 1N 4r*H\j/ 


dr { dr 2 . . . dr 2N \jf* 


E«' 0 ’«> 


* 
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+ 




= A, + A 2 

2 N r 2N 2 N 

= E / '‘;o>« <0, o> J u>* J +E E 4 - E E K b 

7 = 1 ^ i=1 / <7 i =! i < j 

2N 2N IN 

-E',+EE'«-EE*i 

7=1 /=1 i < 7 i = l i < j 

If the Slater orbital is of the form in Equation 8.44, having N doubly occupied orbitals, then /, = / 2 , 


/ 3 = / 4 , and, in general, / 2n _, 

= l ln , where n goes from 1 to N . Furthermore, 


/ ' — j 

J' —J J' —J 

J \3~ J \2 ‘'M J \2 


J' — J 

J 2Z~ J \2 

V — J 

J 24~ J 22 

and so forth. Also, 

o 

11 

K' n = K n K[ 4 = 0 

and so forth, giving 

N 

NN 


E = 2J2 

4,+EE( 2 7-e) 


where the summations are over spatial orbitals. If the relationships between the 77 and the J jjt and 
those between the AE and the K tj , are unclear, take the beryllium atom as a concrete example. The 
integrands of the J.. integrals are of the form 

4>- (r, )4>i (r, ) —0* (.r 2 )<pj (r 2 ) dr } dr 2 
r \2 

which can be interpreted as the electrostatic coulombic interaction between two charges of 
magnitudes (j>*(r l )<t> i (r ] )dr ] and 4>*(r 2 )<pj(r 2 )dr 2 separated by a distance r i2 . The integrands of 
the K.j do not have a similar classical interpretation. The K tj may be obtained from the 7 /; by 
exchanging r, and r 2 in either 0*(r,)0*(r 2 ) or 0 i (r ] )0 / .(r 2 ). 
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The Chemical Bond: Diatomic Molecules 

PROBLEMS AND SOLUTIONS 


9-1. Express the Hamiltonian operator for a hydrogen molecule in atomic units. 


The Hamiltonian operator for a hydrogen molecule is given in SI units by Equation 9.2. Let 
m c — e = h = 47 zs Q = 1 to convert SI units to atomic units (Problem 8-6). Then Equation 9.2 
becomes 


1 / V~7 2 2 \ 111 

2 ( V 1 + V2 — - — - — 

^ MA MB r 2A 


2B 


1 1 
+ ~ + R 


(9.3) 


9-2. Plot the product 1 j a 1s b along the internuclear axis for several values of R. 


Consider a plane that contains the two nuclei and let x be the coordinate along the internuclear axis. 
If the nuclei are located at x = 0 and x = R, then the ls A and U B orbitals can be expressed as (see, 
for example, Equation 8.9) 


ls A = n 1/2 e 


\x\ 


ls n = 7i [/2 e lx Rl 


Then 

\s \Su = — e~ lM e~ lx ~ Rl 

A 13 71 

This formula is plotted here for three different values of R . 



x 
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9-3. The overlap integral, Equation 9.10, and other integrals that arise in two-center systems like H 2 
are called two-center integrals. Two-center integrals are most easily evaluated by using a coordinate 
system called elliptic coordinates . In this coordinate system (Figure 9.23), there are two fixed 
points separated by a distance R. 

A point P is given by the three coordinates 

, = 'a+'b 

R 


M = 


R 


and the angle <p, which is the angle that the (r A , r B , R) triangle makes about the interfocal axis. 
The differential volume element in elliptic coordinates is 


R 3 

dr = —( X 2 — p})dXdpid(j) 
8 


Given the above definitions of X, fi, and 0, show that 


1 < X < oo 
— 1 < /x < 1 


and 

0 < 0 < 2?r 

Now use elliptic coordinates to evaluate the overlap integral. Equation 9.10, 


dr\s A \s B 


= ^ J dxe- z '*e~ zr * 



FIGURE 9.23 

Elliptic coordinates are the natural coordinates for evaluating two-center integrals such as the overlap integral, 
Equation 9.10. 
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From the figure, r A + r B can never be less than R, so 1 < k < oo. Likewise, r A — r B can never be 
of a magnitude greater than R, so -1 < [i < 1. The variable 0 can undergo one full revolution, so 
0 < 0 < 2tt. We now evaluate Equation 9.10: 


dr e Zr *e 

^3 r2n 


z’ r 

n J ' 

73 p2n poo pi n.1 

= — / d(p dk dfj,(k 2 - n 2 ) e~ z ( r A+r B) 
^ 2o 2i 2-i 8 

/ OO p I 

J d/x (X 2 - ix 2 ) e~ ZRX 

/ OO /»I 

rfX e" z/?x J d/x (X 2 - ix 2 ) 


R'Z 2 r °° 
4 ./ 1 

/? 3 Z 3 r0 ° 


4 

/? 3 Z 3 '’ 00 


/? J z 5 r 
~T~ 1 


dX e 


-ZRk 


2X 2 - - 


R'Z 2 


1 2 2 
+ „•> + 


= e 


ZR ' Z 2 R 2 Z 3 /? 3 

z 2 r 2 


e~ ZR - 


-ZR 


3ZR 


1 +Z/? + 


9-4. Determine the normalized wave function for 0-_ = c. (Is - ls B ). 


We follow the procedure used in Example 9-1. 

1 — J dr 


= c 2 J dr (1 s’ A - 1 j*) ( 1 j a - 1 j b ) 

XK - j dr lslls B - J dr 1 s* B ls A + I dr 


= c?(l - S-S+ 1) 


-i 


c] = (2 - 2 S) 
c, = [ 2(1 - 5)] 


- 1/2 


So the normalized wavefunction is 


t- = 


1 


a/2 (1—5) 


d*A- W) 


9-5. Repeat the calculation in Section 9-3 for i/_ = (ls A - 1 j„). 


We follow the calculations in Section 9-3, using x//_ instead of \fr + . 

_ fdrr-W_ 

f dr i 

j drip-*\l/_ = J dr\s* A \s A - J drls* A ls B - j drljgls A + J drljgljg 
= 1 - S- S+ 1 =2(1 - S) 
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9 -6. Use the elliptic coordinate system of Problem 9-3 to derive analytic expressions for S, J y and K 
for the simple molecular-orbital treatment of H^. 


We have already derived an analytic expression for S in Problem 9-3. We now use Equations 9.19 
and 9.20 and the coordinate system of Problem 9-3 to find analytic expressions for J and K\ 


and 


J = 


dr Is* 


W' 

1 /*2tt noo p l 

R-tef 0 d *l 

' I 


-R{\+n) 


/0 
->2 p oo 


L/?(A - A6)J 


1 nz p 00 z 1 1 

— - Y y ^ J d/i (X + 

1 _ *1 e -«L |\ , «*0 - /?) - + R) 


■i-fimm--*! 


R 2 

r e ff (l - /?) -«-*(/? + 1 ) 


fl 2 




A' = 




-J- 

r B 

R 3 

- T 

poo p 1 

1 dk 1 djx 

R 2 

~ T 

r 


poo 

- R 2 

1 dX Xe~ Rk 

- R 2 

- e - R (R + \y 

R 2 


2 ) 


2e 


-Rk 


R(X - fi) 


d)i (X + /i) 


= --e~ R (R + 1) 

K 


9-7. Plot }j/ h and T/r a given by Equations 9.27 and 9.28 for several values of R along the intemuclear 
axis. 


We will take the bond length to be R and let atom a be located at x = 0 and atom b be located at 
jc — R. Here we plot \f/ b and for several values of R: 
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9-8. Show that 

««A = «„ = + J 

and that 

«*• = -f + * 

in the simple molecular-orbital treatmentof Hj. The quantities 7 and K are given by Equations 9.23 
and 9.24, respectively. 


In atomic units, the Hamiltonian operator for H+ is (Equation 9.4) 



We then have for H AA 

H AA = / drlS A^ ]S A 

Using Equation 9.15, we can rewrite the above equation as 
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(9.16) 


9-9. Show explicitly that an s orbital on one hydrogen atom and a p x orbital on another have zero 
overlap. Use the 2s and 2 p x wave functions given in Table 6.6 to set up the overlap integral. Take 
the z axis to lie along the internuclear axis. Hint: You need not evaluate any integrals, but simply 
show that the overlap integral can be separated into two parts that exactly cancel one another. 


Table 6.6 gives the wave functions 

*2s 


■ 4V5f(«o) ( 2 <J 


e - r/2 "'> 


*!» = 


1 / 1 


2 "‘ 4v/2^ \a c 

The overlap integral S is (Equation 9.10) 


3/2 


—e r/2 "»cos 0 


-i 


dr rlr.f. 


2s y 2,, 


pn poo 

= C I cos 0 dO / f(r)dr 
Jo Jo 


on/2 

= C 

JO 


pOO p 7T pOO 

cos 0 dO I f(r) dr + C I cos 0 dG I f{r) dr 
Jo Jn/2 Jo 


poo poo 

■ f (r) dr — C I fir) dr = 0 
Jo Jo 


9-10. Show that A E_ = (J — K)j{ 1 — S) for the antibonding orbital \j/_ of . 


We replace <f> + with </>_ in Equation 9.7 to obtain 


/ drcj)*_H<p 
f dr<p*_<p_ 
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From Problem 9-5, J dr = 2(1 — S). To evaluate E_, we first must evaluate the integral 

f dr \js*_ 


j dr = J dr (1 s* - l^)tf(ls A - 1 j b ) 

= J dr 0 s A — 1 ^ B ) — ~ + ~ J dr (\s A — 1 j b ) ^£ |( — — +■ —^ 1 j b 

- 2£ '-° - S)+ f dr ls * {-7, + i) ls * -f dr w ‘ {~i + s) 

~f dr K {~i + i) ls - + f dT ,s > {~i + i) u ‘ 

= 2E, J (1 -S) + 2J -2K 
So 

_ fdr 2 E , v (1 -S) + 2J-2K 

f dr 2(1 — S ) 


and 


AE_ = E_ — E u — 


J - K 

T-s 


9-11 . Show that \[f given by Equation 9.29 is an eigenfunction of S z = S ?] + S z2 with S z = 0. 




-E [a (\)0(2) - a(2)p(l)] 


bV ^ bV “ , lV 2 

S z operates on the spin part of -ft, so we wish to prove that 

S z M\)m - <*(2)0(1)] = S z [<*(1)0(2) - <*(2)0(1)] = 0 

Begin with 

(s , +s 2 ) [a(l)/?( 2 ) — a(2)f}{\)] = 0 
S ?l a(l)S^( 2 ) - S 2 a( 2 )S ?] ^(l) =0 
Recall (Equation 8.24) that (in atomic units) 


Sa = -a S t P = --P 


Then 


^ I «(l)V(2)-V(2)S tl ^(l)=0 

-\<*P + \«P = o 

0 = 0 


(9.29) 



284 


Chapter 9 


9-1 2. Use molecular-orbital theory to explain why the dissociation energy of N 2 is greater than that of 
N 2 , but the dissociation energy of 0 2 is greater than that of 0 2 . 

The electron configurations of N 2 and N 2 are (following the rules developed in Section 9-9) 

N 2 KK{o2s) 2 {o*2s)\n2p)\olpf 
N 2 K K(a2s) 2 (a*2s) 2 (n2p) 4 (<j2p z )' 

Equation 9.33 gives a bond order for N 2 of 3 and a bond order of N 2 of 2\. Thus, we expect a 
greater dissociation energy for N 2 than for N 2 . Now consider 0 2 and 0 2 : 

0 2 K K(cr2s) 2 (o’2s) 2 (n2p) 4 (a2p z ) 2 (n*2p) 2 
0+ K K(a2s) 2 (a*2s) 2 (7T2p) 4 (a2p z ) 2 (7t*2p) 1 

The bond order of is 2\ and the bond order of 0 2 is 2. Because 0 2 has one less antibonding 
electron (and hence a greater bond order) than 0 2 , we expect 0 2 to have a greater dissociation 
energy than 0 2 . 

9-13. Discuss the bond properties of F 2 and using molecular-orbital theory. 

The electron configurations of F 2 and F 2 are 

F 2 K K(cr2s) 2 (a*2s) 2 (n2p) 4 (cr2p z ) 2 (n*2p) 4 
F+ K K(a2s) 2 (a*2s) 2 (n2p) 4 (a2p z ) 2 (n*2p) 3 

The molecule F 2 has one less antibonding electron than F 2 , and so it has a greater bond order and a 
shorter bond than F 2 . 

9-14. Predict the relative stabilities of the species N 2 , N£, and Nj. 

The electron configurations of N 2 , N 2 , and N 2 are 

N 2 KK{G2s) 2 {o*2s) 2 {n2p) 4 (o2p z )' 

N 2 KK{o2s) 2 (o*2s) 2 {n2p) 4 {o2p z ) 2 
NJ KK{o2s) 2 (o’2s) 2 {Tt2p) 4 (o2p z ) 2 {TZ*2py 

The bond orders are then 2\ forN 2 ,3 forN 2 , and2j for N 2 . The relative stabilities should therefore 
go as 

N 2 > N+ w N 2 

9-15. Predict the relative bond strengths and bond lengths of diatomic carbon, C 2 , and its negative 
ion, C 2 . 

The electron configurations of C 2 and CJ are 


C 2 KK{a2s) 2 {a*2s) 2 {it2pY 
C 2 K K(a2s) 2 (a*2s) 2 (7t2p) 4 (a2 Pz ) 1 
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Since C 2 has one more bonding electron than C 2 , it has a greater bond strength and shorter bond 
length than C 2 . 


9-16. Write out the ground-state molecular-orbital electron configurations for Naj through Ar 2 . Would 
you predict a stable Mg 2 molecule? 


(L represents the filled n = 2 shell.) 

Na 2 KKLL(o3s) 2 

Mg 2 K K LL{o3s) 2 {o*3s) 2 

Al 2 KKLL{a3s) 2 (o if 3s) 2 (n3p) 2 

Si 2 K K LL(o3s) 2 {o*3s) 2 (n3 p) A 

P 2 K K LL{o3s) 2 {o*3s) 2 (n3p)\o3 Pi ) 2 

S 2 K K LL(o3s) 2 (a , 3s) 2 (n3p)\o3p z ) 2 (7r m 3p) 2 

Cl 2 K K LL(o3s) 2 {o*3s) 2 {n3p)\o3p z ) 2 {n*3p)* 

Ar 2 K K LL{<73s) 2 {o'3s) 2 (n3p)\o3p z ) 2 {Tt*3p)\<j*3p z ) 2 

The bond order of Mg 2 is 0, so we would not expect this molecule to be stable. 


9-17. Determine the ground-state electron configuration of NO + and NO. Compare the bond orders of 
these two species. 


The electron configurations of these two molecules are 

NO + A'^(ct2s) 2 (ct*2j) 2 (7t2/?) 4 (o'2p z ) 2 
NO K K(a2s) 2 (e*2s) 2 (7T2p) A (cr2p z ) 2 (n'‘2p)' 

The bond orders of NO + and NO are 3 and 2 \, respectively. 


9-18. Determine the bond order of a cyanide ion. 


The electron configuration of CN is 

CN“ K K(o2s) 2 (cr*2s) 2 (n2p) A (o2p z ) 2 
and so the bond order of CN" is 3. 


9-19. The force constants for the diatomic molecules B 2 through F 2 are given in the table below. Is the 
order what you expect? Explain. 


Diatomic molecule fc/N-m 


b 2 

c 2 

n 2 

0 2 

F 2 


350 

930 

2260 

1140 

450 
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The force constant of a molecule is directly proportional to the bond strength of a molecule, which, 
in turn, is directly related to its bond order. The electron configurations of these diatomic molecules 
are 


Molecule Electron configuration Bond order 

B 2 K K (a 2s) 2 (cr* 2s) 2 (it 2 p) 2 1 

C 2 KK(a2s) 2 (a*2s) 2 (7t2p) 4 2 

N 2 K K(o2s) 2 (a*2s) 2 (7t2p) 4 (cr2p z ) 2 3 

0 2 K K(cr 2s) 2 (cr* 2s) 2 (n 2 p) 4 (a 2 p^) 2 (tv* 2 p) 2 2 

F 2 K K(cr 2s) 2 (a* 2s) 2 (n 3 p) 4 (cr 2 p^) 2 (tv* 2 p) 4 1 

Based on the bond orders, we would expect N 2 to have the largest force constant, and we expect 
k( N 2 ) > k( C 2 ), k( 0 2 ) > k( B 2 ), k( F 2 ), consistent with the above data. We cannot use the above 
information to order the magnitudes of the force constants for molecules of the same bond order 
(e.g., C 2 and 0 2 ). 


9-20. In Section 9-7, we constructed molecular orbitals for homonuclear diatomic molecules using the 
n — 2 atomic orbitals on each of the bonded atoms. In this problem, we will consider the molecular 
orbitals that can be constructed from the n — 3 atomic orbitals. These orbitals are important in 
describing diatomic molecules of the first row of transition metals. Once again we choose the 
z-axis to lie along the molecular bond. What are the designations for the 3s A ± 3j b and 3p A ±3p B 
molecular orbitals? The n —3 shell also contains a set of five 3d orbitals. (The shapes of the 
3d atomic orbitals are shown in Figure 6.7.) Given that molecular orbitals with two nodal planes 
that contain the intemuclear axis are called 8 orbitals, show that ten 3d A ± 3 d B molecular orbitals 
consist of a bonding a orbital, a pair of bonding n orbitals, a pair of bonding 8 orbitals, and their 
corresponding antibonding orbitals. 


Just as in the n = 2 case, the designations for the 3s A d= 3 s B orbitals are a 3s and o u 3s and the 
designations for the 3p A ±3 p B orbitals are 


3 Pz. A ± 3 P z,B : 

a 3 p 

S 

a 3 p 

U r z 

3 Px,\ ± 3 Px. B : 

ix 3 p 

it 3 p 

U r x 

3 Py. A ± 3 Py. B ! 

n 3 p 

g y y 

it 3 p 

u t'y 


Now, through inspection of Figure 6.7, we can determine the number of nodal planes in each 
combination of d orbitals: 


3d A 

xz, A 

3 d . 

y z.A 


XZ,D 

± Hz.B 


7t 3d 2 2 

8 x—y l 

a g 3d S 

S 3 d 
s « 

8 3 d 

8 )’Z 


7T 3d 2 2 

u x—y 
a u 3d z> 
n u 3d *y 

8 3d 

u xz 

K 3d yz 


9-21. Determine the largest bond order for a first-row transition-metal homonuclear diatomic molecule 
(see Problem 9-20). 


The molecule with the most bonding electrons and fewest antibonding electrons will have the 
largest bond order. The first-row transition metal homonuclear diatomic molecule which fits this 
criterion is Cr 2 , with an electronic configuration of 


KKLLMM(a4s) 2 (a3d) 2 (7r3d) 4 (83d) 4 
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All the bonding orbitals derived from the atomic 3 d orbitals in the ground state are full, and all the 
corresponding antibonding orbitals are empty. The bond order of Cr 2 is 6. It was first experimentally 
observed in molecular beam experiments, and the measured bond length agreed with molecular 
orbital calculations based on a bond order of 6. 


9-22. Figure 9.19 plots a schematic representation of the energies of the molecular orbitals of HF. 
How will the energy-level diagram for the diatomic OH radical differ from that of HF? What is the 
highest occupied molecular orbital of OH? 


In the energy-level diagram for the diatomic OH radical, the energy of the 2 p Q orbitals is closer 
to that of the ls H orbital than the 2 p ? orbitals are in HF. The highest occupied molecular orbitals 
of OH are the nonbonded orbitals 2 p xQ and 2p y 0 . 


9-23. A common light source used in photoelectron spectroscopy is a helium discharge, which 
generates light at 58.4 nm. A photoelectron spectrometer measures the kinetic energy of the 
electrons ionized when the molecule absorbs this light. What is the largest electron binding energy 
that can be measured using this radiation source? Explain how a measurement of the kinetic energy 
of the ionized electrons can be used to determine the energy of the occupied molecular orbitals of a 
molecule. Hint : Recall the photoelectron effect discussed in Chapter 1. 


The energy of the source light is (Equation 1.23) 

he 

E — hv — — = 3.40 x 10" 18 J 
A. 

So 3.40 x 10“ 18 J is the largest electron binding energy that can be measured using this radiation 
source. Electrons with greater binding energies cannot be ionized from their atoms by this light. 
Using Einstein’s explanation of the photoelectric effect, we know that 

<p + KE = hv (1.6) 

If we can measure the kinetic energy of the ionized electrons, and also know v, the energy absorbed 
by the electron, we can find 0, which is the energy of the molecular orbital occupied by the electron 
being ionized. 


9-24. Using Figure 9.19, you found that the highest occupied molecular orbital for HF is a fluorine 
2 p atomic orbital. The measured ionization energy for an electron from this nonbonding molecular 
orbital of HF is 1550 kJ-mol -1 . However, the measured ionization energy of a 2 p electron from a 
fluorine atom is 1795 kJ-mol -1 . Why is the ionization energy of an electron from the 2 p atomic 
orbital on a fluorine atom greater for the fluorine atom than for the HF molecule? 


The bonding electrons are unequally shared between the hydrogen and the fluorine atoms and are 
more localized on the most electronegative atom, which in this case is the fluorine atom. Because 
of this localization, the bonding pair of electrons shields the nonbonded 2 p electron on the fluorine 
atom from the nucleus more than the inner shell electrons on atomic fluorine shield the 2 p electron. 



288 


Chapter 9 


9-25. In this problem, we consider the heteronuclear diatomic molecule CO. The ionization energies 
of an electron from the valence atomic orbitals on the carbon atom and the oxygen atom are listed 
below. 


Atom Valence orbital Ionization energy/MJ*mol 1 


0 

2s 

3.116 


2 P 

1.524 

c 

2s 

1.872 


2 p 

1.023 


Use these data to construct a molecular-orbital energy-level diagram for CO. What are the symmetry 
designations of the molecular orbitals of CO? What is the electron configuration of the ground state 
of CO? What is the bond order of CO? Is CO paramagnetic or diamagnetic? 



Since C and O have similar orbital energies, the bonding will be similar to that in a homonuclear 
diatomic molecule. In order of increasing energy, the symmetry designations of the molecular 
orbitals of CO are (ignoring the 1 s orbitals) o2s , cr*2s, n2p x and 7r2 p y , and finally o2p z . Note that 
we do not use the subscripts g and u because CO does not have an inversion center. The electron 
configuration of CO is (from Example 9-6) K K((j2s) 2 (a*2s) 1 (7t2p x ) 2 (7r2p } ) 2 (a2p z ) 2 , so the 
bond order is 3 and CO is diamagnetic because there are no unpaired electrons. 


9-26. The molecule BF is isoelectronic with CO. However, the molecular orbitals for BF are different 
from those for CO. Unlike CO, the energy difference between the 2s orbitals of boron and fluorine 
is so large that the 2s orbital of boron combines with a 2 p orbital on fluorine to make a molecular 
orbital. The remaining 2 p orbitals on fluorine combine with two of the 2 p orbitals on B to form 
tv orbitals. The third 2 p orbital on B is nonbonding. The energy ordering of the molecular orbitals 
is \l/(2s B + 2p F ) < i/(2p B - 2p F ) < i/(2s B - 2 p F ) < ^{2p B + 2 p F ) < f(2 p B ). What are the 
symmetry designations of the molecular orbitals of BF? What is the electron configuration of the 
ground state of BF? What is the bond order of BF? Is BF diamagnetic or paramagnetic? How do 
the answers to these last two questions compare with those obtained for CO (Problem 9-25)? 


The molecular-orbital energy-level diagram for BF resembles that for HF (Figure 9.19). The 
symmetry designations of the molecular orbitals of BF, in order of increasing energies, are 
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2s F , a b , 7t2p x and n2p Y , n*2p x and tc* 2p y , 2 p B , and finally a y The electron configuration of BF 
is thus 


KK{2s v )\a b ) 1 {n2p)\^2p) 1 


The bond order is 1 and BF is paramagnetic, while CO has a bond order of 3 and is diamagnetic. 


9-27. The photoelectron spectrum of 0 2 exhibits two bands of 52.398 MJ-mol 1 and 52.311 
MJ-mol -1 that correspond to the ionization of an oxygen Is electron. Explain this observation. 


These two bands correspond to the ionization of a Is electron with spin +| and the ionization of 
a Is electron with spin — The different energies result from spin-orbit coupling (Problems 8^14 
through 8^4-8). 


9-28. The experimental ionization energies for a fluorine Is electron from HF and F 2 are 66.981 and 
67.217 MJ-mol -1 . Explain why these ionization energies are different even though the Is electrons 
of the fluorine are not involved in the chemical bond. 


Although the Is electrons of the fluorine are not involved in the chemical bond, the bonding 
electrons do affect the attraction of the Is electrons to the nucleus. In F 2 , the bonding electrons 
are equally distributed between the two atoms, but in HF the bonding electrons are not equally 
distributed and are localized on the fluorine atom. This increases the shielding of the Is orbital of 
the fluorine atom on HF relative to that on F r Therefore, the ionization energy of a fluorine Is 
electron is slightly smaller for HF than for F ? . 


9-29. Show that filled orbitals can be ignored in the determination of molecular term symbols. 


A filled cr or a* orbital has two electrons and Equations 9.36 and 9.37 give M L = 0 + 0 — 0 and 
~ i ~ 2 = 0* Likewise, for doubly degenerate n or 7r* orbitals. Equations 9.36 and 9.37 give 
M l = 1 — 1 + 1 — 1 = 0 and M s = 0. Thus, a filled a, a*, 7 r, or n* orbital does 

not contribute to the molecular term symbol. 


9-30. Deduce the ground-state term symbols of all the diatomic molecules given in Table 9.6. 


H 2 + (la ^) 1 corresponds to | M L | = 0and|M 5 | = f, or a 2 £ term symbol. The unpaired electron 

occupies a molecular orbital of symmetry g and the la wavefunction is unchanged upon 
reflection through a plane containing the nuclei. Therefore, the complete ground-state term 
symbol of H 2 + is 

H 2 (la ,) 2 corresponds to |MJ = 0 and \M S \ = 0, or a 1 S term symbol. The symmetry is 
g and the la^, wavefunction is unchanged upon reflection through a plane containing the 
nuclei. Therefore, the complete ground-state term symbol of H 2 is 1 E+. 

He 2 We deduced this ground-state term symbol ( 2 EJ") in Example 9-11. 

Li 2 ( 1 a ^,) 2 (1 a u ) 2 (2a ^) 2 corresponds to \M L \ =0 and \M S \ = 0, or a 1 £ term symbol. The 

symmetry is g and the a orbitals remain unchanged upon reflection through a plane 
containing the nuclei, so the complete ground-state term symbol of Li 2 is 1 XTL 
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B 2 From Example 9-9, we know that the partial molecular term symbol is 3 E^ ( . Because one 
of the half-filled n orbitals changes sign upon reflection through a plane containing the 
two nuclei, the complete ground-state term symbol of B 2 is 3 E~. 

C 2 (1 a,) 2 (1 ) 2 (2a, ) 2 (2cx u ) 2 (1 7 T m ) 2 (17r tt ) 2 corresponds to | M L \ — 0 and \M S \ = 0, or a 'E 

term symbol. The symmetry of the molecule is g. Because the n orbital which changes sign 
upon reflection through a plane containing the two nuclei is filled, there is no observable 
difference in the molecule upon reflection through the plane and the complete ground-state 
term symbol of C 2 is 1 E+. 

N+ (lap 2 (laJ 2 ( 2 ap 2 ( 2 a M ) 2 (l 7 r M ) 2 (l 7 r u ) 2 ( 3 a ,) 1 corresponds to \M L \ = 0 and \M S \ = or 
a 2 E term symbol. The symmetry of the molecule is g. The complete ground-state term 
symbol of N 2 is 2 E+, because the molecular wave function does not change when reflected 
through a plane containing the two nuclei. 

N 2 (lap 2 (la M ) 2 ( 2 ap 2 ( 2 a M ) 2 (l 7 rJ 2 (l 7 r w ) 2 ( 3 crp 2 corresponds to |AfJ = 0 and \M S \ = 0, or 
a 1 E term symbol. The symmetry of the molecule is g. The complete ground-state term 
symbol of N 2 is 1 E+, because the molecular wave function does not change when reflected 
through a plane containing the two nuclei. 

0 2 + (lap 2 (laJ 2 ( 2 ap 2 ( 2 aJ 2 ( 3 ap 2 (l 7 r H ) 2 (l 7 rJ 2 (l 7 rp 1 corresponds to |MJ = 1 and |Af s | = 

f, or a 2 n term symbol. The symmetry of the molecule is g, since the only unfilled 
molecular orbital has symmetry g, so the complete ground-state term symbol of OJ is 2 n^ ( . 

0 2 We deduced this ground-state term symbol ( 3 S”) in Example 9-10. 

F 2 (Iap 2 (laj 2 ( 2 ap 2 ( 2 aj 2 ( 3 a f ) 2 (l 7 rj 2 (l 7 rj 2 (l 7 r^) 2 (l 7 rp 2 corresponds to \M L \ = 0 and 
\M S \ = 0, or a l E term symbol. The symmetry of the molecule is g and the complete 
ground-state term symbol of F 2 is ! E^, because the molecular wave function does not 
change when reflected through a plane containing the two nuclei. 


9-31. Determine the ground-state molecular term symbols of 0 2 , N 2 , N 2 , and 0 2 . 


See Problem 9-30 for the ground-state molecular term symbols of these molecules. 


9-32. The highest occupied molecular orbitals for an excited electronic configuration of an oxygen 
molecule are 


(1 JT^Oor) 1 


Determine the molecular term symbols for oxygen with this electronic configuration. 
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This problem is similar to Example 9-12. First, set up a table of the possible momentum values: 



m < , 

m 

■ v . 

m / 

m M 

! ''2 


1. 

+i 

+ 2 

0 

+ 2 

1 1 

2. 

+i 

+ 2 

0 

1 

2 

1 0 

3. 

+i 

1 

2 

0 

+ 5 

1 0 

4. 

+i 

1 

2 

0 

_i 

2 

1 -1 

5. 

-i 

+1 

0 

+ 2 ~ 

1 1 

6. 

-i 

+1 

0 

1 

2 

1 0 

7. 

-i 

1 

2 

0 

+ 5 “ 

1 0 

8. 

-i 

1 

2 

0 

1 

2 

1 -1 

Entries 1, 2, 4, 5, 6, and 8 correspond to 

Kl 

= 

1 and S — 

1, giving a 3 n molecular term symbol. 

Entries 3 and 7 correspond to | M L 

| = 1 and 5 

— 

0, giving a 

'n molecular term symbol. 


9-33. Determine the values for the energies of the separated hydrogen atoms shown in Figure 9.22. 
Determine the energy difference of the dissociated limits. 


From the legend of Figure 9.22, the energy of the ground state of each hydrogen atom is ~{E h . 
Therefore, the dissociation limit of the ground state of H 2 is — 1.0£ h . The first excited state of H 2 
also dissociates into two ground-state hydrogen atoms, so its dissociation limit is -1.0£ h . The 
dissociated limits of the 1 £+ state is given by the sum of the energies of an H lv atom and H 2v atom, 
which is —0.625 £ h . 


9-34. For a set of point charges Z.e that lie along a line, we define the dipole moment (fx) of the charge 
distribution by 

lx = eJ2 z i x i 

where e is the protonic charge and x. is the distance of the charge Z e from the origin. Consider 
the molecule LiH. A molecular-orbital calculation of LiH reveals that the bond length of this 
diatomic molecule is 159 pm and that there is a net charge of +0.76e on the lithium atom and a 
net charge of — 0.76e on the hydrogen atom. First, determine the location of the center-of-mass 
of the LiH molecule. Use the center-of-mass as the origin along the jc-axis and determine the 
dipole moment of the LiH molecule. How does your value compare with the experimental value of 
19.62 x 10 -30 C-m? 


Li 


c.m. 


H 


159 


At the center of mass, m u x = m H (159 — x). Then 


m. 




-jc - 159 


m .. , 

1 -I-— ) jc = 159 


x = 20.2 
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where x is in picometers. Therefore, the center of mass is 20.2 pm from the Li atom. Now we can 
use the definition of /z to determine the dipole moment of LiH: 

fx = 0.76e(—20.2 x 10" 12 m) - 0.76e(138.8 x 10' 12 m) 

= (120.8 x 10" 12 m)e = -19.4 x lO -30 C m 

This answer differs by about 1% from the experimental value. (The answer is a negative number, 
which tells us that the dipole points toward the lithium atom, because we set up the coordinate 
system such that the lithium atom sits on the negative side of the origin. It is common to ignore the 
negative sign and tabulate /z as a positive quantity.) 


9-35. Show that the value of the dipole moment defined in Problem 9-34 is independent of where 
we place the origin along the x-axis so long as the net charge of the molecule is equal to zero. 
Recalculate the dipole moment of LiH by placing the origin on the hydrogen atom, and compare 
your answer with that obtained for Problem 9-34. 


Define a randomly selected origin x 0 such that x. = * former . — x Q , where * former f refers to the value 
of jc. in a previously selected coordinate system. Now substitute this value of jc. into our equation 
for /z: 


M = E Z i X i = E Z i ^former, , “ *<>) 

J 

= Evonne, , ~ E Z i*0 

i i 

= ^former _ Z i X 0 ~ ^former “ ^0 Z ‘ 


If the net charge is zero, then z i =0 and so /z = M former - Placing the origin of the system discussed 
in Problem 9-34 on the hydrogen atom, we find 


M = (—0.76e)(0) + 0.76^(159 x 10“ 12 m) = 19.4 x 1(T 30 C-m 


9-36. What would be the value of the dipole moment of LiH if its bond were purely ionic? Estimate 
the amount of ionic character in LiH. (See Problem 9.34.) 


If the bond were purely ionic, there would be a charge of —e on the hydrogen atom and -he on the 
lithium atom. Then 


/z = ^(—20.2 x 10" 12 m) - £(138.8 x 10“ 12 m) = -2.55 x 10" 29 C-m 
Using the experimental result given in Problem 9-34, we find 


% ionic character Li 


19.4 x 10~ 30 C-m 

25.5 x 10” 30 C-m 


x 100% = 76.0% 


9-37. A dipole moment is actually a vector quantity defined by 

M e E z . r . 

i 
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where r is a vector from some origin to the charge Z.e. Show that fi is independent of where we 
take the origin if the net charge on the molecule is zero. 


We can write the dipole moment above as 

M = J2 Z o r a = ' V/., + j Z « r i.« + k E V*.» 

a a a a 

which can then be separated into the three equations 

r. „ IXj = z„ r j, l* k = J2 Z„ r k.a 

a a Cl 

We have shown in Problem 9-35 that each of these vector components of n is independent of origin 
location if the net charge on the molecule is zero. Therefore, n is independent of where we locate 
the origin under these conditions. 


9-38. The dipole moment of HC1 is 3.697 x 10 -30 C-m. The bond length of HC1 is 127.5 pm. If HC1 
is modeled as two point charges separated by its bond length, then what are the net charges on the 
H and Cl atom? 


Use the chlorine atom as the origin. Then 

^hc = 0 + z h( 12 7-5 x 10- 12 m) 

3.697 x 10 -30 C-m _ 

127.5 x 1(T 12 m ~~ Z " 

0.181 e = z H 

Because the net charge on the molecule is 0, the charge on the chlorine atom must be -0.181e. 


9-39. Use the data in the table below to compute the fractional charges on the hydrogen atom and halide 
atom for the hydrogen halides. Is your finding in agreement with the order of the electronegativities 
of the halogen atoms, F > Cl > Br > I? 

RJ pm /Li/10 _30 C-m 


HF 

91.7 

6.37 

HC1 

127.5 

3.44 

HBr 

141.4 

2.64 

HI 

160.9 

1.40 

Basing the origin at the halide atom, we can find the charges on the halide atom and hydrogen atom 
for each molecule as we did in the previous problem: 

Charge on H Charge on halide 

HF 0.43e 

+0.43e 

—0.43e 

HC1 0.1 le 

+0.17e 

-0.17<? 

HBr 0.1 2e 

+0.12e 

—0.12e 

HI 0.054e 

+0.054e 

—0.054e 


These data show that the ionic character of the bond increases with increasing electronegativity of 
the halide atom, as expected. 
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9—40. When we built up the molecular orbitals for diatomic molecules, we combined only those 
orbitals with the same energy because we said that only those with similar energies mix well. This 
problem is meant to illustrate this idea. Consider two atomic orbitals x A and x B . Show that a linear 
combination of these orbitals leads to the secular determinant 


a A — E P — ES 
P — ES Sq: b — E 


where 

« A = SxJPxJx 
“b = f X B h en X B dr 
P = f X e h Qf( x A dt = f x„h eff X B dr 
S = f X A X B dr 


where /z eff is some effective one-electron Hamiltonian operator for the electron that occupies the 
molecular orbital <p. Show that this secular determinant expands to give 


(1 - S 2 )E 2 + [2 PS -a A - a Q ]E + a A a B - p 2 = 0 


It is usually a satisfactory first approximation to neglect S. Doing this, show that 

ot A +a B ±[(a A -a B ) 2 + 4P 2 ]' /2 

E * = -2- 

Now if x A and x B have the same energy, show that a A = a B = a and that 

E ± = a ± P 


giving one level of P units below a and one level of P units above a; that is, one level of P units 
more stable than the isolated orbital energy and one level of P units less stable. Now investigate the 
case in which a B , say a A > a B . Show that 


r- “A+ a B , “A- a B 

£ * = ““T“ ± 

O' + Cir, Ct A — O' 
_ A 1 B A B 


1 + 


4/3 2 


-, 1/2 


+ 


K - « B ) -I 

2/3 2 


2fi A 


K - “b) K “ “ B )‘ 


+ 


E _ <*A + <*8 j_ a A ~ tt B ± P t 


(V — O' 

A B 


2 2 

where we have assumed that p 2 < ( a A — a B ) 2 and have used the expansion 


, n xx 

(\+x)' /2 = ! + --- + ■•• 


Show that 


Z + 

E 


= «A + 


= 


P 2 


+ ••• 

H- 


Using this result, discuss the stabilization-destabilization of a A and a B versus the case above in 
which a A = a B . For simplicity, assume that a A - a B is large. 
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If we let \j/ = c jX A + X B i (assuming these functions are normalized and following Equa¬ 
tion 7.37) 

a A -E p-ES 
p - ES a A - E 

and so 


o = K - E) K — E) — (P — ES) 2 
= a A a B - Ea A - Ea B + E 2 - p 2 + 2pES - E 2 S 2 
= (1 - S 2 )E 2 + (2pS -a A -a B )E + a A a B - p 2 

Using the quadratic equation, we find that, neglecting S, E can be expressed by 


E = + g B ± K g A ~ « B ) + 4 £ ] 


2 - 11/2 


^ 2 
If x A and x B are associated with the same energy, a A = a B = a, and E ± becomes 

E ± = a ± p 

If a A < a B , E ± becomes 


£ — _ 

± 2 


+ «b ± [K_-“b ) 2 + ^ 2 ] 


2l'/2 


a. + a. — a„ 

A 1 B _j_ A B 


a. + Q!„ a. — a„ 

A 1 B A B 


2 

1 + 

1 + 


4p 2 


(a A -a B ) 2 J 

IP 2 


2p 4 


a, T a x — a n 

a 1 B A B _j_ 


( a A a B^ ( tt A 

P 2 


+ 0(P 6 ) 


- 0(p A ) 


2 2 

where we have made the assumptions given in the problem. Separating out E and we find 


E = — 

+ 2 


a 4 +«» . B 


+ 


+ 




- 0(P 4 ) = a. + 




a . — a„ 

A B 


- 0(^ 4 ) 


£ _ “a + <*B a A ~ a B 


o 2 o2 

- - 0(P 4 )=cc B -^-0(^ 4 ) 


a A — a, 

A B 


In this case, the energy is less stabilized and less destabilized than it was in the case where a A = cc B . 
To see this, observe the case where (a A — a B ) oo. Then the stabilization/destabilization term in 
E ± goes to zero and the two energy levels a A and a E remain. The smaller the difference between 
a A and a B , the greater the amount of stabilization and destabilization of energy levels that occurs. 


9-41. In the Born-Oppenheimer approximation, we assume that because the nuclei are so much more 
massive than the electrons, the electrons can adjust essentially instantaneously to any nuclear motion, 
and hence we have a unique and well-defined energy, £(/?), at each internuclear separation R. 
Under this same approximation, E(R) is the internuclear potential and so is the potential field 
in which the nuclei vibrate. Argue, then, that under the Born-Oppenheimer approximation, the 
force constant is independent of isotopic substitution. Using the above ideas, and given that the 
dissociation energy for H 2 is D Q = 432.1 kJ-mol -1 and that the fundamental vibrational frequency 
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V is 1.319 x 10 14 s \ calculate D 0 and v for deuterium, D 2 . Realize that the observed dissociation 
energy is given by 

D o = D e ~ \ hv 

where Z> is the value of E(R ) at R e . 



9-42. In this problem, we evaluate the overlap integral (Equation 9.10) using spherical coordinates 
centered on atom A. The integral to evaluate is (Problem 9-3) 


S(R) = - 
n 


= — J dr k e r *e r * 

2 roo nln pit 

= — I dr k e~ r ^rl I d<p I d6sin6e~ r ^ 
n Jo Jo Jo 


where r A , r B , and 6 are shown in the figure. 
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To evaluate the above integral, we must express r B in terms of r A , 0 , and <$>. We can do this using 
the law of cosines 


r B = (r A 2 +/? 2 -2r A /?cos0) 1/2 
So the first integral we must consider is 


4 = f e- {r Z +R2 - 2r * Rcosl> >' /2 sin dde 

JO 


Let cos 0 = x to get 




e-^ + Rl-lr^dx 


Now let u = (r A + R 2 — 2r,Rx)' /2 and show that 


dx = 


udu 

' 7 * 


Show that the limits of the integration over u are u = r A 4- R when x = — 1 and u = \R — r A \ when 
x = 1. Then show that 


4 = — + 1 - r A ) - e- {R+r *\R + 1 + r A )] r A < 


R 


1 


= — [e" (r A" R) (r A - /? + 1) - + 1 + r A )l r A > /? 

r A /^ 


Now substitute this result into S(R ) above to get 


S(K) = e -M 1 + R + L 


Compare the length of this problem to Problem 9-3. 


Following the method outlined in the problem we find that 




e 


sin OdO 


e -{ r l+R 2 -2r A Rx)' /2 


dx 


Let u = (r A + R 2 — 2r A Rx) ]/2 . Note that, by definition, u > 0. Now 2udu = —2 r A Rdx, or 


u du 



When x = 1, 


« = (r\ - 2r A R + R 2 ) 1 ' 2 

= k-*l 


u = (rl+2r A R+ R 2 ) 1 ' 2 
= r A + R 


Likewise, when x = — 1, 



298 


Chapter 9 


This gives us the limits of integration for the integral \ Q over u. We know that (r A + R) > r — R 


so we write 


nr A + R 

I n =- / du 

r * R J\«-r A \ 

rr.+R 


i =— r 

=—r 

r A R J R _ rn 

_ _L T a+ 

r A R K-R 


ue u du R > 


ue u du R < r A 


From a table of integrals, f xe ux dx — a 2 e ax (ax — 1) + C, so we can write 

[^ <ff+fA) (-/? - r A - 1) - *-<*-*> (-R + r A - 1)] r A <R 

r A K 

= -J- [e~ iR - r *\R + 1 - r A ) - e~ (R+r *\R + 1 + r A )] r A < R 

r A R 

= A (-* - r A - 1) - (* " 'a " 1)] r A >R 

r A A 


= [e“ (r A- R, (r A - /? + 1) - e -(R+, 'A , (/? + 1 + r A )] 


r. > R 

A 


Now, substituting into S(/?) gives 

S(fl) = 2 / dr A e~ r ^ [e^-^iR + 1 - r A ) - e“ (R+r A'(/? + 1 + r A )] 

J 0 ^ 


r °° f 

+2 / * a «- , a^[£- (, a-' ! V a - /? + 1) - g- (i?+r A>(/? + 1 + r A )l 

Jr ° 


R 

-R r R 


_ f 

Jo 


R poo 


dr A r A( R + 1 “0 + 


2e j" 

~R Jr 


dr A e-^r A (r A -R+l) 


rI R 2 \ 2e R r 02 

= e <T + r J-T 


-2/f 


/? 2 6 

-y^ 2 " + — (-2R-1) 


- 2 /? 


-2/f 


—-—(—2/? — 1) H— —(—2R — 1) 
4 4 


1 1 

* “ '2 + 7? 


= e 


-R 


/? 2 


_i __ R _l , _L_I_i 

2/? 2 + + 2/? 2 R 


This is a much more lengthy procedure than that used in Problem 9-3. 


= e~ R (! + /? + 


R 2 \ 


9-43. Let’s use the method that we developed in Problem 9^42 to evaluate the Coulomb integral, J, 
given by Equation 9.19. Let 


Jr R n J 


e 2r A 


i poo pin pn 

= -- dr A r 2 e^ / d<j> / 

jl Jo Jo Jo 


(r A + R 2 - 2r A Rcosdy 
2 * r " dO sin6> 


o Jo (r 2 + R 2 -2r A Rcose) i/2 
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Using the approach of Problem 9-42, let cos 6 = x and u = (r 2 + R 2 — 2r A Rx) l/1 to show that 


poo i /?—r A i 2 r°° 

l = i dr x r x e ~ K / du = D / ~ Cj - + r A )] 

^ JO J/?+r A K Jo 


e- 2R f 1 + 4 V 4 


R R 


and that the Coulomb integral, J, is given by 


J = e~ lK 1 + 


Hint: You need to use the integrals 


xe ax = e — 


x 1 


J2 „ux J „ „ax 


x 2 2x 2 

2 " 4 " 7 

a a a 


The integral over 9 (Problem 9-42) is 




d6s\u6 f dx 

(r[+ fl 2 -2r A /?cos0)' /2 “ 4, (r* + R 2 - li~Rx) [ 

f\ R ~ r *\ udu _ 1 du 

h+r A r^Ru ~ r A R J R+ 


[I* + '■»)] 


Substituting into /, we find 


1=2 dr.rle ~ 2r *■ 


[|*-'a|-(* + 'a>] 


pOO 

/ ^‘^[^-^1-^ + 0] 

Jo 


2 p r 2 r°° 2 C°° 

— I dxe~ 2x x(R — x) H-/ dxe~ 2x x(x — R) — — / dxe~ 2x x(R -\- x) 

R Jo R Jr R Jo 


= 2 ~—{—2x — 1) 

o 4 


jc 2x 2 

'~2 " T “ 8 


/? * V 2 4 8 


-2 e- 


* _ i\ _ 2 //? 2 

2 _ 4/ ~ V 4 + 8 


+ ,-»(« + . + T)-^( s + i)-I-T 

/I 1 1 1 \ 1 


6 \2 + 2R + 2 + 2R) R 


e~ 2R 1 + 


R R 
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Finally, from Equation 9.19, 
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PROBLEMS AND SOLUTIONS 


10-1. Show that rjr^ = -j=(2s ± 2p z ) is normalized. 


We evaluate 


J dT fs,,ts,, = \J dr ( 2s ± 2 p z y( 2s ± 2 p z ) 

= ^J d r (2s*2s ± 2s*2p z db 2p\2s ± 2p\2p z ) 

= 1(1±0±0+1) = ^(2) = 1 

where we have used the fact that the hydrogenlike orbitals are orthonormal to each other. 


10-2. Show that the three sp 2 hybrid orbitals given by Equations 10.3 through 10.5 are normalized. 


Using 


we find 


+' = ^ 2s+ v! 2 '* 


(10.3) 


: 2s + \l 3 2 Pz 


{ dzf;f < = / dz (^f 2s * + &*) (t! : 

= ] -f dx2s*2s + ^ j dr (2s*2 Pi + 2 p* z 2s) + | j dx2p* z 2p z 


1 2 , 
“ 3 + 3 “ 1 


and using 


= A=2s -7=2p + —^=2p 

2 V3 V6 z V2 


(10.4) 


we find 


JdxW 2 -fdx (j-2s* ^2 p* z + ^2p*)j ^2 P z + j-2 p)j 

= \f dx2s*2s + l -J dx2p*2p z + i J dx2p* x 2p x 


111, 

= — + 7 + — =1 

3 6 2 
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We have not written the integrals involving the products of different atomic orbitals, because their 
integrals are zero due to the orthogonality of the atomic orbitals. Likewise, using 



10 - 3 . Prove that the three sp 2 hybrid orbitals given by Equations 10.3 through 10.5 are directed at 
angles of 120° with respect to one another. (See Example 10-4.) 


Because the s orbital is spherically symmetric, the directionality of the sp 2 hybrid orbitals will be 
determined by their p-orbital character. The ^-orbital characters of the sp 2 hybrid orbitals are given 
by 

= 'Ji 2p ‘ f p ‘ = -^ 2p - ~ ti Pl 

We can represent these combinations of p-orbitals as vectors with the appropriate projections on 
the x- and z-axes. 


z 



We can evaluate 8 by noting that 


tan# = ^ 
Ti 


0.408 

0.707 


or 8 — 30°. The angle between t/q and \j/ 2 (and that between i (r 2 and ^ 3 ) is 90° + 30° = 120°. The 
angle between \j/ 2 and i jr^ must therefore be 360° — 2(120°) = 120°. 


10 - 4 . Represent the three sp 2 hybrid orbitals given by Equations 10.3 through 10.5 as vectors, 
where the coefficient of 2 p x is the x component and the coefficient of 2 p z is the z component. 
Now determine the angles between the hybrid orbitals using the formula for the dot product 
of two vectors. (Don’t include the 2s orbital because it is spherically symmetric and so has no 
directionality.) 
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Excluding the 2s orbitals, the hybrid orbitals can be expressed in vector notation as 


Vh = J rk 


-J2 V6 k 


' P ' = ~i/2~i/i k 


Recall from MathChapter C that 

A B = |A| |B| cosfl = A x B x + A B + A z B z 
Substituting in the definition of |A|, we can write this last equation as 

(y/*l + A) + Aj) (7^ + B) + B\} cos 9 = A x B x + A y B y + A B z 
We now use this expression to calculate the value of 9 for the hybrid orbitals tp ] and ip 2 : 



= 120 ° 


Likewise, for and r/> 3 9 is 



= 120 ° 


and for and i/> 3 9 is 



= 120 ° 


10-5. The following three orbitals are equivalent to the three sp 2 hybrid orbitals given by Equations 
10.3 through 10.5 



/ 1\ 1/2 1 1 
<P 2 = (j j 25 + -(1 + 3 - 1 / 2 ) 2 p x + -(1 - 3 _ 1 / 2 ) 2 p z 

0 3 = Q) ' 2s + i(-l + 3 " ,/ 2 ) 2 p x - X -(\ + 3 _ l / 2 ) 2 p z 


First show that these orbitals are normalized. Now use the method introduced in Problem 10-4 
to show that the angles between these orbitals are 120°. (These orbitals are the orbitals given by 
Equations 10.3 through 10.5 rotated by 45°.) 
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We show that the orbitals are normalized by proving that f 0*0 ; = 1. 


/ 

/ 

/ 


1 1 1 , 
^,= 3 + 3 + 5 -' 

<rA, = \ + \( i + 3- , «) ! + i( i -3-«)’ 


1 1 


V3 


= 7 + 7 I 1 3-7= + 7 + 7 1 +7—1 


V3 

2 


^,V s = 5 + j(-l+3-''f + I(l + 3-'«) 




1 


V3 


1 


+ 7 I + 7 I 1 + + 7 I — 1 


The directionality of these orbitals can be expressed in vector notation as (see the solution to 
Problem 10-4) 

0 2 = i(l+3- ,/2 )i + ^(l-3- ,/2 )k 



0 3 = i(-l+3- i/2 )i-^(l-3- ,/2 )k 

To facilitate solving for the angle 9 between these vectors, we first calculate the dot products of the 
vectors: 


, 1 1 
= ( 3 + 3 


1/2 


2' 1/2 
3 


4y02 = 

= 




l 


: H—7= + r ) + t I 1 7E + 


V3 


V3 


4 1-^ + 7 +7 1 + ^ + 7 


V3 


1/2 


n '/2 


1 ( 1 


2 W3 


1 ( 1 


<V02 = “7 1 “77 + T + 3 "77 " T “ 


4>s-<h = — {-^ + 


2 W3 


1/1 

- 7 ^= + 7 = -7 


2 VV3 


^2-^3 = 4 l- 1 + 3 ) - 3 l 1 - ^ 



1/2 

1/2 


Because the dot products of the 4> j ■ (f>j are the same for all j, and the dot products of the <p j ■ 4>j 
are the same for all i 4 j,9 will be the same between all pairs of vectors. To calculate a numerical 
value of 9, we pick the pair of vectors 0, and 0 2 to find that 


(0,- 0,) (0 2 - 0 2 )cos<9 = 0,- 0 2 
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10-6. Given that one sp hybrid orbital is 

= 7f (25 + 2 ^ } 

construct a second one by requiring that it be normalized and orthogonal to . 


We require that £ 2 satisfy the conditions /dr£ 2 £ 2 = 1 and Jd r§*£ 2 = 0. Because £ 2 is an sp 
hybrid orbital, we can write £ 2 = c x 2s + c 2 2p z . Now we use the above conditions to find c } and c 2 : 


0 = J dx2=(2s* + 2p:)^ 

= Tii dT2s% + TJ ixlp% 

= ViI dr2s * 2s + / dr2s * 2 Pz + ^ + ^j= J dr2p* z 2p z 


0 = — + — 
^ V2 


So c ] = 


—c 2 . Now 


= / 

= J dx (cj2s* - c,2p*) ( C] 2s - c 2 2pj 
= Ci J dx2s*2s -c\ J dx (2s*2p z + 2p*2s) + c\ / dx2p*2p z 


1 = 2c? 


and so c, = ±l/\/2. Either value of c, is correct, because in either case f 2 is normalized and 
orthogonal to f,. We arbitrarily choose c, = 1/V2 to write 


= 7f s ' Tz p 


10-7. The relation between a tetrahedron and a cube is shown in the following figure: 



Use this figure to show that the bond angles in a regular tetrahedron are 109.47°. (Hint: If we let the 
edge of the cube be of length a, then the diagonal on a face of the cube has a length a/2 a, by the 
Pythagorean theorem. The distance from the center of the cube to a face is equal to a/2. Using this 
information, determine the tetrahedral angle.) 
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Use the following figure, where the apex of the triangle represents the center of the cube and the 
base represents the diagonal of a face. 



The length of the base of this triangle is V2 a because it is the diagonal of a face. The quantity tan 0 
is given by 

„ y/la/2 r- 

tan 6 = -= v 2 

a/2 

or 0 = 54.736°. The tetrahedral bond angle is equal to 20 = 109.47°. 


10-8. Show that the sp 3 hybrid orbitals given by Equations 10.6 through 10.9 are orthonormal. 


The sp 3 hybrid orbitals are given by (Equations 10.6 through 10.9) 

V' 1 — 2 + Z Px + Z Py + Zp z) 

*2 = \ ( 2 * “ 2 P x ~ 2 P, + 2 Pz) 

*3 = \ ( 2i + 2 Px ~ 2 Py ~ 2 P) 

^ = \ ( 2S ~ 2 Px + 2 Py ~ 2 P *) 

For orthonormal wave functions, f — 8 ... Because the 2s , 2 p. 2p and 2 p 7 orbitals are 
orthogonal, for all j we find 

J dxfTf. = ^J dx2s*2s + X - J dx2p*2p x + 1 J dx2p*2p y + 1 J dx2p* z 2p z 

1111 

= T + 7 + 7 + T — 1 

4 4 4 4 

Now consider the case where i j . Specifically, let i = 1 and j = 2. Then 

J dxf^ = ^Jdx (2s* + 2p* + 2p* + 2p*) (2s - 2p x - 2p y + 2p/j 

1 1 1 1 „ 

— — — — — 7 + 7 — 0 

4 4 4 4 


For each possible combination of / i ¥ j, the integral reduces to the sum of four integrals, 

each of which has a value of 1/4. Two of these four terms are positive and two negative, so their 
sum is always zero. Thus the sp 3 hybrid orbitals are orthonormal. 
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10-9. Using the vector approach described in Problem 10-4, show that the cosine of the angle between 
the sp 3 hybrid orbitals given by Equations 10.6 through 10.9 is -1/3. What is the angle equal to? 


Again, because the 5 orbitals are spherically symmetric, the directionality of the hybrid orbitals is 
due to the p orbitals. Using vector notation, we then write 


1 . 1 


1 . 1 


1 


+ 7J + o k ^2 = -o i -oJ+o k 


^3 = h 


2 2 

From the solution to Problem 1CM-, 


1 j - i k 


, i. i. i, 

V ’ 4 = - 2 ,+ 2 J " 2 k 


A\ + A) + A\ 


K + B) + B\ 1 cos 6 = A x B x + A y B y + A i B i 


The angles between any pair of hybrid orbitals is the same, so choosing and W we have 


/ 3 \ 1/2 /3 \*/ 2 
\4/ \4/ 


. 1 1 1 
cos 6 = - 

4 4 4 


cos 0 = — 

3 

e = 109.5° 


10-10. The sp 3 hybrid orbitals given by Equations 10.6 through 10.9 are symmetric but not unique. 
We construct an equivalent set in this problem. We can write the four sp 3 hybrid orbitals on the 
carbon atom as 


= a{2s + b l 2p x + c(2p y + d } 2p z 

?2 = a i 2s + b 2 2 Px + C 2 2 Py + d 2 2 Pz (J) 

? 3 = a 3 2s + b 3 2p x + C 3 2p y + d 3 2p z 1 } 

= a 4 2s + b A 2p x + c 4 2p y + d 4 2p z 

By requiring these four hybrid orbitals to be equivalent, we have that a { = a 2 = a 3 = a r Because 
there is one 2s orbital distributed among four equivalent hybrid orbitals, we also say that 
a \ + a 2 + + 04 = 1 - Thus, we have that a x = a 2 = a 3 = a 4 = 1 /\/4. Without loss of generality, 

we take one of the hybrid orbitals to be directed along the positive z axis. Because the 2 p x and 
2 p y orbitals are directed along only the x and y axes, respectively, then b and c are zero in this 
orbital. If we let this orbital be then 

^ = ^2s + d { 2p z 

By requiring that ^ be normalized, show that 

(2 > 

Equation 2 is the first of our four sp 3 hybrid orbitals. Without any loss of generality, take the second 
hybrid orbital to lie in the x-z plane, so that 

$2 = -jf S + b 2 2 Px + d 2 2 Pz 


( 3 ) 
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Show that if we require § 2 to be normalized and orthogonal to then 


1 

7* 


%2 - fX 2s + V 3 2 Px 


1 

V\2 


2 P t 


Show that the angle between and £ 2 is 109.47°. Now determine £ 3 such that it is normalized and 
orthogonal to and | 2 . Last, determine f 4 . 


Let f, = - 7=25 + d\2p z . For f, to be normalized, 
V4 


J dx^fa = l -j dx2s'2s +d] J dx2p;2p z + 0 


l = - + ^f 


d x = ±J - 


Take d x = y - to find 




Note that the hybrid orbital with zf, = - J - would also give a normalized orbital. Now take 


4 

_1 

V4 


= ~n 2s + + rf 2 2 Pz 


We require that this hybrid orbital be orthogonal to £, and normalized, so 

J dz& 2 = l -j dx2s*2s + ^ J dx2p\2p z 


and 


0.1 + 1 /k 

4 V 4 2 

d2 = ~7fi 


f dx%l% 2 = l -J dx2s*2s + b\ j dx2p* x 2p x + ±j dx2p\2p z 


, = 3 + * 


^ = ± V 3 


Once again we arbitrarily take the positive root, ft = y - , and so 

^ + /I 2 "- - ^ 2p ' 
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Now use the equation from the solution to Problem 10-4 to find the angle between \(r. and xf/ : 


a\ + a 2 + a: 



K + B) + B\ ) cost? = A x B x + A y B y + A z B z 


2 1 \ / /3\ „ 

- + — J - I cos 9 = - 

3 12/ \ V 4 / 


cos 0 = - 


1 

V\2 

1 

Vl 2 

9 = 109.47° 


Now find £ 3 so that it is orthogonal to and £ 2 and normalized. Use £ 3 from Equations 1: 

J dx& 3 = ] -J dx2s*2s + ^ 3; /| J dx2p\2p z 


°"5 W? 

d3 = ~7vi 


j dx^ 3 = lf dx2s * 2s + xj\ b 3 j dr2 P*x 2 Px + ^2 J dx2 P*z 2 Pz 

n 1 l 2 , 1 

° - 4 + V 3^ 3 + 12 


b3 = ~7i 


J dxffi 3 = ^J dx2s*2s + ^J dx2p*2p x + c\ J dx2p*2p y + J d * 2 P* 2 P z 


, 11,1 
l ~4 + 6 +c ' + n 
1 

c '~Ti 


so 


= Td s ~ 7 s 2 '’- + ^ 2p ’" ^ 2p - 


V2 


Vn 


The final hybrid orbital, £ 4 , must be normalized and orthogonal to $ 2 , and § 3 . Proceeding as 
above, we find 

*‘ = 7? s --k 2p ---^ lp ’--m lp ‘ 


V2 


yi 2 


10-11. Calculate the bond angle between i/q and in Example 10-4 using the vector approach 
described in Problem 10^1. (Remember not to use the 2s part of i/r, and t// 2 .) 


Write the p-orbital contribution to the hybrid orbitals given by Equations 10.12 and 10.13 as 

■0, = 0.7 Ij + 0.55k 
ip 2 = -0.71j + 0.55k 
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Now use the equation found in the solution to Problem lCMt to find the angle between the orbitals: 


(7^* + + /if) B] + B) + B^j cos 6 

(0.71 2 + 0.55 2 ) l/2 (0.71 2 + 0.55 2 ) 1/2 cos 9 

cos 9 

e 


A B +AB +AB 

xx yy z z 

—0.71 2 + 0.55 2 

-0.25 

104.5° 


10-12. Using the coordinate system shown below for a water molecule, 



show that we can write the two bonding hybrid atomic orbitals on the oxygen atom as 

\jr x = N[y2s + (sin 0)2 p y + (cos0)2pj 


and 


x(r 2 = N[y2s - (sin &)2p y + (cos0)2p z ] 

where y is a constant and N is the normalization constant. Now use the fact that these orbitals must 
be orthogonal to show that 

cos 2 6 — sin 2 6 = cos 26 = —y 2 

Finally, given that the H-O-H bond angle of water is 104.5°, determine the orthonormal hybrid 
orbitals i/^, and i/r 2 (see Equations 10.12 and 10.13). 


The water molecule sits in the yz-plane and so the bonding hybrid atomic orbitals on oxygen will 
be a linear combination of the oxygen 2s, 2p y , and 2 p z orbitals (the 2 p x orbital is perpendicular to 
the plane of the molecule). Thus 

bonding = N (y 2s + C 1 2 Py + C 2 2 p) 

where y, N, c, and c 2 are constants. The directionality of the O-H bonds arises from the 
contributions of the 2 p orbitals, and so we can use the orientation shown in the figure to determine 
c, and c v Both O-H bonds have a projection on the z-axis of cos0. The projection of the O-H 
bonds on the y-axis is given by ± sin0. Therefore, c, = ± sin0 and c 2 = cos0, giving 

= N[y2s + (sm6)2p y + (cos0)2p z ] 


and 


i fr 2 = N[y2s — (sm6)2p y + (cos6)2p z ] 
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The two bonding hybrid molecular orbitals are orthogonal, so 


0 

0 

0 


J drxj/ j> 2 

N 2 y 2 J dx2s*2s + N 2 cos 2 9 j dx2pz*2p z - N 2 s\n 2 9 j dx2p*2p y 
N 2 ( y 2 + cos 2 9 - sin 2 0) 


or 


— y 2 = cos 2 9 - sin 2 9 = cos 29 
For a water molecule 29 = 104.5°, so 

-Y 2 = cos(104.5°) = -0.2504 
Y = 0.5004 

Now 9 = 104.5°/2 = 52.25°, so cos0 = 0.6122 and sin 0 = .7907. Using the equations for the 
orbitals given in the problem and requiring these orbitals to be normalized gives 

1 = J dx l/f't/r, 

1 = M 2 y 2 + N 2 cos 2 9 + N 2 sin 2 9 
N~ 2 = (0.5004) 2 + (0.6122) 2 + (0.7907) 2 
N = ±0.8943 

The choice of sign of N is arbitrary. We choose the positive root and write 

Vq = 0.8943 [0.5004(2 j) + 0.7907(2p y ) + 0.6122(2p z )] 
f 2 = 0.8943 [0.5004(2i) - 0.7907(2p y ) + 0.6122(2p ? )J 


10-13. In Problem 10-12, you found two bonding hybrid orbitals for the oxygen atom of a water 
molecule. In this problem, we will find the two equivalent lone-pair orbitals. Starting with the 
results of Problem 10-12, show that the third sp 2 hybrid orbital is given by 


% = 0.77 • 2s - 0.64 • 2p z 

At this point the lone pair orbitals are given by i/r, and the oxygen 2 p x orbital. Construct two 
equivalent lone pair orbitals by taking the appropriate linear combinations of and the 2 p x orbital 

Which pair of orbitals, \ /r 3 and the 2 p x orbital or your set of equivalent orbitals, is the correct 
description of the lone-pair orbitals for a water molecule? Explain your reasoning. 


In Problem 10-12 we found that 

= 0.8943 [0.5004(2s) + 0.7907(2^.) + 0.6122(2p z )] 
f 2 = 0.8943 |o.5004(2s) - 0.7907(2 p y ) + 0.6122(2p f )] 
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We wish to construct i/r, = a 2 2s + b 2 2p y + c ? 2p z such that it is orthogonal to both xj/ i and i/ 2 . We 
then require that 

0 = J dr\l/*xl/ 2 

0 = 0.4475a., 4- 0.7071 b 3 + 0.5475c 3 (1) 

and 

0 — J dzxl/^xl/^ 

0 = 0.4475a 3 - 0.7071 b 3 + 0.5475c 3 (2) 


Subtracting Equation 1 from Equation 2 gives b 2 = 0. The function xjr 3 must be normalized, so 

1 = J , 

1 = a] + c\ 

a S = \A — C 3 


Substituting this into Equation 1 gives 


0 = 0.4475(1 - c 2 ) 1/2 + 0.5475c 3 


(1-c 3 2 ) ,/2 = - 


0.5475 
0.4475 C3 


-*-(4 


_ ( 0.5475 V 
4475/ 


c\ = 0.4005 


c 


2 

3 


= ±0.6328 


Therefore 

a 3 = y/l-c\ = 0.7743 

We must select c 3 such that / dri/r’i/r-, = 0, so c 3 = —0.6328, giving 

= 0.77(2 s) - 0.63(2 p z ) 

Now we construct two new equivalent lone pair orbitals, xfr n and \fr n , by taking linear combinations 
of i/r 3 and the 2 p x orbital: 

Vr„ = Cj^r 3 + c 2 lp x = 0.77c,2s - 0.63c,2p z + c 2 2p^ 

Vr /2 = c 3 f 3 + c 4 2p x = 0.77c 3 2s - 0.63c 3 2p z + c t 2p x 

Since xjr n and f l2 are equivalent, c, = c y Recall that the coefficient of the Is orbital component of 
xff l and f 2 is (0.8943)(0.5004) = 0.4475. Because the one 2s orbital is distributed among xjr v xjr 2 , 
xfr n , andi/r /2 , we have 

1 = 2(0.4475) 2 + (c] + c 3 )(0.77) 2 
1.011 = c 2 + c 2 = 2c 2 
0.7110 = c, = c 3 
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where we have arbitarily picked the positive root for both c, and c 3 . Now we solve for c 2 and c 4 
using the normalization conditions: 

1 = J = 0.54 2 + 0.44 2 + c 2 

c 2 = 0.717 = 0.72 
and 

1 = J d r i//^ yj/ n = 0.54 2 + 0.44 2 + c 2 
c 4 = -0.717 = -0.72 

Our final solution for the equivalent lone pair wave functions is then 

f n = 0.54(2*) - 0A4(2p z ) + 0.72(2 p x ) 
t n = 0.54(2*) - 0.44(2^) - 0.72(2/?,) 

Either set of orbitals is correct. The hydrogenlike 2* and 2 p orbitals have the same energy. All 
possible normalized linear combinations of the atomic orbitals also satisfy the Schrodinger equation 
for a hydrogenlike atom and all these linear combinations have the same energies. 


10-14. Figure 10.9 shows a schematic representation of the various molecular orbitals for a linear 
AH 2 molecule. We could draw similar pictures for the molecular orbitals of a linear XY 2 molecule. 
For example, the 3 a g and 4 a molecular orbitals can be represented as 








Draw a schematic representation of the 2 a u , 1 n u , 2n u , and 17T, orbitals. 



10-15. Explain why the energies of the 3cr and 2a u orbitals for an XY 2 molecule are insensitive to 
small changes in the bond angle. 
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For a constant X-Y bond length, small changes in the bond angle do not affect the overlap of the 
2s orbitals in the three atoms. (The 2s orbitals are spherically symmetric.) Therefore, the energies 
associated with linear combinations of these three 2s orbitals are insensitive to small changes in 
bond angle. 


10-16. Explain why the doubly degenerate \n u orbitals for a linear XY 2 molecule do not remain 
degenerate when the molecule is bent. 


Take the z-axis to lie along the bonds of the linear molecule and let the molecule bend in the 
xz- plane. Then one of the l7r u orbitals lies in the plane of the molecule and the other lies in a plane 
that is perpendicular to the plane of the molecule. For a linear molecule, the overlap between the 
2p x atomic orbitals (one of the \n u orbitals) and the 2p y atomic orbitals (the other \n u orbital) 
are identical. Hence these molecular orbitals are degenerate. As the molecule bends, the overlap 
between the 2 p x orbitals on the three atoms is affected differently than the overlap between the 2 p y 
atomic orbitals. Therefore, the energy associated with the two 17r u molecular orbitals depends on 
the bond angle. 


10-17. Explain why the 3 o u molecular orbital of a linear XY 2 molecule increases in energy as the 
molecule bends. {Hint: The 3a u molecular orbital is a linear combination of the 2 p z orbitals from 
each atom.) 


The 3 g u orbital is a bonding orbital formed from a linear combination of the 2 p z orbitals from each 
atom. (Recall that we have taken the z-axis to lie along the molecular bond.) When the molecule 
bends, the overlap between the 2 p z orbitals decreases and the energy associated with this linear 
combination of atomic orbitals increases. 


10-18. Use Figure 10.25 to predict whether the following molecules are linear or bent: 
a. C0 2 b. CO* c. CF 2 


a. C0 2 has 4 + 6 + 6 = 16 valence electrons. The possible electron configurations of the linear 
and bent structures are 

Linear: 3a^2a^4a^3a^ 1 1 r w 2 1 1 it* 1 tt* 

Bent: 3a 1 ] 2bl4a 1 x 3b\ 1 b]5a] 1 a\Ab\ 

3a]2b\4a]3b21 b]Sa]6a] 1 a\ 

From the diagram we see that the linear structure is lowest in total energy. 

b. C0 2 has 15 valence electrons and the lowest energy structure is linear. 

c. CF 2 has 18 valence electrons and the lowest energy structure (using the electron configurations 
from part (a) of Problem 10-19) is bent. 


10-19. Use Figure 10.25 to predict whether the following molecules are linear or bent: 
a. OF 2 b. NO+ c. CN 2 



Energy 
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Bond angle 


FIGURE 10.25 

The Walsh correlation diagram for the valence electrons of a 
XY 2 molecule. The right side of the diagram gives the energy 
ordering of the molecular orbitals for an Y-X-Y bond angle of 
180°. The left side gives the energy ordering of the molecular 
orbitals for an Y-X-Y bond angle of 90°. The solid lines tell 
us how the energies of the molecular orbitals depend upon 
Y-X-Y bond angles between 90° and 180°. The la,, 2 a g , and 
\a u orbitals correspond to the core Is electrons on the bonded 
atoms and are not shown in the figure. 


a. OF 2 has 6 + 7 + 7 = 20 valence electrons. The possible electron configurations of the linear and 
bent structures are 

Linear: 3a 2 2cr 2 4a 2 3a 2 1 n 2 1 n 2 1 jt 2 1 n 2 2n 2 27t 2 
Bent: 3a]2b]4a]3b\ 1 b\5a 2 1 a\4b]6a]2b] 

3a\2b\4a\3b\ 1 b]5a] 1 a\<3a]4b\2b\ 

3a 2 x 2b\4a\3b\ 1 b 2 5a 2 6a 2 1 a\4b\2b] 

From the energy-level diagram, we see that the bent structure is lowest in total energy. 

b. NOJ has 19 valence electrons and is bent. 

c. CN 2 has 14 valence electrons and (using the electron configurations from part (a) of the 
previous problem) is linear. 


10-20. Walsh correlation diagrams can be used to predict the shapes of polyatomic molecules that 
contain more than three atoms. In this and the following three problems we consider molecules 
that have the general formula XH 3 . We will restrict our discussion to XH 3 molecules, where all the 
H-X-H bond angles are the same. If the molecule is planar, then the H-X-H bond angle is 120°. 
A nonplanar XH 3 molecule, then, has an H-X-H bond angle that is less than 120°. Figure 10.26 
shows the Walsh correlation diagram that describes how the energies of the molecular orbitals for 
an XH 3 molecule change as a function of the H-X-H bond angle. Note that because XH 3 is not 
linear, the labels used to describe the orbitals on the two sides of the correlation diagram do not 
have designations such as a and n. We see that the lowest-energy molecular orbital is insensitive to 
the H-X-H bond angle. Which atomic orbital(s) contribute to the lowest-energy molecular orbital? 
Explain why the energy of this molecular orbital is insensitive to changes in the H-X-H bond 
angle. 



Energy 


316 


Chapter 10 



Bond angle 


FIGURE 10.26 

The Walsh correlation diagram for XH 3 molecules. The right side 
of the diagram gives the energy ordering of the molecular orbitals 
for an H-X-H bond angle of 120°. The left side gives the energy 
ordering of the molecular orbitals for an H-X-H bond angle of 
90°. The solid lines tell us how the energies of the molecular 
orbitals depend upon H-X-H bond angles between 90° and 120°. 


The lowest energy molecular orbital is effectively equal to the ls x orbital. This is a core atomic 
orbital and is not involved in the bonding. (Recall that bonding orbitals involve the valence 
shell electrons, which for the X atom are in the orbitals with the highest n quantum number, 
n > 2.) 


10-21. Consider the Walsh correlation diagram given in Figure 10.26. The 2 o\ molecular 
orbital of the planar XH 3 molecule is a linear combination of the 2 p orbital on X that 
lies in the molecular plane and the Is orbital on each hydrogen atom. Why does the en¬ 
ergy of this molecular orbital increase as the H-X-H bond angle decreases from 120° 
to 90° ? 


As the molecule bends out of the plane, the overlap 2 p orbital on X (directed along the internuclear 
axis) and the Is orbital on the hydrogen atom decreases. Thus, the energy associated with this 
particular linear combination of atomic orbitals increases. 


10-22. Orbitals designated by the letter V’ in a Walsh correlation diagram are doubly de¬ 
generate. Which atomic orbitals can contribute to the \e' molecular orbitals of the planar 
XH 3 molecule? 


We first note that the \e' orbitals remain degenerate as the molecule bends out of the plane. 
Only molecular orbitals comprised of atomic orbitals that are symmetric with respect to the 
plane containing the planar XH 3 molecule can remain degenerate as the molecule bends. 
Therefore, if we take the plane of the molecule to be the xy- plane, the atomic orbitals that 
contribute to the \e' orbitals are the 2s, 2p x and 2p y on X and the Is orbitals on each hydrogen 
atom. 


10-23. Use the Walsh correlation diagram in Figure 10.26 to determine which of the following 
molecules are planar: (a) BH 3 , (b) CH 3 , (c) CH^, and (d) NH 3 . (Orbitals designated by the letter 
‘V’ are doubly degenerate.) 
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The 1 a\ orbita! is filled by the Is electrons of the X atom in all cases, so we begin with the orbital 

with the next highest energy in the ensuing discussion. 

a. BH 3 has six total valence electrons. The first three orbitals are therefore filled, so the molecule 
is planar (with 120° as the H-B-H bond angle). 

b. CH 3 has seven total valence electrons. The first three orbitals are filled and one electron 
occupies the 1 a 2 orbital. The energy of the 1 a" orbital decreases more steeply than the 
lower energy orbitals increase as the molecule bends out of the plane, so the molecule is 
pyramidal. 

c. CH^ has eight total valence electrons. The first four orbitals are filled, and the molecule is 
pyramidal. 

d. NH 3 also has eight total valence electrons (like CHJ) and the molecule is pyrami¬ 
dal. 


10-24. Show that the n molecular orbital corresponding to the energy E = a — /3 for ethene is 


Equation 10.15 gives the bonding Hiickel molecular orbitals for ethene as 

+* = C l 2 P,A + C 2 2 P ! B 

where (Example 10-6) 

c,( a - E) + c 2 fi = 0 
c,£ + c 2 (a - E) — 0 

Substituting E = a — ft into these expressions gives 

Pc ] + pc 2 = 0 

Cl = -C 2 

Then 

= c i( 2 ^A-2p zB ) 

To find cj we require that \jf n be normalized, or 

c]{\ + 2S + 1) = 1 

where 5 = 0 (an assumption of the Hiickel theory). Then c, = 1/V2 and so 

= ^( 2 P,.a- 2 P z .b) 


10-25. Generalize our Hiickel molecular-orbital treatment of ethene to include overlap of 2p zA 
and 2 p zB . Determine the energies and the wave functions. 


Including the overlap of the 2 p z orbitals means that we no longer set S n and 5 to zero; however, 
5,2 = 5 2| = 5. The Hiickel secular determinant then becomes 

= 0 


a - E p- ES 
p — ES a — E 
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Expanding the determinant gives 


(a - E) 2 - (>8 - ES n ) 2 = 0 


which gives 


a - E = ±(j8 - ES) 


or 

\±S 

Now we can substitute the allowed energies into the linear algebraic equations for c ] and c 2 
(Equation 10.16) to find the wave functions for the energies: 


c x {a — E) + c 2 (fi - ES ]2 ) = 0 
c x (P ~ ES X2 ) +c 2 (a - E) = 0 


Substituting E = (a + >8)/(I + S) into the above equations gives only one independent equa¬ 
tion: 


c 


i 


m) 


+ c 2 


i^f) 


-0 


or c x = c 2 . Therefore 


Similarly, 


V2(l + 5) ^ PzA + 2Pz ^ 


V2(l - S) ^ 1PzA 2Pz ^ 


10-26. Show that the four molecular orbitals for butadiene (Equation 10.18), 

4 

t = E c iMj 

7 = 1 

lead to the secular determinant given by Equation 10.19. 


The four molecular orbitals for butadiene are 

t = C i\ 2 P z \ + C i2 2 P,2 + C i3 2 P z3 + C iA 2 P 7 A 

In Section 7-2 we learned how to find a secular determinant for a linear combination of N 
functions (Equation 7.40). Since there are four functions contributing to each rfr n the secular 
determinant is 


H n -ES u H n -ES n 
— ES X1 H 22 — es 22 

^13 ^^13 ^23 _ ^^23 

^14 “ ^^14 ^24 _ ^^24 


h„-es ]3 H h -ES h 
H 23 — ES 23 H u — ES 24 

^33 — es 33 H 3A — es 3a 

^34 ~ ^34 ^44 “ ^44 
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Because our orbitals are Hermitian, we know that H ij = H jj and S.. = S... Using Fig¬ 
ure 10.21 for the numbering of the carbon atoms, we have (using the Hiickel approxima¬ 
tions) 



= h 22 

= h k 

= H U = “ 




H\ 2 

= U 2 > 


= P 




H u 

= 0 



1 i ~ j 1 

> 

2 

*„ 

= *22 

= *32 

II 

TT 

II 




s u 

= 0 



I'-yl 

¥ 

j 


10-27. Show that 


jc 1 0 0 

1x10 
0 1x1 

0 0 1 x 

gives the algebraic equation 


x 4 - 3x 2 + 1 = 0 


We expand this 4x4 determinant as described in MathChapter E. Expanding along the first row 
gives 



X 

1 0 


1 1 0 

X 

1 

x 1 

- 

0 X 1 


0 

1 X 


0 1 x 


Expanding the first 3x3 determinant along its first row and the second along its first column 
gives 


X 1 


1 1 


x 1 

1 JC 

X 

0 x 


1 X 


and expanding the above 2x2 determinants gives 

x 2 (x 2 - 1) — x(x) — (x 2 — 1) = 0 
(x 2 - l)(x 2 - 1) — x 2 = 0 
x 4 - 3x 2 + 1 = 0 


10-28. Show that the four tt molecular orbitals for butadiene are given by Equations 10.26. 


From the text, the four energies for butadiene are given by 

£, = a 4 - 1 . 618/3 
E 2 = a + 0.618/3 
£ 3 = a — 0.618/3 
E 4 = a — 1 . 618/8 
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and the general form of the four corresponding molecular orbitals is given by 

f = C , 2 P Z I + C 2 2 Pz2 + C 1 2 P* + C A 2 P z4 

Generalizing the procedure introduced in Example 10-6, we see that the relationships among the 
coefficients c,, c 2 , c 3 , and c 4 are 


c,(a — E) + c 2 P — 0 

(1) 

cfl + c 2 (a - E) + c 2 P = 0 

(2) 

c 2 p + c 3 (a - E) + = 0 

(3) 

c 2 p + c 4 (a - E) = 0 

(4) 


We now use these four equations to solve for the four unknowns. Solve Equation 1 for c, and 
Equation 4 for c 4 to find 


P 


a- E 

P 

a — E 


(5) 

( 6 ) 


Substitution of Equation 5 into Equation 2 gives 

c 2 [(a - E) 2 - p 2 ] + c 3 p(a - E) = 0 

For the case where E = £, = a + 1 . 618 / 3 , we have 

c 2 [( — 1 . 618 > 8) 2 - P 2 ] + c 3 p(-\.6\sp) = 0 
1.61 8 c 2 — 1 . 618 c 3 = 0 


If c 2 = C v then c, = c 4 = 0.618c 2 (from Equations 5 and 6), and the wavefunction is 

Vq = c 2 (0.6182p zl + 2 p z2 + 2 p z3 + 0.6182p z4 ) 

The normalization condition on Vq gives 

c 2 [(0.618) 2 + 1 + 1 + (0.618) 2 ] = 1 

c 2 = 0.6015 


and so 


Vq = 0.3717 • 2 p zl + 0.6015 • 2 p z2 + 0.6015 • 2 p z3 + 0.3717 • 2p z4 

The calculation of ^ 2 , and i ^ (corresponding to E v E v and E 4 ) is done in a similar manner. 

The results are given by Equations 10.26. 


10-29. Derive the Hiickel theory secular determinant for benzene (see Equation 10.27). 


Benzene has a 6 x 6 determinant, where the i y'th component is given by H (j - ES jj . The Hiickel ap¬ 
proximation gives Hjj = a, H.. = /3 for neighboring atoms, H.. — 0 for distant atoms, and S jj = S. 
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Because benzene is a cyclic molecule, carbon 6 is adjacent to carbon 1, and so // |6 = // fi| = p. The 
Hiickel secular determinant is 

a - E p 0 0 0 P 

P a - E p 0 0 0 

0 P a - E p 0 ° 

0 0 p a - E p 0~ U 

0 0 0 p a - E p 

P 0 0 0 p a-E 


10-30. Calculate the Hiickel n -electron energies of cyclobutadiene. What do Hund’s rules say about 
the ground state of cyclobutadiene? Compare the stability of cyclobutadiene with that of two 
isolated ethylene molecules. 


The structure of cyclobutadiene is 


1 


4 


2 


3 


Letting x — (a — E)/P, the Hiickel determinantal equation is given by 

*10 1 

1 * 1 0 = o 

0 1*1 

1 0 1 * 

Expanding the determinant gives 



X 

1 

0 


1 

1 

0 


1 X 1 

X 

1 

* 

1 


0 

* 

1 

— 

0 1 X 


0 

1 

* 


1 

1 

* 


1 0 1 


and expanding the above determinants gives 

x(x 3 — 2x) — (x 2 + 1 - 1) - (1 + x 2 — 1) = 0 

* 4 - 4* 2 = 0 

* = 2 , 0 , 0 , -2 


Because * = (a — E)/p, the four n -electron energies of cyclobutadiene are 
E = a — 2p E = a E = a E = a + 2p 

There are four n electrons, and so the two lowest energy levels will be occupied and 

E n — 2(a + 2 P) + 2a = 4a + 4^3 

The second energy level (E = a) is doubly degenerate. We need to place two electrons in 
these orbitals, and according to Hund’s rules, each orbital will contain one electron and these 
electrons will have the same spin. Therefore, the ground state of cyclobutadiene should be 
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a triplet state. We showed in the text that the energy of the n orbital in ethene is 2a + 2/3, 
so 

£ de | OC — (cyclobutadiene) - 2E n (ethene) — 0 
Cyclobutadiene has the same stability as two isolated ethene molecules. 


10-31 . Calculate the Hiickel jr-electron energy of trimethylenemethane: 



CH 2 


Compare the jr-electron energy of trimethylenemethane with that of two isolated ethene 
molecules. 


Let the central carbon atom be carbon 4. Then the Hiickel secular determinant is 





X 

0 

0 

1 




0 

X 

0 

1 




0 

0 

X 

1 




1 

1 

1 

X 


X 

0 

1 


0 

X 

0 

X 

0 

X 

1 

- 

0 

0 

X 


1 

1 

X 


1 

1 

1 


x(x 3 — 2 jc) — x 2 = 0 
x 4 - 3 jc 2 = 0 

X = a/3,0.0, -a/3 

Because x = (a — E)/P , the four 7r-electron energies of trimethylenemethane are 

E = a — \/3/3 E = a E — a E = a + V3/3 

There are four n electrons, so the two lowest energy levels are filled. The n -electron energy is 
then 

E n = 2(a + a/3 0) + 2a = 4a + 2V3/3 

The energy of two isolated ethene molecules is 4a + 4/3, so 

£ de!oc = ^(trimethylenemethane) — 2E n (ethene) 

= —0.5359^ 
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10-32. Calculate the n -electronic energy levels and the total 7r-electron energy of bicyclobutadi¬ 
ene: 



Let the top carbon in the figure be carbon 1 and number the other carbons clockwise. The Hiickel 
secular determinant is then given by 

\x 1 1 1 I 


111 * 


1 

1 

1 


X 

1 

1 


* 

1 

1 

0 

* 

1 

+ x 

1 

* 

1 

+ 

1 

0 

* 

1 

1 

X 


1 

1 

* 


1 

1 

1 


-(* 2 + 1 - * - 1 ) + x ( x 3 + 2 - 3 *) + (* + 1 - 1 - x 2 ) = 0 

* 4 - 5* 2 + 4 x = 0 

One root to this equation is * = 0 , leaving the cubic equation 

* 3 - 5 * + 4 = 0 

to be solved. We find the root * = 1 by inspection. Factor * — 1 from the cubic equation above to 
get 

(jc - 1)(* 2 + * - 4 ) = 0 
The two roots of the quadratic equation are 

-1 ±vT7 
X ~ 2 

and so the four roots of this determinantal equation are * = 1,0, — | ± - yj~\l. Because 
x — (a — £)/0, the four n -electron energies of bicyclobutadiene are 

£ = a- 1.5620 E = a-P E = a E= a + 2.5620 

There are four n electrons, so the lowest energy levels are filled. The 7r-electron energy 
is 

E n = 2(a+ 2.5620) +2a = 4a + 5.1240 

The energy of two isolated ethene molecules is 4a + 40, so 

£ d e,oc = (bicyclobutadiene) — 2E n (ethene) 

= 1.1240 
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10-33. Show that the Hiickel molecular orbitals of benzene given in Equations 10.31 are orthonor¬ 
mal. 

In the Hiickel approximation, the overlap integral of 2p orbitals on different carbon atoms is 
zero. Therefore, the values of f xl/'xlr.dx, where i jr. is a molecular orbital for benzene given in 
Equations 10.31, are simply the sums of the squares of the coefficients of the 2p zj atomic orbitals 
for i = 1 to 6. For Vq and x// 6 , we have 

(\ 1 1 1 1 1\ , 

(.6 + 6 + 6 + 6 + 6 + 6)-' 

For xfr 2 and xj/ v we have 

/1 1 1 1 \ 

U + 4 + 4 + 4)- 1 

And for xj/ 3 and xj / 5 , we have 

/II 111 1 \ 

( 1 3 + T2 + T2 + 3 + T2 + T2j _l 

In evaluating f (pfijdx, where i ^ j , we also realize that the overlap integrals between 2 p zj orbitals 
on different carbon atoms are zero. Therefore, for Vq and xj/ 2 we have 

/ = i^/24 + ~7 Ta ~ ~M - Vi) = 0 

and for i/q and i/q we have 

[ ( 1 1 1 1 1 1 \_ n 
] dX ^-\Sti + 2VI8 yi8 2^ + 2VT8;“ 

The remaining pairs of orbitals can similarly be shown to be orthogonal. 

10-34. Set up, but do not try to solve, the Hiickel molecular-orbital theory determinantal equation for 
naphthalene, C 10 H g . 

The structure of naphthalene is shown below. 

1 2 



6 


5 
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Using the numbering of carbon atoms shown, the Hiickel determinantal equation is 

*0000001 10 
0*10000010 
01*1000000 
001*100000 
0001*00001 
00000 * 1001 “ 
000001*100 
1000001*00 
1 10 0 0 0 0 0 *1 

0 0 0 0 1 1 0 0 1 * 


10-35. A Hiickel calculation for naphthalene, C, 0 H g , gives the molecular-orbital energy levels 
E. = a + m f 0, where the 10 values of m ( . are 2.3028, 1.6180, 1.3029, 1.0000, 0.6180, —0.6180, 
— 1.0000, —1.3029, —1.6180, and —2.3028. Calculate the ground-state n -electron energy of 
naphthalene. 


There are 10 n electrons in naphthalene, and so the five lowest energy levels are filled. The 
;r-electron energy is then given by 

E n = 2(a + 2.3028£) + 2(a + 1.61800)+ 2(a + 1.30290) 

+2(a + 0) + 2(a +0.61800) 

= 10a + 13.680 


10-36. The total n -electron energy of naphthalene (Problem 10-35) is 

£ = 10a + 13.680 

Calculate the delocalization energy of naphthalene. 


To calculate the delocalization energy of naphthalene, we compare the 7T-electron energy of 
naphthalene to that of five ethene molecules. Five ethene molecules have a total 7r-electron energy 
of 10a + 100, and so 


£ d=.oc = 10a + 13.680 -(l°a + io 0) 
= 3.680 


10-37. Using Hiickel molecular-orbital theory, determine whether the linear state (H—H—H + ) or the 
triangular state 


H 


H-H 


+ 


ofH 3 + is the more stable state. Repeat the calculation for H 3 and H 3 . 
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For the triangular state, the Hiickel determinantal equation is 

x 1 1 

1 x 1 — jc 3 — 3x + 2 = 0 

1 1 x 

The three roots of this equation are x = 1, 1,-2, and so the three energies are 

E = a — P E = a — ft E = a + 20 
The energy of (a two electron molecule) is 

£ H+ = 2(a + 20) = 2a + 40 
The energy of R, (a three electron molecule) is 

£ H = 2(a + 20) + (a - p) = 3a + 3/3 
and the energy of H 3 (a four electron molecule) is 

£.,- = 2(a + 2/8) + 2(a - p) = Aa + 2p 

Note that will have a triplet ground state, since the energy level a — p is doubly degenerate. 
For the linear molecules, the Hiickel determinantal equation is 

x 1 0 

1 x 1 = x 7, — 2x = 0 

0 1 x 

The three roots of this equation are x = 0, 72, - 72, and so the three energies are 

E=a- 72 p E = a — P E = a + 2p 

The energies of linear Bj\ H 3 , and are 

£ H+ = 2(a + 72 p) = 2a + 272/6 

3 

£„ = 2(a + J2p) + (a) = 3 a + 272 p 
£„ = 2(o + 2/8) + 2(a) = 4a + 2-72/8 

The triangular geometry is more stable for H+, the linear geometry is more stable for H“, and the 
triangular geometry is slightly more stable for H v 

10-38. Set up a Hiickel theory secular determinant for pyridine. 


N 
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The Hiickel theory secular determinant is 





a N E 

^CN 

0 

0 

0 

^CN 


^CN 

a c - E 

^cc 

0 

0 

0 


0 

Pcc 

“c - E 

Pcc 

0 

0 


0 

0 

&cc 

a c - E 

&cc 

0 


0 

0 

0 

^cc 

“c - E 

^cc 


£cn 

0 

0 

0 

&cc 

Ct c - E 



where we have introduced two different types of P’s to account for the fact that the integrals can 
involve p-orbitals on different atoms (N and C). 


10-39. The coefficients in Hiickel molecular orbitals can be used to calculate charge distribution and 
bond orders. We will use butadiene as a concrete example. The molecular orbitals of butadiene can 
be expressed as 

4 

t 

y=i 


where the c {j are determined by the set of linear algebraic equations that lead to the secular 
determinantal equation. The resulting molecular orbitals for butadiene are given by Equa¬ 
tions 10.26: 

= 0.3717 2p zl + 0.6015 2p zl + 0.6015 2p z3 + 0.3717 2p zA 

ir 2 = 0.6015 2 p iX + 0.3717 2 p z2 - 0.3717 2 p z3 - 0.6015 2 p z4 

% = 0.6015 2 p zl - 0.3717 2 p z2 - 0.3717 2 p z3 + 0.6015 2 p zi 

= 0.3717 2p zl - 0.6015 2 p z2 + 0.6015 2p z3 - 0.3717 2 p zA 

These molecular orbitals are presented schematically in Figure 10.23. Because we have set S ij = & tj 
in Equation 10.19, we have in effect assumed that the 2p z 's are orthonormal. Using this fact, show 
that the cv satisfy 

Y J c] j = \ i = 1, 2, 3, 4 (1) 

7=1 

Equation 1 allows us to interpret c? as the fractional ^--electronic charge on the yth carbon atom 
due to an electron in the ith molecular orbital. Thus, the total n -electron charge on the yth carbon 
atom is 


% = E n i c u 

i 

where n. is the number of electrons in the ith molecular orbital. Show that 

91 = + 2c 21 + Ocj] + 0c 41 

= 2 ( 0 . 3717) 2 + 2 ( 0 . 6015) 2 
= 1.000 


( 2 ) 


for butadiene. Show that the other q’s are also equal to unity, indicating that the n electrons in 
butadiene are uniformly distributed over the molecule. 
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For all four of butadiene, Equation 1 gives 

4 

£ c 2 = 2 ( 0 . 3717) 2 + 2 ( 0 . 6015) 2 = 1 

j =i 

For q t , 

< i\ — + 2 C 21 + Oc 2 , + 0 c 4l 

= 2 ( 0 . 3717) 2 + 2 ( 0 . 6015) 2 
= 1.000 

For q 2 , 

q 2 = 2 c j j + 2c 22 + OC 32 + 0 c 42 
= 2 ( 0 . 6015) 2 + 2 ( 0 . 3717) 2 
= 1.000 


For q v 


For q v 


q 3 = 2 c ,3 + 2c 23 + 0 C 33 + 0 c 43 

= 2 ( 0 . 6015) 2 + 2 (— 0 . 3717) 2 

= 1.000 

<?4 = 2c 2 4 + 2c 2 4 + 0c 2 4 + 0c 44 

= 2 ( 0 . 3717) 2 + 2 (— 0 . 6015) 2 

= 1.000 


10-40. Another interesting quantity that can be defined in terms of the c.. in Problem 10-39 is the 
7 T-bond order. We can interpret the product c ir c is as the n -electron charge in the ith molecular 
orbital between the adjacent carbon atoms r and We define the 7 r-bond order between the adjacent 
carbon atoms r and s by 


P n = n.c. c. 

rx / j i ir tx 


( 1 ) 


where n j is the number of n electrons in the ith molecular orbital. Show that 

P* - 0.8942 


and 


P£ = 0.4473 

for butadiene. Clearly, P\ n 2 — P 3 7r 4 by symmetry. If we recall that there is a a bond between each 
carbon atom, then we can define a total bond order 

ntolal __ i pn 

1 rx 1 ' * rx 


(2) 
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where the first term on the right side is due to the a bond between atoms r and 5 . For butadiene, 
show that 

ptotm = ptotal = 1894 

( 3 ) 

P^ = 1.447 

Equations 3 are in excellent agreement with the experimental observations involving the reactivity 
of these bonds in butadiene. 


We use the values of c. . from Problem 10-39. Then 
P n = V n.c. c. 

rx / v 1 tr ix 
i 

P ]2 — n i C ]\ C ]2 + n 2 C 2\ C 22 3" W 3 C 3l C 32 n 4 C 4] C 42 

= 2 c u c ]2 + 2 c 2I c 22 = 2(0.3717) (0.6015) + 2(0.6015) (0.3717) 

= 0.8942 

^23 = n i C 12 C l3 n 2 C 22 C 23 n 3 C 32 C 33 n 4 C 42 C 43 

= 2c 12 c ]3 + 2c 22 c 23 = 2(0.6015)(0.6015) + 2(0.3717) (—0.3717) 
= 0.4473 

Using the definition P^ — 1 + P*, we find 

p;° tal = P 3 7' = 1.894 
P'° ,al = 1.447 


10-41. Calculate the delocalization energy, the charge on each carbon atom, and the bond or¬ 
ders for the allyl radical, cation, and anion. Sketch the molecular orbitals for the allyl sys¬ 
tem. 


The structure of the allyl system is 



Using the above numbering, the Hiickel determinantal equation for the allyl system is 


x 1 0 

1 jc 1 

0 1 x 


= x 3 — 2x = 0 


The roots of this equation are \/2, 0, — a/ 2 and so the energies are 

E = a + «/ip 


E = a — V2/3 E = a 
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For the ally I radical (with 3 n electrons) 

E n = 2(a + V2/3) + a = 3a + 2^2/3 
E deloc = ( 3a + 2V2/S) - (3a + 2/3) = 0.828/3 

where we have subtracted 3a + 2fi from E n because the three localized n electrons can be thought 
of as the sum of one ethene molecule (of energy 2a 4- 2fi) and a single carbon atom (of energy a). 
For the ally 1 carbonium ion (2 n electrons) 

E n = 2(a + V2/3) = 2a + 2^2/3 

^deioc = E„ ~ 2(a + P) — 0.828/5 

For the allyl carbanion (4 n electrons) 

E n = 2(a + V2/S) + 2a = 4a + 2V2/3 
£ ddoc = E n ~ 2 (“ + P) ~ 2a = 0.828/5 

In order to calculate the charges on each carbon atom and the bond orders, we must determine the 
molecular orbitals associated with each value of E. Following the procedure in Example 10-6 (or 
Problem 10-28), i/r n = c,2p zl + c 2 2p z2 + c 3 2 p zV where 

c ,(a - E) + c 2 fi = 0 
c { P + c 2 (a - E) + c 2 P — 0 
c 2 P 4- c 3 ( a — E) — 0 

Substitute the values of E into these equations to find the c.. For E = a 4 \f2fi, we 
have 


— y/2c ] + c 2 — 0 
c, - V2 c 2 + c 3 = 0 
c 2 — \[2 c 3 = 0 


from which we obtain 


1 

7 ! 


c 


2 


Thus, 


Normalization gives 


*1 = C 2 


V2 


2Ph + 2 P,2 + 


1 




1 


c 


2 


1 

7 ! 


= \ 2p -' + + V‘ J 


Therefore, 
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Now, for E = a, we have 


from which we obtain 


C| + c, 
C, 


= 0 
= 0 
= 0 


^2 = C l ( 2 ^> - 2 P*) 


Requiring that \j/ 2 be normalized gives 


7(1 + 1) = 1 


C. = 


1 

7I 


So 


= Ti p « “ 7 ! 2 ^ 


Finally, for £ = a — V2j8, we have 


from which we obtain 


We then find 


Normalization gives 


\/2c, + c 2 = 0 
c, + \/2 c 2 + = 0 

c 2 + V2c 3 = 0 


C| =C ' = - 7 T 2 


^3 = C 2 ( — :2 Pzl “ 2 ^.2 + ^ 2 P 


72 


72 


z3 


I - + 1 + - ) — 


We then write 


■A 


'"> = 2 2 ^- -fi 2p * + i 2p « 

The charge on each carbon atom is given by Equation 2 of Problem 10-39. The 7r-bond order can 
be evaluated using Equation 1 of Problem 10^t0. For the ally 1 radical 


Qj = J2 n > c 


4 ,= 2 ', +im = 


^ = 2 Uj = 


^3- 2 U + 1 U = 
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and 


p; = V n .c. c. 

rx / j i ir is 


For the allyl carbonium ion, 



and for the allyl carbanion. 



These results are summarized in the table below. 



•^deloc 91 


?3 

pn 

r l2 

pit 

r 23 

radical 

0.8280 1 

1 

1 

0.707 

0.707 

carbonium 

0.8280 { 

1 

1 

2 

0.707 

0.707 

carbanion 

0.8280 § 

1 

3 

2 

0.707 

0.707 


10-42. Calculate the tt -electronic charge on each carbon atom and the total bond orders in benzene. 
Comment on the result. 
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Using Equation 2 from Problem 10-39, we find the total n -electronic charge on the nth carbon 
atom to be 


- 2 ^ 2 ln + C 2n + C ln) 

Therefore, using the molecular orbitals given by Equations 10.31, 



Using Equation 1 from Problem 10-40 we find the 7T-bond orders to be 

P rs = 2 ( C U C U + C 2r C ls+ C lr C 3*) 


Therefore, 



All of the carbon atoms in benzene are equivalent. 


10-43. Because of the symmetry inherent in the Hiickel theory secular determinants of linear 
and cyclic conjugated polyenes, we can write mathematical formulas for the energy lev¬ 
els for an arbitrary number of carbon atoms in the system (for present purposes, we con¬ 
sider cyclic polyenes with only an even number of carbon atoms). The formula for linear 
chains is 

E = a + 2/3 cos 71n n = 1, 2, ..., N 
n N + 1 

and the formula for cyclic chains with N even is 

2nn (N 

E n = a + 2/3 cos —— n — 0 , ± 1 , . .., ± l —— 


N_ 

~2 
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where a and are as defined in the text and N is the number of carbon atoms in the 
conjugated n system, (a) Use these formulas to verify the results given in the chapter 
for butadiene and benzene, (b) Now use these formulas to predict energy levels for lin¬ 
ear hexatriene (C 6 H g ) and octatetraene (C 8 H, 0 ). How does the delocalization energy of 
these molecules per carbon atom vary as the chains grow in length? (c) Compare the re¬ 
sults for hexatriene and benzene. Which molecule has a greater delocalization energy? 
Why? 


a. For butadiene, n — 4. The formula for linear polyenes gives the energies 


7T 


E.=a+2P cos — 


In 

E 2 = a + 2)8 cos — 


or 


3n 

E^ = a 4- 2)8 cos — 


E x =a + 1.618)8 
E 3 = a — 0.618/3 


E. = a + 2/3 cos — 


E 2 — ct + 0.618)8 
E 4 =a - 1.618/3 


in agreement with the values given in the chapter. For benzene, n = 6 and the formula for 
conjugated polyenes gives the energies 


E 0 = a + 2)8 cos(0) 

( 2n 

E 2 = a + 2fi cos I —— 
( An 

E a = a + 2fi cos ( —— 


2n 
~6 
An 

ZL = a + 2/3 cos I — 


E. = a + 2/3 cos 


£, = a + 2/3 cos tt 


in agreement with the values given in the chapter, 

£ 0 = a + 2/S £,=a + /3 E 2 = a + f$ 

£ 3 = a — p £ 4 = a — ft £, = a - 2/8 

b. Substituting into the formula, we find for hexatriene (n = 6) 


£, = a + 1.802)3 £ 2 = a + 1.247£ £ 3 = a + 0.4450/3 

E 4 = a — 0.4450/8 £, = a - 1.247/3 £ 6 = a - 1.802/3 

and for octatriene (n = 8) 


£j — o; 1.879/3 
£ 3 = a + /3 
£j = « - 0.3473/8 
£ 7 = a — 1.532/6 


£ 2 = a + 1.532/3 
£„ = a + 0.3473/6 
E 6 = a-p 
E % = a — 1.879/3 


The delocalization energies of these molecules increases as the chains grow: for hex¬ 
atriene £ de[oc = 0.9880)8 and for octatriene £ de|oc — 1.5166)8. Per carbon atom, the en¬ 
ergy of delocalization (0.1647)8 per carbon atom for hexatriene and 0.1896)8 per car¬ 
bon atom for octatriene) also increases as the number of carbon atoms on the chain 
grows. 

c„ Benzene is more stable than hexatriene, because its cyclic structure allows for more delocal¬ 
ization than the corresponding linear structure. 
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10-44. The problem of a linear conjugated polyene of N carbon atoms can be solved in general. 
The energies E and the coefficients of the atomic orbitals in the y'th molecular orbital are given 
by 


Ej=a + 2/Jcos^^ 


j = 1. 2, 3, .... N 


and 




N + 1 


1/2 


sin ■ 


jkn 

n + i 


k = 1, 2, 3, N 


Derive the energy levels and the wave functions for butadiene using these formulas. 


The formula for the energy levels E. is the same as the formula for E n in the previous problem, 
where we found the energy levels of butadiene in part (a). Using the second expression in the 
problem, we find 



and so 

1r x = 0.37172^+0.60152^2 + 0,60152^ + 0.37172^ 
= 0.60152p zl + 0.37172/? z2 - 0.37172/^ - 0.60152p z4 
i/ 3 = 0.60152/7 z) - 0.37172/? z2 - 0.37172p z3 + 0.60152p z4 
= 0.37172/7 z) - 0.60152^ 2 4- 0.60152^ - 0.37172p z4 


10-45. We can calculate the electronic states of a hypothetical one-dimensional solid by mod¬ 
eling the solid as a one-dimensional array of atoms with one orbital per atom, and us¬ 
ing Hiickel theory to calculate the allowed energies. Use the formula for E. in Prob¬ 
lem 1CM4 to show that energies will form essentially a continuous band of width Aft. 
Hint: Calculate £, — E N and let N be very large so that you can use cos* ~ 1 — x 2 /2 + 


Using the equation for E j in Problem 1CM4, we have 


£ = a + cos 


E n = a + 2/3 cos 


7r 


N + l 

N 71 

N+\ 


Subtracting these equations gives 

E,-E n = 20 (< 

As N ^ oo. 


n Nn 

cos-cos ■ 


V N + 1 


N+ 1 


7T NIX 

cos-cos 


N + 1 


N + 1 
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and E x — E N 4/3. Therefore, the width of the energy band approaches 4/3 for large values 
of N. 


10-46. The band of electronic energies that we calculated in Problem 10^5 can accomodate N pairs 
of electrons of opposite spins, or a total of 27V electrons. If each atom contributes one electron (as 
in the case of a polyene), the band is occupied by a total of TV electrons. Using some ideas you 
may have learned in general chemistry, would you expect such a system to be a conductor or an 
insulator? 


The TV energy levels are close together, and only half of them are occupied in the ground state. 
Therefore, when TV is large, we would expect this system to be a conductor (since relatively little 
energy is required to excite an electron). 


10-47. The dipole moment of a polyatomic molecule is defined by 

» = e J2 z J r j 

j 

where z.e is the magnitude of a charge located at the point given by i\. Show that the value of 
fi is independent of the origin chosen for r if the net charge is zero. Show that \x = 0 for S0 3 
(trigonal planar), CC1 4 (tetrahedral), SF 6 (octahedral), XeF 4 (square planar), and PF 5 (trigonal 
bipyramidal). 


See the solution to Problem 9-37 for the first part of this problem. For S0 3 , we can take the 
coordinate system 


y 

o 



X 


Since the molecule is in the xy-plane, /x z = 0. We can express the magnitude of the 
charge on the oxygen atoms as z Q e and the length of the sulphur-oxygen bond as /, 
so 


= z 0 el cos 30° — z 0 el cos 30° = 0 
/x y = —2 z 0 el sin 30° + z 0 el = 0 


For CC1 4 , we can refer to the figure given in the text of Problem 10-7, taking the center of the 
cube as the origin. We can express the magnitude of the charge on the chlorine atoms as z a and the 
length of the carbon-chlorine bond as /. We then find 


= 2 z a el cos 


109.5 C 


— 2 z a el cos 


109.5° 


= 0 
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The bonds in the molecules XeF 4 and SF 6 consist solely of pairs of equivalent bonds 
pointing directly away from each other. The net charges on these molecules are there¬ 
fore zero. The molecule PF 5 has a trigonal bipyramidal structure. The net charge on the 
trigonal plane is zero (as we have shown for S0 3 ). The two remaining bonds in PF 5 are 
equivalent and point directly opposite each other, so the net charge of the molecule is 
zero. 




CHAPTER 



Computational Quantum Chemistry 


PROBLEMS AND SOLUTIONS 


11-1. Show that a three-dimensional Gaussian function centered at r Q = x Q i + y Q j + z 0 k is a product 
of three one-dimensional Gaussian functions centered on jc 0 , y Q , and z Q . 


e ~a{ r-r () ) 2 _ ^_»[(j:-jr 0 )i+(v-v (J )j+{z-z 0 )k ] 2 
_ ^-«[(j-x 0 ) 2 +(v-.v 0 ) 2 +(z-z n ) 2 ] 

— e -«U-x Q ) 2 e -a{y-y n ) 2 e -a{ z-z ( ,) 2 


11-2. Show that 


/ oo n oo pc 

e~ u - x » )2 dx = / e~* 2 dx = 2 
■OO J —oo Jo 


e~ x dx — 7r ,/2 


The first equality is true because dx — d(x — x 0 ), since x Q is a constant. The second equality is true 
because a Gaussian function is even. We then find 


2 



e~ x2 dx = 2 



= 7T 


1/2 


11-3. The Gaussian integral 


poo 

I 0 = / e^dx 

Jo 

can be evaluated by a trick. First write 


I 2 o 





dxdye-‘ ,(x2+y2) 


Now convert the integration variables from Cartesian coordinates to polar coordinates and show 
that 




1/2 
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We first write 


/ 0 2 = f dxe' 
J o 


dye~ ay = 


n c 


dxdye 


In polar coordinates, x 2 + y 2 = r 2 and dxdy = rdrdO . The limits of integration in polar 
coordinates corresponding to the given limits of integration in Cartesian coordinates are 0 < r < oo 
and 0 < 0 < tt/2. Therefore, 


oo pn/2 


i-ri 


rdrdOe ar2 = — I rdre 
2 In 


71 ( 1 


2 \ 2a ^ / lo 4 a 

( n y /z _ i ( n \ 1/2 

' 0 = W = 2W 


11-4. Show that the integral 


= / x^e-" 1 dx 


can be obtained from 7 0 in Problem 11-3 by differentiating n times with respect to a. Using the 
result of Problem 11-3, show that 

1 ■ 3 ■ 5 - - ■ (2/z — 1) /Try/* 

2n ~ 2(2 a) n \a/ 


We first determine the first few derivatives of / 0 with respect to a: 

poo 

I 0 = / e~ uxl dx 

Jo 

di r°° r°° 

—5. — / — x 2 e~ axl dx = — / x 2 e~ axl dx 

da J o Jo 

j2 i poo poo 

—| = / x {2 ' 2) e'"** dx = / x*e~“ x2 dx 

da Jo Jo 

For the first few 7^, we can use the result of Problem 11-3 to find that 


(2-2)e ox d x _ I x * e ax J x 



7' 00 a 

1 / 

7T\'/2 

L = 

/ 4* = 


- I 

0 

To 

2 V 

a T 


f 00 a 2 


dl n 

/_ = 

/ ;c 2 e dx 

— — 


2 

Jo 


da 


tT 1/2 ( 1 

-3/2 

1 


1 rz 

2 V 2 


/ 2(2a) 


’ . a d. 2 L di. 

x 4 e~" x dx — - - = - - 

da 2 da 




3 /ttx 1 / 2 

= 2(2a) 2 W 
4 3 7„ di. 


I 6 = x 6 e~ ux dx = -—i = -~r 
6 To 4a 3 4a 


2 / 2(2af\a) 
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and, in general, 


d n L 

4„ = (- D" ° 




da" 

1 - 3 ■ 5 ■ - ■ (2n — 1) 
2(2 a) n 


(!)" 


11-5. Show that the Gaussian function 


Hr) = 



e 


~ar 


2 


is normalized. 



11-6. Show that the product of a (not normalized) Gaussian function centered at R A and one centered 
at R b , i.e. 

4> x = e~ alr ~ R ^ 2 and 0 2 = £-^ r - R B i 2 
is a Gaussian function centered at 

_ «R A + £R b 

R '“ a +e 

For simplicity, work in one dimension and appeal to Problem 11-1 to argue that it is true in three 
dimensions. 


In one dimension, these equations become 

<(> x — e~ a(x ~ x * )2 and <p 2 = e~ fiix ~ x * )2 

and the Gaussian function is centered at 

= 

” a + p 
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The easiest way to do this problem is to show that 0,0 2 can be written as a Gaussian function 
centered at x p . The product </>,0 2 is 


= exp [-a(x - x A ) 2 - P(x - x B ) 2 ] 

= exp (—ax 2 + 2x A xa — ax A — fix 2 + 2/Sxx B — /8x B ) 

= exp [-(ax A + fix B )] exp [-(a + P)x 2 + 2x(x A a + x B /0)] 


= exp [-(ax 2 + £x b )] exp I -(a + p) 


2 „ ax. + £x r 

x 2 - 2x—*- 2 _! 3 - + 

a +P 


x exp 


(a + P) 


ax. + px B 


= exp 


aff(x A - x B ) 
a+P 


2-1 


a + P 

exp —(a + P)(x — x /; ) 2 j 


<**a + fat 
a + P 


This is a Gaussian function centered at x . We can find three one-dimensional functions like this in 
jc, y, and z centered at x p9 y > and z \ their product would be the three-dimensional function sought 
(as shown in Problem 11-1). 


11-7. Show explicitly that if 


/2a \ 3/4 

0 IV (a,r-R A )= — 

V 7T / 


and 




3/4 


-fnr~R B 


4> U (P, r-R B )~ ^ j 

are normalized Gaussian 1 s functions, then 

</>„(«> r - R a) 0 i.v(£- r - R b) = K ab<1>\.SP’ r - R ,,) 
where p = a + R ; = (aR A + /3R B )/(a + /3) (see Problem 11-6), and 


_[ 2 op 

AB L(« + y S)7rJ 


3/4 


e -j^l R A- R Bl 2 


Using the result of Problem 11-6, 


0, («, r - R a )<P 2 (P, r — R B ) = (^r)^ 


The normalization constant of £ ( “ +/ * )(r V is A, where 

/OO /»OO p ( 

/ / 

■OO */ -OO a/ 


e -(«+»[(<-x | ,) 2 +(j-y ( p l +te-z,) J J 


poo 

2 / e -u,+nJ du 

3 

= A 2 

7T 

-Jo 


1.2 (a + /3) J 


4 = 


2(a + /8) ~| 3/4 

TV 


(l) 
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Therefore we can write a normalized Gaussian 1 s function in p , where p = a + p: 

'2(a + 


4>.(a + p,r-R) = 


7X 


e -<P+fi) (r“R,) 2 


Substituting into Equation 1 gives 

r — r a )0i v (/3, r — r b ) = 


f 

71 

) 

[2{a + p)\ 


V 4 


-afi\R-R n \ 2 /(a+fi) 


<Py(P> r - R J 


2a/3 


3/4 


-a^|R.-R B |V(ff+/0 


|_ (a + P)tt J 


B /{a+P)( t> h Xp> r — R ) 


where 


_ r 2 a/ 3 

AB |> + /S)7rJ 


3/4 


£ U +/t |IX A 


I R a- R bI 2 


11-8. Plot the product of the two (unnormalized) Gaussian functions 

<t> x = e _2(j: ~ ,)2 and (f) 2 = e _30r_2)2 

Interpret the result. 



x 


The product of these functions (shown by the solid line in the figure) is a Gaussian function 
centered at 1.5. 


11-9. Using the result of Problem 11-7, show that the overlap integral of the two normalized Gaussian 
functions 


K = (~) e "“ |r “ RA ' 2 and < Ai , = (~) 

\ 7T / \ 7T / 


3/4 


-/*|r-RJ 2 


IS 


S(|R a -RJ) = 


4a/? 


n 3/4 


L(a + ^rJ 


e <*+ii 


Plot this result as a function of |R A — R B |. 
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Recall from Problem 11-7 that we can write 




2(a + y3) 


-. 3/4 


7r 




—(of+/0(r—R ) 2 


where p and R /; are defined in Problem 11-7. Then (using the result of Problem 11-7) 

S(|R a - R b |) = / r - R A W„(j8, r - R B )4r 

= / r - R .) = *ab / *„<P. r - R P )^ r 


= a: 


' 2(« + j8) j J/4 j 

The integral is given by 

/ OO /*CO /»OO r /*c 

/ / dxdydze-^ n ^ +M = 2 / 

oo J -oo 7-oo L 7o 


-<«+fl<r-rV 


p’ dr 


9 ~{a+P)u 


•4 = 


3/2 


SO 


5 = 


2o-£ 


[(a + ^)7r 


3/4 


g -^|R A -R B | /(«+/!) 


2(<x + £) 


- 13/4 


7t 


n 


a + 0 


4oi P 1 ' e -^|R A -R B | 2 /(«+^) 


L (« + ^rJ 


3/2 


The overlap function S(R A - R B ) decays as a Gaussian function of the distance between the two 
centers. 



11-10. One criterion for the best possible “fit” of a Gaussian function to a Slater orbital is a fit that 
minimizes the integral of the square of their difference. For example, we can find the optimal value 
of a in </>° F (r, a) by minimizing 

/ = j dr[<t>i]°(r, 1.00) — 4>f*(r, a)] 2 
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with respect to a. If the two functions <fif ro (r, 1.00) and 0° F (r, a) are normalized, show that 
minimizing / is equivalent to maximizing the overlap integral of 0fj°(r, 1.00) and a): 

S = J drtfj°(r, 1.00 )4ff(r,a) 


/ = j dr[<p*J°(r, 1.00) - 0° F (r, a)] 2 

= J dr [</>f., T0 (r, 1-00)] 2 — 2 J dr 0fj°(r, 1 .OO)0° F (r, a) + j dr [</>?*(r, a)] 2 
= 2-2 J dr 0f7°(r, l.OO)0° F (r, a) = 2-2 S 

where we have used the fact that both functions are normalized to write the last equality. Minimizing 
/ is then equivalent to maximizing S. 


11 - 11 . Show that S in Problem 11-10 is given by 

5 = 4n ]/I r 2 e- r e~ arl dr 

Using a numerical integration computer program such as Mathematica or MathCad, show that the 
following results are correct: 


a 

S 

0.10 

0.8642 

0.15 

0.9367 

0.20 

0.9673 

0.25 

0.9776 

0.30 

0.9772 

0.35 

0.9706 

0.40 

0.9606 


These numbers show that the maximum occurs around a = 0.25. A more detailed calculation 
would show that the maximum actually occurs at a = 0.27095. Thus, the normalized Gaussian Is 
function 0° F (r, 0.2709) is an optimal fit to the Is Slater orbital 1.00). 


We substitute Equations 11.6 and 11.7 into the expression for S : 

S = J dr<f>*™(r, £)0{f(r, a) 


■/( 


3 \ 1/2 




t) 


3/4 


<T“ r dr 


Taking £ = 1.00 gives 

S = (T) f sin 9d0 f d<p f r 2 dre~ r e 

\nj \n J Jo Jo Jo 

= 4n l ' 2 (^y* J™ r 2 dre- r e~ arl 
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11-12. Compare </>fJ°(r, 1.00) and 0^ F (r, 0.27095) graphically by plotting them on the same graph. 


From Equations 11.6 and 11.7, 

<p s h J°(r, 1.00) = n~ ]/2 e~ r <p™(r, 0.27095) 

We can now plot these functions versus r: 


/2(0.27095) 


3/4 

^-0.27095r 2 



r 


11-13. In Problems 11-11 and 11-12, we discussed a one-term Gaussian fit to a Is Slater orbital 
0^ TO (r, 1.00). Can we use the result of Problem 11-11 to find the optimal Gaussian fit to a Is Slater 
orbital with a different orbital exponent, 0° F (r, £)? The answer is “yes.” To see how, start with the 
overlap integral of f) and 0f/(r, j3): 

5 = 4tt 1/2 ffl 3 * f Se^dr 


Now let u — to get 


5 = 4 n x/2 ’ f" u 2 e-“e~ w ^du 

Compare this result for S with that in Problem 11-11 to show that /3 = a £ 2 or, in more detailed 
notation, 


«(? =?) = «(? = 1-00) x£ 2 


If we let u = £r, r = w/f and dr = dw/£. Then we can write S as 
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This result is equivalent to that found in Problem 11-11 if 


t 

K 2 


— a 


or ft = a£ 2 


Therefore, 


<*{< =?) = «(? = 1.00) x£ 2 


11-14. Use the result of Problem 11-13 to verify the value of a used in Equation 11.5 and Figure 11.1. 

In Equation 11.5 and Figure 11.1 a = 0.4166 and £ = 1.24. We substitute this value of £ into the 
result of Problem 11-13 and use the result of Problem 11-11 fora(£ = 1.00) to find 

a(£ - 1.24) - (0.27095) x (1.24) 2 - 0.4166 

which is the value of a used in Equation 11.5. 


11 - 15 . Because of the scaling law developed in Problem 11-13, Gaussian fits are usually made 
with respect to a Slater orbital with £ = 1.00 and then the various Gaussian exponents are scaled 
according to a(£ = £) = a(£ — 1.00) x £ 2 . Given the fit 

0™" 3G (r, 1.0000) = O.44460£ F (r, 0.10982) 

+ 0.5353^ F (r, 0.40578) 

+ O.15430£ F (r, 2.2277) 


verify Equation 11.8. 


Equation 11.8 states that, for £ = 1.24, 

W) = »•> 

/=! 

= 0.4446$° F (#-, 0.1688) + 0.53530° F (r, 0.6239) + O.15430° F (r, 3.425) 

The fit given is for £ = 1.0000. Using the scaling factor, 

«,(? = 1.24) = (0.10982)(1.24) 2 = 0.1688 
a 2 (t; = 1.24) = (0.40578) (1.24) 2 = 0.6239 
a 3 (? = 1.24) = (2.2277)(1.24) 2 = 3.425 

which are the coefficients used in Equation 11.8. 


11-16. The Gaussian function exponents and expansion coefficients for the valence shell orbitals of 
chlorine are as follows: 


3.18649 -2.51830 1.42657 -1.42993 

1.19427 6.15890 3.23572 

4.20377 1.06018 7.43507 
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Write the expression for the Gaussian functions corresponding to the 3 s and 3 p atomic orbitals of 
chlorine. Plot the function for the 3s orbital for several values of the expansion coefficient for the 
a' 3x term. 


= E",++ a xJ + d 'x^( r < o 


1 = 1 


= -2.51830 


2(3.18649) 


3/4 


e 


—3.18649r 2 


+6.15890 


2(1.19427) 


“13/4 


71 


— 1,19427r z 


+ 1.06018 




2(4.20377) 


7X 


3/4 


2(1.42657) 


“1 3/4 


7T 


-4.20377r J 


-1.42657r 2 


K = E+++' %/) + «*) 

1=1 

"2(3.18649)"] 3/4 3 | 8649r 2 


= -1.42993 


JT 


+3.23572 


2(1.19427) 


“13/4 


7t 


-1.19427r 2 


+7.43507 


2(4.20377)' 


7T 


3/4 


-\-d[ 


3 p 


2(1.42657)' 


“I 3/4 


7T 


e 


-4.20377r 2 


-1.42657/- 2 


Below we plot 0 3v for several values of d 3v : 



11-17. The input file to a computational quantum chemistry program must specify the coordinates of 
the atoms that comprise the molecule. Determine a set of Cartesian coordinates of the atoms in the 
molecule CH 4 . The HCH bond angle is 109.5° and the C-H bond length is 109.1 pm. (Hint: Use 
the figure in Problem 10-7.) 
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This figure (from Problem 10-7) represents a tetrahedral molecule, so we can allow the central 
atom to be a carbon atom and the atoms at the four vertices to be hydrogen atoms and thus represent 
methane. If we assign the origin of our coordinate system to be the carbon atom and allow the 
length of one edge of the cube to be 2a, the coordinates of the four hydrogen atoms are (a, a, a), 
(—a, —a, a), (a, -a, -a), and (-a, -a, -a). As we found in Problem 10-7, the bond length is 
V3/2 times the length of one edge of the cube, so 


109.1 pm 

~^7T~ 


63.00 pm = a 


We now have a set of Cartesian coordinates assigned to all atoms in the molecule CH 4 . 


11-18. The input file to a computational quantum chemistry program must specify the coordinates of 
the atoms that comprise the molecule. Determine a set of Cartesian coordinates of the atoms in the 
molecule CH 3 C1. The HCH bond angle is 110.0° and the C-H and C-Cl bond lengths are 109.6 
and 178.1 pm, respectively. (Hint: locate the origin at the carbon atom.) 


Remember that only a rough estimate of the coordinates of the atoms is needed, since the molecular 
geometry is optimized as part of the computational program. Since this is the case, we can use 
essentially the same coordinates for CH 3 C1 as those we found in the previous problem for CH 4 , 
substituting a chlorine atom for one of the hydrogen atoms. Since the chlorine atom is farther from 
the carbon atom than the hydrogen atom it replaces would be, we might take that into account in 
determining a set of Cartesian coordinates. One possible set is shown below. 



x/pm 

y /pm 

z/pm 

c 

0 

0 

0 

H 

63 

63 

63 

H 

-63 

-63 

63 

H 

63 

-63 

-63 

Cl 

-100 

-100 

-100 


11-19. The calculated vibrational frequencies and bond lengths for three diatomic molecules are listed 
below. 


Calculated values (6-31G*) 
Molecule Frequency/cm -1 R,/pm 


h 2 

4647 

73.2 

CO 

2438 

111.4 

n 2 

2763 

107.9 
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Determine the force constants that correspond to these vibrational frequencies. How do these 
values compare with the data in Table 5.1? How do the calculated bond lengths compare with the 
experimental values (also Table 5.1)? Why do you think the bond-length calculations show a higher 
accuracy than the vibrational-frequency calculations? 


For a harmonic oscillator, 

,~u*r 

2nc \fjLJ 


(5.29) 


(2ncv) 2 fi = k 


Using the formula 

M = --- 

m ] + m 2 

we can calculate the reduced masses of the three molecules listed above as fx H = 8.38 x 10 -28 kg, 
(jl co = 1.140 x 10“ 26 kg, and /x N ^ = 1.163 x 10“ 26 kg. Then 

k^ = [2tt(2.998 x 10 8 m-s -l )(464 700 m -1 )] 2 (8.38 x 10 -28 kg) 

= 642 kg-s -2 = 642 N-m -1 

k CQ = [2tt(2.998 x 10 8 m-s- , )(243 800 m -1 )] 2 (1.140 x 10 -26 kg) 

= 2404 kg-s -2 = 2404 N-m -1 

k m = [2tt(2.998 x 10 8 m-s -1 )(276 300 m -1 )] 2 (1.163 x 10 -26 kg) 

= 3150 kg-s -2 = 3150 N-m -1 

A table combining experimental results from Table 5.1, calculated results from the problem text, 
and the approximate percentage difference between them is presented below: 


* exp /N-m 1 & calc /N-m 1 Difference r exp /pm r calc /pm Difference 


h 2 

510 

642 

25% 

74.2 

73 

1 .6% 

CO 

1857 

2404 

29% 

112.8 

111.4 

1 .2% 

NO 

1550 

3150 

40% 

115.1 

107.9 

6 .2% 


To accurately account for the shape of a potential energy surface near its minimum requires a large 
basis set. The minimum istelf, however, can usually be found using a comparatively small basis 
set. Because k is sensitive to the curvature of the potential, accurate calculations of k require larger 
basis sets than the 6-31G + basis set. 


11-20. Normalize the following Gaussian functions 

a. cj){r) = xe~ arl b. 0 (r) = x 2 e~ arl 


In both cases, we write 0(r) in spherical coordinates (MathChapter D) and then apply the 
normalization condition to the normalized function A(p(r). 

a. The normalization condition is 

J dr A 2 x 2 e~ 2ar2 = 1 
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where A is the normalization constant. In spherical coordinates, 
1 = J dxA 2 r 2 sin 2 0 cos 2 (pe~ 2ar2 


so 


l 


A 2 / drr 4 e~ 2ar 


1 3 

A 2 ~ 8(2a) 2 
n 3 ' 2 


f d9 sin 3 6 f 
Jo Jo 

(sro 


d<j> cos 2 <p 


2 1/2 a 5 ' 2 


A = 


/128a : 


5 \ '/4 


b. The normalization condition is 


J dtA 2 x 4 e- 2ar2 = 1 

where A is the normalization constant. In spherical coordinates, 

1 = j dx A 2 r A sin 4 6 cos 4 <pe~ 2arl 

nOQ nit /» 2 jt 

= A 2 I drr 6 e~ 2ar2 I d8 sin 5 0 I d<p cos 4 (p 
Jo Jo Jo 

1 15 / 7T \'/ 2 / 16\ /37r\ 

A 2 = 16(2a) 3 V2o/ \J5/ \~4/ 

In 3 ' 2 

~ 4(2a) 7/2 


so 


/2048a 7 


1/4 


11-21. Which hydrogen atomic orbital corresponds to the following normalized Gaussian orbital? 


G(x, y, z; a) = 


/128a 


5 \ 1/4 


V * 3 


ye 


How many radial and angular nodes does the above function have? Is this result what you would 
expect for the corresponding hydrogenic function? 


Recall that a Gaussian orbital has the form 

G n/m (r. 0.0) = N n r^e~ arl Y?(6, 0) (11.7) 

Because G(r, a) has a y (r sin# sin0) component, n — 2 and Yj " = K, -1 , corresponding to a 2p 
orbital. There is one nodal plane (y = 0) in the Gaussian orbital (y = 0), just as is true for the 2p y 
hydrogenic orbital. There are no radial nodes in either orbital. 
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11-22. Using Equations 6.62 for the spherical harmonic components of 4> 2p and <P 2/ , * show that the 
Slater orbitals for the 2 p x , 2p y , and 2p z orbitals are given by the formulas in Example 11-4. Recall 
that the 2 p and 2 p , orbitals are given by Equations 6.62. 


We can use the 2 p x and 2 p y orbitals given by Equations 6.62 in place of Y{ and Y } : 

1/2 


1 / 3 \ l/z 

Px = v! ( r '' + Y ' "') = sindcos<t> 

1 / 3 \ 1/2 

Py =— ( Y l - Y-')= sinOsirup 


For n = 2, the Slater-type orbitals become (from Equation 11.2) 

(2 £)" +l/2 


= 


& =. - 

^ 2p ‘ \ 24 

-5\ '/2 


r "-' e -<'Y?(0,4>) 

-I s ) 

47T / 


[( 2 n )!] l/2 

2 5 ^ 5 \ 1/2 3 y /2 


re " | — sin 0 cos <p 


= r sin0 cos <pe~' r = xe~ Kr 

/ 2 V 5 \ 1/2 / 3 \ l/2 

< 0 = hr) re ~ <r {^) sin0sin0 


5 \ '/2 


5 \ I/ 2 


= I — 1 rsin#sin0e <r 
n 


ye 


o5^-5 \ ] / z / o \ 1 

*2° = ( M-) """t) cose 

.5 \ 1/2 


— ( —J rcosOe Kr = y—J ze Kr 


-5 \ 1/2 


These are the equations found in Example 1 


11-23. Consider the normalized functions 


G 2 o, y, z; a) = 

G 3 0, y, z; a) = ^ 

Which hydrogen atomic orbital corresponds to the linear combination G x (x, y, z; a) 
G 2 (x, y, z; «)? 


/ 2048a 7N 

1/4 

\ r 2 P~ ar 

V 97T 3 , 

| x e 

/2048a 7N 

y 4 

1 v 2 P~ ar 

V 9:r 3 , 

) ye 

/ 2048a 7N 

1/4 

\ 7 2 e~ ar2 

V 97T 3 , 

1 ZS 


G,(r, a) - G 2 (r, a) 


=( 


2048a' 


7 \ 1/4 


v 9;r 3 

This corresponds to the 3 d x i i hydrogen atomic orbital. 


(* 2 - y V 
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11-24. What is meant by the phrase “triple-zeta basis set”? 


A triple zeta basis set is one in which each atomic orbital is expressed as a sum of three Slater-type 
orbitals: 


Hr) = 4> ST °(r , £,) + d,0 STO (r, £ 2 ) + d 2 </> ST0 (r, f,) 


11-25. Part of the output of most computational programs is a list of numbers that comprise what is 
called Mulliken Population Analysis. This list assigns a net charge to each atom in the molecule. 
The value of this net charge is the difference between the charge of the isolated atom, Z, and the 
calculated charge on the bonded atom, q. Thus if Z - q > 0, the atom is assigned a net positive 
charge and if Z — q <0, the atom is assigned a net negative charge. What would be the sum of the 
Mulliken Populations for the molecules HjCO, CO 3- , and NHJ? 


The sum of the Mulliken Populations for a molecule will be the net charge on the molecule. 
Therefore, the sum for HjCO is 0, the sum for CO* - is -2, and the sum for NHJ - is +1. 


11-26. In this problem, we show that the Mulliken Populations (Problem 11-25) can be used 
to calculate the molecular dipole moment. Consider the formaldehyde molecule, F^CO. The 
calculated bond lengths for the CO and CH bonds are 121.7 pm and 110.0 pm, respectively, and 
the optimized H-C-H bond angle was found to be 114.5°. Use this information along with the 
Mulliken Population Analysis shown below 


H 

+0.0566 e 
+0.0747 e C 

+0.0566 e / 

H 


- 0.1879 e 
=0 


to calculate the dipole moment of formaldehyde. The experimentally determined values for the 
bond lengths and bond angles are R co = 120.8 pm, R CH = 111.6 pm and z.(HCH) = 116.5°. What 
is the value of the dipole moment if you combine the experimental geometry and the calculated 
Mulliken Populations? How do your calculated dipole moments compare with the experimental 
value of 7.8 x 10 _30 C-m? 


We can use the following coordinate system: 


y 



X 
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When we use the calculated bond angle (57.25°), we find 
M = eX>,r. 

= 2(0.0566*0(1 10.0 x 10“ 12 m) cos(57.25°) - (-0.1879*0(121.7 x 10" 12 m) 
= 4.743 x 10 -30 C-m 


With the experimentally observed bond angle, we find \x — 4.702 x 10 30 C m. In both cases, this 
is about 40% below the experimental dipole moment. 


11-27. The experimentally determined dipole moment of CO is 3.66 x 10~ 31 C-m, with the oxygen 
atom being positively charged. The Mulliken Populations from Hartree-Fock calculations using 
the STO-3G or the 6-31G* basis sets predict a dipole moment of 5.67 x 10“ 31 C-m and 
1.30 x 1(T 30 C-m, respectively, and pointing in the opposite direction of the experimental results. 
The experimental and two calculated bond lengths are 112.8 pm, 114.6 pm, and 111.4 pm, 
respectively. Why do you think the bond-length calculation is significantly more accurate than the 
dipole-moment calculation? 


The dipole moment requires an accurate knowledge of the electron density at each center. This 
requires accurate descriptions of molecular orbitals, which become more accurate representations 
of the electron densities as the size of the basis set used increases. The 6-31G* basis set is larger 
and more flexible than the STO-3G basis set and so gives a better result. It is not large enough to 
give an accurate dipole moment for CO, however. 


11-28. The orbital energies calculated for formaldehyde using STO-3G and 3-21G basis sets are given 
below. 


Orbital 

STO-3G 
energy/£ h 

3-21G 
energy/£ h 

la, 

-20.3127 

-20.4856 

2 a, 

-11.1250 

-11.2866 

3a, 

-1.3373 

-1.4117 

4a. 

-0.8079 

-0.8661 

1 b 2 

-0.6329 

-0.6924 

5a. 

-0.5455 

-0.6345 

1 b. 

-0.4431 

-0.5234 

2b 2 

-0.3545 

-0.4330 

2b t 

0.2819 

0.1486 

6 a, 

0.6291 

0.2718 

3b, 

0.7346 

0.3653 

7a, 

0.9126 

0.4512 


Determine the ground-state electronic configuration of formaldehyde. The photoelectron spectrum 
of formaldehyde is shown below. 
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Assign the bands. Which calculated set of energies shows the best agreement with the photoclectron 
spectrum? Why is there such a large energy separation between the I a, and 2a, orbitals? Predict 
the ionization energy and electron affinity of formaldehyde for each calculated set of energy levels. 
How do these compare with the experimental values? 


There are sixteen electrons in formaldehyde (six from carbon, one from each hydrogen, and eight 
from oxygen). This gives a ground-state electronic configuration of 

\a]2a}^a]^]lb\5a]\b]2b\ 

The band at approximately 1.5 MJ-mol -1 corresponds to the 2 b 2 electrons, the bands at 1.4 and 

1.6 MJ-mol -1 arise from the ionization of electrons in the \b ] and 5a, orbitals, and the band at 

1.7 MJ-mol -1 corresponds to the 1 b 2 electrons. The broad peak at about 2.2 MJ-mol -1 is probably 
due to the electrons in the 4a, orbital. There is a large energy separation between the la, and 2a, 
orbitals because the la, electrons are much closer to the nuclei than the 2a, electrons are. The set 
of calculated energies showing the best agreement with the spectrum is the 3-21G set. Using this 
basis set, we can find 


IE = - E = 0.4330£ h = 1.136 MJ-mol -1 
and 


EA = -E = —0.1486£ h = -0.390 MJ-mol -1 


11 - 29 . The units of dipole moment given by Gaussian 94 are called debyes (D), after the Dutch- 
American chemist, Peter Debye, who was awarded the Nobel Prize for chemistry in 1936 for his 
work on dipole moments. One debye is equal to 10 -18 esu ■ cm where esu (electrostatic units) is a 
non-SI unit for electric charge. Given that the protonic charge is 4.803 x 10 -l ° esu, show that the 
conversion factor between debyes and C • m (coulomb • meters) is 1 D — 3.33 x 10 -30 C • m. 


1 D = 1 x 10 18 esu-cm 


/ 1.6022 x 10 -19 C\ 
\4.803 x 10 -10 esu/ 


1 m \ 
100 cm/ 


= 3.33 x 10 -30 C m 


11 - 30 . Using the geometry and the charges given in Table 11.8, verify the value of the dipole moment 
of water. 
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We can calculate the dipole moment from the values in the table as we did in Problem 11-26. We 
will use the coordinate system 


y 



x 


When we use the calculated bond angle, we find 

f i = eJ2z i r i 

= e {(94.7 x 10~ 12 m) [(0.41)(sin52.75°)i + (0.41)(cos(52.75°)j] 

+(94.7 x 1 (T 12 m) [-(0.41)(sin52.75°) i + (0.41)(cos52.75°)j]} 
= 7.53 x 10 -30 C-m = 2.3 D 


11-31. Using the geometry and the charges given in Table 11.9, verify the value of the dipole moment 
of ammonia. 


We can calculate the dipole moment from the values in the table as we did in Problem 11-26. We 
will center the coordinate system at the nitrogen atom and allow the hydrogens to extend upward in 
the direction of the z-axis. The projection onto the xy-plane is shown in part (a) of the figure below: 


y 

H 




(a) 


(b) 


The distance on the xy -plane between the nitrogen atom and any of the hydrogen atoms is given by 

160.9 pm 


x = 


(-L-). 

Vcos 30 °J 


92.90 pm 


We now use this result to find the distance / and angle 0 shown in part (b) of the figure: 


/ = ^(100.0 pm) 2 - (92.90 pm) 2 = 37.02 pm 

, / 92.90 pm\ „„„ 

6 = cos” ( ——— 1 = 21.72° 

100.0 pm 
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Finally, we calculate the dipole moment of ammonia: 

M = e £ z < r i 

= e[(0.37)(cos30°)(92.90 pm)i - (0.37)(cos30°)(92.90 pm)i 

+(0.37)(92.90 pm)j - 2(0.37)(sin30°)(92.90 pm)j + 3(0.37)(37.02 pm)k] 
= 6.58 x 10 -30 C m = 2.0 D 
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PROBLEMS AND 


F-1. Given the two matrices 

-1 1 0 \ 
3 0 2 

1 1 \) 

form the matrices C = 2A — 3B and D = 6B — A. 



a. C = 2A — 3B 


C = 




b. D = 6B — A 


/—6 6 
D = I 18 0 
\ 6 6 




3 0 
0 6 
3 3 


1 0 -1 

-12 0 
0 1 1 



F-2. Given the three matrices 


A 


1 /0 1 


2 VI 0 





show that A 2 + B 2 + C 2 = |l, where I is a unit matrix. Also show that 


AB - BA = i C 


BC - CB = i A 


CA - AC = i B 
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a. 


b. 


c. 


d. 


A + B + C — - 


1/0 1 \ /0 1 


4 Vl 0 


1 0 ; + 4 l i 


— l 
0 


+ Ip o 

4 VO -1 


1 0 
0 -1 


AB - BA = 7 
4 

__ 1 
” 4 

BC-CB = 7 
4 

__ 1 
“ 4 


CA - AC = 7 
4 

__ 1 
“ 4 



F-3. Given the matrices 



C = 



show that 


AB - BA = iC 


BC - CB = / A 


CA — AC = i B 
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and 


A 2 + B 2 + C 2 = 21 


where I is a unit matrix. 


AB - BA = - I 1 0 1 

^ 1 n i n 




—7= 110 1 

V2 


0 0-1 


0 i 0 



Py I ' ^ 1 
V2\ 0 i 0 


0 1 0 




0 1 0 


, (0 0 0 \ . / 0 10 
vllj 0 = 


0 


0 1 
0-10 
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d. 


(0 1 0 

A 2 + B 2 + C 2 = r | I 0 1 

,0 I 0 



0\ /I 0 0 

0 0 0 0 
1 / \0 0 -1 



- 1 \ (\ 0 0 

0+0 0 0 

\) \o o i 


F-4. Do you see any similarity between the results of Problems F-2 and F-3 and the commutation 
relations involving the components of angular momentum? 


Yes - the commutation relations for these sets of matrices behave like the components of angular 
momentum. 


F-5. A three-dimensional rotation about the z axis can be represented by the matrix 


Show that 


Also show that 


( cos# 
sin# 
0 



detR = |R| = 1 


( COS6 1 sin# 
-sin# cos# 
0 0 


0 

0 

1 


By definition, det R = |R|. To evaluate |R|, we expand along the third column to obtain 


|R| 


cos# -sin# 0 
sin# cos# 0 
0 0 1 


cos# —sin# 
sin# cos# 


= cos 2 # + sin 2 # = 1 


The function sin# is an odd function, so sin(—#) = — sin#. The function cos# is an even function, 
so cos(—#) ” cos#. Therefore, 

( cos# sin# 0\ 

— sin# cos# 0 | 

0 0 1 / 
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Now consider the product 

/ cos # sin # 0 \ /cos # -sin # 0 \ /l 0 0 \ 

R(-#)R(#) = -sin 0 cos 6 0 sin# cos# 0 = { 0 1 0=1 

\ o o i / v o oi/ \o o i / 

Therefore, R(— 0) = R“'(#). 


F-6. The transpose of a matrix A, which we denote by A, is formed by replacing the first row of A by 
its first column, its second row by its second column, etc. Show that this procedure is equivalent to 
the relation a jj = a jr Show that the transpose of the matrix R given in Problem F-5 is 

/ cos# sin# 0 \ 

R = I — sin # cos # 0 J 

V 001/ 

Note that R = R _l . When R = R" 1 , the matrix R is said to be orthogonal. 


The element a xj is defined to be the element in the zth row and j th column. If we interchange the 
rows and columns of a matrix, this operation will place the original element a {j into the j th row and 
zth column. In other words, a {j — a... Finding the transpose of R (Problem F-5) involves replacing 
the rows by the corresponding columns, so 

( cos# sin# 0 \ 

— sin# cos# 0 j 

0 0 1 / 


F-7. Given the matrices 



show that 





tfC, = a; 


= CT v 


(j K , cr — L, 


C n 

3 CT v = CT v 


Calculate the determinant associated with each matrix. Calculate the trace of each matrix. 


a. 


= 




= <7, 





= a 



364 


MathChapter F 



F-8. Which of the matrices in Problem F-7 are orthogonal (see Problem F-6)? 


A matrix R is orthogonal if R = R 1 . In other words, R is orthogonal if R 1 R = RR = I where I is 
the identity matrix. 



C 3 is orthogonal. 



cr v is orthogonal. 



crj is orthogonal. 
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o" is orthogonal. 

All four matrices are orthogonal. 


F-9. The inverse of a matrix A can be found by using the following procedure: 

a. Replace each element of A by its cofactor in the corresponding determinant (see 
MathChapter E for a definition of a cofactor). 

b. Take the transpose of the matrix obtained in step 1. 

c. Divide each element of the matrix obtained in Step 2 by the determinant of A. 


For example, if 



then det A = -2 and 



Show that AA 1 = A 1 A = I. Use the above procedure to find the inverse of 


A = 




and A = 



Recall from MathChapter E that the cofactor, A jj7 of an element a {j is a (n — 1) x (n — 1) 
determinant obtained by deleting the ith row and the yth column, multiplied by (—\) ,+j . 

a. For the first matrix given, det A = The cofactors are A M = 0, A n — — A 2] =--E,and 

A 22 = Transpose these elements and divide by the determinant to form the matrix A -1 : 


A" 1 





V2 

-1 


b. 


det A = —2 


1 1 
2 1 



= —2(—1) + 3(—2) = —4 


11 = 

l 

^12 — 

l 

^13 

21 ~ 

-2 

li 

-6 

^23 

31 = 

-1 

^32 — 

3 

^33 


-2 

4 

-2 


The cofactors are 
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So 



-1 

3 

-2 


F-10. Recall that a singular matrix is one whose determinant is equal to zero. Referring to the procedure 
in Problem F-9, do you see why a singular matrix has no inverse? 


To find the inverse of a matrix, we first construct a new matrix and then divide each element of that 
matrix by the determinant of the original matrix. If the determinant of a matrix is equal to zero (that 
is, if the matrix is singular), then this division process is undefined and we cannot obtain an inverse. 


F-11. Consider the simultaneous algebraic equations 

x + y = 3 
4x - 3y = 5 


Show that this pair of equations can be written in the matrix form 

Ax = c 

where 

/v\ m 

and A = 


x = 


c = 


-0 


Now multiply Equation 1 from the left by A 1 to obtain 

x = A“ l c 

Now show that 

a -i = _I/-3 -1 

7 1-4 

and that 


( 1 ) 


( 2 ) 


—sc -»g 

or that x —2 and y — 1. Do you see how this procedure generalizes to any number of simultaneous 
equations? 


The equation Ax = c can be expressed as 



Multiplying the two matrices on the left side and equating to the matrix elements on the right side 
gives 


* + y = 3 
4x - 3y = 5 
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which are the original two equations. Multiplying Ax = c from the left by A 1 gives 

A _, Ax = A“ l c 
I x = A^c 
x = A -l c 


Using the approach in Problem F-9, we find that det A = —7. The cofactors are A u = — 3, 
A l2 = -4, A 1X = — 1, and A 22 — 1 and so the inverse is 


A ” 1 



Therefore, 



This procedure is easily generalized. 


F-12. Solve the following simultaneous algebraic equations by the matrix inverse method developed 
in Problem F-l 1: 

x + y - z = \ 

2x — 2y + z = 6 
x + 3z = 0 

First show that 


and evaluate x = a ] c. 
The matrix A is given by 


We can find its inverse, A 1 , using the procedure from Problem F-9. The determinant of A is 
det A = -1 ^ 3 - 2 [ = —1(5) - 2(4) = —13 

The cofactors are 
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Then 



Substituting Equation 1 into Equation 2 gives 



so x = 24/13, y = —19/13, and z = —8/13. 



CHAPTER 



Group Theory: the Exploitation of Symmetry 


PROBLEMS AND SOLUTIONS 


12 - 1 . Neglecting overlap, show that <p x and <p 2 given by Equations 12.3 are orthonormal to the other 
four molecular orbitals. 


Recall that the overlap integral S ij is 0 in the Hiickel approximation if i =/ j. Then 



so (p j and (p 2 are both normalized. Now consider 

J <p\<j> 2 dx = 1(1 _ 1 + 1 - 1 + 1 - 1) = 0 

J 4>W 3 dr = —j=(2 +1 — 1—2—1 + 1) = 0 

J <j>* 2 <j> 3 dx = -T=(2 —1 — 1+2—1 — 1) = 0 

J 4>\4>,dx = l(l+2+l-l-2-l)=0 

j <p* 2 4> 4 dr = T ( i_2+1 + 1- 2 + 1) = 0 
J 4>;<p 5 dx = -1(2 - l - 1 + 2 - 1 - 1) = 0 
J <p 2 <p 5 dx = 1(2 + 1 - 1 - 2 - 1 + 1) = 0 
J <p*<f> 6 dx = -T (— l + 2—1 — 1+2 — 1) = 0 
J tp 2 (p 6 dx = 1(—1 —2—l + l+ 2+l) = 0 

We see that i}\ and (/> 2 are orthogonal to (}\ v (p 5 , and <p 6 . 


12 - 2 . Using the six molecular orbitals given by Equations 12.3, verify that H u = a + 2/3, H 22 = 
a — 2/3, H n = H l3 = H u = H ]5 = // l6 = 0 (see Equation 12.4). 
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Recall that the Hiickel molecular-orbital theory sets the Coulomb integrals to be a, the overlap 
integrals to be S {j = 8 jj , and the resonance integrals involving the 2 p z orbitals of nearest-neighbor 
carbon atoms to be (Section 10-5). Also recall that the ■$.'s that comprise the </>. molecular 
orbitals are the 2 p z orbitals centered on the individual carbon atoms. Thus 


Likewise, 




-/« 


H(p.dx = 


7 = 1 J /= I 7=1 J 

i¥j 


r 


= -(6a + \2P) = a + 2p 
6 


H 21 = I 4>;_H4> 2 = l - f* Hir.dx - YJ2 / Hitjdx 


'¥.i 


\ 

r 

/ 


= - (6a - 12/3) = a — 2/3 
6 


where the (—) sign in front of the second sum occurs because the t/t on adjacent carbon atoms have 
opposite signs. Now consider f / |2 and // l3 : 

H ]2 = J 4>* H<p 2 dx = g[(a — a + a — a + a! — a) + (- 2)8 + 2/3 - 2/3 + 2/3 - 2/3 + 2/3)] = 0 
= J 4>]H<p^dx = -j= [(2a + a-a- 2 a - a + a) + (4/3 + 2^8 - 2/3 - 4/3 - 2/3 + 2/3)] = 0 


We can show that — // ]5 = H l(t = 0 in the same manner. 


12-3. List the various symmetry elements for the trigonal planar molecule SO v 


As is true for all molecules, S0 3 has the identity element E. There is a C 3 axis perpendicular to the 
plane of the molecule centered on the sulphur atom, and three C 2 axes in the plane of the molecule 
along each of the S-0 bonds. The plane of symmmetry of the molecule is a a h plane (perpendicular 
to the principal C 3 axis). There are three a u planes, all of which contain the C 3 axis and one of the 
S-O bonds. Finally, there is a three-fold rotation-reflection axis, S 3 , coincident with C y 


12-4. Verify that a methane molecule has the symmetry elements given in Table 12.2. 


The point group of methane is T,. The identity element is given. There are C 3 axes coinciding 
with each of the C-H bonds. The three C 2 and S 4 axes are represented in Figure 12.3. Finally, each 
H-C-H unit lies in a a d plane, so there are six a d planes in methane. 


1 2-5. Verify that a benzene molecule has the symmetry elements given in Table 12.2. 


The point group of benzene is D 6/i . The C 6 and S G axes pass through the center of the benzene ring 
and are perpendicular to the plane of the ring. There are three C 2 axes perpendicular to the C 6 axis 
that each bisect opposing C-C bonds. There are three C' 2 axes perpendicular to the C 6 axis (shown 
in Figure 12.5). The inversion center i is located at the center of the benzene ring. The plane of the 
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molecule is a o h plane. There are three a v planes that each contain the C 6 axis and one of the three 
C 2 axes. The three a d axes are shown in Figure 12.5. There is also the identity element. 


12-6. Verify that a xenon tetrafluoride (square planar) molecule has the symmetry elements given in 
Table 12.2. 


The point group of XeF 4 is D 4/i . All molecules have an identity element. The C 4 axis is perpendicular 
to the plane of the molecule and passes through the center of the xenon atom. The four C 2 axes lie 
in the plane of the molecule; two contain opposite Xe-F bonds and bisect the F-Xe-F bond angle. 
The inversion center I is located at the center of the xenon atom, the S A axis is coincident with C„, 
and the plane of the molecule is a a h symmetry plane. Each of the two a v planes contains the C 4 
axis and one of the C 2 axes that lie along the F-Xe-F bonds. Each of the two a d planes contains the 
C 4 axis and one of the C 2 axes that bisects the F-Xe-F bond angle. 


12-7. Explain why C 4 = C 4 1 . 


C 4 represents a clockwise rotation of 270° and C 4 1 represents a counterclockwise rotation of 90°. 
These are equivalent because a full rotation is given by 360°. 


12-8. Deduce the group multiplication table for the point group G, u (see Table 12.3). 


The property of the identity element (EX = XE = X for all operators X) accounts for the first 
column and the first row of the group multiplication table, and the products b v C v b' v b v , and cx'C, 
are evaluated for H 2 0 in Section 12-3 and Example 12-3. Also, C 2 C 2 ~ E (two rotations of 180°), 
aa = E , and b' v b’ v — E (subsequent reflections in one plane of symmetry). We now have the table 


'2 m 


E C 2 ct 


E 

c 2 

a v 

o' 


E C 2 
C 2 E 


b 


C 2 E 


An important property of group multiplication tables is that all the entries in any row or column 
must be different. This fact allows us to easily complete the table as in Table 12.3. The missing 
entry in the third row must be C 2 and the missing entry in the third column must be ct', thereby 
giving b v for the final element (second row, fourth column). 


12-9. Determine the order of the D 4/i point group (see Table 1 2.2). 


The symmetry elements of this group are £, C 4 , 4 C v i, S 4 , o h , 2cr y , and 2 a d . The C 4 element has 
three operators associated with it (C 4 , C 4 , C 4 ) and the S 4 element has two operators associated with 
it (S 4 and 5 4 ); all the remaining symmetry elements are associated with one operator. Therefore, 
the order of this point group is 16. 
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12-10. Determine the order of the D 6/j point group (see Table 12.2). 

The symmetry elements of this group are E, C 6 , 3C 2 , 3 C' 2 , i, S 6 , a yj , 3^, and 3a,. The C 6 element 
has five operators associated with it (C 6 , Q, Q, C£, and C*) and the S 6 element has four operators 
associated with it (S 6 , S%, S%, and 5^); the remaining symmetry operators are associated with only 
one operator. Consequently, the order of this point group is 24. 

12-11. Evaluate the products a v a v , C 2 a v , and C 2 &' v for a C 2u point group (see Table 12.3). 

We can use the geometry defined in Example 12-3. 



12-12. Evaluate the products C 3 a v and C 2 a v for a C 3u point group (see Table 12.4). 
We can use the geometry defined in Example 12-4. 
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12-13. Show that Equation 12.7 is valid for the point groups given in Tables 12.9 through 12.14. 


jt, d J = h (12.7) 

i =i 

The point groups for which we need to show Equation 12.7 are C 3l) , C 2h , D 3/| , D 4/1 , D 6A , and T^. The 
character tables for these groups are given by Tables 12.8 (C 3l) ), 12.10 ( C 2h ), 12.11 (D 3/i ), 12.12 
(DJ, 12.13 (D 6A ), and 12.14 (T^). From the number of symmetry elements listed in each table, we 
find the orders of the point groups to be 4,4,12, 16, 24, and 24, respectively. The dimensionality d 
of the irreducible representations of each group is given by the character tables; substituting these 
values into Equation 12.7 gives 

C 3 „ : l 2 + l 2 + 2 2 = 4 

: 1 2 + 1 2 + 1 2 + 1 2 = 4 

D 3 „ : l 2 + l 2 + 2 2 + l 2 + l 2 + 2 2 = 12 

dJ : l 2 + l 2 + l 2 + l 2 + 2 2 + l 2 + l 2 + l 2 + l 2 + 2 2 = 16 

D 6a : l 2 + l 2 + l 2 + l 2 + 2 2 + 2 2 + l 2 + l 2 4- l 2 + l 2 + 2 2 + 2 2 = 24 

T, : l 2 + l 2 + 2 2 + 3 2 + 3 2 = 24 

in agreement with the values of the orders of each group. 


12-14. Show that the 2 x 2 matrices given in Table 12.6 are a representation for the C 3u point group. 


We can show this by demonstrating that the representations given in Table 12.6 obey the C 3u group 
multiplication table (Table 12.4). We calculate two products below to illustrate that the matrices 
obey the multiplication table. The remaining products are easily evaluated. 
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12-15. In Section 12—4, we derived matrix representations for various symmetry operators. Starting 
with an arbitrary vector u, where u — u x i + uj + uk , show that the matrix representation for a 
counterclockwise rotation about the z-axis by an angle a, C 360/a , is given by 

( cos a —sin a 0\ 
sin a cos a 0 j 

0 0 1 / 


Show that the corresponding matrix for rotation-reflection S 36Q/a about the z-axis by an angle a is 


Consider a vector u with components (in spherical coordinates) of u x = rsin#cos0, 

«, = r sin# sin0, and u z = rcos#. Operating on this vector by the matrix representation 
of C 360/a given above yields 


cos a —sin a 0 
sin a: cos a 0 

0 0 1 


r sin # cos 0 \ /r cos a sin # cos 0 — r sin a sin # sin 0 

r sin # sin 0 I = I r sin a sin 9 cos 0 + r cos a sin 6 sin 0 
rcosO / V r cos 6 


( r sin 0 (cos a cos 0 — sin a sin 0) 
r sin 0(sin a cos 0 + cos a cos 0) 
r cos# 


( r sin# cos(a + 0) \ 
r sin# sin(a + 0) I 
rcos# / 

The new coordinates of u are u x = rsin#cos(a + 0), u y — rsin#sin(a + 0), and u z — rcos#, 
indicating that the vector has been rotated about the z-axis by an angle a. The improper rotation 
5 360/ is a rotation by 360/a followed by a reflection through a plane perpendicular to the rotation 


360/a w 

axis, so 


* 360 /* = 0 


1 0 0 

0 1 0 

0 0-1 


— sin a 0 
cos a 0 


sin a 0 
;osa 0 


12-16. Show that u x forms a basis for the irreducible representation B ] of the point group C 2v . 
See Example 12-9. 

12-17. Show that R x forms a basis for the irreducible representation B 2 of the point group C 2u . 
We do this problem in the same way as Example 12-10. 
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First of all, ER x = (l)/? x . We see from the abovedrawings that &' v R x = (1)/?^ and C 2 R x =a v R^ = 
(—1 )R x , and therefore R x forms a basis for the B 2 irreducible representation of the point group C 2v . 

12-18. Show that (w x , w y ) forms a joint basis for the irreducible representation E of the point group 


The operations of the irreducible representation E transform u x and u y into linear combinations of 
u x and u y (Section 12-5); therefore, u x and u y form a basis for this irreducible representation. 

12-19. Show that the rows of the character table of C 2h satisfy Equation 12.20. 

The orthogonality condition is 

^2n(R)x i (R)x j (R)^hS ij (12.20) 

classes 

The character table of C 2/i is given in Table 12.10. For the point group C 2/j , h — 4. First consider 
the cases where i = y, where the sum should give a value of 4: 

x Af( (R)x Ak (R) — i + i + i + i — 4 

R 

Tx B (R)x B (R) = \ + \ + i + i=4 

x x 

R 

T X A (R)X a (^) =1 + 1 + 1 + 1=4 

K u 

R 

= 1 + 1 + 1 + 1 =4 

R 
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Now consider the cases where i =/ j , where the sum should give a value of 0: 

T,x a Wx b (R) = 1-1 + 1-1=0 

E^V ) = 1 + 1 ' 1_1=0 

R 

Tx a (R)x b (R) = l-i -1 + 1=0 

“ K " 

R 

(*)*„ (R) = 1 - 1-1 + 1 =0 

“ K a 

R 

'E,X B WX B '(R) = 1 + 1-1-1=0 

R 

T,x A '(R)x B m = 1 -1 +1 -i=° 

R 


12-20. Show that the rows of the character table of D 3A satisfy Equation 12.20. 


The orthogonality condition is 

n(R) Xl (R)Xj(R) = hS u (12.20) 

classes 

The character table of D 3A is given in Table 12.11, and h = 12 for the D 3/i point group. Showing 
that the rows satsify Equation 12.20 requires the evaluation of 21 different sums. We will show four 
of these to illustrate the point, as the rest are easily evaluated. When i = j, the sum should give a 
value of 12 : 


(£)*„;(£) = 1 + 2 0) + 3 (D + 1 + 20) + 3 0) = 12 

R 

When i ^ J, the sum should give a value of 0: 

52x A >(R)x A ‘(R) = 1 + 2(1) + 3(-l) + 1 + 2(1) + 3(—1) = 0 

R 

J2x A ' (R)x E '(R) = 2 + 2 (-l) + 3(0) + 2 + 2 (-l) + 3(0) = 0 

R 

Y2Xe'(R)X E "(R) = 4 + 2 ( 1 ) + 3(0) - 4 + 2(-l) + 3(0) = 0 

R 


12-21. Suppose the characters of a reducible representation of the T, point group are *(£) = 17, 
*(C 3 ) = 2, X (C 2 ) = 5, x(S A ) = -3, and x (o d ) = -5, or T = 17 2 5 - 3 - 5. Determine how 
many times each irreducible representation of T, is contained in T. 


Using Equation 12.23 and summing over classes, we have 

1 classes 

fl Ai = ^ [17 + 8 ( 2 ) + 3(5) + 6 (—3) + 6(-5)] = 0 
t 17 + 8 ( 2 ^ + 3(5) - 6 (—3) - 6 (—5)] = 4 
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Then 


a E = T [2(17) - 8(2) + 3(2)(5) + 0 + 0] = 2 
a T{ = T [3(17) + 0 - 3(5) + 6(-3) - 6(-5)] = 2 

\ ^ t 3 ( 17) + 0 " 3 ( 5 > - 6 (" 3 ) + 6 (~ 5 )] = 1 


r = 4A 2 + 2E + 27, + T 2 


12 - 22 . Suppose the characters of a reducible representation of the C 2u point group are T = 27 -115. 
Determine how many times each irreducible representation of C 2v is contained in f. 


We use Equation 12.23 and sum over classes. 

a A< = ] -[21-\ + \+5] = S 
a A 2 = ^ [27 — 1 _ 1 — 5 ] = 5 
a B = l -[21 + \ + ] -5] = 6 
= — [27 + 1 — 1+5] = 8 


So 


F — 8/4, + 5A 2 + 6 B, + 8B 2 


12-23. Suppose the characters of a reducible representation of the D 3/l point group are r = 

12 0 —2 4 -2 2. Determine how many times each irreducible representation of is contained 
in T. 

We use Equation 12.23 and sum over classes. 

a A , = T [12 + 2(0) + 3(—2) + 4 + 2(-2) + 3(2)] = 1 

a A , = T [12 + 2(0) - 3(—2) + 4 + 2(-2) - 3(2)] = 1 

a e = ~ [2(12) + 0 + 0 + 2(4) - 2(-2) + 0] = 3 
a A , ; = T [12 + 2(0) + 3(—2) - 4 - 2(-2) - 3(2)] = 0 

= T [12 + 2(0) - 3(—2) - 4 - 2(-2) + 3(2)] = 2 

a E „ = T[2(12) + 0 + 0 -2(4) + 2(-2)+0] = 1 

r = A\+A' 2 + 3 E + 24" + £" 
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12-24. In Example 12-14, we showed that the overlap integral involving 2p xH and \s H + 1 s ]{ + 1 s y] 
in the NH 3 molecule is equal to zero. Is this necessarily true for the 2 p it< rather than the 2 p xN 
orbital? 


No. NH 3 belongs to the C 3u point group (Example 12-14) and in that example we showed that 
the linear combination of the \s orbitals on the three hydrogens belongs to the A l representation. 
The 2/? zN orbital transforms as z , which also belongs to A ,. Therefore, the integrand of the overlap 
integral between the 2/? zN orbital and the linear combination 1 s H + 1 s H + 1 s H is totally symmetric 
and is not zero by symmetry. 


12-25. Show that the molecular orbital given by Equations 12.3 belongs to the irreducible 
representation B 2 ^. 


<t> 2 = ^ (01 - 0 2 + % ~ ^4 + 0 5 - V'fi) 02.3) 

We will use the following diagram to visualize the effects of the symmetry operators on <t> r Recall 
that benzene belongs to the D 6/i point group. 


1 



Consider the operator C 6 . This rotates the benzene molecule counterclockwise by 60°. Therefore 
etc., giving 

C b <t> 2 = ( 0 6 - 0 | + 02 - f) + 04 “ 0 5 ) = (—002 

so the associated character is -1. Proceeding in a similar fashion, we show that the following 


operators have the associated characters 




E -*• +1 

C'^-l 

5 6 

-> +1 


C" +1 


-1 

C 3 —> +1 

I-*• +1 


-1 

C 2 -> -1 

5,^-1 

a v 

-+ +1 


This set of characters is equivalent to the representation. 


12-26. Because the benzene molecular orbitals 0 3 and 0 4 in Equations 12.3 belong to a two-dimensional 
irreducible representation (E ), they are not unique. Any two linear combinations of <j> 3 and 0 4 will 
also form a basis for E x . Consider 

03 = 03 = y=( 2 0i + ^2 _ 03 ~ 2 0 4 “ 05 + 0fi) 
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First show that 


04 = 2^2 + 01 - 05 - 06) 


0; = ^(204 - 0i) 


Now show that <p' 4 is normalized. (Realize that 0 3 and 0 4 are not necessarily orthogonal because 
they are degenerate (see Problem 4-29).) Evaluate the 2 x 2 block of the secular determinant 
corresponding to £, and show that the final value of the energy is the same as that given in 
Equation 12.4. 


Working from the given values of 03 and <p\ and the definition of <p, in Equation 12.3, we see that 


204 - 03 = 20 4 - 03 


= 20 4 - -F=(20| + 0 2 - 03 - 20 4 - 0 5 + 0 6 ) 


= ^=[2(0, + 2 02 + 0.1 - 04 - 205 - 0 6 ) 

-(20, + 0 2 - 03 - 20 4 - 0 5 + 0 6 )] 

= “/=( 3 02 + 3 0i - 305 - 30 6 ) 


n/T2 

0 ; = —(204 - 0 3 ) 


To show that 0( is normalized, we evaluate 


i <t> A dr = — 4 I 0 4 *0 4 0r - 


2 J 04 * 03^1 -2 J 0 3 * 0 4 Jr + J 03 * 0 3 dr 


The wavefunctions <f>. and 0, are normalized, so 


0 4 0t = 


5-2 J 0 4 * 0 3 dT -2 J <t>;<p 4 ch 


Recall that the Hiickel theory assumes 5 ( .. — 1 for = y and 0 for i ^ j. The overlap integrals are 
then 


j 4>;<p,dT = J <p; 


<P A dr = - 


i<t> A dr = —(5 


To evaluate the 2 x 2 block of the secular determinant, we need to evaluate the Hamiltonian and 
overlap integrals for <j> 3 and <p\ using the Hiickel approximation. This gives 


w ii = J<&H4/ 3 dT = 2 [i 2 a + 120 ] = a + 0 
H ' 44 = J 0 ;W 0 ;jr = ] - [4a + 40] = a + 0 
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H' m = J (j)^H<j>\dz = -^= [2a - 2a + 6/8 — 6/8] — 0 

s; 3 = 34 = 1 

S 34 = ^J - ^dx = Q - l) = 0 


The 2x2 block of the secular determinant is then 

a + ft — E 0 
0 a + f) — E 


= P 2 


x 1 0 

0 x + 1 


= 0 


where x = (a - E)/fi. Expanding and solving for x gives 

(jc + l) 2 = 0 —► x = ±\ 

which are two of the roots that we found from Equation 12.4. 


12-27. Arrange the benzene molecular orbitals given by Equations 12.3 in the order of the number of 
nodal planes perpendicular to the plane of the molecule. Label the molecular orbitals according to 
the irreducible representation (see Example 10-8). 





0 , <t> 3 t 





0 5 0 6 02 


The nodal planes are shown in the pictures. The molecular orbital (p ] has no nodal planes and 
belongs to A 2u , <j> 2 has 3 nodal planes and belongs to B 2g , 0 3 and <p 4 have 1 nodal plane and belong 
to E ig , and <p 5 and <j> 6 have 2 nodal planes and belong to E lu . 


12-28. Using the symmetry orbitals for butadiene given by Equations 12.33, show that the Hiickel 
theory secular determinant is given by Equation 12.34. 
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The symmetry orbitals given by Equation 12.23 are 


0 . = ~ ^ 

02 = 


0 3 = ^=(*| + 0 4 ) 
0 " = -^(02 + 0 3 ) 


(The 1 /a/ 2 normalization factor derives from the fact that the 1/7 are orthonormal.) To construct 
the Hiickel theory secular determinant, we must evaluate the various elements H tj and S ij , subject 
to the Hiickel assumptions: 


H n = \ J (0i “ 04>^(0> “ 0 4 )^ r = \{ H u + H u ~ °) = ^( 2 “) = « 

H 22 = \f (02 “ 0 3 )W(0 2 - 0 3 M T = ^ (#22 + #33 “ 2 #2 3 ) = ^ (2« “ 2/3) = (X - 0 

tf 33 ~\J (0i + 0 4 )#(0i + 0 4 ) rfr = “ 

# 44 = ^ /( 0 2 + 0 3 )#(02 + 0 3 )^ T = “ + £ 



Likewise, 


S 24 = jd - 1) = 0 

H l2 =\(P + P) = P 
# l4 = { (P - P) = 0 

# 24 = i (a - a + p - P) = 0 
This gives a blocked secular determinant of 


5,3 = j(l — 1 ) = 0 
» I3 = j (« - «) = 0 
^23 = 5 = 0 

" 3 4 = ;(/8 + i 8 ) = i 9 


a — E 

P 

0 

0 


X 

1 

0 

0 

P 

a-p-E 

0 

0 

= P* 

1 

x - 1 

0 

0 

0 

0 

a — E 

P 

0 

0 

X 

1 

0 

0 

P 

a + ft — E 


0 

0 

1 

x + 1 


(x 2 - l)(x 2 + x - 1 ) = 0 


which is Equation 12.34. 


12-29. Show that if we used a 2 p z orbital on each carbon atom as the basis for a (reducible) 
representation for benzene, (D 6/| ) then T = 6 0 0 0 —20000 —60 2. Reduce T into its 
component irreducible representations. What does your answer tell you about the expected Hiickel 
secular determinant? 


The operator E leaves all six 2 p z orbitals unchanged (a reducible character of 6 ); C' 2 moves four 
of the six p-orbitals from one atom to another atom (contributing 0 to the reducible character) and 
inverts the two remaining p-orbitals (contributing -2 to the reducible character); a h inverts all six 
p-orbitals (a reducible character of — 6 ); and a v leaves two p-orbitals unchanged (contributing 2 to 
the reducible character) and moves four p-orbitals between atoms (contributing 0 to the reducible 
character). All of the other operators move the orbitals from one atom to another, and so have a 
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reducible character of 0. This gives the representation T above. Using Equation 12.23, we find that 
the only nonzero values of a. occur for 

a + u = ^( 6 + 6 + 6 + 6 ) = 1 

% = ^ (6+6 + 6+6) = 1 
a E = — (12 + 0+ 12 + 0) = 1 

a E = — (12 + 0 + 12 + 0 ) = 1 

This result shows that the secular determinant can be written in diagonal form, which when expanded 
will be the product of two 2x2 determinants (corresponding to the E ]g and E 2u representations) 
and two 1 x 1 determinants (corresponding to the A lu and B lg representations). 


12-30. Show that if we used a 2p z orbital on each carbon atom as the basis for a (reducible) 
representation for cyclobutadiene (D 4yi ), then T=4000 —200 —40 2. Reduce T into its 
component irreducible representations. What does your answer tell you about the expected Hiickel 
secular determinant? 


The operator E leaves all four 2p z orbitals unchanged (a reducible character of 4); C' 2 inverts two 
p-orbitals and moves two of them (a reducible character of - 2 ); cr h inverts all four (a reducible 
character of - 4 ); and a v leaves two orbitals unchanged and moves two of them (a reducible character 
of 2). All of the other operators move the orbitals from one atom to another (a reducible character 
of 0). This gives the representation f above. Using Equation 12.23, we find that 


a A lg = ^(4 — 4 — 4 + 4 ) = 0 

% = i3 ( 4 + 4 - 4 - 4 ) = ° 

a E g = ]fi ( 8 + 0 + 8 ) = 1 

% = i3( 4 + 4 + 4 + 4 ) = 1 
% = Tg(4-4 + 4-4) = 0 


% = ^(4 + 4-4-4) = 0 

% = ii ( 4 “ 4 _ 4 + 4 ) = 0 

<z A| * = -j^(4 — 4 + 4 — 4) = ° 

= ^( 4 + 4 + 4 + 4 ) = 1 

a E = Ys (8 + 0 — 8 + 0) = 0 


This result shows that the secular determinant can be written in block diagonal form, which, 
when expanded, will be the product of two 1 x 1 determinants (corresponding to the A 2u and B ]u 
representations) and one 2 x 2 determinant (corresponding to the E representation). 


12-31. Consider an allyl anion, CH 2 CHCH 2 , which belongs to the point group C 2t) . Show that if we 
use ir v f v and ^3 (2 p z on each carbon atom) to calculate the Hiickel secular determinant, then we 
obtain 


a-E 

P 

0 


X 

1 

0 

f> 

a- E 

P 

= 

1 

X 

1 

0 

P 

a — E 


0 

1 

X 


or x 3 — 2x = 0, or x = 0, — V2. Now show that if we use the i/(, as the basis for a (reducible) 
representation for the allyl anion, then T = 3 —1 1 — 3. Now show that T = A 2 + 2 B r What 

does this say about the expected Hiickel secular determinant? Now use the generating operator, 
Equation 12.32, to derive three symmetry orbitals for the allyl anion. Normalize them and use them 
to calculate the Hiickel secular determinantal equation and solve for the 7 r-electron energies. 
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We apply Hiickel theory to show that the secular determinant is (Problem 10-41) 


a — E 

p 

0 


X 

1 0 

p 

a- E 

P 

= P 3 

1 

x 1 

0 

P 

a - E 


0 

1 x 


Expanding gives x 3 — 2x = 0, and solving this equation gives jc = 0, ±v^2. There are four 
operators, E , C v 6 > v , and a ' v , for the C 2v point group. The operator E leaves all three orbitals 
unchanged (a reducible character of 3); C 2 inverts one of the 2/?-orbitals and moves two of them (a 
reducible character of — 1); & v leaves one 2/?-orbital unchanged and moves two of them (a reducible 
character of 1); and o v inverts all three 2/?-orbitals (a reducible character of —3). Therefore, 

T = 3 — 1 1 - 3. We can use Equation 12.23 to find the irreducible representations 

a A =7 (3 -1 + 1- 3) = 0 

A i 4 

a A = 7 (3 - 1 - 1 + 3) = 1 
a B — — (3 + 1 + 1 -T 3) = 2 
a B = 7 (3+ 1 - 1 -3) = 0 

We can therefore write T = A 2 + 2 B ] . This result shows that the secular determinant can be written 
in block diagonal form; a 1 x 1 block corresponding to the A 2 representation and a 2 x 2 block 
corresponding to the doubly degenerate wavefunction that transforms as B r Therefore, we need 
only use generating operators P A and P B to find three symmetry orbitals for the allyl anion: 

K* 2 = \ (*1 - ^3 - ^ + *l) OC - if 3 

P B fi = ^ (0, + 0 3 + 0 3 + 0,) OC 1A, + 0, 

P B< f 2 = \ (02 + 0 2 + 0 2 + 0 2 ) = 02 

The three normalized symmetry orbitals are 

0 , = ^( 0 , ~ 0 3 ) 0 2 — 0*2 0 3 = ^=( 0 | + 0.0 

Using these three orbitals, 

= ^(2a) = a 

«33 = 7 2 “) = “ 

H n = {(f)-p) = 0 

5 ,, = $ 22 = 5 33 = 1 

5,3 = i(l- 1) =0 
This gives the secular determinant 


o 

o 

tq 

1 

a 


X 

0 

0 

tq 

1 

a 

o 

= p 

0 

X 

72 

cq 

1 

S3 

o 


0 

V2 

X 


^22 a 

W I3 = |(a - “) = 0 
H 2: , = jj(20) = V2£ 
5,2 = 5 23 = 0 


which gives x = 0, ±72 and energies of 


E — a — y/ip E = a 


E = a + Vip 
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Note that the secular determinant has the block diagonal form predicted above. 

12-32. Apply the analysis we use in Example 12-15 to a minimal basis set for NH 3 . 

There are eight orbitals to consider: \s u , , \s H , ls N , 2 j n> 2p xN , 2p yN , and 2p zN . NH 3 has the 

symmetry properties of the point group so we consider the effects of the operators of this point 
group. The operator E leaves all eight orbitals unchanged. C 3 leaves only the ls N and 2^ N orbitals 
unchanged, and so *(C 3 ) = 2 . C 3 has the same effect (the direction of rotation of the molecule is 
arbitrary). The three a v operators leave four orbitals unchanged and two of the 2 p orbitals move to 
other atoms, so x(& v ) = X(&' v ) — x(°v) = 4. We therefore find 


C„ E 


c 2 


K 


00 

2 

2 

4 

4 

4 


We now use Equation 12.23 to find 

a, = ^(8 + 2 + 2 + 4 + 4 + 4) = 4 
A > 6 

a, = l(8 + 2 + 2- 4- 4-4) = 0 
A 2 6 

a £ = 7 (16 — 2 — 2 ) = 2 

£ 6 

so T = 4A, + 2 E. The original 8 x 8 secular determinant can be written in block diagonal form, 
consisting of one 4x4 block and two 2 x 2 blocks. 

12-33. Just as we have orthogonality conditions for the characters of irreducible representations, there 
are also orthogonality conditions of their matrix elements. For example, if r ; (J?) mn denotes the mn 
matrix element of the matrix of the ith irreducible representation, then 

R 

This rather complicated looking equation is called the great orthogonality theorem. Show how this 
equation applies to the elements of the matrices in Table 12.6. 

We will choose several examples to illustrate how this equation applies to the elements in Table 12.6. 
First, consider the squares of the elements of the 2x2 matrices in Table 12.6 (i = j = E,m = m', 
and n = n . In this case the sum should be h/l = 6/2 = 3. 

£>,(«„]>= I + j+ - +1 + j + j = 3 

R 

B r Af= #t M to vr ! 

R 

B I V«> ! ,] 1 = °+i + i+0+J + J = 3 

R 

Dr«(«>„]’ = i + i + i + i + ; + ; = 3 

R 
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Now consider the products of the same elements (letting i = j — E). In this case, either m =£ m or 
n =£ n', and the sum should be zero. 

^ . VT V3 V3 V3 

^ r £ (/?)„ r E (/?),2 = 0 + — ^ -+ 0 _ lj ~ + - ^ -=0 


X)r £ <R)„r £ (i!) a = i + i + i-i-I-i = o 


Finally, consider the products of A 2 with E , where i ^ j and the sum should be zero. 


Er,W„r £ (fi), 


1 1 , i i 

2 - 2 _ + 2 + 2 — ^ 


^ V3 V3 V3 V3 

E =o- — + T - o- — + —=o 


The other products where i ^ j can easily be shown to be zero. 


12-34. 

a. Let i = y, m —n, and m — n' in the great orthogonality theorem (Problem 12-33) and sum 
over n and n to derive Equation 12.18. 

b. Let m — n,m = n' and sum over n and n' to derive Equation 12.14. 

c. Combine these results to derive Equation 12.20. 

a. Recall that W is defined as the character of the yth irreducible representation of R , which, 
in terms of matrix elements, is given by 

*,-(*) = £ r /<*>« 

in 

We now use the great orthogonality theorem to find Equation 12.18: 

H = J S ij 8 n,m' S nn' 

R ' 

Let i = j ,m = n, and m — n '. Then 

E r /^)- r ; (^)„v = e^ 

/? ' 

6 » «' ' 

/? 1 

(Note that Z. = 1 for all elements in Tables 12.7 through 12.14.) 

b. Use the great orthogonality theorem to find Equation 12.14: 

Tr (R) r (R) • ■ = -88 '8 ' 

/_ _ j / v 1 mu j v / /»wi j tj mm nn 

R 1 
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Let i j, m = n , and m' = rc'. Then 

EA A /l 

r.(/?) r.(/?) - = - (5..s ' 

I v 'nn j v ■'n n j tj nn 

R * 

rVr (R) Vr.(«),, = -s & , 

/ , / j / v 'nn / j J K 'nn j ij nn 

R n n' ‘ 

£*,(%<«) = k = Hy 

R 1 

X>,(*)x/K) = 0 i±j 

R 

c. Combining the results of parts (a) and (b), 

X>.<«w*> = £r = * 

R m ' 

and 

J2x i (R)x j (R) = o i±j 

R 

gives 

T,x : Wx,(R) = M„ 


12-35. Consider the point group C v , which contains only the symmetry elements E and a . Determine 
the character table for C r (The molecule NOC1 belongs to this point group.) 


There are two symmetry elements, and so, by Equation 12.7, the character table consists of two 
one-dimensional representations. All groups contain a totally symmetric representation, so the first 
row of the character table must be 1 1. The second row must be orthogonal to the first, so we find 


C, 

E 

a 


1 

i 


1 

-i 


12-36. Consider the simple point group C v whose character table is 


c 

s 

E o 

a' 

1 

1 

A 

1 

-1 


where a represents reflection through the y axis in a two-dimensional x, y Cartesian coordinate 
system. Show that the bases for this point group are even and odd functions of x over a symmetric 
interval, —a<x<a. Now use group theory to show that 

f /evenW/oddW d * = 0 

J —a 
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From the definition of even and odd functions, 


of = f 

J even J ev 


® f Ddd f i c 


odd 


Thus / even belongs to A' and / odd belongs to A ", so these types of functions serve as the bases for 
this point group. Equation 12.26 requires that S jj = RS U for all symmetry elements of the group. 
We then have 

S lj = f /evcnW/oddW^ 

J — a 

and 


* s u 


/ of^Mof M {x)dx 

J -a 

- f 

J ~a 


In order for Equation 12.26 to hold, 

/ /even Mf 0 J X ) dx = 0 
J ~a 


12-37. We calculated the n -electron energy of a trimethylenemethane molecule in Problem 10-31. 
Derive the symmetry orbitals for the n orbitals by applying the generating operator, Equation 12.32, 
to the atomic 2 p z orbital on each carbon atom. Identify the irreducible representation to which each 
resulting symmetry orbital belongs. Derive the Hiickel secular determinant corresponding to these 
symmetry orbitals and compare it to the one that you obtained in Problem 10-31. Compare the 
7r-electron energies. 


The point group of the molecule trimethylenemethane is D 3/| . 

2 



We use the schematic diagram above to picture the effects of the operations on the molecule. 
Applying the symmetry operations to the 2 p z orbitals on each carbon atom gives the following 
reducible representation: 


D,„ 

E 2 c 3 

3 C 2 

a h 2 S, 3 o v 

r 

4 1 

-2 

-4-1 2 


We now use Equation 12.23 to reduce this representation 

a. = — (4 + 2- 6- 4- 2 + 6) = 0 

a A ; = 2 (4 + 2 + 6 - 4 - 2- 6) = 0 

a E ' = — (8 — 2 + 0 — 8 + 2 + 0 ) = 0 

V = ^(4 + 2-6 + 4 + 2-6) = 0 

12 
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a„» = (4 + 2 + 6 + 4 + 2 + 6) = 2 
a £ » = -^(8-2 + 0 + 8- 2 + 0) = l 

and find that T = 2A 2 + E . Therefore, we need only use the generating operators P A " and P £ » to 
find the symmetry orbitals for trimethylenemethane: 


P A " f , = (’A, + tA, + lA, + 3 tA, + tA, + 2tA, + 3tA,) = V f 1 

P/;tA 2 = ^ (tA 2 + 1 A 3 + iA 4 + iA 2 + iA« + tA 3 + iA 2 + lAj + 'A, + f 2 + % + tA 4 ) a iA 2 + tA 3 + <A 4 

P £ " tA, = ^ (2fA, - 2tA, + o + 2tA, - 2tA, + 0 ) = 0 

P £ " iA 2 = (2fA 2 - V'-, - tA 4 + 0 + 2 ^ 2 - tA 3 - tA 4 + 0) a 2 1 2 - iA 3 - tA 4 

P £ "tA 3 = -j| (2 iA 3 - tA 2 - ^ 4 + 0 + 21 A 3 - iA 2 - ^A 4 + o) oc 2tA 3 -^ 2 -^ 

P E «\ A 4 = (2iA 4 - ^2 - lA 3 + 0 + 2iA 4 - 'A, - iA 3 + 0) OC 2 i/r 4 

Only two of the wave functions found using the P £ " are linearly independent. This gives us a total 
of four symmetry orbitals. The normalized symmetry orbitals are 

4> t (A 2 ) = tA, <A 2 (^z) = (iA 2 + iA 3 + <A 4 ) 

4> 2 (E") = (2iA 2 - iA 3 - iA 4 ) <A 4 (£") = (2tA 3 - iA 2 - tA 4 ) 

The elements of the corresponding Hiickel secular determinants are 


H n = J 'l' ] Hir,dT = a 

H n = J (iA 2 + ^ 3 + tA 4 ) <*r = 'KP 


H 22 — f ^ 33 — ^ 34 — a 


1 


W 13 = W |4 = -7= (2/3 - P - P) = 0 


#23 = W 24 = ( 2a 0 


1 1 
# 34 = g (- 2 a - 2 a + a) = --a 



which leads to the determinantal equation 


0 

0 

H 



u 

X 

0 

0 



0 

0 

X 

1 


•v /3 X 

0 0 -f * 
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Expanding this result gives 

3x 2 

(x 2 -3)—=0 

Solving this last equation for x gives x = 0, ±>/3, which are the solutions that we found in 
Problem 10-31. The tv -electron energy is then 

E n = 2{a + V3p) + 2a = 4a + 2Vdp 

Both approaches give the same n -electron energies. 


12-38. We calculated the 7r-electron energy of a bicyclobutadiene molecule in Problem 10-32. Using 
the point group C 2/j , derive the symmetry orbitals for the n orbitals by applying the generating 
operator, Equation 12.32, to the atomic 2 p z orbital on each carbon atom. Identify the irreducible 
representation to which each resulting symmetry orbital belongs. Derive the Hiickel secular 
determinant corresponding to these symmetry orbitals and compare it to the one that you obtained 
in Problem 10-32. Compare the n -electron energies. 


The point group of bicyclobutadiene is C 2/j . 


1 



We use the schematic diagram above to picture the effects of the operations on the molecule. 
Applying the symmetry operations to the 2p z orbitals on each carbon atom gives the following 
reducible representation: 


d 3 „ 

E 

c 2 i a h 

r 

4 

0 0-4 


We now use Equation 12.23 to reduce this representation: 

a. = I(4 + 0 + 0-4) = 0 
X 4 

a B = 1 (4 + 0 + 0 + 4) = 2 

a A = l(4 + 0 + 0 + 4) = 2 

a B = l(4 + 0 + 0 — 4) = 0 

and find that T = 2B g + 2 A u . Therefore, we need only to use the generating operators P B and P A 

to find the symmetry orbitals for bicyclobutadiene: 

P B x f f i = J (*i - f* - ft + fi) a fi ~ 

8 4 

2 = 7 (^2 - - ^3 + f 2 ) « ^2 ~ ^3 

8 4 
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P A = 4 (^1 + ^4 + + *,) «*, + *, 

PA ^2 =\ (% + f 3 + ^ + f 2 ) OC \lf 2 + if 

u 4 

This gives us four symmetry orbitals. The normalized symmetry orbitals are 

1 , . . . . . 1 


<f>\ (5 P = (v r , - vO </> 2 ( fi p = - * 3 ) 

= "4 (^, + ^ 4 ) = -L(^2 + ^j) 


V2 


V2 


We then have 


= «-)S 
h ]3 = h u = o 


^12 = 0 
h 23 = h 2A = o 


^22 ~ ^44 ~ a 


^34 = ^ 


and 


// 33 = a + ft 

S \2 ~ ^13 = ^14 “ 0 

which leads to the determinantal equation 


^11 — ^22 “ *^33 ” ^44 ~ * 
^23 - 5 24 “ 5 34 - 0 


x - 1 0 0 0 

0x00 
0 0 x + 1 2 

0 0 2 x 


— x(x — 1) 


x + 1 2 

2 x 


-0 


Expanding this result gives 


x(x — l)(x 2 + x — 4) = x 4 — 5x 2 + 4x = 0 


This is the same equation as that found in Problem 10-32. The 7r-electron energy is then 

E n = 2(a + 2.562£) +2a =4a + 5.124£ 

Both approaches give the same 7r-electron energies. 


12-39. Use the generating operator, Equation 12.32, to derive the symmetry orbitals for the n orbitals 
of the (bent) allyl radical (C 3 H 5 -) from a basis set consisting of a 2 p z orbital on each carbon atom. 
(Assume the three carbon atoms lie in the x-y plane.) Now create a set of orthonormal molecular 
orbitals from these symmetry orbitals. Sketch each orbital. How do your results compare with the 
7 r orbitals predicted by Hiickel theory (see Problem 10-47)? 


The (bent) allyl radical C 3 H 5 * belongs to the C 2v point group. Applying the symmetry operators to 
the 2 p z orbital on each carbon atom gives the following reducible representation: 


C 2u 

E C 2 a v a' 

r 

3-11-3 


Using Equation 12.23, this reducible representation corresponds to T = A 2 + 2B y Using the 
generating operators for A 2 and gives 


4>M 2 ) (X - if 3 0 2 (Bj) OC Vq + Vr 3 0 3 (B,) OC f 2 
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and the normalized symmetry orbitals are (Problem 12-21) 


^ = —(^-^ 3 ) </> 2 = V f 2 


<£3 = j = W . + 0 3 ) 




0 , 0 2 0 3 

These correspond to the 7r orbitals predicted by Hiickel theory. 


The following four problems illustrate the application of group theory to the formation of hybrid 
orbitals. 


12-40. Consider a trigonal planar molecule XY 3 whose point group is D 3/i . All three bonds are 
unmoved by the operation of E\ all three are moved by the operation of C 3 ; one is unmoved by 
the operation of C 2 ; all three are unmoved by the operation of a h \ all are moved by the operation 
of S 3 ; and one is unmoved by the operation of o v . This result leads to the reducible representation 
r = 3 0 1 3 0 1. Now show that V = A\ + E'. Argue now that this result suggests that hybrid 
orbitals with D 3/i symmetry can be formed from an 5 orbital and the p x and p y orbitals (or the d x 2 _ y i 
and d z i orbitals) to give sp 2 (or sd 1 ) hybrid orbitals. 


We can use Equation 12.23 to reduce the representation given in the problem text: 

a A t — — (3 + 0 + 3 + 3 + 0 + 3) = 1 
' 12 

a = -L (3 + 0 - 3 + 3 + 0 - 3) = 0 
*2 12 

a E , = — (6 + 0 + 0 + 6 + 0 + 0 ) = 1 

a A „ — — (3 + 04-3 — 3 + 0 — 3) = 0 

a A , = T (3 + 0 - 3 - 3 + 0 + 3) = ° 

a E „ — — (6 + 0 + 0 — 6 + 0 + 0 ) = 0 

So we find the irreducible representation T = A\ + E'. Looking at the rightmost column of 
Table 12.11, we see that the d x2 _ >l2 and d z i orbitals can combine with an 5 orbital to form sd 2 hybrid 
orbitals; likewise, looking at the next-to-rightmost column of Table 12.11 shows that the p x and p y 
orbitals can combine with an 5 orbital to form sp 2 hybrid orbitals. 
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12-41. Consider a tetrahedral molecule XY 4 whose point group is T,. Using the procedure introduced 
in Problem 12^40, show that T = 4 1 0 0 2, which reduces to F = A, + T r Now argue that 
hybrid orbitals with symmetry can be formed from an 5 orbital and the p x , p y and p z orbitals (or 
the d xy , d xz , and d yz orbitals) to give sp 3 (or sd 3 ) hybrid orbitals. 


All four bonds are unmoved by the operation of E\ one is unmoved by the operation of C 3 ; all four 
are moved by the operation of C 2 ; all four are moved by the operation of S 4 ; and two are unmoved 
by the operation of a d . This result leads to the reducible representation T = 4 1 0 0 2. We can 
now use Equation 12.23 to reduce this representation: 

^ = hr ^ + 8+0 + 0 +12)=1 

a. = 2 - (4 + 8 + 0 + 0- 12) = 0 
a 2 24 

a E = — (8 — 8 + 0 + 0 +0) = 0 
a T — ^ (12 + 0 + 0 + 0— 12) = 0 
a T ^ = 2 (12 + 0 + 0 + 0 + 12 ) = 1 

So we find the irreducible representation T = A, + T r Looking at the rightmost column of 
Table 12.14, we see that the d xy , d xz and d yz orbitals can combine with an s orbital to form sd 3 
hybrid orbitals; likewise, looking at the next-to-rightmost column of Table 12.14 shows that the p x , 
p and p z orbitals can combine with an s orbital to form sp 3 hybrid orbitals. 


12-42. Consider a square planar molecule XY 4 whose point group is D 4A . Using the procedule 
introduced in Problem 12-40, show that T = 4 00200042 0, which reduces to 
T = A , + B Xk + E u . Now argue that hybrid orbitals D 4/| symmetry can be formed from a s orbital, 
ad x 2_ y 2 orbital, and the p x and p orbitals to gi \esdp 2 hybrid orbitals. 


All four bonds are unmoved by the operation of E\ all four are moved by the operation of C 4 ; all 
four are moved by the operation of C 2 ; two bonds are unmoved by the operation of C' 2 \ all four are 
moved by the operation of C 2 , i , and S 4 ; all four are unmoved by the operation of & h ; two bonds are 
unmoved by the operation of and all four are moved by the operation of d d . This result leads 
to the reducible representation T = 4 00200042 0. We can now use Equation 12.23 to 
reduce this representation: 

a A = 2 (4 + 4 + 4 + 4) = 1 

% 16 

a A =2 (4- 4 + 4 — 4) = 0 
2* 16 

a e iK = T (4+ 4 + 4 + 4) = 1 

°»» = T6 (4_4 + 4_4) “ 0 

. £ _ = l(8-8, = 0 

a A = T(4 + 4-4-4)-0 
'« lo 

a A =2 ( 4_4_4 + 4) = o 
16 
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a = -^-(4 + 4 — 4 — 4) = 0 
16 

a. =-L(4-4-4 + 4)=0 
^ 16 

a E = 1 (8 + 8) = 1 

So we find the irreducible representation T = /\, + B, + E u . Looking at the rightmost and 
next-to-rightmost columns of Table 12.12, we see that the d x i_ y2 , p x and p y orbitals can combine 
with an s orbital to form sp 2 d hybrid orbitals. 


12-43. Consider a trigonal bipyramidal molecule XY 5 whose point group is D 3/i . Using the procedure 
introduced in Problem 12—40, show that T = 5 2 1 3 0 3, and that T = 2 A\ + A\ + E'. Now 
argue that hybrid orbitals with D 3A symmetry can be formed from an s orbital, a dp orbital, a p z 
orbital, and p x and p y orbitals to give spd 3 hybrid orbitals. 


All five bonds are unmoved by the operation of £; two bonds are unmoved by the operation of C 3 ; 

only one bond is unmoved by the operation of C 2 ; three bonds are unmoved by the operation of a h \ 

all five are moved by the operation of S 3 ; and three are unmoved by the operation of & v . This result 
leads to the reducible representation T = 5 2 13 0 3. We can now use Equation 12.23 to reduce 
this representation: 

^ (5 + 4 + 3 + 3 + 9) = 2 
= ~ (5 + 4 — 3 + 3 — 9) = ° 
a E ‘ — 0 ° — 4 + 6 ) = 1 

a , = 1 (5 + 4 + 3- 3-9) = 0 

i 12 

«.; = ^ ( 5 + 4 -3-3 + 9 ) = 1 
a £ . = 4<| 0- 4 -6) = ° 

So we find the irreducible representation T = 2 A\ + A"_ + £'. Looking at the rightmost and 
next-to-rightmost columns of Table 12.11, we see that the dp, p x , p y and p z orbitals can combine 
with an s orbital to form sp 2 d hybrid orbitals. 
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Molecular Spectroscopy 


PROBLEMS AND SOLUTIONS 


13-1. The spacing between the lines in the microwave spectrum of H 35 C1 is 6.350 x 10 n Hz. Calculate 
the bond length of H 35 C1. 


Using Equation 13.6 for Ej , we find 


AE = E J+] -E,= YjU + !)(•/ + 2) - ^jJ(J + 1) 


= —[(J + \KJ + 2-J)] 

= j(J+l) 

Substituting the last result into Equation 13.1 gives 

A E h 

v = ~r = t^7 (J + 1) 

h An I 

The spectrum consists of lines of frequencies v, separated from each other by h/4n 2 I. Then 

h 


(1) 


6.350 x 10" s"' = 


An 1 1 

6.626 x 10“ 34 J-s 

I = _ _——- = 2.643 x IQ” 47 kg-m 2 


4^ 2 (6.350 x 10" s-') 


The reduced mass of H 35 C1 is 


(1.0079) (34.969) nnnn££ 

fi = — - —— — - amu = 0.97966 amu 

(34.969 + 1.0079) 


For a diatomic molecule, 


/ = /X R 2 



_ 2.643 x 10~ 47 kg-m 2 _ 

(0.97966 amu] (1.661 x 10" 27 kg-amu -1 ) 

= 1.275 x 10 -10 m = 127.5 pm 


1/2 
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13-2. The microwave spectrum of 39 K 127 I consists of a series of lines whose spacing is almost constant 
at 3634 MHz. Calculate the bond length of 39 K I27 I. 


We use the same method as in Problem 13-1. From Equation 1 of Problem 13-1, 


3 634 x 10 6 s" 1 = 


I = 


h 

4tt 2 / 

6.626 x 10“ 34 J s 
4;r 2 (3.634 x 10 9 s _1 ) 


= 4.619 x 10 45 kg-m 2 


The reduced mass of 39 K I27 I is 


M = 


(38.964)(126.90) 
(38.964+ 126.90) 


amu = 29.811 amu 


From the definition of /, 


/ = nR] 



4.619 x 10" 45 kg-m 2 


1/2 


(29.811 amu) (l .661 x 10 27 kg-amu ') 


= 3.055 x 10"'°m = 305.5 pm 


13-3. The equilibrium internuclear distance of H I27 I is 160.4 pm. Calculate the value of B in wave 
numbers and megahertz. 


The reduced mass of H I27 I is 


(1.0079) (126.90) 
(1.0079+ 126.90) 


amu = 0.99996 amu 


The moment of inertia for H I27 I is 


/ = /zr 2 

= (0.99996 amu) (l .661 x 10 -27 kg-amu -1 ) (1.604 x 10 -10 m) 2 
= 4.272 x 10" 47 kg-m 2 

We can use Equation 13.9 for B, since B and B are related by cB = B: 


6.626 x 10“ 34 J-s 
“ 8/r 2 (4.272 x 10“ 47 kg-m 2 ) 

= 1.964 x 10" s"' = 1.964 x 10 5 MHz 


or 6.552 cm '. 
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13-4. Assuming the rotation of a diatomic molecule in the J = 10 state may be approximated by 
classical mechanics, calculate how many revolutions per second 23 Na 35 Cl makes in the J = 10 
rotational state. The rotational constant of 23 Na 35 Cl is 6500 MHz. 


The energy of a classical rotator is 

K = - Ico 2 
2 

The quantum-mechanical energy is given by 


E = hBJ(J + 1) 


where B = h/8n 2 I. Equating K with E gives 


Iio 2 

— =hBJ(J + 1) 
2hBJ(J + 1) 


co = 


= [2 hBJ(J + 1)] 


8n 2 B 


-l 


co = AnB [J(J + \)] x/2 = An(6500 x 10 6 s _1 )(110) 


1/2 


= 8.57 x 10" radian-s 1 = 1.36 x 10" revolution-s 1 


13-5. The results we derived for a rigid rotator apply to linear polyatomic molecules as well as to 
diatomic molecules. Given that the moment of inertia I for H 12 C I4 N is 1.89 x 10 -46 kg-m 2 (cf. 
Problem 13-6), predict the microwave spectrum of H 12 C 14 N. 


The microwave spectrum of H 12 C 14 N will be a series of equally spaced lines separated by 2 B (see 
Equations 13.12 and 13.13). Substituting into Equation 13.9, 


6.626 x 10 -34 J■ s 

4tt 2 (2.998 x 10 8 m-s _, )(1.89 x 1CT 46 kg-m 2 ) 
= 296 m -1 = 2.96 cm” 1 


13-6. This problem involves the calculation of the moment of inertia of a linear triatomic molecule 
such as H 12 C 14 N (see Problem 13-5). The moment of inertia of a linear molecule is 

,= Ey; 

j 

where d. is the distance of the j th mass from the center of mass. Thus, the moment of inertia of 
H 12 C 14 N is 


I = m H cf 2 + m c d\ + m N d 2 
Show that Equation 1 can be written as 

j _ m H m c /?Hc + + ^c m N^CN 

m H + m c+ rn N 


( 1 ) 



398 


Chapter 13 


where the R's are the various internuclear distances. Given that R HC = 106.8 pm and /? CN = 
115.6 pm, calculate the value of I and compare the result with that given in Problem 13-5. 


The easiest (and best) way to do this problem is to work backwards. Let M = m H + m c + /« N . 
Then the desired equation becomes 

MI =m H m c R 2 HC + m H m N R 2 HN +m c m N R 2 CN 

= m H m c (d H — d c ) + "J H m N (^h — ^n) "I" m c m N c — ^n) 

— m H m c d^ — 2m H m c d H d c + m H m c d £ + m H m N d „ — 2m H m N d H d u 
+m H m N ^ + m c m N dl - 2m c m N d c d N + m c m N ^ 

Now add and subtract m H d „ + m c d\ + m N d^ from the right side of this equation to obtain 

MI — Mm H d „ + Mm c dc + Mm N d 2 

- (m H du + m Q d\ + m N ^ + 2 m H m c d^d c + 2m H m N J H ^ N + 2ra c ra N d c d N ) 

= Mm H d „ + Mm c d 2 + M/n N ^ - + /n c d c + m N ^ N ] 2 


The term in brackets is equal to zero by the definition of the center of mass, so we have 

I = m H d 2 + m c d 2 c + m N d 2 
which is Equation 1. Numerically, forH l2 C l4 N, 

(1.0079 amu)(12.000 amu)(106.8 pm) 2 


/ = 


1.0079 amu + 12.000 amu + 14.003 amu 

(1.0079 amu)(14.003 amu)(106.8 pm + 115.6 pm) 2 


+ - 


1.0079 amu + 12.000 amu + 14.003 amu 
(12.000 amu)(14.003 amu)(l 15.6 pm) 2 
1.0079 amu + 12.000 amu + 14.003 amu 
3.082 x 10 6 amu 2 -pm 2 


+ 


27.011 amu 

= 1.141 x 10 5 amu-pm 2 
= 1.894 x 10- 46 kg-m 2 


= 1.141 x 10 5 amu-pm 2 

1.661 x 10~ 27 kg \ / 10~ 12 m 
amu / \ 1 pm 


This is the same as the value given in Problem 13-5. 


13-7. The far infrared spectrum of 39 K 35 C1 has an intense line at 278.0 cm 1 . Calculate the force 
constant and the period of vibration of 39 K 35 C1. 


The reduced mass of K* Cl is 


(38.964)(34.969) 

ii — -amu = 

^ (38.964+ 34.969) 


8.429 amu 


Use Equation 13.5: 


1 (k 


v = 


2tcc \fji 


1/2 


k = (2ticv) 2 (i 
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= [2tt( 2.998 x 10 8 m-s _1 )(278.0 x 10 2 m-')] 2 

x (18.429 amu) (1.661 x 1CT 27 kgamu -1 ) 
= 83.92 N-m"' 

The period of vibration is 

T = - = T = 1.20 x 10 - ' 3 s 

V cv 


13-8. The force constant of 79 Br 79 Br is 240 N-m 1 . Calculate the fundamental vibrational frequency 
and the zero-point energy of 79 Br 2 . 


The reduced mass of 79 Br 79 Br is 


(78.92X78.92) 

M = ---- - - — ^ ■■ amu = 39.46 amu 

(78.92 + 78.92) 


Now we use Equation 13.5: 


1 (k 


v = 


2n \fi 
J_ 

2tv 


1/2 


240 N-m 


-i 


(39.46 amu) (1.661 x 10 27 kg-amu ] ) 
-9.63 x 10 12 s" 1 


1/2 


v = — = 321 cm 1 
c 


From Equation 13.2, 


E 0 = \hv - 3.19 x 10“ 21 J 


13-9. Prove that 

(X 2 ) = —A . 

1 ; 2 (nk) ] ' 2 

for the ground state of a harmonic oscillator. Use this equation to calculate the root-mean-square 
amplitude of l4 N 2 in its ground state. Compare your result to the bond length. Use k = 2260 N-m -1 
for ,4 N 2 . 


We proved this result in Problem 5-26. The reduced mass of 4 N 2 is 


(14.003) (14.003) ^ nAic 

fx =-amu - 7.0015 amu 

(14.003+ 14.003) 


For l4 N 2 , 


* rms = + 2 »' /2 = 


h 


- 11/2 


l_2(M)‘/ 2 J 


1.055 x 10~ 34 J-s 


l 2 [(7.0015 amu) (1.661 x 10 -27 kg amu -1 ) (2260 N- m -')]' /2 
= 3.21 x 10~ 12 m = 3.21 pm 


1/2 
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The bond length of 14 N 2 is 109.77 pm, so x ms is 3% of the bond length. 


13-10. Derive Equations 13.15 and 13.16. 


We begin with the equation 

E v .j = * ( v + k) + *v J V + V (13 ' 14) 

For the R branches of the v = 0 -*■ 1 transition, A 7 = +1, so 

v r (AJ = +1) = E { J+i — E q j 

= lv + B t U + 0(7 + 2) - [v - B 0 J(J + 1) 

= v + 5,(7 2 + 37 + 2)- 5 q (7 2 + 7 ) 

= v + 25, + (35, -B 0 )J + (5, - B 0 )J 2 

For the P branches, A 7 = — 1, and 

V p (Aj = —1) = E ] j_ t — Eq j 

= \v + B,(7 - 0(7) - {v - B 0 J(J + 0 
= v + 5,(7 2 -7)-5 0 (7 2 + 7) 

= v-(B, + B 0 )7 + (fi,-B 0 )7 2 


13-11. Given that B = 58000 MHz and v = 2160.0 cm 1 for CO, calculate the frequencies of the 
first few lines of the R and P branches in the vibration-rotation spectrum of CO. 


We use Equation 13.12 for the R branch and Equation 13.13 for the P branch (recall that cB = B) 
to obtain the general results 


v R = v + 25(7 + 1) 

= 2160.0 cm"' +2 


5 8 000 x 10 6 s 


.6 0 -1 


2.998 x 10 10 cm'S -1 
= 2160.0 cm -1 + (3.87 cm“')(7 + 1) 


(7+1) 


and 


v p = v- 257 
= 2160.0 cm -1 
= 2160.0 cm -1 


o / 58 000 x 10 6 s“ ! \ j 
\2.998 x 10'°cm-s'7 
(3.87 cm -1 )7 


13-12. Given that R e = 156.0 pm and k = 250.0 N-m _l for 7 Li 19 F, use the rigid rotator-harmonic 
oscillator approximation to construct to scale an energy-level diagram for the first five rotational 
levels in the v = 0 and v = 1 vibrational states. Indicate the allowed transitions in an absorption 
experiment, and calculate the frequencies of the first few lines in the R and P branches of the 
vibration-rotation spectrum of 6 Li l9 F. 
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To find the lines in the R and P branches of the spectrum, we will need to find v and B and use 
Equations 13.12 and 13.13. The reduced mass of 6 LiF is 


fX = 


(6.015)(18.998) 
(6.015+ 18.998) 


amu = 4.569 amu 


First, find the value of /: 


/ = vlR] 

= (4.569 amu) (1.661 x 10 -27 kg amu _l )(156.0 x 10 -12 m) 2 
= 1.846 x 10" 46 kg-m 2 


Now find B (Equation 13.9) and v (Equation 13.5): 


B 


v 


h 

87r 2 c/ 

6.626 x lO -34 J s 

8;r 2 (2.998 x 10 8 m-s-')(1.846 x 10' 46 kg-m 2 ) 
151.6 m _1 = 1.516 cm -1 



1 


250.0 N-m" 


-1 '/2 


2tt( 2.998 x 10 cm-s ) L(4.569 amu) (1.661 x 10“ 27 kg-amu-') J 
963.7 cm- 1 


To construct the energy level diagram, we use Equation 13.10: 

E vJ = (v + ^)v + BJ(J + \) 

E 0J = 481.9cm" 1 + (1.516 cm~')J(J + 1) 
E u = 1445cm- 1 + (1.516 cm~')J(J + 1) 

We can now construct a table of values to use in the energy-level diagram: 


J 

E 0J /cm 1 

£, ,/cm 1 

0 

481.9 

1445 

1 

484.9 

1448 

2 

490.9 

1454 

3 

500.0 

1463 

4 

512.1 

1475 
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The selection rules Ay = +1 and A7 = ±1 (Equations 13.11) determine the allowed transitions. 
The frequencies of the lines in the R and P branches are (Equations 13.12 and 13.13) 

v R = y + 25(7 + 1) 

= 963.7cm-' + (1.516cm -l )(7 + 1) 7 = 0, 1,2,... 

v p = y — 2BJ 

- 963.7 cm" 1 - (1.516cm” l )7 7 -0, 1,2,... 

The first few allowed transitions in the R branch are 


Transition (7" -> 7') 

y/cm 1 

0 1 

966.7 

1 —> 2 

969.7 

2 -> 3 

972.8 

3 -> 4 

975.8 


and the first few allowed transitions in the P branch are 


Transition (J" J') 

O 

3 

1 

1 0 

960.7 

2 -»■ 1 

957.6 

3 -> 2 

954.6 

4 ->■ 3 

951.6 


13-13. Using the values of v,, x e v e , B t , and a given in Table 13.2, construct to scale an energy-level 
diagram for the first five rotational levels in the v — 0 and v = 1 vibrational states for H 35 C1. 
Indicate the allowed transitions in an absorption experiment, and calculate the frequencies of the 
first few lines in the R and P branches. 


From the table, 

v =2990.946 cm" 1 B = 10.5934 cm” 1 

e e 

xv = 52.819 cm' 1 a = 0.3072 cm -1 

e e e 

Using Equations 13.10,13.17, and 13.21, we obtain 
E v j = v( v + {) + B v J(J + \) 

= v,(u + 5) - X e v e (v + \) 2 + [b, - a r (v + i)j 7(7 + 1) 

So 

4; = ^-^ + ^-^+!) 

= 1482.268 cm -1 + (10.4398 cnr')7(7 + 1) 

E,.j = fr-&, + (*,+ D 

= 4367.576 cm -1 + (10.1326 cm"')7(7 + 1) 
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We can use the expressions for E 0 y and E t y to construct a table of energy values for different 
values of J. 


J 

Eo.y/cm" 1 

£, j/c m 1 

0 

1482.268 

4367.576 

1 

1503.148 

4387.841 

2 

1544.907 

4428.372 

3 

1607.546 

4489.167 

4 

1691.064 

4570.228 



We now subtract the appropriate energy levels subject to the selection rules An = +1 and 
AJ = ±1 to obtain the frequencies of the first few lines in the P and R branches of the spectrum: 


5,(0-* 1) = 2905.573 cm" 1 
5,(1 -> 2) = 2925.222cm" 1 
5,(2 -* 3) = 2944.260 cm" 1 
5,(3 -> 4) = 2962.682 cm" 1 


5,(1 -* 0) = 2864.428 cm"' 
5,(2 -> 1) = 2842.934 cm" 1 
5,(3 -* 2) = 2820.826 cm" 1 
5,(4 -* 3) = 2798.103 cm" 1 


13-14. The following data are obtained for the vibration-rotation spectrum of H 79 Br. Determine 
B n , B,, B , and a from these data. 

Line Frequency/cm" 1 


R( 0) 

2642.60 

R( l) 

2658.36 

P( 1) 

2609.67 

P( 2) 

2592.51 


Following the method of Example 13.4, we substitute into Equations 13.15 and 13.16 to find 


^(0) = 2642.60 cm"' 

— 5 + 2B, 


«(1) = 2658.36 cm" 1 

= 5 + 6 

-2B 0 

P(l) = 2609.67 cm" 1 

= v-2B 0 


P( 2) = 2592.51 cm" 1 

*ocf 

C4 

1 

II 

-64 


Subtracting P(l) from R( 1) gives 

R( 1)- P(\) = 48.69 cm" 1 =6 B ] 
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so that B x = 8.12 cm 1 . Likewise, subtracting P{ 2) from R( 0) gives 

R(0) - P( 2) = 50.09 cm -1 = 6 B 0 


so B 0 = 8.35 cm 

We now use Equation 13.17 to write B 0 and £, in terms of B f and a,: 

B 0 = B e - \a e = 8.35 cm -1 
B ] =B e -\a e = 8.12 cm"' 

Solving for B e and a e gives 

a = B n — B. = 0.23 cm -1 

e 0 I 

2 B =3 B n - B, = 16.93 cm -1 

e 0 l 

B = 8.47 cm -1 

f 


13-15. The following lines were observed in the microwave absorption spectrum of H 127 I and D I27 I 
between 60 cm -1 and 90 cm -1 . 

v/cm _1 

H i27 I 64.275 77.130 89.985 
D 127 I 65.070 71.577 78.084 84.591 

Use the rigid-rotator approximation to determine the values of B, I, and R e for each molecule. 
Do your results for the bond length agree with what you would expect based upon the Born- 
Oppenheimer approximation? Take the mass of l27 I to be 126.904 amu and the mass of D to be 
2.014 amu. 


In the rigid-rotator approximation, the spacing between the lines in a microwave absorption 
spectrum is 2 B (Equation 13.19). The spacing between the lines given for H I27 I is 12.855 cm' 
and the spacing between the lines given for D I27 I is 6.507 cm -1 . Therefore, 

B h , 27 , = 1(12.855 cm' 1 ) = 6.428 cm' 1 


and 


B d , 27 , = i(6.507 cm' 1 ) = 3.254 cm' 1 

We now use Equation 13.9 to find I for both molecules: 
h 


1 = 


&7T 2 cB 




Adi — 


6.626 x 10" 24 J-s 


— = 4.355 x 10' 47 kg-m 


8jt 2 (2.998 x 10'° cm-s"‘)(6.428 cm"') 

6.626 x 10" 34 J-s 1a _ 47i 2 

=- = 8.604 x 10 4 ' kg-m 


8tt 2 (2.998 x 10 10 cm-s _l )(3.254 cm' 1 ) 

Now we use the fact that / = /x/? 2 for a diatomic molecule to find R e : 
/ = iiR] 


R = I - 


1/2 
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Km = 


4.355 x 1(T 47 kg-m 2 


^c.DI — 


( ‘ Tt 1 ^ 904 amu ) (1-661 x 10 27 kg-amu ') 
= 1.619 x 10-‘°m= 161.9 pm 

8.604 x 10" 47 kg-m 2 


( 2J 


014x126.904 

128.917 


amu) (1.661 x 10 27 kg-amu l ) 


1/2 


1/2 


= 1.617 x 10 -10 m = 161.7 pm 

These values differ by approximately 0.1%. In the Bom-Oppenheimer approximation, the bond 
length is independent of the isotope of the atoms, in agreement with the above calculations. 


13-16. The following spectroscopic constants were determined for pure samples of 74 Ge 32 S 
72 Ge 32 S: 


and 


Molecule BJ MHz a/MHz D/kUz R e (v = 0)/pm 

74 Ge 32 S 5593.08 22.44 2.349 0.20120 

72 Ge 32 S 5640.06 22.74 2.388 0.20120 

Determine the frequency of the J = 0 to J = 1 transition for 74 Ge 32 S and 72 Ge 32 S in their ground 
vibrational states. The width of a microwave absorption line is on the order of 1 kHz. Could you 
distinguish a pure sample of 74 Ge 32 S from a 50/50 mixture of 74 Ge 32 S and 72 Ge 32 S using microwave 
spectroscopy? 


To convert the values given in the above table to wave numbers, divide by c. Then substitute into a 
combination of Equations 13.17 and 13.19, with v = 0: 

v = 2 [B e - a e Q)] (J + 1) - AD{J + l) 3 


Molecule (v, J = 0)/cm 1 (v, J = l)/cm 1 Av/cm 1 

74 Ge 32 S 0.372 381 0.744 761 0.372 379 

72 Ge 32 S 0.375 505 0.751009 0.375 504 

Now, the width of the absorption line is on the order of 1000 s“\ which corresponds to an energy 
of approximately 3 x 10“ 8 cm -1 . This width is less than the difference between the absorption 
lines of 74 Ge 32 S and 72 Ge 32 S and so a 50/50 mixture can be distinguished from a pure sample using 
microwave spectroscopy. 


13-17. The frequencies of the rotational transitions in the nonrigid-rotator approximation are given by 
Equation 13.19. Show how both B and D may be obtained by curve fitting v to Equation 13.19. 
Use this method and the data in Table 13.3 to determine both B and D for H 35 C1. 


v = 2B(J + 1) — 4D(J + l) 3 


(13.19) 
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The data from Table 13.3 are plotted in the following figure. (Compare the accuracy of this data to 
that in the following problem.) 



The best-fit line to this data gives 2 B = 20.81 cm 1 and -4 D = —1.772 x 10 3 cm 
Therefore, B = 10.40 cm -1 and D — 4.43 x 10" 4 cm -1 . 


13-18. The following data are obtained in the microwave spectrum of 12 C 16 0. Use the method of 
Problem 13-17 to determine the values of B and D from these data. 

Transitions Frequency /cm -1 


0 -► 1 

3.845 40 

1 2 

7.69060 

2 -> 3 

11.535 50 

3 -> 4 

15.379 90 

4 5 

19.223 80 

5 —> 6 

23.066 85 


Using the method of Problem 13-17, we plot v vs. J + 1. 



The best-fit line to this data gives 2 B = 3.8454 cm 1 and -4 D — -2.5547 x 10 5 cm 
Therefore, B = 1.9227 cm -1 and D — 6.387 x 10 -6 cm -1 . 


13-19. Using the parameters given in Table 13.2, calculate the frequencies (in cm" 1 ) of the 0 -> 1, 
1 —> 2, 2 —> 3, and 3 -> 4 rotational transitions in the ground vibrational state of H 35 C1 in the 
nonrigid-rotator approximation. 
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We substitute B = 10.5934 cm -1 and D = 5.319 x 10 -4 cm -1 (Table 13.2) into Equation 13.19 to 
find 


Vcaic/cm -1 = 21.1868(7 + 1) - 0.002128(7 + l) 3 

Transition ^ ca]c /cni _1 

0-*l 21.1847 

1 -> 2 42.3566 

2 -> 3 63.5030 

3 -► 4 84.6110 


13-20. The vibrational term of a diatomic molecule is given by 


G(v) = (v + i )£> e -(v + \) 2 xv e 

where v is the vibrational quantum number. Show that the spacing between the adjacent levels AG 
is given by 


AG == G(v + 1) - G(v) = v e {\ - 2x e (v + 1)} (1) 

The diatomic molecule dissociates in the limit that AG -> 0. Show that the maximum vibrational 
quantum number, u max , is given by 


v 


max 



Use this result to show that the dissociation energy D of the diatomic molecule can be written as 


D = 


4x 


4x 


( 2 ) 


Referring to Equation 1, explain how the constants v g and x g can be evaluated from a plot of AG 
versus v + 1. This type of plot is called a Birge-Sponerplot. Once the values of v e and x e are known, 
Equation 2 can be used to determine the dissociation energy of the molecule. Use the following 
experimental data for H 2 to calculate the dissociation energy, D e . 


V 

G(v)/cmf 

V 

G(u)/cm 1 

0 

4161.12 

1 

26 830.97 

1 

8087.11 

8 

29 123.93 

2 

11 782.35 

9 

31 150.19 

3 

15 250.36 

10 

32 886.85 

4 

18 497.92 

11 

34 301.83 

5 

21 505.65 

12 

35 351.01 

6 

24 287.83 

13 

35 972.97 


Explain why your Birge-Sponer plot is not linear for high values of v. How does the value of D e 
obtained from the Birge-Sponer analysis compare with the experimental value of 38 269.48 cm -1 ? 


Use the expression given in the problem to find Equation 1: 

AG - G(v + 1) - G(v) 

= ( V + l) ~ ( V + 1) 2 *A - ( V + 3) 5 . + ( V + ifKVe 

= v e - xv e (2v + 2) = v e [1 - 2x e (v + 1)] 


407 
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In the limit AG 0, v -> v max . Solving for v max gives 

0 = ^[l-2^ max + D] 

^(»- + 0 = i 

v = — - 1 

max 2x 

e 

The molecule dissociates in the limit AG -» 0, so the dissociation energy is 

t>, = 0(0 = (^ " j) 

e f 

= —— (2 — 2x — \ + 2x — jr 2 ) 

4- V * «■ '' 

t 

V ~ V 

— T^"(l — X?) % T=~ 

Ax Ax 

e e 

because x e is very small compared to one. We can expand Equation 1 to write 

A G = v e - 2xv e {v + 1) 

Therefore, a plot of AG vs. (v + 1) will have an intercept of v e and a slope of —2xv e . The 
experimental data points for H 2 are plotted below: 



Using the best linear fit to the first eight data points gives v, = 4164.4 cm 1 and —2xv e = 
—232.01 cm -1 . Then x e = 0.0279, and so 

D = — = 31 400 cm" 1 
f Ax 

e 

The Birge-Sponer plot is not linear for large values of v because the potential curve is not well 
described by the anharmonic potential energy function G(v) given in the statement of the problem. 


13-21. An analysis of the vibrational spectrum of the ground-state homonuclear diatomic molecule C 2 
gives v e = 1854.71 cm -1 and v,*, = 13.34 cm -1 . Suggest an experimental method that can be 
used to determine these spectroscopic parameters. Use the expression derived in Problem 13-20 to 
determine the number of bound vibrational levels for the ground state of C 2 . 


The molecule C 2 does not have a dipole moment, and so we cannot record an infrared absorption 
spectrum. We can determine v, and vx e from an emission spectrum, where the lines correspond 
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to transitions between a specific vibrational state in the upper electronic state and the various 
vibrational states in the ground electronic state. The number of bound vibrational levels, v mM , is 
given by (see Problem 13-20) 

J_ ,854.7! cm- 1 ^ 

2x e 2(13.34 cm - ) 

There are 68 bound vibrational levels for the ground state of C 2 . 


13-22. A simple function that is a good representation of an internuclear potential is the Morse 
potential, 

U(q) = D e ( 1 -e""*) 2 

where q is R - R e . Show that the force constant calculated for a Morse potential is given by 

k = 2 Dfi 2 

Given that D t = 7.31 x 10 - ' 9 J-molecule -1 and f) = 1.83 x 10'° m -1 for HC1, calculate the value 
of*. 


We can expand U(q) using a Maclaurin series: 

U(q) = D (1 - e-^f 


= D 


1 - 


1 -Pq + ^~ + 0(q 


•>])’ 


= D [f) 2 q 2 +0(q 3 )] 

Equating this result to U(q) = kq 2 /2 (as in Equation 5.11) gives 

k = 2 D e p 2 

ForHCl, 

* = 2 (7.31 x 10" 19 J-molecule -1 ) (1.83 x 10 10 m -1 ) 2 = 490 N-itT 


13-23. The Morse potential is presented in Problem 13-22. Given that Z), = 7.33 

x 10 -19 J-molecule -1 , v e = 1580.0 cm -1 , and R e = 121 pm for 16 0 2 , plot a Morse potential 
for 16 0 2 . Plot the corresponding harmonic-oscillator potential on the same graph. 


We can find k from the parameters given in the problem. Solving for k gives 


(13.5) 


k = (2ncv e ) 2 ix 

= [27r(2.998 x 10 10 cm s -l )(1580.0 cm -1 )] 2 (7.9975 amu)(1.661 x 10 -27 kg-amu -1 ) 
= 1176.3 N-m -1 
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From Problem 13-22, we know that k = 2D./J 2 , so 



1176.3 N-nT 1 

loi 

Gi 

i 

1 

2(7.33 x 10~ 19 J) 

2.83 x 10'° m 

-1 


Recall (Equation 5.11) that the potential energy of a harmonic oscillator is U(q) ~ kq 2 /2. Now 
graph the Morse potential and harmonic-oscillator potential for 16 0 2 : 



The Morse potential is a more realistic approximation of the behavior of a molecule. 


13-24. The fundamental line in the infrared spectrum of 12 C 16 0 occurs at 2143.0 cm \ and the first 
overtone occurs at 4260.0 cm -1 . Calculate the values of v, and xv e for 12 C 16 0. 


We do this problem in the manner of Example 13-5, where we derived equations for the frequency 
of the fundamental and first overtone. 

Fundamental: v obs — v, - 2xjv e = 2143.0 cm -1 

First overtone: v obs = 2v e — 6x e v e = 4260.0 cm -1 

Multiply the fundamental frequency by 3 and subtract the overtone to get 

v = 3(2143.0 cm -1 ) - 4260.0 cm” 1 = 2169 cm' 1 

Multiply the fundamental frequency by 2 and subtract from the overtone to get 

2xv e = 26.0 cm -1 


or 


x v = 13.0 cm 1 

e e 


13-25. Using the parameters given in Table 13.2, calculate the fundamental and the first three overtones 
of H 79 Br. 
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Using Equation 13.22, we find 

Fundamental: v. = v — 2x v 

obs e e e 

= 2648.975 cm’ 1 - 2(45.218 cm" 1 ) 

= 2558.539 cm- 1 

First overtone: D obs = 2D, - 6xx> e 

= 2(2648.975 cm"') - 6(45.218 cm-') 

= 5026.642 cm- 1 

Second overtone: D obs = 3D ( , — \2x e v e 

= 3(2648.975 cm"') - 12(45.218 cm-') 

= 7404.309 cm -1 

Third overtone: D . = 4v — 20Jc D 

obs e e e 

= 4(2648.975 cm-') - 20(45.218 cm" 1 ) 

= 9691.54 cm" 1 

13-26. The frequencies of the vibrational transitions in the anharmonic-oscillator approximation are 
given by Equation 13.22. Show how the values of both v e and xv r may be obtained by plotting 
D obs /u versus (v + 1). Use this method and the data in Table 13.4 to determine the values v e and 
xv for H 35 C1. 

e e 

(13.22) 


x e v e and the intercept will be \> e . 


2900 

i 

S 

<■> 2800 
o 

x £ 2700 

1 2 3 4 5 6 7 

l?+l 

The best fit line to the data has an intercept of v, = 2989 cm -1 and a slope of -51.6 cm -1 , so 
v x =51.6 cm -1 . 
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13-27. The following data are obtained from the infrared spectrum of 127 I 35 C1. Using the method of 
Problem 13-26, determine the values of D, and xv f from these data. 

Transitions Frequency/cm -1 


0 -» 1 
0 2 
0 -> 3 
0 -> 4 
0 -» 5 


381.20 

759.60 

1135.00 

1507.40 

1877.00 


We plot v obs /u vs. (u + 1). 



The best fit line to the data has an intercept of v e = 384.1 cm 1 and a slope of — 1.45 cm 1 , so 
v x =1.45 cm -1 . 

e e 


13-28. The values of v e and x e v e of 12 C 16 0 are 2169.81 cm -1 and 13.29 cm -1 in the ground electronic 
state and 1514.10 cm -1 and 17.40 cm -1 in the first excited electronic state. If the 0 -> 0 vibronic 
transition occurs at 6.475 15 x 10 4 cm -1 , calculate the value of f e = v', — u" |( the energy difference 
between the minima of the potential curves of the two electronic states. 


For the 0 ->• 0 vibronic transition, v' = v" = 0 in Equation 13.24 and so 


\o=T+w-\w)-w:-h~<v:) 

64751.5 cm- 1 = f + [i(1514.10cm _, > - $(17.40cm' 1 )] 

— [4(2169.81 cm -1 ) - 1(13.29 cm -1 )] 

65 080.4 cm- 1 = f 


13-29. Given the following parameters for l2 C ,6 0: f = 6.508043 x 10 4 cm- 1 , v' = 

1514.10 cm -1 , x' e v' e = 17.40 cm -1 , v" = 2169.81 cm -1 , and x"v" = 13.29 cm -1 , construct to 
scale an energy-level diagram of the first two electronic states, showing the first four vibrational 
states in each electronic state. Indicate the allowed transitions from v" = 0, and calculate the 
frequencies of these transitions. Also, calculate the zero-point vibrational energy in each electronic 
state. 
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Neglecting rotational energies, Equation 13.23 becomes 

K = 0 el + 5 ,( V + 5> “ + I)' 

Setting the energy at the minimum of the lower electronic potential energy curve equal to zero, we 
have 


£; = o + v> + i)-i;v> + i ) 2 

E' V = T+ + {)- x'Xiv + f ) 2 

E" = 2169.81 cnr'(«+ p - 13.29 cnr'(w + \) 2 

E' v = 65 080.43 cnT 1 + 1514.10 cnT'(v + ±) - 17.40 cm’ 1 (u + \) 2 

We can now make a table of the energies of the various vibrational states: 


V 

K/cm-' 

K/ cm" 1 

0 

1081.58 

65 833.13 

1 

3224.81 

67 312.43 

2 

5341.63 

68 756.93 

3 

7431.53 

70166.63 



We can also create a table of allowed transitions from v" = 0 and their frequencies: 

v" -> v f AE/cm~ { 

0^ 0 64751.55 cm- 1 

0 1 66 230.85 cm-' 

0-+ 2 67 675.35 cm" 1 

0^ 3 69085.05 cm-' 


13-30. An analysis of the rotational spectrum of 12 C 32 S gives the following results: 


V 

0 

1 2 

3 

BJcm-' 

0.81708 

0.811 16 0.805 24 

0.799 32 


Determine the values of B and a from these data. 

e e 


B v = B e -a e (v + i) 


( 13 . 17 ) 
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If we subtract B v from 5 u+1 , we find that 


Using the values given in the problem, we then find 


V 

0 1 

2 

a/cm' 1 

0.00592 0.00592 

0.00590 


Take a e = 0.00592 cm 1 and substitute into Equation 13.17 to find 

B e = B v + (0.00592 cm _, )(v + |) 

= 0.81708 cm" 1 + (0.00592 cm" 1 )^) 

= 0.82004 cm" 1 

where we have let v = 0. We obtain the same value of B e for v = 1,2, and 3. 


13-31. The frequencies of the first few vibronic transitions to an excited state of BeO are as follows: 


Vibronic 

transitions 

0 -> 2 

0 ->■ 3 

0 4 

ID 

t 

o 

5 0bs / cm_1 

12569.95 

13 648.43 

14710.85 

15 757.50 


Use these data to calculate the values of u, and xv e for the excited state of BeO. 


We use Equation 13.24, with v" = 0: 


** = T f + 


lz "v") + v'v'-x'v'v\v r +l) 


( 1 ) 


We can rewrite this equation in the form 

*obs = Av ‘ + Bv ' + C 

where A = jc'v', B = v' e — jc'v', and C is the sum of the first three terms in Equation 1. The best 
fit of the quadratic equation to the experimental data gives u obs = — 8.0u' + 1118.2 t/ + 10 365. 
Therefore, 


v' e - x' e v' e = 1118.2 cm" 1 
x' e v e — 8.0 cm -1 
v' = 1126.2 cm" 1 


13-32. The frequencies of the first few vibronic transitions to an excited state of 7 Li 2 are as follows: 


Vibronic 

transitions 

o 

t 

o 

0 -► 1 

0-^2 

0 -> 3 

0^4 

ir-) 

t 

O 

^ob S / Cm_1 

14020 

14 279 

14541 

14 805 

15 074 

15 345 


Use these data to calculate the values of v e and x,v, for the excited state of 7 Li 2 . 
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We use the same technique as in Problem 13-31. The best-fit quadratic equation to the data is 
v obs = —0.04i/ 2 4- 267.72i/ + 14 005. Thus, we have 

v' -x'v' = 267.72 cm" 1 
Jc'u' = 0.04 cm -1 
u' = 267.76 cm -1 


13-33. Determine the number of translational, rotational, and vibrational degrees of freedom in 
a. CH 3 C1 b. OCS c. C 6 H 6 d. H 2 CO 


The total number of degrees of freedom is 3JV , where N is the number of atoms in the molecule. All 
molecules have three translational degrees of freedom. A nonlinear molecule has three rotational 
degrees of freedom and a linear molecule has two rotational degrees of freedom. A linear molecule 
has 3 N — 5 vibrational degrees of freedom and a nonlinear molecule has 3/V — 6 vibrational 
degrees of freedom. 

a. 3 translational, 3 rotational, 9 vibrational 

b. 3 translational, 2 rotational, 4 vibrational 

c. 3 translational, 3 rotational, 30 vibrational 

d. 3 translational, 3 rotational, 6 vibrational 


13-34. Determine which of the following molecules will exhibit a microwave rotational absorption 
spectrum: H 2 , HC1, CH 4 , CH 3 I, H 2 0, and SF 6 . 


The molecules HC1, CH 3 I, and H 2 0 exhibit a microwave rotational absorption spectrum. All the 
other molecules do not have a permanent dipole moment and so do not have a microwave absorption 
spectrum. 


13-35. Classify each of the following molecules as a spherical, a symmetric, or an asymmetric top: 
CH 3 C1, CC1 4 , S0 2 , andSiH 4 . 


CH 3 C1: symmetric top 
CC1 4 : spherical top 
S0 2 : asymmetric top 
SiH 4 : spherical top 


13-36. Classify each of the following molecules as either a prolate or an oblate symmetric top: 
FCH 3 , HCC1 3 , PF 3 , and CH 3 CCH. 


FCH 3 : 

HCC1 3 : 

PF 3 : 

CH 3 CCH: 


prolate symmetric top 
oblate symmetric top 
oblate symmetric top 
prolate symmetric top 
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13-37. Show that the components of the moment of inertia of the trigonal planar molecule shown 
below are l xx = / = 3m/2 and I a = 3 m if all the masses are m units, all the bond lengths are 

unit length, and all the bond angles are 120°. 


y 



The center of mass sits at the origin, so 

3 

I xx = ^m.y 2 = + 2m(sin 2 30°) = -m 

3 

I yy = = m (0) 2 + 2m(cos 2 30°) = -m 

= E A v J 2 + E'v/ = 3m 


13-38. This problem illustrates how the principal moments of inertia can be obtained as an eigenvalue 
problem. We will work in two dimensions for simplicity. Consider the “molecule” represented 
below, 


y 

A 



where all the masses are unit masses and the long and short bond lengths are 2 and 1, respectively. 
Show that 


I = 2 cos 2 # + 8 sin 2 # 

jfjr 

/ = 8 cos 2 6 + 2 sin 2 6 

I = -6cos# sin# 

The fact that / =/ 0 indicates that these l t] are not the principal moments of inertia. Now solve the 

secular determinantal equation for X 


and compare your result with the values of I xx and / , that you would obtain if you align the 
“molecule” and the coordinate system such that # = 90°. What does this comparison tell you? 
What are the values of I xx and l yy if # = 0°? 



Molecular Spectroscopy 


417 


We again use trigonometric functions to find the x and y components of the direction vectors. 

l xx = £>+ = 2(D(2sin0) 2 + 2(1) [sin (f - #)f 
= 8 sin 2 # + 2 cos 2 # 

= 2(l)(2cos#) 2 + 2(1) [cos (f - #)] 2 
= 8cos 2 0 + 2sin 2 0 
I = — > m.x.y. 

= —(2 cos0)(2 sin0) — 2 [cos(7T + 0)] [sin(7T + 0)] 

- sin(| - 9) cos(| - 0) - cos(| + 0) sin(| + 0) 

= —4 cos 9 sin 9 - 2 cos 9 sin 9 — sin 9 cos 9 + sin 9 cos 9 
= —6cos0 sin# 

Now the secular determinantal equation becomes 

8 sin 2 9+2 cos 2 9 — k -6 cos 9 sin 0 _ 

—6 cos 0 sin 9 8 cos 2 0 + 2 sin 2 0 — k 

Expanding this determinant gives 

0 = 64 cos 2 0 sin 2 0 + 16 cos 4 0+16 sin 4 0+4 sin 2 0 cos 2 0 

—X (8 cos 2 0+2 sin 2 0 + 8 sin 2 0 + 2 cos 2 0) + X 2 — 36 cos 2 0 sin 2 0 
= X 2 - A.(lO)(sin 2 0 + cos 2 0) + 16(cos 2 0 + sin 2 0) 2 
= k 2 - \0X+ 16 



X = 8 or 2 


If we align the molecule such that 0 = 90°, then sin 2 0 = 1 and cos 2 0 = 0, so I xx = 8, / = 2, 

and / = 0. If 0 = 0°, = 2 and / yv — 8 (f xy will still equal zero). This tells us that the coordinate 

system chosen does not affect the values of the principal moments of inertia. 

13-39. Sketch an energy-level diagram for a prolate symmetric top and an oblate symmetric top. How 
do they differ? Indicate some of the allowed transitions in each case. 



Prolate Oblate 

symmetric top symmetric top 
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The energies of the J levels increase as K increases for the prolate symmetric top (represented 
by (a) in the diagram), but decrease as K increases for the oblate symmetric top (b). Some of the 
allowed transitions are indicated in each diagram. 


13-40. Derive Equation 13.57 from Equation 13.55. 


Because E 2 > E ., the second term in Equation 13.55 is dominant and so 


aJt) oc 


a 2 {t) oc 


aJt)a*(t) oc 


1 — exp[t(£ 2 — £, — hv)t/h) 


£ 2 — £, - hv 


1 — exp [—i(£ 2 — £, — hv)t/h\ 


E 2 - £, - hv 


1 — exp [j(£ 2 — £, — hv)t/h\ — exp [-i(E 2 — — hv)t/h\ + 1 

(£, -E.- hv) 2 


2 - 2 cos [(£ 2 - £, - hv)t/h\ 

(£ 2 - £, -/iv ) 2 
2{2sin 2 [(£ 2 - £, -hv)t/2h]\ 

(E 2 - - hv) 1 

sin 2 [(£ 2 — £j — hv) t/2h] sin 2 [(£ 2 — £, — hco) t/2h\ 
(£ 2 - £, - hv) 2 _ (£ 2 — £, - So;) 2 


13-41. Show that the first few associated Legendre functions satisfy the recursion formula given by 
Equation 13.62. 


(27 + 1) xP\ M \x) = {J- \M\ + 1 )P'j+\(x) + J + \M\)Pj-x(x) 03.62) 

The associated Legendre functions are given in Table 6.2. For 7 = 1, \M\ = 0, 

3 xP°(x) = 2 P 2 °(x) + P°( x) 

3x(x) = 2[{(3x 2 -\)] + \ 

3x 2 = 3 x 2 -\ + \ 


For 7 = 1, \M\ = 1, 


3xPt(x) = P}(x)+ Pj(x) 


3jc(1 -x 2 ) l/2 = 3jc (1 -* 2 ) l/2 

(Remember that the superscript on P cannot be greater than the subscript.) For J = 2, \M \ — 0, 

5 xP°(x) = 3P°(x) + 2P°(x) 

5x [{{3x 2 - 1)] = 3 [i(5x 3 - 3*)] + 2x 

15 , 5 , 15 3 9 

—X - -x = —X- - -X + 2x 

15 , 5 15 , 5 

— X- — -X = —x - -X 

2 2 2 2 
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For J — 2,\M\ = 1, 

5 xPl(x) = 2P](x) + 3Pl(x) 

5x [3jc(1 — jc 2 ) i/2 ] = 2[l(5x 2 - 1)(1 — jc 2 ) i/2 ] + 3(1 - x 2 ) ]/2 
15;t 2 (l - x 2 )' n = 15x 2 ( 1 - * 2 )' /2 - 3(1 - * 2 )' /2 + 3(1 - x 2 )' /2 
\5 x 2 (\ -x 2 ) U2 = 1 5jc 2 ( 1 -;t 2 )' /2 


13-42. Calculate the ratio of the dipole transition moments for the 0 -*■ 1 and 1 -»■ 2 rotational 
transitions in the rigid-rotator approximation. 


For the 0 —> 1 transition (Example 13-12), 

/o ^' = 71 

For the 1 2 transition, 

p2n pn 

/,_ 2 = / d<p dO sin 0 cos 0Y°(0,<p)Y°(0,(p) 

Jo Jo 

r i 5 \ l/2 / 3 y /2 

= 2jt I dO sin 0 cos 6 I y^— j (3 cos 2 —1)1 — I cos# 

The ratio of the dipole transition moments for these two rotational transitions is, therefore, 

/ 0 -> l _ Vl5 _ V5 
1^2 2V3 2 


13-43. Calculate the ratio of the dipole transition moments for the 0 —>■ 1 and 1 —► 2 vibrational 
transitions in the harmonic-oscillator approximation. 


For the 0 -* 1 transition (Example 13-13), 

V, a o(t)4| 

J -oo 



l->2 


(^) l/2 / 00 ^ 2(2l2_1)e 


oc 


a a 


1/2 


For the 1 2 transition, 
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The ratio of the two transitions is then 

/<>-, _ « I/2 (V2)-' 1 

/|-2 «' /2 V 2 

13-44. Use Table 13.7 to determine the 12-dimensional reducible representation for the vibrational 
motion of NH r Use this result to determine the symmetries and the infrared activity of the normal 
coordinates of NH r 

The point group of NH 3 is C 3u (Table 12.2). Recall from the character table (Table 12.9) that 
this group has the operators E , 2C 3 , and 3a v . E leaves all of the atoms unmoved, the C 3 leave 
the nitrogen atom unmoved, and the a v planes leave the nitrogen atom and one hydrogen atom 
unmoved. Using Table 13.8, we find 



E 

c 3 

c 2 

a v 

K 


r 

12 

0 

0 

2 

2 

2 


The quantity h — 6 for the C 3u point group, so Equation 12.23 becomes 

a — — [12 + 0 + 6] = 3 
6 

a, = 4 [12 + 0- 61 = 1 
*2 6 

a E = \ [24 + 0 + 0] = 4 
b 6 

where we have used Table 12.9 to determine the values of x r We thus have 

r 3 N = 3A, + A 2 + 4 E 

The character table shows that x and y are jointly represented by E, that z is represented by A,, 
that R z is represented by A v and that R x and R y are jointly represented by E. Subtracting these 
translational and rotational degrees of freedom from r jN gives us 

r vib = 2A 1 + 2£ 

Recall that we have infrared activity only if Q j belongs to the same irreducible representation as 
x , y, or z, which are represented by E and A,. In this case, all of the vibrational modes in T vjb are 
infrared active. 

13-45. Use Table 13.7 to determine the 15-dimensional reducible representation for the vibrational 
motion of CH 2 Cl r Use this result to determine the symmetries and the infrared activity of the 
normal coordinates of CH 2 C1 2 . 

The point group of CH 2 C1 2 is C 2v (Table 12.2). Recall from the character table (Table 12.7) that this 
group has the operators E, C 2 , and 2 a v . E leaves all of the atoms unmoved, C 2 leaves the carbon 
atom unmoved, and the a v planes leave the carbon atom and two other atoms unmoved. Using 
Table 13.8, we find 

I E C 2 a v a' 


T 15 -13 3 
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The quantity h = 4 for the C 2u point group, so Equation 12.23 becomes 

a A =\ [15 -1+3 + 3] = 5 
% = ^[15-l-3-3] = 2 
a g^ = ^ [15 + 1 + 3 — 3 ] = 4 
a B — — [15 + 1 — 3 +3] = 4 

where we have used Table 12.7 to determine the values of x r We thus have 

r 3N = 5 A j + 2A 2 + 4 B ] + 4 B 2 

The character table shows that x transforms as B v y as B v z as A v R z as A v R y as B v and R x as 
B 2 . Subtracting these translational and rotational degrees of freedom from T 3A/ gives us 

r vib = 44,4-42 + 25,+ 2B 2 

Recall that we have infrared activity only if the representation of the normal mode transforms as x, 
y, or z , which are represented by 5,, 5 2 , and 4,. Therefore, the 4 2 vibrational mode is infrared 
inactive, and the other vibrational modes are infrared active. 


13-46. Use Table 13.7 to determine the 18-dimensional reducible representation for the vibrational 
motion of rra/w-dichloroethene. Use this result to determine the symmetries and the infrared activity 
of the normal coordinates of rrans-dichloroethene. 


The point group of zrans-dichloroethene is C 2h (Table 12.2). Recall from the character table (Table 
12.10) that this group has the operators E, C v i, and d h . E leaves all of the atoms unmoved, C 2 and 
i move all the atoms, and & h leaves all the atoms unmoved. Using Table 13.8, we find 



E 

C 2 i a h 

r 

18 

0 0 6 


The quantity h = 4 for the C 2h point group, so Equation 12.23 becomes 

a = \ [18 + 6] = 6 

+ 4 

a^= l -[ 18-6] = 3 
a, = I [18 — 6] = 3 

u 4 

= 18+ 6] = 6 

where we have used Table 12.10 to determine the values of x r We thus have 


r, w = 64 s + 35 +34„ + 65 

The character table shows that x and y are independently represented by B u ,z by A u , R z by A , and 
R x and R y independently by B ’ . Subtracting these translational and rotational degrees of freedom 
from V 3N gives us 


r vib = 54 K + 5 x + 24„ + 45, 
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Recall that we have infrared activity only if the representation of the normal mode transforms as 
y , or z , which are represented by B u and A u . Therefore, the A g and B^ vibrational modes are 
infrared inactive, and the other vibrational modes are infrared active. 


13 - 47 . Use Table 13.7 to determine the 15-dimensional reducible representation for the vibrational 
motion of XeF 4 (square planar). Use this result to determine the symmetries and the infrared activity 
of the normal coordinates of XeF 4 . 


The point group of XeF 4 is D 4/i (Table 12.2). Recall from the character table (Table 12.12) that this 
group has the operators E , 2C 4 , C 2 , 2C 2 , 2C", i , 2S 4 , a fr 2cr u , and 2& d . E and & h leave all of the 
atoms unmoved, the C 4 , C 2 , C 2 , i , S 4 , and & d leave only Xe unmoved. The C 2 each leave Xe and 
two F unmoved, as do the two & v . Using Table 13.8, we find 



E 2 C 4 C 2 2 C' 2C" t 2S 4 2 ct 2ff rf 

r 

15 1 -1 -3 -1-3-153 1 


The quantity h = 16 for the D 4/j point group, so Equation 12.23 becomes 

a A =3- [15 + 2-l-6-2-3-2 + 5+6 + 2] = l 
16 

a, =-[15 + 2-1+6 + 2-3-2 + 5-6-2] = 1 
^ 16 

a B = —— [15 — 2— 1 —6 + 2 — 3 + 2 + 5 + 6 — 2] = 1 

i* 16 

do = — [15 — 2— 1 + 6 — 2 — 3 + 2 + 5 — 6 + 2] = 1 
+* 16 

a F = 3 - [30 + 0 + 2 + 0 + 0- 6 + 0- 10 + 0 + 0] =1 
b * 16 

a. =— [15 + 2-1-6-2 + 3 + 2-5-6- 2] = 0 
16 

a. = 3 - [15 + 2-1+6 + 2 + 3 + 2-5 + 6 + 2] = 2 
2« 16 

a B — —• [15 — 2 — 1 — 6 + 2 + 3 — 2 — 5 — 6 + 2] = 0 
16 

a* = 4 [15-2-1+6-2 + 3 — 2 — 5 + 6-2]-1 

2u 16 

a E = — [30 + 0 + 2 + 0 + 0 + 6 + 0+ 10 + 0 + 0] — 3 
where we have used Table 12.12 to determine the values of x r We thus have 

r 3/V = A lg + A 2* + \ + B 2* + + 2A 2u + B 2u + 3E u 

The character table shows that x and y are jointly represented by E u , z by A lu , R z by A 2 ^ and R x 
and R y jointly by Subtracting these translational and rotational degrees of freedom from T 3W 
gives us 


r vib = A lg + B h + B 2x + A 2u + B 2u + 2E t 
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Recall that we have infrared activity only if the normal mode transforms as as jc, y, or z, which are 
represented by E u and A lu . Therefore, the B x ^ B 2 ^ and B 2u vibrational modes are infrared 
inactive, and the other vibrational modes are infrared active. 

13-48. Use Table 13.7 to determine the 15-dimensional reducible representation for the vibrational 
motion of CH 4 . Use this result to determine the symmetries and the infrared activity of the normal 
coordinates of CH 4 . 

The point group of CH 4 is (Table 12.2). Recall from the character table (Table 12.14) that this 
group has the operators £, 8C 3 , 3C 2 , 65 4 , and 6& d . E leaves all of the atoms unmoved, all atoms 
are moved by C 3 , C 2 and S 4 leave only the central carbon atom unmoved, and a d leaves the central 
carbon atom and two of the hydrogen atoms unmoved. Using Table 13.8, we find 



E 

<o 

00 

3 C 2 6 S 4 

6a, 

r 

15 

0 

-1 -1 

3 


The quantity ^ = 24 for the T, point group, so Equation 12.23 becomes 

=2: [15 — 3 — 6+18]= 1 
> 24 

a. = -[15-3 + 6- 18] = 0 
*2 24 

^ = ^ [3 °- 6] = 1 

a T = i [45 + 3 - 6 - 18] = 1 
| 24 

a T — — [45 + 3 + 6+18] = 3 

where we have used Table 12.14 to determine the values of x r We thus have 

n — A, + E + T, +3 T 2 

The character table shows that x , y, and z are jointly represented by T 2 and R x , R y , and R z are 
jointly represented by T v Subtracting these translational and rotational degrees of freedom from 
r 3N gives us 

r vib = + E + 2T 2 

Recall that we have infrared activity only if the normal mode transforms as x , y, or z, which are 
represented by T r The A { and E vibrational modes are infrared inactive and the T 2 vibrational 
mode is infrared active. 


13-49. Consider a molecule with a dipole moment /r in an electric field E. We picture the dipole 
moment as a positive charge and a negative charge of magnitude q separated by a vector 1. 
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The field E causes the dipole to rotate into a direction parallel to E. Therefore, work is required to 
rotate the dipole to an angle 0 to E. The force causing the molecule to rotate is actually a torque 
(torque is the angular analog of force) and is given by 1/2 times the force perpendicular to 1 at each 
end of the vector 1. Show that this torque is equal to fiE sin 6 and that the energy required to rotate 
the dipole from some initial angle # 0 to some arbitrary angle 0 is 

V = f \xE sin 6 dO 

h 

Given that 0 Q is customarily taken to be 7 t/ 2, show that 

V = —fiE cos 6 — — fj, • E 

The magnetic analog of this result will be given by Equation 14.10. 


The component of the force perpendicular to 1 is qE sin 0 , so the torque at each end of the dipole 
is given by IqE sin 0/2. The total torque is twice this amount, and so the total torque is IqE sin# 
or ixE sin# (recall that /x = Iq). To find the energy required to rotate the dipole, we must integrate 
over the torque: 




= f fxEsinO'dO' 

A, 

= txE f sin O'dO' 
Jn/2 


rr/2 

— fxE(~ cos O') 

= -fx-E 


e 

*/2 


—fxE cos 0 


(This last equality is from the definition of dot product in MathChapter C.) 


13-50. The observed vibrational-rotational lines for the v = 0 to v = 1 transition of 12 C 16 0(g) are 
listed below. Determine Z? n , B ,, B , a , / , and r . 

O’ 1 * e 1 e * e 7 e 


2238.89 

2215.66 

2189.84 

2161.83 

2127.61 

2094.69 

2059.79 

2236.06 

2212.46 

2186.47 

2158.13 

2123.62 

2090.56 

2055.31 

2233.34 

2209.31 

2183.14 

2154.44 

2119.64 

2086.27 

2050.72 

2230.49 

2206.19 

2179.57 

2150.83 

2115.56 

2081.95 

2046.14 

2227.55 

2202.96 

2176.12 

2147.05 

2111.48 

2077.57 


2224.63 

2199.77 

2172.63 

2139.32 

2107.33 

2073.19 


2221.56 

2196.53 

2169.05 

2135.48 

2103.12 

2068.69 


2218.67 

2193.19 

2165.44 

2131.49 

2099.01 

2064.34 



[Hint: Recall that the transition {v" = 0, J" = 0) -* ( v " = 1, J" = 0) is forbidden.] 


We must first establish where the R and P branches are in this spectrum. The (v" = 0, J " — 0) -> 
(v" = 1, J" = 0) transition is forbidden and so we expect the energy difference between R( 0) and 
P(l) to be approximately twice the difference between successive lines in the R and P branches. 
Examining the data in the table, we find that the gap between the lines at 2147.05 cm -1 and 
2139.32 cm -1 is approximately twice as large as the gap between any other neighboring pair of 
lines. So the first line in the R branch (for J = 0) occurs at 2147.05 crrT 1 , and the first line in the 
P branch (for J = 1) occurs at 2139.32 cm -1 . 
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We now combine Equations 13.15 and 13.16 

v R (J -* 7 + 1) = v + 25, + (3 B x - B 0 ) 7 + (B, - B 0 )J 2 (13.15) 

v p (7 -*■ 7 - 1) = 0 - (B, + B 0 )J + (B, - B 0 )J 2 (13.16) 

to find the following equations for B ] and B 0 : 

AVj = v R (J —> 7 + 1) — v p (7 —> J 1) 

= 2B, + (4B,)7 
= 2B,(27 + 1) 

Av 2 = v R (J —> 7 + 1) — v p (7 + 2 —> 7 + 1) 

= 2B,(27 + 1) + 2(B ] + B 0 ) — 47(B, — B 0 ) — 4(B, — B 0 ) 

= 2B 0 (3 + 27) 

These equations show that a plot of Av, versus 2(27 + 1) has a slope of B v and a plot of Av 2 
versus 2(27 + 3) has a slope of B 0 . These two plots are shown below. 



From the slopes ofthe best fit lines to the data, we find that B 0 = 1.9163cm ‘andB, = 1.8986cm '. 
To find B e and a e , we use Equation 13.17: 

B v = B,-&'{v + i) 

K = K~ 5 “ 
h-B x = a e 

1.9163 cm -1 - 1.8986 cm -1 = 0.0177 cm -1 = a e 

1.9163 cm -1 = B f - 4(0.0177 cm -1 ) 

1.92515 cm -1 = B t 


We can now use Equation 13.9 to find cl and then use the definition of the moment of the inertia to 
find R e . 


M = 


(12.00 amu)(15.99 amu) 
27.99 amu 


(1.661 x 10 -27 kg-amu - ) = 1.139 x 10 -26 kg 
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K 

/ 

/ 


h 

%7Z 2 cI 


6.626 x 10 -34 J s 

8tt 2 (2.998 x 10 8 m ■ s _1 )(192.515 m" 1 ) 


= 1.454 x 1(T 46 kg-m 2 



113.0 pm 


13-51. This problem is a three-dimensional version of Problem 13-41. The rotational spectrum of 
a polyatomic molecule can be predicted once the values of A, B , and C are known. These, in 
turn, can be calculated from the principal moments of inertia 7 A , 7 B , and 7 C . In this problem, we 
show how / A , / B , and 7 C can be determined from the molecular geometry. We set up an arbitrarily 
oriented coordinate system, whose origin sits at the center-of-mass of the molecule, and determine 
the moments of inertia I xx , l xy> l xV 7 f / , and 7 zz . The principal moments of inertia are the 
solution to the secular determinantal equation 



The assignment for the subscripts A, B, and C to the three roots of this determinant are done 
according to the convention 7 A < 7 B < 7 C . Use this approach to find the principal moments of 
inertia for the planar formate radical, HC0 2 , given the following geometry: The H-C bond length 
is 109.7 pm, the C=0 bond length is 120.2 pm, and the C-0 bond length is 134.3 pm. 


Take the origin to sit on the carbon atom and the molecule to sit in the xy- plane, as shown below: 


y 



\ 0 


x 


We can use straightforward trigonometry to find the following Cartesian coordinates for the 
atoms given the geometry in the problem. 



c 

H 

O (carbonyl) 

O 

Jt 

0.0 

— 109.7 pm 

43.1 pm 

75.5 pm 

y 

0.0 

0.0 

112.2 pm 

— 111.1 pm 

z 

0.0 

0.0 

0.0 

0.0 


The center of mass is then located at 

*cm = 77 !>,■*, = 7777-[(1.008)(—109.7)+ (15.999)(43.1 +75.5)] amu-pm 

cm M t—i ' • 45.0 amu 

f 

= 39.7 pm 
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cm 45.0 amu 
= 0.39 pm 

1 


[(15.999)(112.2- 111.1)] amu pm 


z =-(0) = 0 pm 

cm 45.0 amu K 


The coordinates of the atoms relative to the center of mass are then 


c 

H 

O (carbonyl) 

0 

x —39.7 pm 

— 149.4 pm 

3.4 pm 

40.2 pm 

y -0.4 pm 

—0.4 pm 

111.8 pm 

— 111.5 pm 

<N 

o 

o 

0.0 

0.0 

0.0 


We now find the components of the moment of inertia. 

Kx = J2 m ^‘ +z ‘ ) 

i 

= {(12.01 X-0.4) 2 + (1,008)(—0.4) 2 + 15.99[( 111,8) 2 + (-111.5) 2 ]} amu• pm 2 
= 3.97 x 10 5 pm 2 -g-mor' 

/ .v> = E m . (jc 1 2+z < 2) 

i 

= {(12.01)(—39.7) 2 + (1.008)(—149.4) 2 + 15.99[(3.4) 2 + (40.2) 2 ]} amu-pm 2 
= 6.74 x 10 4 pm 2 -g-mor' 

I lz = I xx + I yy = 4.64 x 10 5 pm 2 ’g-mol"' 

/ = / = / = / =0 

xz zx yz zy 

I = I = — > m.xy. 

xy yx / v i 

i 

= — {(12.01)(—39.7)(—0.4) + (1.008) (—149.4) (—0.4) 

+ 15.99 [(3.4)(111.8) + (40.2)(— 111.5)]} amu • pm 2 
= 6.53 x 10 4 pm 2 -g-mor' 

We then have the determinantal equation 

3.97 x 10 5 - X 6.53 x 10 4 0 

6.53 x 10 4 6.74 x 10 4 — A 0 =0 

0 0 4.64 x 10 5 

One of the principal moments of inertia is 4.64 x 10 s pm 2 g mor'. To find the other two we 
need to solve the 2 x 2 determinantal equation 

3.97 x10 s -A 6.53 x 10 4 
6.53 x 10 4 6.74 x 10 4 - k 

Expanding this determinant gives 

X 2 - 4.64 x 10 s A. + 2.25 x 10 10 = 0 


4.64 x 10 s ± v (4.64 x 10 5 ) 2 - 4(2.25 x 10 10 ) 4.64 x 10 s ± 3.54 x 10 s 


2 2 

c cn w i n4 a no i n5 


The other two moments of intertia are 5.50 x 10 pm g-mol and 4.09 x 10 pm -g-mol 
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PROBLEMS AND SOLUTIONS 


14-1. Show how Equation 14.7 reduces to Equation 14.6 for a circular orbit. 


q(r x v) ^rusinfl 

f = ^2— = ^r~ < l4 - 7 > 

In a circular orbit, motion is always perpendicular to the radius, so sin# = sin90° = 1, and the 
equation above reduces to 


qrv 


2 


(14.6) 


14-2. What magnetic field strength must be applied for C-13 spin transitions to occur at 90.0 MHz? 


From Table 14.1, for 13 C, y = 6.72 83 x 10 7 rad-T 1 -s '.We now use Equation 14.18 to find B z : 


B = 

Z 


2jxv 

y 


2tt( 90.0 x 10 6 s' 1 ) 
6.7283 x 10 7 rad-T -1 -s -1 


14-3. What magnetic field strength must be applied for proton spin transitions to occur at 270.0 MHz? 

The value of y for 'H (Table 14.1) is 26.7522 x 10 7 rad-T -1 -s -1 , and so (Equation 14.18) 

2nv 2^(270.0 x 10 6 s -1 ) 

B =-=--- =- r—r = 6.341 T 

z y 26.7522 x 10 7 rad-T -1 -s - ' 


14-4. Calculate the magnetic field strength necessary to observe resonances of the nuclei given in 
Table 14.1 using a 300-MHz NMR spectrometer. 


2nv _ (2 n rad)(300 x 10 6 s -1 ) 
Y Y 


Nucleus 

K/10 7 rad-T -1 

■s -1 BJ1 

'H 

26.7522 

7.05 

2 H 

4.1066 

45.9 

13 C 

6.7283 

28.0 

l4 N 

1.9338 

97.5 

31 P 

10.841 

17.4 
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14-5. It turns out that a proton chemical shift of 2.2 ppm corresponds to a frequency range of 1100 Hz 
on a certain NMR instrument. Determine the magnetic field strength of this instrument. 


We can determine v speclrometer using Equation 14.23: 


or 


8 = ^^ x 10 6 

V 

spectrometer 


V 


spectrometer 


1100 Hz 
2.2 x 1(T 6 


= 500 MHz 


The corresponding magnetic field strength (in Teslas) can be found using Equation 14.18: 


V 

500 x 10 6 s“‘ 
B 

Z 


Y_K 

2n 

(26.7522 x 10 7 rad-T -1 -s -1 )# 
27T 

12 T 


14-6. Show that a chemical shift range of 8.0 ppm corresponds to a frequency range of 480 Hz on a 
60-MHz instrument. What is the frequency range on a 270-MHz instrument? 


8 = ——^ x 10 6 (14.23) 

V 

spectrometer 

On a 60-MHz instrument, a chemical shift of 8.0 ppm corresponds to a frequency range of 

v H - v TMS = (8.0 x 10" 6 ) (60 x 10 6 Hz) = 480 Hz 

On a 270-MHz instrument, the same shift corresponds to the frequency range of 

v H - v TMS - (8.0 x 10- 6 ) (270 x 10 6 Hz) = 2200 Hz 

For the solutions to Problems 14-7 through 14-14, approximate chemical shifts are given in units 
of <5. 


14-7. Show that the top and bottom scales in Figure 14.6 are consistent. 

The bottom scale shows that 8 = 2.2 ppm for the protons in CH 3 I. Using Equation 14.24, we have 
y H - "tms = X 10" 6 = (2-2)(60 MHz) x lO' 6 = 130 Hz 

which is consistent with the value for this peak in Figure 14.6. 


14-8. Use Equation 14.21 to show that B JMS — B H is directly proportional to <$ H , in analogy with 
Equation 14.23. Interpret this result. 


^TMS a V TMS 


B h (X V H 


From Equation 14.21, we have 
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Then 


B. 


TMS 


- B H « V TMS 


-v H (xS H 


The quantity £ TMS - increases as <$ H decreases, consistent with the fact that the strength of the 
magnetic field increases from left to right in a NMR spectrum. 


14-9. Make a rough sketch of what you think the NMR spectrum of methyl acetate looks like. 


The molecular formula for methyl acetate is H 3 CCOOCH 3 . Using the trends given in Section 14-5, 
we expect to observe two lines in the NMR spectra: 

1:1 integrated area ratio 



a b 

H 3 CCOOCH 3 


TMS 

-_ h 

- r~ 

0 


The actual spectra is shown in Example 14-5. 


14-10. Make rough sketches of what you think the NMR spectra of the two isomers dimethyl ether 
and ethanol look like and compare the two. 


Using the trends given in Section 14-5, we draw 



These two molecules have clearly distinguishable NMR spectra. There is no spin-spin coupling in 
dimethyl ether, and so no multiplets are observed in the spectrum of this molecule. However, there 
are multiplets in the spectrum of ethanol, since spin-spin coupling occurs. 


14-11. Make a rough sketch of what you think the NMR spectrum of diethyl ether looks like. 
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Using the trends given in Section 14-5, we draw 

2:3 integrated area ratio 



14-12. Make a rough sketch of what you think the NMR spectrum of 3-pentanone looks like. 


Using the trends given in Section 14-5, we obtain 



14-13. Make a rough sketch of what you think the NMR spectrum of methyl propanoate looks like. 

Using the trends given in Sectton 14-5, we draw 

3:2:3 integrated area ratio 



—i—-1-1-r 

3.6 2.3 1.2 0 


14_1 4 . Make a rough sketch of what you think the NMR spectrum of ethyl acetate looks like. 
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Using the trends given in Section 14-5, we draw 

3:2:3 integrated area ratio 


0 



i-r 


4.1 2.0 1.2 


TMS 

jl 

-!- 

0 


14-15. Show that Equation 14.27 has units of joules. 


H = -yB 0 (\-o ] )i ii -yB 0 (l-a 2 )i a + 


12 i f 

h 2 2 


(14.27) 


The quantity a is unitless, B 0 has units of T, y has units of rad-T '-s and / has units of J S'rad 1 
(la a ha). The units of Equation 14.27 are then 


Units = 



(Is) 2 = J 


14-16. Verify Equations 14.36 and 14.37. 


Use the unperturbed wave functions in Equation 14.30, the Hamiltonian operator given in 
Equation 14.28, and the equivalence given by Equation 14.32: 

tf (t V 2 = H i0) P( 1)«(2) 

= -yB 0 (\ -a | )/ ll ^(l)a(2) - y B 0 (\ - a 2 )IJ{\)a{l) 

= \yB 0 h{ 1 - er 1 )/8(l)a(2) - {hyB 0 ( 1 - a 2 )0(l)a(2) 

= -tyYB ot ff l _Cr 2)V r 2 

So 

E™ = -' 2 hyB 0 (a ] -a 2 ) 

Likewise, to verify Equation 14.37, we write 

tf (0 V 4 = H {0) i 8(l)j9(2) 

= \hyB a { 1 - or I )j8(l)^(2) + {hyB 0 ( 1 - a 2 )j8(1)0(2) 

= {hyB 0 ( 1 - cr,))8( 1)0(2) + - a 2 )0(l)0(2) 

and 
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14-17. Verify Equations 14.41 and 14.42. 

As in Equation 14.40, 

H zM = ^rf ^*Uat d h d h 

Now use the unperturbed wave functions from Equation 14.30 to find H z .. for i = 2, 3, and 4. 

IF p 

H z22 = J p t (\)a*(2)iJ z2 p(\)a(2)dz ] dT 2 

= (-j) j F(.\m\)dr x J a'(2)a{2)dT 2 = 

7 7 p 

H ,33 = -jf J Ct'{\)fS'{2)iJ l2 Ct{\)fi{2) d X x d T 2 

= ^ (-j) J a\\)tt{\)dx x J F{2)mdT 2 = 

h zM = f ^r j FwrwiJammdTfa 

= 1? (t) / P*v>mdT 2 = ^ 


14-18. The nuclear spin operators, I x , and /, like all angular momentum operators, obey the 
commutation relations (Problem 6-13) 


[I x J y ] = ihI z , [/, / ] = ihl x , and [/ , I x ] = ihl y 
Define the (non-Hermitian) operators 

I + = l x + iI y and /_ = / - il, 

and show that 




and 


i z L = U z -m. 


(1) 

( 2 ) 

(3) 


First write the commutation relations as 




KK ~ KK = 'H 


A A A / A /V \ 

Ox + ",) 

= i»/, + / Jt / l +i/ I /, 

= «■*/,+/ x / l +i(/,/ l -»/,) 

= u+^ + 


Then 
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and 

V- =(', - ■',) 

= it, /, + /,/, 

= i ] - hi 

- z - 

14-19. Using the definitions of 7 + and /_ from the previous problem, show that 

ij_ = i 2 -i 2 + ni z 

and that 

U + = n-n-hi z 

where 

i 2 = il + i 2 + i 2 

Using the definitions from the previous problem, 

ij = i 2 + ii i - ii i + i 2 

+ — x y x x y 1 y 

Now i 2 - i 2 = i] + i 2 , so 

l + L = l 2 -p + il y l x -il x l y 

= i 1 ~ 11 ~ i (i»4) 

= i 2 -i 2 + hi z 

Likewise, 

= l 2 - I 2 + i(ihi z ) 

= i 2 - i 2 - ni z 

14-20. Use Equation 2 from Problem 14-18 and the fact that / /J = — |/3 to show that 

-- ~ / h \ h - 

Because la — | a, this result shows that 

I + l3 <x a = ca 

where c is a proportionality constant. The following problem shows that c =h, so we have 


IJ - ha 


(1) 
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Now use Equation 3 from Problem 14-18 and the fact that I 7 a — r ja to show that 

fa = c/3 

where c is a proportionality constant. The following problem shows that c = h y so we have 

I a = Tip ( 2 ) 

Notice that ! + “raises” the spin function from P to a, whereas /_ “lowers” the spin function from 
a to P. The two operators I + and /_ are called raising and lowering operators, respectively. Now 
argue that a consequence of the raising and lowering properties of I + and I is that 


La =0 


and 


\_p = 0 


(3) 


Now use Equations 1, 2, and 3 to show that 

- h „ - iTi „ 

I x a = -p la = -p 

- Ti - ih 

W = 2 a 'yP = “ 7 “ 


Using Equation 2 from Problem 14-18 and / = —\P, we find 

ij + p = ij z p + hi + p 
h 




--p + np 


= i. 


As explained in the problem, we find I + P =Tia. We can similarly use Equation 3 from Problem 14- 
18 and la = |a to find 

lj_a — l_la — Til a 


= l Q« - *«) 


- 

= —/ a 

2 " 

and we take I_a = hp. Now, since a and P correspond to the two possible spin states +1/2 and 
— 1 /2, respectively, a cannot be raised and P cannot be lowered. Therefore, 


I + a = 0 and l_p = 0 


(3) 


Recall from Problem 14-18 that 

f = / +il 

+ X ' y 

Then, using Equations 2 and 3, we have 


I = I - il 


la — la + ila=0 

+ x y 

I a = la — iI y a = hp 


(4) 

(5) 
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Adding Equations 4 and 5 gives 


2 la = hp 

- h 
I a = -p 
1 2 


Substituting this result into Equation 5 gives 

h 


-p - i I y a = hp 


or 


Using Equations 1 and 3, we have 


Adding Equations 6 and 7 gives 


- h ih 

I a = - P = —P 

2 1 2 P 


I + p = I x p+iI y P=ha 

i.P = /> - iI y P = o 

21 x P = ha 

I P =-a 
1 2 


and substituting this result into Equation 7 gives 

h 


-a - i l y P = 0 


or 


r „ h ih 
l >^=2i a = -2 a 


( 6 ) 

(7) 


14-21. This problem shows that the proportionality constant c in 


= cot or la = cfi 

is equal to h. Start with 

I a'adx = 1 = i J 0 + Pr0 + P)dx 

Let I + = ! x + i / in the second factor in the above integral and use the fact that I x and I y are 
Hermitian to get 

J (. ijjypdx + i j OJjYPdx = c 2 


Now take the complex conjugate of both sides to get 


J P'iJjdx - i J p*lj + pdx = c 2 


P'lj.pdx 
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Now use the result in Problem 14-19 to show that 


J p'ijjdx = J /r(/ 2 - il-hi^dr 


= fr + 


or that c —h. 


Recall that for a Hermitian operator A, 


Begin with the expression 


Solving for c 2 gives 


J f*(x)Ag(x)dx = J g(x)A*f*(x)dx 

l 

J a'adx = 1 = i J ( Ijnij)dz 

= j OjnUftdx = J (i + pni x p + ii,p)dr 

= J Ujyi^dr + i J (tjrtydr 


We can use the fact that l x and / are Hermitian to write this as 


J pi;0 + pydx + i j pi;xij)'dx 


Take the complex conjugate of both sides of the last equation to find 


c 2 = fS'ijjdx-i p'irpdx 


‘JrV 


= j P'(i x -ii y )i + pdx = J p'ijjdx 

Substituting I_I + = I 2 — I 2 — hl l (Problem 14-19), we obtain 

c 2 = J P'ijjdx = j P\P - I 2 - h 1\)pdx 

f /37i 2 Ti 2 h 2 \ oJ . 

= J p (“ “ 7 + 2 )^ = * 


(4.31) 


where we have used Equations 14.3 to evaluate the various terms involving / 2 and / z . Therefore, 
c — h. 


14-22. Show that 


„ ^12 
h 2 


j j dx i dx 2 a*(l)a*(2)I y] I y2 a(l)a(2) 


and more generally that 


= 7 = 1, 2, 3,4 


where 7 = 1, 2, 3, 4 refer to the four spin functions given by Equations 14.30. 
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H yU = ^11 4r 1 4r 2 a*(l)a*(2)/ yI / 2 a(l)a(2) 

= ^rr f J <Mt 2 «*(1)«*(2) [/,a(l>] [/>(2>] 

= ^ff 4r,4r 2 a*(l) a *(2) [f ^d)] [y j8(2)J 
= _ ^T / / dr . dr 2 a ’( 1 )a*( 2 )^(l)^( 2 ) = 0 

because a and £ are orthogonal. When / acts on a spin function, it returns a constant times the 
same spin function. However, when I x and / y act on a spin function, they return a constant times 
a different spin function (Problem 14-19). Because the set of spin functions is orthogonal, the 
integrals H x .. = H , will all contain the product a/3 in the integrand and hence be zero (for 
j — 1,2,3, and 4). 


14 - 23 . Verify Equations 14.44. 


Ej = E f + J = Ej 0) + H}J } 


We can separate the x , y, and z-components of ) to write this as 


Ej = Ej 0) + H™ + H"'j + H, 


( 1 ) 


irO) 


HD 

zjj 


(14.31) 


The Ej 0) expressions are given in Equations 14.34 through 14.37, and the expressions for the H z .. 
are given by Equations 14.40 through 14.42. We just found that H xJj = H y Jj = 0 (Problem 14—22), 
so 



+ H, 


(D 


which are given by Equations 14.44. 


14 - 24 . Verify Equations 14.46. 


Using the relationship E = hv , we have 


Likewise, 


~ E \ 


hv n hJ.~ ( a. 4- o~ 

^2 = U 0 0 - *l) - ^ 


E l-*3 = E 3~ E l 

hv n hJ,~ ( a. + a 0 \ 

= hv 0 (\ -<r 3 ) - ^ 


hJ„ 


hJ„ 


v ^ = v 0 (l-o 2 )-f 
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H4 = E 4 ~ E 2 


= hv o I 1 “ 


ct, + cr. 


+ 


hJ,. 


/ x hJ,~ 
= hv 0 (\ - a 2 ) + — 


V 2-4 = V o( ] ~ °l) + -f 

E 1^4 = E 4 ~ E 2 

, O, + CT, 

= k 1- 


+ 


hJ, 


12 


= K 0 -«,) + ^ 





-a 2 ) + 


Hi 

4 


14-25. Make a sketch like Figure 14.11 for a spectrum taken at 500 MHz. 


/ 500 MHz\ 

center of doublet 1 = (130 Hz) ^ = 722 Hz 

V 90 MHz ) 

( 500 MHz \ 

center of doublet 2 = (210 Hz) ( ) = ^7 Hz 

The spacing within the doublets remains the same. 

^-T-T- r-X 

1200 1100 1000 900 800 700 


14-26. For a first-order spectrum with (Equations 14.47) 

Vf = V 0 (l -CT,)± ^ 

and 

V? = H 1 

show that the centers of the doublets are separated by v Q \a ] — a 2 | and that the separations of the 
peaks within the two doublets is J ]2 . 


The separation of the peaks within the doublets is 



The centers of the doublets are located at u Q (l — cXj) and v 0 (l — a 2 ), so the doublets are separated 
by 

K(1 - cr 2 ) - V 0 (l — or,) | = V 0 lor, - 0 2 \ 
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14-27. Verify Equations 14.55 and 14.56. 


We can verify both of these equations using the method of Example 14-7. Recall for both 
calculations that 


H^ = 


h J |A ^ a 

— -i i 

n 2 ' 2 


(14.50) 


E 3 = + E' 1 ’ 

= J J dx^dx 1 (plH ( - 0) <p 3 + J J dr, dx 2 <j> 3 H m 4> 3 (1) 

The first integral in this equation requires that we evaluate 

(/, + 4)^ = ^|(4 + 4) [“0)^(2) + P(\)oc(2)] 

^(2)a(l) - ^(2)a(l) - ^(l)a(2) + ^(l)a(2) 

= 0 



and so 

£< 0) = J J dr,dr 2 0 = 0 

The second integral in Equation 1 requires the evaluation of 

uj x2 + i y J y2 + ij zl ) [a(\)P(2) + j8(l)a(2)] 

Using the relations in Table 14.4, we have 

4 4a(l)/J(2) = jj8(l)a(2) 4 4/3(l)a(2) = j<x( 1)0(2) 

44«(1)^(2) = j0(l)a(2) 44 / 8(l)a(2) = j«(l)/8(2) 

44«(1)^(2) = - j«(l))8(2) 44^(D“(2) = - jj8(l)a(2) 

Then 

(44 + 44 + 44) [«0)l8(2) + 0(1)«(2)] = j [|8(1)«(2) + <*(1)0(2)] 

Subsituting this result into Equation 1 gives 

£ 3 = 0 + y* J dz^dx 2 <pl H (1) </>3 

= f f jwmam+ammi 

=(^) <■+»= 4 1 

Similarly, £ 4 is given by 

£ 4 = + 4° 

= // dx ] dx 2 <p*H i 0 ) <j> i + J j dr,dr 2 0 ;// ( 1 ) 0 4 


( 2 ) 
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Ti h 


= - 2 m)mi 


The first integral in this equation requires that we evaluate 
(/, + / 2 )0 4 - (/, + 4) [/S(l)/8(2)] = 

When we substitute this into the integral for we find that 

=JI d h dT 2 p*(\W(2) [~yB 0 ( 1 - or A )] y8(l)j0(2) 

■(1 — o" a )(2) = hy B 0 (\ — ct a ) 




The second integral requires the evaluation of 


(44+ 44 +44) [0( i)/J(2)] 

Using the relations in Table 14.4, we have 

4400)0(2) = j«(i)«(2) 

4400)0(2) = -j“(D“(2) 

4400)0(2) = -4 00)0(2) 

Then 

L + + y a > womi = 

Substituting the result and Equation 3 into Equation 2 gives 

£ 4 = hyB 0 ( 1 - a A ) + 11 dr,dz 2 4>;H m <l> t 

= hyB 0 (\-a A ) + J I dz t dr 2 [£*(1)^(2)] (^) J [00)0(2)1 
hJ AA 

= hyB 0 (\-a A ) + 


(3) 


14-28. Prove that 


H n = J J dr ] dr 2 a*(\)a*(2)HP(\)a(2) = 0 


with H given by Equation 14.58. 


H 


-//■ 


rfr.rfr 2 a*(l)a*(2)//jS(l)o(2) 


Use the relationships given in Table 14.4 to evaluate 

H0( 1)«(2) = -y£ 0 (l - a,) 0(l)a(2) - yfl 0 (l 




0 ( 1 )«( 2 ) 


hj„ n 2 n 2 n 2 

+ ~f -a(l)0(2) + -a(l)0(2)- -/3(1)«(2) 

= h -yB 0 P{ l)a(2) [(1 - a,) - (1 - a 2 j] + ^ [2of(l)j8(2) - /3(l)a(2)] 
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Then 


« 13 = f I dx,dx 2 a\ l)a*(2) ■ \ Y B 0 p(\)a{2) [(1 - a,) - (1 - a 2 )] 

+^[2a(l)0(2)-j8(l)a(2)]j =0 

because a and /J are orthonormal. 


14-29. Prove that 


H, 


■//■ 


dr.£/T,a*(l)a*(2)«a(l)a(2) 


1 1 /zJ n 

= -2 /zv o( 1 “ a i) " jHO - CT z) + ~ 


with H given by Equation 14.58. 


H, 


-//■ 


<ir,(ir 2 a + (l)Q; + (2) //a(l)a(2) 


First, we use the relationships in Table 144 to evaluate 

Ha( l)a(2) = -yfi 0 (l - a,) a(l)a(2) - yfl 0 (l - a 2 ) a(l)a(2) 


+ 


^2 
ft 2 


rt.2 


—/8(1)>3(2) - -mm + -«(l)a(2) 


a-^)-- i ^o-° r z) + -r 2 


«( 1 )«( 2 ) 


Then 


H, 


■//■ 


<ir 1 ^r 2 a*(l)o:*(2) 


^o,, _ \ ^ B o n , , Hz 
—(1 - oO (1 - CT z) + —r - 


a(l)a(2) 


i i /z y._ 

= -^hv 0 (\ - a,) - -hv 0 ( 1 - a 2 ) + — 


using Equation 1445 for v Q . 


14-30. Prove that 

n 44 = fj dx l dx 2 ^(\)p*( 2 )Hmm 

i i /iy„ 

= -fcv 0 (l-a.) + -Aw 0 0-^z) + -4 !a 

with W given by Equation 14.58. 


h 44 = J J dx,dx 2 p'{\)p'{?>Hmm 
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First, we use the relationships in Table 14.4 to evaluate 


1)0(2) = yB 0 ( 1 - or,) Q) mm + yB 0 ( 1 - a 2 ) Q) y8(l)/3(2) 

hJ. 2 Ti 2 h 2 h 2 I 

+ -^ —a(l)a(2) — —a(l)a(2) + —^(1)^(2) 

hy B n hyB n 

= -y^d - a,) +-cr 2 ) + ^ U(l)/5(2) 


H u = dT.dT 2 F(l)FQ) -^d-or,)+ -2-2(1-or.)+ — * j8d)j8(2) 


2 v ' 2 v 2 ' ' 4 


1 1 /l/ 19 

-/iv 0 (l - a,) + -Av 0 (l - cr 2 ) + — 


using Equation 14.45 for v 0 . 


14-31. Show that Equation 14.64 leads to Equation 14.65. 


Expand the determinant in Equation 14.64: 


-d,-d 2 +^-E 


A+*2-T 

hJ 


d t - d, - ^ - E 
1 2 4 


d ]+ d 2 + ^-E 


-d { - d 2 + — - E 


-d l+ d 2 -'f-E 

hJ 


d-d^-^-E 

l 2 4 


d\ + d 2 + y ~ E 


—d. — d~ H— -£ I ( d x + H— - E 


-d l +d 1 -'^-E 

!lL 
2 


d\ d 2 ^ E\ 


We then have one of three cases: 


~d\ — d 2 + —-£ — 0 




-4, + 4 2 - —-£ I d x - d. 


*-(¥) - 


Solving Equation 1 for £ gives 


E\ — ~d\ ~ d 2 + 


1 1 hJ 

= ~ 2 hv o( l ~ CT i) “ 2 Av o ( 1 “ a 2> + -4- 
/ <7 + ct \ hJ 

= -K '-V +T 
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Likewise, solving Equation 2 for E gives 

„ hJ 

E 4 = d t + d 2 + — 


1 1 hJ 

= 2 hv o(' ~ + 2 /zv o( 1 - ct 2 ) + -J- 


= HH- J 


cr, + O- 


+ 


hJ 


We can then solve the last equation to find the other two energies ( E 2 and E 3 ) listed in 
Equations 14.65. 

= ~d] + 2 4,4 2 -4 2 2 + ^y 2 (l-l) + ^£ + £ 2 

, hJ 1 - 9 . 2 3 9 9 

= E -T6 kJ 

Now use the quadratic equation to find E : 

-b ± yjb 2 — 4 ac 


E = 


2a 

hJ . A 




21'/2 


which are E 2 and £ 3 in Equations 14.65. 


i i 


14-32. Sketch the splitting pattern of a two-spin system -CH-CH- for vjcr, - a 2 \/J = 20, 10, 5, 2, 
1,0.10, and 0.01. 


Let a — (v 0 /2)(2 — — a 2 ) and /? = 


V CT I - CT 2) 


I —>2 


= “ “ ~2 ~ ^ [ v o( cr ! - °i) 2 + j2 ] 


J J fl , a2\'/2 ^ 

= “ _ 2 “2 ( ,+ ^ ) = “~2 


. Then the equations in Table 14.6 become 

211/2 

2 \ */2~l 


v :~i =a + 2 + 2 i 1 + P )' 12 =a + 2 [' + i 1 + ^ 2 )' /2 ] 
= « + |-^(l+«' /2 = « + |[l-(I+/> i ) 1 ' 2 ] 


v 3- >4 ” ■ 2 2 

Also from Table 14.6, we can find r in terms of /3: 



'(a 2 + y 2 ) l/2 +a' 

1/2 

~ J{p + l) l/2 + Jf 

r = 

,(a 2 + y 2 ) 1/2 - a. 


_ J(/3 2 + l) l/2 — Jfi _ 


r (jg 2 + l) 1/z + j8 

L(/J 2 + i) ,/2 -/iJ 


1/2 



446 


Chapter 14 


We are given in the problem, so we can make a table for different values of v, r, and 
(r-l) 2 /(r+l) 2 : 


ft 

V .^2 

V .^3 

V 2^4 

V 3-4 

r 

(^) 2 

0 

a — 7 

% a 

a + 7 

a 

1.01 

R» 0 

0.1 

a - 1.0027 

Rs a 

a + 1.0027 

& a 

1.10 

0.0025 

1 

a - 1.2077 

a+ 0.2077 

a + 1.2077 

a -0.2077 

2.41 

0.17 

2 

a - 1.6187 

a + 0.6187 

ct + 1.6187 

a -0.6187 

4.24 

0.38 

5 

a - 3.0507 

a + 2.0497 

a + 3.0507 

a - 2.0497 

10.10 

0.67 

10 

a- 5.5257 

a; + 4.5257 

a+ 5.5257 

a -4.5257 

20.05 

0.82 

20 

a - 10.5127 

a + 9.5127 

a + 10.5127 

a -9.5127 

40.02 

0.90 


Below we sketch the splitting pattern for different values of f), where a = 300. 


p = 20 


p = 10 



P= 2 



p=\ 


p = 0A 


P= 0 -1- 

310 305 300 295 290 


14-33. Show that a two-spin system with 7 = 0 consists of just two peaks with frequencies v 0 (l — a,) 
and v 0 (l - cr 2 ). 


We can determine the frequency of the peaks using the equations from Table 14.6, with 7 = 0. We 
find 


= V 3-4 = V o(l ~ a \) 
= V 2 ^ 4 = V 0 (! - a 2 ) 


14-34. Show that 


v i -*2 = tt( 2 - a, - a 2 ) - ^ - ^[v 2 (a, - a 2 ) 2 + 7 2 ] 1/2 


for a general two-spin system (see Table 14.6). 
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Use the energies given by Equations 14.65, recalling that E — hv: 

E 2 - E l = - \ ~ a 2> 2 + j2 ]' /2 + hv 0 


hJ 


= ~ - T K( ff , - - 2 ) 2 + J T + ^ (2 ■--, - -a) 


/*v„ 


g 2 - £ , 


= ^2 = 


y 

2 


[v 0 2 (a, - ct 2 ) 2 + y 2 ]' /2 + ^ (2 - or, - cr 2 ) 


hJ 

T 


14-35. Show that the frequencies given in Table 14.6 reduce to Equations 14.66 (and also Equations 
14.46) when 7 <£ v 0 (<7, - cr 2 ). 


v,_ 2 = y(2 - a x - cr 2 ) - | f [v 2 (ct, - or,) 2 + 7 2 ] 


21>/2 


v o n T J v 0 (a l -a 1 ) 
= -(2-^-0,)-- --- 


I >/2 


1 + 


v 0 (a, -cr 2 ) J 


Since J v Q (a l — cr 2 ), we can use the expansion 


o+* ) 1/2 = 1 + |-y + 


Keeping the terms that are linear in 7 gives 




= ” 0 (1 “ a i) “ 2 

Because v, , differs from v. 2 only in the sign of the 7/2 term, 


Likewise, 


^4 = V 1 “ a x) + 2 


v,- 3 = y( 2 - CT i - °i) ~ \ ^ hV, - ff 2 ) 2 + y2 ] 


1 + 


= i(2 - a, - <r ; ) - L + - 0{P) 


211/2 

y 2 


n '/2 


v 0 (ct, -ff 2 ) J 


= V 1 - a 2> - T 


Because v, . differs from v. . only in the sign of the 7/2 term, 


v 2 ^ 4 = v 0 (l - cr 2 ) + - 


y 

2 


14-36. Using the results in Table 14.6, compute the spectrum of a two-spin system for 
v 0 = 60 MHz and 500 MHz given that cr 1 — a 2 = 0.12 x 10” 6 and J = 8.0 Hz. 
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See Example 14-11. Using the values given for 60 MHz (Table 14.6), 

Vq(cx, - ct 2 ) 2 = (60.0 MHz) 2 (0.12 x 10~ 6 ) 2 = 51.84 Hz 2 

[v 2 (a, -ct 2 ) 2 + y 2 ]' /2 = [51.84 Hz 2 + 64.0 Hz 2 ]' /2 = 10.76 Hz 

Therefore, 

v,_ 2 = 60 MHz-9.38 Hz 
= 60 MHz + 1.38 Hz 
v 2 ^ 4 = 60 MHz + 9.38 Hz 
v^ 4 = 60 MHz - 1.38 Hz 


To calculate the relative intensities of the signals, we calculate r: 


r = 


10.76 Hz + V51.84 Hz 
10.76 Hz — VTT84 Hz . 


1/2 


= 2.25 


(r- l) 2 


= 0.15 


(r+1) 2 

so the relative intensities are 0.15 to 1. For 500 MHz, 


v 2 (a, - a 2 ) 2 = (500 MHz) 2 (0.12 x 10‘T = 3600 Hz 


[vq( o*, - o 2 ) 2 + 7 2 ] l/2 = [3600 Hz 2 + 64.0 Hz 2 ] 1/2 = 60.5 Hz 

Therefore, 

v,_ >2 = 500 MHz - 34.3 Hz 
= 500 MHz + 26.3 Hz 
v 2 ^ 4 = 500 MHz + 34.3 Hz 
v 3 _ 4 = 500 MHz - 26.3 Hz 


Also, 


/60.5 Hz+ 60 Hz\ 1/2 
\60.5 Hz — 60 Hz/ 


(f ~ l ) 2 

(r + l ) 2 


0.77 


so the relative intensities are 0.77 to 1. 


15.52 


14-37. In Chapter 13, we learned that selection rules for a transition from state i to state j are governed 
by an integral of the form (Equation 13.52) 

J 
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where H {1) is the Hamiltonian operator that causes the transitions from one state to another. In 
NMR spectroscopy, there are two magnetic fields to consider. There is the static field B that is 
produced by the magnets and aligns the nuclear spins of the sample. We customarily take this field 
to be in the z direction, and the nuclear (proton) spin states a and are defined with respect to this 
field. Nuclear spin transitions occur when the spin system is irradiated with a radio-frequency field 
B, = B° cos 2nvt. In this case, 

H il) = —A B 1 = —yl • B, 

Show that the NMR selection rules are governed by integrals of the form 

p* = f vh+dx 

with similar integrals involving I y and / z . Now show that P x =/■ 0, P y ^ 0, and P — 0, indicating 
that the radio-frequency field must be perpendicular to the static magnetic field. 


Let us assume that we are dealing with hydrogen nuclei, in which case there are only two spin 
functions a and f). Therefore, either \j/. = a and x/r. = f3 or xj/ i = and ^ = <*• We are given the 
equation for the first-order Hamiltonian H {1) and the integral form governing the selection rules. 
Substituting into this integral, we find 

= ~yB u J t;i x tdr ~ YB ly J fjl^idr -yB lt j fjl^dr 

We see that the selection rules are governed by the integrals 

P x= f ^jL^, dz P y = j 'A* iytid? P z = f ^jht dr 

Now examine the case for which i/r. = and x)/ j = a. In this case, we find 

p, = \fri>* = \¥o 

P z = \ j P* adT = 0 

Likewise, if we examine the case for which i p j = a and x/f. = /3, we find 

P = -=? 0 P =-—=t 0 P =0 
x 2 >' 2 z 

Because P z = 0, the radio-frequency field cannot be parallel to the direction of the static magnetic 
field. Because P x 0 and P 0, a transition can occur if the radio-frequency field is perpendicular 
to the direction of the static magnetic field. 


14-38. Consider the two-spin system discussed in Section 14-6. In this case, the selection rule is 
governed by 


p x = j dT { dr 2 f*(i xi + / 2 W, 
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with a similar equation for P y . Using the notation given by Equations 14.30, show that the only 
allowed transitions are for 1 ->■ 2, 1 —^ 3, 2—^4, and 3^4. 

The functions given by Equations 14.30 are 

Vr I =a(l)a(2) ^=P(l)a(2) 
f 2 =a( dp(2) 

We will consider all \j/ j i fr. transitions where j > i. First, consider the effect of the operator 

combinations / , + I x2 and 7 yl -f I y2 on t/v \j/ v and \j/ 3 : 

[4 + 4] = \m)<x(2) + a(\)p(2)] 

[4 + 4] = J [/S(l)«(2) + a(l)j8(2)] 

[4 + 4] f 2 = \ [mm + «(D«(2)] 

[4 + i y2 ] f 2 = j imm - «(D«(2)] 

[4 + /J % = h - [a(l)«(2) + mm] 

[4 + 4] = t“( 1 )«(2) - mm] 

Carrying out the integration gives 

P X ' M = j dx,dr 2 r 2 0 x , + 4^. = \f dr,rfT 2 «*(l)^(2) [0(l)a(2) + <*(1)0(2)] * 0 

4.1- 2 = / dT t d h^Vy\ + 4>^l 

p,^ 3 = / d h d hW( 4 + 4>*i = \f dT i dT 2 p*(i)ct*(2)[mm+mm]¥o 

4.1- 3 = f dT \ dT 2^0 y] + 4>^< 

/ > JC-1 _ >4 = f dx,dx 2 r,0n + 4w, = ^ f dxfi* (1)^(2) [0(l)a(2) + a(l))8(2)] = 0 

4 . 1 - 4 = J d h d hWO y > + i y2 )fi = o 

4.^3 = / dx,dx 2 r,0 x , + 4>* 2 = \f dx,dx 2 fi'{\)ct\2) [a(l)a(2) + j8(1)jS(2)] = 0 
P , 2 ^3 = j dx,dx 2 r,0 y] + 4)^2 = f / 4r,dr 2 r(D«*(2) [a(l)a(2) - /S(l)/3(2)] = 0 
4. 2 _ 4 = / d h d ^lO x , + 4)^2 = \f dr^( D/T (2) [)8(l)j8(2) + a(l)a(2)] * 0 

p „ 2 ^4 = / d h d hr,u y] + i y2 n 2 = f f dx l p*(\)p*( 2 ) imm - mm)] =/ o 

4 , 3 _ 4 = j dx t dx 2 r A 0 x[ + 4)^3 = \f dx^{\)P*{2) [a(l)a(2) + /S(l)y8(2)] ^ 0 
P 3 ^ 4 = j dx x dx 2 rm yX + 4)^3 = -f / 4t,^*(l)r(2) [a(l)a(2) + jS(l)^(2)] * 0 
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Transitions are possible only if P.^. =/- 0, so the transitions 1 —> 2, 1 —> 3, 2 —> 4, and 3^4 are 
possible - the others are forbidden. 


14-39. Using the spin functions given by Equations 14.51, show that the only allowed transitions are 
1 —► 3 and 3-^4. 


The functions given by Equations 14.51 are 

0 |= 0 . 02 = 72 (^2 - ^ 3 ) 

03 = 71 (02 + 03 ) 04 = 04 

As in the previous problem, we will consider all i/c —> t/t. transitions where j > i. Because 0, = Vq 
and </> 4 = \j/ v the 1 4 transition (Problem 14-38) is forbidden. We first evaluate the relationships 




K i + hi 


]<£, = ^m\)a(2) + a(\)P(2)] 

[hi + 4] 0. = f [0(O«(2) + «(O0(2)] 

[/, + / 2 ] 0 2 = ^ [/3(l)/3(2) + «(l)a(2) - 0(1)0(2) - a(l)«(2)] = 0 

[/., + / v2 ] 0 2 = ^ [>S(1)>3(2) - a(l)a(2) + «(l)a(2) - >3(1) > 0(2)] = 0 

[4 + 4] 03 = [00)0(2) + a(l)a(2)] 

[4 + 4 ] 03 = ^ 0 ( 00 ( 2 ) + «( 0 «( 2 )] 

Because ^/ x] + / x2 j 0 2 = j^/ yl + /, 2 j 0 2 = 0, the transitions 2^3 and 2 -> 4 are forbidden. Using 
the above results. 


1 JC. 1 ->2 


■/ 


dx t dx 2 <t> 2 (l x] + hi^i 


h 


/■ 


2 V 2 

4 '.! —► 2 = / 0 ^, 0 ^ 202(4 + 4)01 


dr.dr, K(l)/T(2) - (1 )a*(2)] [j8(l)a(2) + a(l)0(2)] = 0 


ifi 


{■ 


2 V2 

4.-3 = J d h d h<p'Ai + 4)0i 


^r,dr 2 [a*(l)0*(2) - 0*(O«*(2)] I0(O«(2) + a(O0(2)] = 0 


2V2 


/■ 


dr l dT 2 [a*(l)r(2) + /S’(l) a *(2)][/3(1)a(2) + a(l)yS(2)]^0 


P - - / 


dr t dr 2 cpl(I y] + / 2 ) 0 , 


ih f 

= 2V2 J ' 

-f 


dx.dx. [a*(l)0*(2) + j8*(l)a*(2)]tf(l)a(2) + a(l)0(2)] ^ 0 


dx { dx 2 (p;{I x] + 7^)0, 


-tJ ■ 


dx { dx 2 F(\)F{2) [/3( 1 )yS(2) + a(l)a(2)] ^ 0 
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J 4r,4r 2 0 4 *(/ vl + I y2 )<p 3 

^=J dr l dz i rWP*(2) 


= —J dz { dz 2 P*(\)P*(2) W(\)m + «(1)«(2)] ¥ 0 
The only possible transitions are 1 3 and 3 —> 4. 




CHAPTER 


15 


Lasers, Laser Spectroscopy, and 

PROBLEMS 


Photochemistry 

AND SOLUTIONS 


15-1. The ground-state term symbol for 0^ is 2 FK The first electronic excited state has an energy 
of 38795 cm” 1 above that of the ground state and has a term symbol of 2 Il u . Is the radiative 
2 n u -^ 2 fl g decay of the OJ molecule an example of fluorescence or phosphorescence? 


Fluorescence occurs when there is a radiative transition between states of the same spin multiplicity, 
while phosphorescence occurs when there is a radiative transition between states of different spin 
multiplicity. Since there is no change in spin multiplicity in the 2 Fl u -> 2 decay, it is an example 
of fluorescence. 


15-2. Consider the absorption and fluorescence spectrum of a diatomic molecule for the specific 
case in which /^(S,) > R e (S 0 ). Using the potential energy curves shown in Figure 15.1, draw the 
expected absorption and fluorescence spectra of the molecule. You can assume that the molecule 
relaxes to v' = 0 before it fluoresces. Do your spectra look like the spectra in Figure 15.2? Explain. 


Using the potential curves in Figure 15.1, we can see that, due to the differences in bond length for 
v' = 0 and v" = 0, the 0,0-transition and perhaps some of the v' = 0 to v" = n for small n will be 
missing if we compare this spectra to the spectra in Figure 15.2. 




Absorption Fluorescence 


15-3. In Section 15-2, the spectral radiant energy density was expressed in terms of the frequency of 
the electromagnetic radiation. We could have chosen to express the spectral radiant energy density 
in terms of the wave number or wavelength of the electromagnetic radiation. Recall that the units 
of p v (v) are J-m" 3 *s. Show that the units of p.(v), the spectral radiant energy density in terms of 
wave numbers, are J-m" 2 and that the units of p x (A), the spectral radiant energy density in terms of 
wavelength, are J-m” 4 . What are the units of the Einstein B coefficient if we use p~(v) to describe 
the spectral radiant energy density? What are the units of the Einstein B coefficient if we use p x (A) 
to describe the spectral radiant energy density? 
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The spectral radiant energy density was defined as p v (v) — dp/dv. Replacing v with v or A. gives 
units of 


dp J-m 3 _ 2 

P 0 (v) = — = —— = Jm 

dv m 1 


or 


dp J-m 3 _ 4 

P X W = ~jr =-= J-m 

dk m 


From Equation 15.1, we see that 


rate = B l2 p v (v n )N x (t) 

Replacing p v (v) with p-(v) or p x (X) gives B n units of 

s " 1 = B n p.{ v) = B n { J-m- 2 ) 
J - 1 -m 2 -s _l = B 12 
or 

s-' = B n p x {X) = B n ( J-m- 4 ) 
J _l -m 4 -s _l = B 12 


15-4. Show that Equations 15.7 and 15.11 are equivalent only if B 12 = B 2i and 4 21 = ( 8 hn v] 2 /c 3 ) B iy 


PS v n) 


Snh v 3 2 
c 3 e hv >i /k * T — 1 


(15.7) 


These are equivalent if 


ii 2 1 

“ B - B 

u ]2 e u 21 

Snh v 3 2 4 21 

~ g' 1 W - 1 = 


(15.11) 


For this to be true, we need to be able to factor out an (e hv u /k * T — 1) from the denominator of the 
right-hand side, so B n = B 2V Then 


87 rh v 3 2 A 21 

e hv " /k * T -"T ” B n (e hv u /k * T 


%nhv] 2 


A 

~B 


2 J_ 

12 


1 ) 


15-5. Substitute Equation 15.16 into Equation 15.15 to prove that it is a solution to Equation 15.15. 


< ^jp- = Bp v (v n ) [7V,(f) - N 2 (t)] - AN 2 (t ) (15.15) 

At (r) = f 1 _ e -[A+2s Pi ,(i. 12 )]; 

2 A +2Bp v (v n ) l 


(15.16) 
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/V, (0 + N 2 (t) = /V |oal , so we can write Equation 15.15 as 

d -^p- = Bp v (v n ) [/V lolal (0 - 2N 2 (t)] - AN 2 (t) 
Taking the derivative of Equation 15.16 gives 


dN, 

dt 


+ 2Bp ^ e ~ lA+2Bp ■ <y,2,] ' 


= Bp v (v ]2 )N loiai e-[ A+2B ^‘ 

Substituting into the above expression from Equation 15.16, we find 

^l = -[A + 2Bp v {v n )] N 2 (t) + Bp v (v n )N toui 
= BpM u )[N lol ,-2N 2 (t)]-AN 2 (t) 


which is the same as the expression we found using Equation 15.15 (Equation 1). 


( 1 ) 


15-6. Use the fact that (?) + N 2 (t) = N , to write Equation 15.15 as 


dN , 


BpMK^-[A + 2Bp v (v l2 )]N 2 
Now show that the integral of this equation gives Equation 15.16. 


= dt 


dN^t) 

dt 


= Bp v (v n ) [(V,(f) - (V 2 (r)] - AN 2 (t) 


We set N.(t) = N . — N 2 (t) to find 


and solving for t gives 


dN 2 (t) 

dt 


dt = 


= BpS» n ) [N { ^-2N 2 {t)] - AN 2 {t) 


dN , 


(15.15) 


BpMn)^-[A + 2Bp v (v n )]N 2 

For simplicity, we let a = Bp v (v [2 )N [ol aJ and fi = A + 2 Bp v (v ]2 ). We then have 

. dN 2 

dt =--— 

a-fiN 2 

Now we let u — a — fiN 2 . Then du = —fidN v sodN 2 = —fi~ ] du, and the equation above becomes 

du 

dt = - — 
fiu 

Integrating both sides of the equation gives —fit = lnw, or u = so a — fiN 2 = e~ pt , or 


(substituting) 


1 


total 

A+2Bp v (v n ) A+2Bp v (v n ) 


total 


A + 2 Bp v (v n ) 


{1 


-[A+lBpAv.M 1 


(15.16) 
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15-7. Prove that Equation 15.17 implies that N 2 /N touil is less than 1/2 because A > 0. 


If A = 0, the ratio is 

/V-,0 -» oo) _ Bp v (v n ) _ 

N** ~ A+ 2Bp v (v n )-2 

Because A > 0, A + 2Bp v (v {2 ) > 2Bp v (v n ) and so the ratio N 2 /N loa] must be less than 1/2. 


15-8. Prove that the inequality 



1 

2 


implies that N 2 /N { is less than 1. (Hint: Use the fact that 1/a > \/b if a < b .) 


N , 


N. 


total 


+1 


< 


< 


1 

2 
1 
2 


This inequality implies that N i /N 2 > 1 or that N 1 /N l < 1. 


15-9. The Einstein coefficients can also be derived using quantum mechanics. If the ground state and 
the excited state have a degeneracy of g, and g 2 , respectively, the Einstein A coefficient is given by 


A = 


167rVg, 

2e 0 hc 3 g 2 


M 2 


where \/jl\ is the transition dipole moment (see Section 13-11). Now consider the Is —> 2p 
absorption of H(g), which is observed at 121.8 nm. The radiative lifetime (see Example 
15-3) of the triply degenerate excited 2 p state of H(g) is 1.6 x 10“ 9 s. Determine the value of the 
transition dipole moment for this transition. 


Using the expression given in the problem 


we find 


A = 


167rVg, 

3e 0 /ic 3 g 2 


iMl 2 


/ 3As 0 hc^ 

V 16 TrVg, 


1/2 


We are given k, and so v = cA. -1 = 2.46 x 10 15 s -1 . The reciprocal of A is denoted as x R and called 
the radiative lifetime (Example 15-3). The 2 p orbital is threefold degenerate (g 2 = 3) and the Is 
orbital is singly degenerate (g x = 1). We then have 


l i2_ 'iAe^hc g 2 

I M'l i ^ 3 3 

16 tt v g, 

2 3(1.6 x 10" 9 s) _I (8.854 x 1(T 12 C 2 -J-‘-m -1 ) x (6.626 x KT 34 J s)(2.998 x 10 8 m s-') 3 (3) 

M “ 16tt 3 (2.46 x 10 15 s-') 3 (l) 


\n\ = 1.1 x 1CT 29 C m 
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15-10. Use the equation given in Problem 15-9 and Equation 15.13 to derive the quantum mechanical 
expression for the Einstein B coefficient. Consider the 5s l P { —► 3p 3 P 2 transition of neon at 
632.8 nm, which is the lasing transition of most commercially available helium-neon lasers. 
Table 15.4 gives the Einstein A coefficient for this transition to be 6.56 x 10 6 s" 1 . Determine 
the values of the Einstein B coefficient and the transition moment dipole for this transition. 


B = 


cA 


\6c 71 V g. 9 27 T g. 9 


8 /i7rv 3 24/i 2 £ 0 c 3 7rv 3 g 2 lf ~' 3 h 2 s 0 g 2 

We are given X, and so v = cX~' = 4.738 x 10 14 s -1 . Then 
c 3 A 


B = 
B = 

ImI 2 = 


8/17TV 3 

(2.998 x 10 8 m-s _1 ) 3 (6.56 x 10° s' 1 ) 


rj-y = 9.98 x 10 19 kg-'-m 


8(6.626 x 1CT 34 Ts)tt(4.738 x 10 14 s -1 ) 

3v4g 0 /ic 3 g 2 
167rVg, 

3(6.56 x 10 6 s _1 )(8.854 x 1(T 12 C 2 -J _I m - ') 

“ 16tt 3 (4.738 x 10 14 s -1 ) 3 

x(6.626 x 1(T 34 J-s)(2.998 x 10 8 m-s) 3 

\H\ = 7.68 x 10 -30 C^m 


15-11. Derive (but do not try to solve) rate equations for N 2 {t ), and N 3 (t) for the three-level 

system described by Figure 15.8. 


First consider dNJdt. There are four components to the rate equation: excitation from level 1 to 
level 3, stimulated emission from level 3 to level 1, spontaneous emission from level 3 to level 1, 
and spontaneous emission from level 2 to level 1. This gives 

= ~ B 3l p v (v 3l )N] + B 3[ p v (v 3i ) N 3 + A 3[ N 3 + A 2] N 2 

Likewise, for dNJdt , we must consider spontaneous emission from level 3 to level 2, spontaneous 
emission from level 2 to level 1, stimulated emission from level 3 to level 2, and absorption from 
level 2 to level 3. We find the rate equation 


dN 2 

~dt 


^32^3 ^21^2 ^32^iX y 32^^3 ^32^v^32^^2 


Finally, for dN 3 /dt, we consider absorption from level 1 to level 3, stimulated emission from level 
3 to level 1, spontaneous emission from level 3 to level 2, spontaneous emission from level 3 to 
level 1, stimulated emission from level 3 to level 2, and absorption from level 2 to level 3, to find 


dN , 

~ ^31 ” ^31^i/ V 3l)^3 _ ^32^3 ~ ^31^3 

“^32^^32)^3 ^32(^32^^2 
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15-12. Consider the nondegenerate three-level system shown in Figure 15.8. Suppose that an incident 
light beam of energy hv = E 3 - E [ is turned on for a while and then turned off. Show that the 
subsequent decay of the £, level is given by 

N 3 (0 = N$e~ tA » +A »* 

where N 3 is the number of atoms in state 3 at the instant the light source is turned off. What will be 
the observed radiative lifetime of this excited state? 


After the light is turned off, no stimulated processes will occur. Then the rate equation of N 3 that 
we found in the previous problem becomes 

dN , 

~jj = — ^ 32^.1 — ^ 31^3 = — (^32 4 " 

or 

N 3 = Ce~ iA v +A ^' 

At t = 0 (when the light is turned off), N 3 (t) = N° = C, so 

N 3 (t) = N°e~ {A » +A ^>' 

The observed radiative lifetime will be (A 32 + A 3I )~'. (The radiative lifetime is the reciprocal of 
the coefficient of t in the exponential term.) 


15-13. In this problem, we will generalize the result of Problem 15-12. Consider a system that has 

N nondegenerate levels of energy, £,, £ 2 . E N such that £, < £ 2 < • • • < E N . Suppose that 

all the atoms are initially in the level of energy £,. The system is then exposed to light of energy 
hv = E N - £,. Defining t = 0 to be the instant the light source is turned off, show that the decay 
of p N , the population in state N, is given by 

P N if) = Am ‘ 

where p° N is the population of level /V at t = 0. Show that the radiative lifetime of level N is given 
by 1 / A Ni . Use this result and the data in Table 15.4 to evaluate the radiative lifetime of the 
55 1 Pj level of neon, assuming the only radiative decay channels are to the eight levels tabulated in 
Table 15.4. 


No stimulated processes will occur without the light source. The rate equation for dp N (t)/dt will 
then depend on only spontaneous emission terms to each of the N — 1 lower levels: 

= mP N (t) — A N2 p N (t) — • • • — A N(N _^p N {t) 

N -1 

= ~P N ^Yj A Ni 
1=1 

Integrating this equation gives the solution 

E N_i a 
1=1 

At t = 0, p N (t) = p° N = C, so 

p N {0 = pV^*-' An ‘‘ 
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and a radiative lifetime of 1 / , l A Nr The radiative lifetime of neon would be 

1 

Trad “ (0.48 + 0.60 + 0.70 + 6.56+ 1.35 + 1.28 + 0.68 + 0.56) x 10 6 s -1 
= 8.19 x 10 -8 s = 81.9 ns 


15-14. The excited states of helium shown in Figure 15.13 have the electron configuration \s2s. Show 
that this electron configuration leads to a 3 S, and a 'S 0 state. Which state has the lower energy? 


Refer to Section 8-9. The maximum value of M L is 0 and M s can equal +1, 0, or -1. A table of 
microstates is then 



M l 

M s 

0 

+ 1 

0 + ,0 + 

0 

o 

+ 

o 

1 

o 

1 

o 

+ 

-1 

0-.0" 


One microstate (either 0 + , 0“ or 0 - , 0 + ; it makes no difference) gives M L = 0 and M s — 0, or ] S, 
and the other three microstates give M L = 0 and M s = +1,0, -1, or 3 S. Because L = 0 in both 
cases, J = S, so the two possible states are 3 S 1 and 'S 0 . In accordance with Hund’s rules, 3 Sj is the 
lower-energy state. 


15-15. According to Table 8.2, the ground-state energy of a helium atom is —2.904 hartrees. Use this 
value and the fact that the energy of a helium ion is given by E — —Z 2 jin 1 (in hartrees) to verify 
the energy of He + in Figure 15.13. 


Using E — — Z 2 /2n 2 , the energy of the ground state of He + is —2 E h . Therefore, the energy of He + 
is 0.904 hartrees above that of He, or (because 1 hartree = 2.195 x 10 5 cm -1 ) about 198000 cm' 1 
above that of He, as shown in Figure 15.13. 


15-16. The 3391.3 nm line in a He-Ne laser is due to the 5^ 1 P, -> 3/r 3 P 2 transition. According to the 
Table of Atomic Energy Levels by Charlotte Moore, the energies of these levels are 166 658.484 cm -1 
and 163 710.581 cm -1 , respectively. Calculate the wavelength of this transition. Why does your 
answer not come out to be 3391.3 nm? (See Example 8-10.) 


A E = 166 658.484 cm -1 - 163 710.581 cm -1 = 2947.903 cm' 1 


so 



1 

2947.903 cm -1 


3392.2419 nm 


Example 8-10 reminds us that the values from the Table of Atomic Energy Levels are corrected for 
vacuum and the 3391.3 nm value calculated is for a measurement in air. Correcting, we find 


A . = 


A 


1.00029 


3392.2419 nm 
1.00029 


= 3391.3 nm 
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15-17. Using the method explained in Section 8-9, show that the states associated with a 2 p 5 ns 
electron configuration are 3 P 2 , 3 P,, 3 P 0 , and l P,. 


There are six distinct ways of assigning the 2 p electrons to their orbitals and two ways of placing 
the ns electron, for a total of twelve different microstates. (We can use Equation 8.53 to determine 
this or determine it by inspection.) We can then create a table of microstates. The maximum value 
of M L is 1 and its possible values are 1,0, and -1; the maximum value of M s is 1 and its possible 
values are 1, 0, and -1. 


M s 

-1 

0 

l 

+ 1 

0 + , -1 + 

0 + ,0 + 

0\ 1 + 

0 

O 

+ 

1 

o 

1 

+ 

+ 

o 

1 

O 

i 

O 

+ ** 
O 

O 

+ 

I 

o 

1 

+ 

-1 

o-,-r 

cr,o- 

0-. r 


There are nine states corresponding to L — 1 and 5 = 1 and three states corresponding to L = 1 
and 5 — 0. This gives us the term symbols 3 P 2 , 3 P p 3 P 0 , and 1 P ] . 


15-18. Consider the excited-state electron configuration 2 p 5 np, with n > 3. How many microstates 
are associated with this electron configuration? The term symbols that correspond to 2 p 5 np are 
3 D 3 , 3 D 2 , 3 D p ! D 2 , 3 P 2 , 3 P,, 3 P 0 , 3 S p and *S 0 . Show that these term symbols account for all the 
microstates of the electron configuration 2p 5 np, n > 3. 


We can use the fact that the total number of microstates associated with any term symbol is 
(25 + 1)(2 L + 1) (Section 8-9) to determine the number of microstates the above term symbols 
account for: 

3 D l D 3 P 'P 3S ‘S 
(3 x 5)+(l x 5) + (3 x 3)+(l x 3)+(3 x 1) + (1 x 1)=36 

The total number of possible microstates in the electron configuration 2 p 5 np is given by 
(Equation 8.53) 

36 

N\{G-N)l \5!1!/ \ 1 !5!/ 

where we have multiplied the number of possible microstates for the 2 p 5 configuration by the 
number of possible microstates for the np configuration. 


15-19. A titanium sapphire laser operating at 780 nm produces pulses at a repetition rate of 100 MHz. 
If each pulse is 25 fs in duration and the average radiant power of the laser is 1.4 W, calculate the 
radiant power of each laser pulse. How many photons are produced by this laser in one second? 


The laser produces 1.4 J of energy per second. Because there are 1.0 x 10 8 laser pulses per second. 


1.4 J-s" 1 

1.0 x 10 8 pulses-s -1 


= 1.4 x 10 8 J-pulse 1 
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Because each pulse is 25 fs long, the radiant energy of each laser pulse (which is measured in watts) 
is 


1.4 x 10 8 Jpulse 
25 x 10' 15 s 


= 560 kW 


The radiant energy of one photon, given by Q p , is (see Example 15-5) 
he (6.626 x 10 -34 J'S)(2.998 x 10 8 ms -1 ) 


k 780 x 10" 9 m 

Because the laser produces 1.4 J of energy per second, it produces 

1.4 J 


= 2.55 x 10 J 


2.55 x 10 -19 J photon 


— — 5.50 x 10 photons 


in one second. 


15-20. A typical chromium doping level of a ruby rod is 0.050% by mass. How many chromium 
atoms are there in a ruby rod of diameter 1.15 cm and length 15.2 cm? The density of corundum 
(A1 2 0 3 ) is 4.05 g-cm -3 , and you can assume that the doping with chromium has no effect on the 
density of the solid. Now suppose all the chromium atoms are in the upper lasing level. If a laser 
pulse of 100 ps is generated by the simultaneous stimulated emission of all the chromium atoms, 
determine the radiant power of the laser pulse. (See Table 15.2.) 


The volume of the rod is given by 

( 1 1 ^ r*m \ ^ 

——— j (15.2 cm) = 15.8 cm 3 

The mass of the rod is then 


(4.05 g*cm -3 )(15.8 cm 3 ) = 64.0 g 
and the mass of the contained chromium is 

mass Cr - (0.0005) (64.0 g) = 0.032 g 


0.032 g 

Cr “ 51.996 g-mol -1 


= 6.15 x 10" 4 mol 


which means there will be 3.70 x 10 20 atoms of chromium in the rod. If all of the chromium 
atoms are in the upper lasing level and all undergo simultaneous stimulated emission, there 
will be 3.70 x 10 20 photons emitted. From Table 15.2, we know that the light emitted from a 
chromium/ruby laser has a wavelength of 694.3 nm, so the energy produced by the stimulated 
emission is 


E = nhv = nhek 1 

= (3.70 x 10 20 )(6.626 x 10“ 34 J-s)(2.998 x 10 8 m*s“ l )(694.3 x 10“ 9 m)“ ! 
= 106 J 


and the radiant power of the pulse, in watts, would be 


106 J 

radiant power =-— 

F 100 x 10“ 2 s 


= 1.06 x 10 12 W 
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15-21. Which laser pulse contains more photons, a 10-ns, 1.60-mJ pulse at 760 nra or a 500-ms, 
1.60-mJ pulse at 532 nm? 


The pulse duration does not affect the number of photons a laser pulse contains. Because the 
energies of both laser pulses are equivalent, and because the energy per pulse is proportional to the 
number of photons and inversely proportional to the wavelength of the emitted photons, the 760 
nm pulse contains more photons. 


15-22. Consider a flashlamp-pumped Nd 3+ :YAG laser operating at a repetition rate of 10 Hz. Suppose 
the average radiant power of the flashlamp is 100 W. Determine the maximum number of photons 
that each laser pulse can contain using this pump source. The actual number of photons per laser 
pulse is 6.96 x 10 17 . Determine the efficiency for converting the flashlamp output into laser output. 
(See Table 15.2.) 


The pump energy available to each laser pulse is 


lOOTs" 1 
10 pulse*s~ l 


10 J*pulse 1 


A Nd 3+ :YAG laser produces light at 1064.1 nm. The maximum number of photons that a laser pulse 
can contain, n , is given by 


EX 



(10 J)( 1064.1 x 10” 9 m) 

(6.626 x 10“ 34 J-s)(2.998 x 10 8 m-s" 1 ) 


= 5.36 x 10 19 photons 


The efficiency of the actual laser is then 


_ 6.96 x 10 17 photons 

effiCie ” Cy = 536 x 10'’photon, 


1.3% 


15-23. Chemical lasers are devices that create population inversions by a chemical reaction. One 
example is the HF gas laser, in which HF(g) is generated by the reaction 

F(g) + H 2 (g) > HF(g) + H(g) 

The major product of this reaction is HF(g) in the excited v = 3 vibrational state. The reaction 
creates a population inversion in which N(v ), the number of molecules in each vibrational state, 
is such that N(3) > N(v) for v = 0, 1, and 2. The output of the HF(g) laser corresponds to 
transitions between rotational lines of the v = 3 v = 2 (X = 2.7-3.2 /xm) transition. Why is 
there no lasing action from v = 3 —> v = 1 and v = 3 -* v = 0 even though there is a population 
inversion between these pairs of levels? 


Recall from Chapter 13 (Section 13-11) that the harmonic oscillator selection rule is Av = ±1. 
There may be weak anharmonic transitions which occur at v = 3 —> v = 1 and v = 3 v = 0, 
but the magnitude of the Einstein B coefficient will not be sufficient for lasing to occur. 
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15-24. A C0 2 laser operating at 9.6 /zm uses an electrical power of 5.00 kW. If this laser produces 
100-ns pulses at a repetition rate of 10 Hz and has an efficiency of 27%, how many photons are in 
each laser pulse? 


The pump energy per pulse is 


5000 J-s _l 
10 s"' 


500 J-pulse 1 


The laser is 27% efficient, so the radiant energy per pulse is (500 J)(0.27) = 135 J. The number of 
photons per pulse, n, is 


EX 


n = 


he 


(500 J)(0.27)(9.4 x 10~ 6 m) 
(6.626 x 10’ 34 J-s)(2.998 x 10 8 m-s"') 


= 6.39 x 10 21 photons 


15-25. Figure 15.10 displays the energy levels of the C0 2 laser. Given the following spectroscopic 
data for C0 2 (g), calculate the spacing between the J' = 1 -» 0 and J 1 = 2 -> 1 laser lines for the 
001 -► 100 vibrational transition. 

Fundamental frequency(7' = 0 -*■ 0) 100 —> 001 = 960.80 cm -1 

fl(001) = 0.3871 cm" 1 fl(100) = 0.3902 cm' 1 

Why is no lasing observed at the fundamental frequency of 960.80 cm -1 ? 


We can use Equation 13.8 to find F(J ) of the 100 and 001 levels for J = 1 and 2: 

F(J ) = BJ(J + 1) 

F mi (\) = (0.3871 cm _l )2 = 0.7742 cm" 1 
F t oo, (2) = (0.3871 cm -l )6 = 2.3226 cm’ 1 
F m ( 1) = (0.3902 cm-')2 = 0.7804 cm-' 

For the J' = 1 -> 0 transition, the spacing is then 

960.80 cm"' + 0.7742 cm"' = 961.57 cm" 1 

and for the J' = 2 -»• 1 transition, the spacing is 

960.80 cm"' +2.3226 cm - ' -0.7804 cm-' = 962.34 cm - ' 

There is no lasing observed at the fundamental frequency because the transition AJ = 0 is 
forbidden in the rigid-rotator approximation (Section 13-12). 


15-26. The upper level of the H 2 (g) laser is the lowest excited state of the molecule, the 6' state, 
and the lower level is the ground state. The lasing occurs between the v 1 = 5 level of the 



464 


Chapter 15 


excited state and the v" = 12 level of the ground state. Use the following spectroscopic data to 
determine the wavelength of the laser light from the H 2 (g) laser. 

State f e /cm~' 0,/cnT 1 vi/cm' 1 

91 689.9 1356.9 19.93 

X'£+ 0 4401.2 121.34 

A 1.0 ns pulse can be generated with a pulse radiant power of 100 kW. Calculate the radiant energy 
of such a laser pulse. How many photons are there in this pulse? 


We can use Equation 13.21 to calculate the energy of the upper and lower lasing levels: 

G(v) = v„(v + {) -x f v f (v + \) 2 
G"( 12) = (4401.2 cnT')(12.5) - (121.34 cm -1 )(12.5) 2 
= 36 055.6 cm"' 

G‘{ 5) = (1356.9 cm _l )(5.5) - (19.93 cm-')(5.5) 2 
= 6860.1 cm -1 

f is the difference in the minima of the electronic potential energy curve in wave numbers, so the 
transition will have the energy 

v = T+ G\5)-G"(\2) 

= 91 689.9 cm' 1 + 6860.1 cm -1 — 36 055.6 cm -1 
= 62 494.3 cm -1 

Then X = (62 494.3 cm' 1 )' 1 = 160 nm. The radiant energy of a laser pulse is 

(100 kJ • s -1 ) (1.00 x 10 -9 s) = 1.0 x 10 -4 J 

and the number of photons per pulse is determined by using E = nhv. 

_ E_ _ EX 
hv he 

(1.0 x 10 -4 J)(160 x 10 -9 m) 

~ (6.626 x 10 -34 J - s) (2.998 x 10 s rn-s - ') 

= 8.06 x 10 13 photons 


15-27. In this problem, we will determine the excited-state rotational quantum numbers for the 
X -*■ A absorption bands of ICl(g) that are shown in Figure 15.14. The transition is from the v" = 0 
state of the X state to a highly excited vibrational level of the A state (i/ = 32). To accurately 
calculate the vibrational term G(v) for the excited A state, we will need to include a second-order 
anharmonic correction to take into account the shape of the potential curve. First-order corrections 
will be sufficient for the ground electronic state. Extending the approach discussed in Chapter 13, 
we would write 


G(v) = v e (v + j) - vx e {v + \) 2 + v e y e (v + 0 3 
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Some of the spectroscopic constants for the X ground state and the A excited state of ICl(g) are 
tabulated below. 

State fjc itT 1 vjcm~ l v e xjcm~ ] v (i yjcm~ ] BJ cm -1 a/cm -1 

A 13 745.6 212.30 1.927 -0.03257 0.08389 0.00038 

X 0 384.18 1.46 

Determine the value of v corresponding to the transition X(v” = 0, J" = 0) -+ A(v f = 32, J' — 0). 
Given that the ground state for the lines shown in Figure 15.14 is the v" = 0, J" — 2 level of the 
X state and that the rotational term for this level is F(2) — 0.65 cm" 1 , determine the closest value 
of J\ the rotational number of the v" = 32 level of the excited A state that gives the two observed 
spectral lines. Using your results, do you think that the individual lines between 17 299.45 and 
17 299.55 cm -1 in Figure 15.15 can be attributed to transitions to different excited rotational states 
from the X(v" = 0, J" = 2) ground state? 


For the ground state, we can use Equation 13.21 (as in the previous problem): 

G"( 0) = (^)(384.18cm“ 1 ) - (f) 2 (1.46cm" 1 ) 

- 191.73 cm-' 

We use Equation 13.21 as given in the problem to calculate G': 

G'(32) - (212.30 cnr')(32+ i) - (1.927 c m -')(32 + \) 2 - (0.03257 cm-')(32 + f) 3 
= 3746.29 cm"' 

T is the difference in the minima of the electronic potential energy curve in wave numbers, so the 
transition will have the energy 

v = T + G'( 32) - G"(0) 

= 13 745.6 cm" 1 + 3746.29 cm" 1 - 191.73 cm"' 

= 17 300.2 cm-' 

Using Equation 13.17, we can find B v for the 4-state, v — 32: 

K = b,~ 

= 0.08389 cm-' - (0.00038 cm-')(32 + [) = 0.07154 cm-' 

The observed lines are between 17 299.45 and 17 299.55 cm -1 . Recall that E v = G{v) + F(J) 
(Equation 13.10), so 

17 299.45 cm’ 1 « 17 300.2 cm"' - 0.65 cm' 1 + F'(J) 

17 299.45 cm"' « 17 299.5 + F'(J) 

Therefore, 0 ~ F'(J). Recall that F(J) = BJ(J + 1), so the best value for J for the excited 
state rotational level is J — 0. The lines cannot be attributed to different excited rotational 
ground states, because the differences between their energies, 0.1 cm - ', is less than the difference 
F'(l) — F'(0) = 0.14 cm-'. 


15-28. Hydrogen iodide decomposes to hydrogen and iodine when it is irradiated with radiation of 
frequency 1.45 x 10 15 Hz. When 2.31 J of energy is absorbed by HI(g), 0.153 mg of HI(g) is 
decomposed. Calculate the quantum yield for this reaction. 
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First, determine the number of molecules that decompose: 

- X — —-- (6.022 x 10 23 mol -1 ) = 7.203 x 10 17 molecules 

(126.904 + 1.008) g-mol - J v ' 

Now determine the number of photons absorbed (using the equation E = nhv ): 


n _ E_ __ 


2.31 J 


hv (6.626 x 10 -34 J■ s)(1.45 x 10 n s -1 ) 
The quantum yield is therefore 

7.203 x 10 17 


|5 = 2.40 x 10 photons 


<t> = 


2.40 x 10' 


= 0.30 


15-29. Ozone decomposes to 0 2 (g) and O(g) with a quantum yield of 1.0 when it is irradiated with 
radiation of wavelength 300 nm. If ozone is irradiated with a power of 100 W, how long will it take 
for 0.020 mol of 0 3 (g) to decompose? 


The number of photons of light produced in one second is 


EX 


n = 


he 


(100 J-s -l )(300 x 10 -9 m) 

(6.626 x 10 -34 J-s)(2.998 x 10 8 rms -1 ) 


= 1.51 x 10 2 °photon-s 1 


Because the quantum yield is 1.0, 1.51 x 10 20 molecules, or 2.51 x 10 -4 moles, of ozone will 
decompose per second. We can now easily find how long it will take to decompose 0.020 moles of 
ozone: 


0.020 mol 

2.51 x 10 -4 mol-s -1 


= 79.8 s 


15-30. The quantum yield for the photosubstitution reaction 

Cr(CO) 6 + NH 3 + hv —■> Cr(CO) 5 NH 3 + CO 

in octane solution at room temperature is 0.71 for a photolysis wavelength of 308 nm. How many 
Cr(CO) 6 molecules are destroyed per second when the solution is irradiated by a continuous laser 
with an output radiant power of 1.00 mW at 308 nm? If you wanted to produce one mole of 
Cr(CO) 5 NH 3 per minute of exposure, what would the output radiant power of the laser need to be? 
(For both questions, assume the sample is sufficiently concentrated so that all the incident light is 
absorbed.) 


The number of photons of light produced in one second is 
(1.00 x 10 -3 Fs -I )(308 x 10 -9 m) 


n = 


= 1.55 x 10 15 photon-s 


(6.626 x 10 -34 J-s)(2.998 x 10 8 rn-s - ') 

We can then use the quantum yield to determine the number of molecules destroyed per second: 

(0.71)(1.55 x 10 15 photon s -1 ) = 1.10 x 10 15 molecules destroyed'S -1 

To produce one mole per minute, we must produce 
1 moF 


60s 


6.022 x 10 23 mol 1 = 1.00 x 10 22 molecule-s 
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This means that we need 


(1.00 x 10 22 molecule-s ] ) 
0/71 


= 1.41 x 10 22 photon -s 1 


or an output radiant power of 


nhc (1.41 x 10 

Power =- = - 

X 

— 9.12 kW 


22 


s _1 )(6.626 x 10~ 34 J*s)(2.998 x 10 8 m-s" 1 ) 
308 x 10~ 9 m 


15-31. A mole of photons is called an einstein. Calculate the radiant energy of an einstein if the 
photons have a wavelength of 608.7 nm. 


Again, use E — nhv : 


E = 


nhc 


(6.022 x 10 23 ) (6.626 x 10" 34 J. S )(2.998 x 10 8 m-s" 1 ) 
~~~ 608.7 x 10 -9 m 


- 1.965 x 10 5 J 


15-32. The width of the duration of an electromagnetic pulse, At, and the width of the frequency 
distribution of the pulse, Av, are related by At Av = 1 /2n. Compute the width of the frequency 
distribution of a 10-fs laser pulse and a 1-ms laser pulse. Can you record high-resolution spectra 
like that shown in Figure 15.15 for ICl(g) using a tunable femtosecond laser? 


1 

Av =- 

2n At 


Fora 10-fs laser pulse, At = 10 fs and so Av — 1.59 x 10 13 s ‘.For a 1-ms laser pulse, At = 1 ms 
and Av = 159 s _1 . The resolution of the femtosecond laser is 


Av 

c 


1.59 x 10 13 s _1 
Z998 x 10 10 cm-s” 1 


= 531 cm 1 = Av 


The spectrometer used to record Figure 15.16 has a spectral resolution of 0.002 cm -1 , so a 
femtosecond laser cannot be used to record high-resolution spectra of the quality shown in 
Figure 15.15. 


15-33. In Section 15-8, we found that in the photodissociation reaction of ICN(g), 205 fs is required 
for the 1(g) and CN(g) photofragments to separate by 400 pm (Figure 15.18). Calculate the relative 
velocity of the two photofragments. (Hint: The equilibrium bond length in the ground state is 
275 pm.) 


Initially, the two photofragments were 275 pm apart, so the distance travelled in 205 fs is 
400 pm — 275 pm = 125 pm. The relative velocity of the photofragments is then 


125 x 10- ,2 m 
205 x 10“ 15 s 


610ms 1 


15-34. In the photolysis of ICN(g), the CN(g) fragment can be generated in several different 
vibrational and rotational states. At what wavelength would you set your probe laser to excite the 
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v" = 0, J” = 3 of the X 2 £ + ground state to the v* = 0, J* = 3 level of the B 2 T> + excited state? 
Use the following spectroscopic data. 

State TJ cm" 1 vj cm" 1 vi^/cm" 1 BJ cm -1 a/cm" 1 

£ 2 E + 25 751.8 2164.13 20.25 1.970 0.0222 

X 2 E + 0 2068.71 13.14 1.899 0.0174 

Calculate the energy-level spacing between the v" = 0, J" = 3 and the v" = 0, J” = 4 levels. 
Can the formation dynamics of a single vibrational-rotational state of CN(g) be monitored by a 
femtosecond pump-probe experiment? (Hint: See Problem 15-32.) 


We can use Equation 13.17 to determine B v for the v = 0 and v" = 0 levels, and then we can 
calculate F'(J) and F”(J)\ 

B = B -a(v+t) 

v e 2' 

B 0 (X) = 1.899 cm" 1 - \ (0.0174 cm" 1 ) = 1.890 cm" 1 
B 0 (B) = 1.970cm" 1 - f (0.0222 cm" 1 ) = 1.959cm" 1 

Equation 13.8 gives F(J ) = BJ(J + 1). Now 7 is the energy difference between v* = 0, J' = 0 
and v" — 0, J" = 0. Therefore, the energy difference between the v" — 0, J" = 3 of the X 2 Y, + 
ground state and the v' = 0, J' = 3 level of the 5 2 E + excited state is 

E = T + F'(J) - F"(J) 

= 25 751.8 cm" 1 + (1.959 cm^)(12) - (1.890 cm" I )(12) 

= 25 752.6 cm" 1 

This means that laser light of wavelength 388 nm (1/v) should be used to excite this transition. The 
energy-level spacing between the v" — 0, J" = 3 and v" = 0, J" = 4 levels is simply 

F'(4) - F"( 3) = (1.890cm" l )(20) - (1.890 cm“ 1 )(12) = 15.12 cm" 1 

Recall from Problem 15-32 that the spectral width of the 10 fs laser pulse is 531 cm" 1 . The width of 
the pulse is broader than the difference between the rotational levels we just calculated; therefore, 
femtosecond lasers cannot be used to monitor the formation dynamics of a single rovibrational state 
of CN. 


15-35. The X ] A } A electronic excitation of CH 3 I(g) at 260 nm results in the following two 
competing photodissociation reactions: 

CHjI(g) + hv —► CH 3 (g) + I(g)( 2 P 3/2 ) 

—> CH 3 (g) + r( g )( 2 p I/2 ) 

The energy difference between the excited 2 P l/2 state and the ground z P 3/2 state of 1(g) is 7603 cm -1 . 
The total quantum yield for dissociation is 1.00 with 31% of the excited molecules producing I*(g). 
Assuming that F(g) relaxes by only radiative decay, calculate the number of photons emitted per 
second by a CH 3 I(g) sample that absorbs 10% of the light generated by a 1.00-mW 260-nm laser. 


The number of photons emitted by the laser is 


EX 


n = 


he 


(1.00 x 10- 3 J)(260 x 10“ 9 m) 
(6.626 x 10' 34 J-s)(2.998 x 10 8 m-s” 1 ) 


= 1.31 x 10 15 photons 
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Because the sample absorbs only 10% of these photons, 1.31 x 10 14 photons are absorbed by the 
sample, and because the quantum yield is one, 1.31 x 10 14 molecules dissociate. Only 31% of these 
produce I*(g), so 4.06 x 10 13 molecules react to produce I*(g). Each excited iodine releases only 
one photon in its radiative decay process, so 4.06 x 10 13 photons are emitted. 


15-36. The frequency of laser light can be converted using nonlinear optical materials. The most 
common form of frequency conversion is second harmonic generation, whereby laser light of 
frequency v is converted to light at frequency 2v. Calculate the wavelength of the second harmonic 
light from a Nd 3+ :YAG laser. If the output pulse of a Nd 3+ :YAG laser at 1064.1 nm has a radiant 
energy of 150.0 mJ, how many photons are contained in this pulse? Calculate the maximum number 
of photons that can be generated at the second harmonic. (Hint: Energy must be conserved.) 


To determine the wavelength of the second harmonic from a Nd .YAG laser, we can use 


c 2c 
v = 2v. = — — — 

2 1 *2 


or A., = A../2. Therefore, A., = 1064.1 nm/2 = 532.05 nm. The 1064.1 nm pulse contains 


n _ EX _ 


(150.0 x 1(T 3 J)( 1064.1 x 10 J m) 


he (6.626 x 10" 34 J-s)(2.998 x 10 8 m-s -1 ) 
At the second harmonic, for the same amount of energy 


— — 8.035 x 10 photons 


n = 


EX (150.0 x 10~ 3 J)(532.05 x 10“ 9 m) 

1\c ~ (6.626 x 10" 34 J-s)(2.998 x 10 8 m-s“ l ) 


= 4.018 x 10 17 photons 


15-37. There are nonlinear optical materials that can sum two laser beams at frequencies u, and v 2 and 
thereby generate light at frequency v 3 = v, + v 2 . Suppose that part of the output from a krypton 
ion laser operating at 647.1 nm is used to pump a rhodamine 700 dye laser that produces laser light 
at 803.3 nm. The dye laser beam is then combined with the remaining output from the krypton ion 
laser in a nonlinear optical material that sums the two laser beams. Calculate the wavelength of the 
light created by the nonlinear optical material. 


We can use 


or 



803-3 nm + 647.1 nm X 3 


giving X 3 = 358.4 nm. 
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The following four problems examine how the intensity of absorption lines are quantified. 


15-38. The decadic absorbance A of a sample is defined by A = log(/ 0 //), where I Q is the light 
intensity incident on the sample and I is the intensity of the light after it has passed through the 
sample. The decadic absorbance is proportional to c, the molar concentration of the sample, and l, 
the path length of the sample in meters, or in an equation 

A = eel 

where the proportionality factor e is called the molar absorption coefficient. This expression is 
called the Beer-Lambert law. What are the units of A and e? If the intensity of the transmitted light 
is 25.0% of that of the incident light, then what is the decadic absorbance of the sample? At 200 nm, 
a 1.42 x 10 -3 M solution of benzene has decadic absorbance of 1.08. If the pathlength of the sample 
cell is 1.21 x 10 -3 m, what is the value of e? What percentage of the incident light is transmitted 
through this benzene sample? (It is common to express e in the non SI units L-rnol - ' -cm -1 because 
/ and c are commonly expressed in cm and mobL -1 , respectively. This difference in units leads to 
annoying factors of 10 that you need to be aware of.) 


The quantity A is unitless, because it is a logarithmic quantity, and the quantity e has units of 
m 2 -mor'. If the intensity of the transmitted light is 25.0% of that of the incident light, then 


A = log 


1 


0.250 


0.602 


For benzene, 


_ A __T08_ 

£ cl (1.21 x 10 -3 m)( 1.42 x 10 -3 mol-dm -3 ) 

The percentage of light transmitted through the sample is 


= 629 m 2 mol 1 


1.08 = log 0*) 

12 . 0 / = I 0 
I = 0.083 /„ 


(8.3% of the light is transmitted.) 


15-39. The Beer-Lambert law (Problem 15-38) can also be written as 


where N is the number of molecules per cubic meter and / is the pathlength of the cell in units 
of meters. What are the units of ct? The constant o in this equation is called the absorption 
cross section. Derive an expression relating a to e, the molar absorption coefficient introduced in 
Problem 15-38. Determine o for the benzene solution described in Problem 15-38. 


Because the exponential term must be unitless, o has units of m 2 . Now lnx = 2.303 log x, so 
In (j-^J = 2.303 log (j-'j = -2.303 log ^ = -oNl 
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so 


2.303 eel = a N l 


2.303e | | =oN 

N 


2.303e 


N t 


= a 


For the benzene solution in Problem 15-39, s = 629 m 2 • mol 1 , so 

2.303(629 m 2 -mor') 


a = 


6.022 x 10 23 mol 


-I 


= 2.41 x 10- 21 m 2 


15-40. The Beer-Lambert law (Problem 15-38) can also be written in terms of the natural logarithm 
instead of the base ten logarithm: 

L 

A = In — = k cl 
e I 

In this form, the constant k is called the molar napierian absorption coefficient , and A e 
is called the naperian absorbance. What are the units of k! Derive a relationship between 
k and e (see Problem 15-38). Determine k for the benzene solution described in Problem 
15-38. 


The units of k are the same as those of e: m 2 *mol As in the previous problem, use the fact that 
In x = 2.303 logjc to find 

I In 

In - = 2.303 log — =iccl 
I o I 

2.303 eel = kcI 


2.303s = k 

The quantity £ — 629 m 2 -mol -1 , so k — 1450 m 2 • mol -1 


15-41. A re-examination of the spectra in Chapter 13 reveals that the transitions observed have a line 
width. We define A, the integrated absorption intensity to be 

/ oo 

K(v)dv 

■oo 

where k(v) is the molar napierian absorption coefficient in terms of wavenumbers, v (see 
Problem 15^4-0). What are the units of A? Now suppose that the absorption line has a Gaussian line 
shape, or that 

k(v) = K(v m Je - a(v - v ^ )2 
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where a is a constant and v max is the maximum frequency of absorption. Plot /c(v). How is a related 
to Av, / 2 , the width of the absorption line at half of its maximum intensity? Now show that 

A = LOlK ^mJ A %2 

(Hint: ffe-^dx = (n/ 4£) 1/2 .) 


The quantity k is in units of m 2 -moI 1 and we integrate over m 1 to find A, so A has units of 
m mol -1 . A plot of the Gaussian shape is shown below. 



At half the maximum intensity, k(v, / 2 ) = j^(v max ). Substituting this value into the equation for a 
Gaussian lineshape gives 

I = 


so 


In 2 = oc(i U2 - v m J 2 
0.833 


An 


= (v 


1/2 ^max^ 


The width of the absorption line is twice the difference v 1/2 — v max , so 

1.66 


= 


An 


a 1/2 = 


1.66 


Av 


1/2 


Letting k have the Gaussian line shape described in the problem, 

/ OO 

K(v mm )e-^-' v ^dv 

■OO 

=' c<i '-- ) w) 


= K(V m J- 


7T 1/2 AV 


1/2 


1.66 

= 1 -07/c (f^ max ) A Vj/2 
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Numerical Methods 

PROBLEMS AND SOLUTIONS 


Excel was used to create spreadsheets for the approximations in the problems below. Any spreadsheet 
program can be used, but programs such as Excel, where the formulas can be saved and are automatically 
recalculated when different values are entered, are more powerful in this case than programs which are 
primarily used for graphing (such as Kaleidagraph). 

G-1. Solve the equation x 5 + 2x 4 + 4x = 5 to four significant figures for the root that lies between 0 
and 1. 


/ ( jc ) = x 5 + 2x 4 + 4x-5 
f (*) = 5x 4 + 8 jc 3 + 4 


The iterative formula for the Newton-Raphson method is 


n + l 


= x — 


/(*.) 

/'W 


(GM) 


To set up a spreadsheet for the Newton-Raphson method, let one column contain x n , one column 
contain the formula for /(jc), and one column contain the formula for /'(jc). [Allow the first x n 
to be input manually; thereafter, let your spreadsheet calculate the values of x n using the equation 
above.] Since we wish to find the root which lies between 0 and 1, we can take x 0 to be 0.5: 


n 

JC 

n 


/'(*„) 

0 

0.50000 

-2.84375 

5.3125 

1 

1.03529 

2.62821 

18.62145 

2 

0.894155 

0.426631 

12.91523 

3 

0.861122 

0.0177315 

11.85774 

4 

0.859627 

3.4128 x 10“ 5 

11.81213 

5 

0.859624 




Thus the root is 0.8596. 


G-2. Use the Newton-Raphson method to derive the iterative formula 
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for the value of \[A. This formula was discovered by a Babylonian mathematician more than 2000 
years ago. Use this formula to evaluate >/2 to five significant figures. 


x 1 = A, so x 1 — A = 0 = /( x) and 2x = f'(x). From the Newton-Raphson equation, 


= x 


" f'( x J 

( X n 2 ~ A ) _ 2X n ~ X n 2 + A 


2x 


2x 


— ^ I H- 


We know that \[2 is between 1 and 2, so we can take x 0 to be 1.5. In three iterations, we find that 
V2 = 1.4142 to five significant figures. 


G-3. Use the Newton-Raphson method to solve the equation e x + 0/5) = 1 to four significant 
figures. This equation occurs in Problem 1-5. 


f(x) = e~ x + 0 1 = 0 
f(x) = -e~* + j 

We select 5 as x Q because (5/5) — 1=0 and e -5 is a small number. Using the spreadsheet, we find 

* \ roo 

0 5.00000 6.73795 x 10" 2 0.19326 

1 4.96514 4.143 x 10 -6 0.19302 

2 4.96511 

Thus the solution to the equation is 4.965 (to four significant figures). 


G-4. Consider the chemical reaction described by the equation 


CH 4 (g) + H 2 0(g) ^ CO(g) + 3 H 2 (g) 

at 300 K. If 1.00 atm of CH 4 (g) and H 2 0(g) are introduced into a reaction vessel, the pressures at 
equilibrium obey the equation 

P co P i = UK3X) 3 = 26 

^CH, ^H 2 0 — ^ ~ X ) 


27x 4 

1 - 2x + x 2 


= 26 


27x 4 = 26 - 52x + 26x 2 


Solve this equation for x. 
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The functions we will use in the spreadsheet created for Problem G-l are then 

f(x) = 0 = 27a: 4 - 26a: 2 + 52* - 26 
fix) = 108a: 3 -52a: + 52 

We know that x must be between 0 and 1, so we can take x 0 to be 0.5. Then 

” X n 

0 0.50000 -4.81250 39.50000 

1 0.62184 0.31884 45.63326 

2 0.61485 0.00177 45.13101 

3 0.61481 

To three significant figures, x = 0.615 atm. 

G-5. In Chapter 16, we will solve the cubic equation 

64x 3 + 6x 2 + \ 2x -1=0 

Use the Newton-Raphson method to find the only real root of this equation to five significant 
figures. 

f(x ) = 64jc 3 + 6x 2 + 12a: —1=0 
f'(x ) = 192a: 2 + 12jc + 12 

The solution must be small (—1 < x < 1), so let us take x 0 = —0.5. Then 


n 


W 


0 

-0.50000 

-13.5000 

54.00000 

1 

-0.25000 

-4.62500 

21.00000 

2 

-0.02976 

-1.35352 

11.81293 

3 

0.084817 

0.10002 

14.39905 

4 

0.0778708 

1.0539 x 10“ 3 

14.09871 

5 

0.0777961 

1.17 x 10“ 7 

14.09558 

6 

0.0777961 




So x = 7.7780 x 10“ 2 . 

G-6. Solve the equation x 3 — 3a; + 1 = 0 for all three of its roots to four decimal places. 

f(x) = x 3 — 3 a: + 1 
f'(x) = 3x 2 -3 
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Setting f'(x ) equal to zero, we find that the inflection points of the equation jc 3 - 3x + 1 are 1 
and -1. We can therefore set our x Q 's to 0, -1.5, and 1.5. 


n 


/(*») 

/'<*„> 

0 

0.00000 

1.00000 

-3.00000 

1 

0.333333 

0.03704 

-2.66667 

2 

0.347222 

1.956 x 10- 4 

-2.63831 

3 

0.347296 

6 x 10" 9 

-2.63816 

4 

0.347296 



n 


W 

/'(*„) 

0 

1.50000 

-0.12500 

3.75000 

1 

1.53333 

0.005037 

4.05333 

2 

1.53209 

7.102 x 10" 6 

4.04191 

3 

1.53209 



n 


/(*„> 

/'(*«) 

0 

-1.50000 

2.12500 

3.75000 

1 

-2.06667 

-1.62696 

9.81333 

2 

-1.90088 

-0.16586 

7.83998 

3 

-1.87972 

-2.5428 x 10- 

3 7.60004 

4 

-1.87939 

-6.312 x 10" 7 

7.59627 

5 

-1.87939 




The three roots of jc 3 - 3x + 1 are 0.3473, 1.532, and -1.879. 


G-7. In Example 16-3 we will solve the cubic equation 

V 3 - 0.1231V 2 + 0.02056 V-0.001271 =0 
Use the Newton-Raphson method to find the root to this equation that is near V = 0.1. 


Let V = *: 


f(x ) = * 3 - 0.123lx 2 + 0.02056* - 0.001271 
/'(*) = 3* 2 - 0.2462* + 0.02056 

We can take * 0 = 0.120. Then 


n 

JC 

n 

f( x n) 

n* n ) 

0 

0.120 

1.1516 x 10“ 3 

3.4216 x 10“ 2 

1 

0.086344 

2.3021 x 10 -4 

2.1668 x 10“ 2 

2 

0.075720 

1.4145 x 10“ 5 

1.9118 x 10“ 2 

3 

0.074980 

5.6559 x 10~ 8 

1.8966 x 10- 2 

4 

5 

0.074977 

0.074977 

9.0564 x 10“ 13 

1.8965 x 10 -2 


So the root to the equation near V = 0.120 is V = 0.074977. 



Numerical Methods 


477 


G-8. In Section 16-3 we will solve the cubic equation 

7 3 - 0.3664 V 2 + 0.03802 V - 0.001210 = 0 

Use the Newton-Raphson method to show that the three roots to this equation are 0.07073,0.07897, 
and 0.2167. 


Let V = x: 


/(jc) = * 3 - 0.3664.x 2 + 0.03802* - 0.001210 
/'(*) = 3x 2 - 0.7328x + 0.03802 

We can set our * 0 ’s to 0.069, 0.080, and 0.20, conveniently close to those given in the problem text. 
Then 


n x 

n 

/(*„) 

/'(■*.) 

0 0.069 

1 0.070461 

2 0.070724 

3 0.070733 

4 0.070733 

-2.5414 x 10“ 6 
-3.3701 x 10“ 7 
-1.0719 x 10’ 8 
-1.2323 x 10" 11 

1.7398 x 10" 3 
1.2805 x 10- 3 
1.1991 x 10" 3 
1.1964 x 10" 3 

n X n 

/(*„> 

/'(•*„) 

0 0.080 

1 0.079031 

2 0.078928 

3 0.078927 

4 0.078927 

-1.36 x 10" 6 
-1.1951 x 10" 7 
-1.3824 x 10" 9 
-1.9414 x 10 -13 

-1.4040 x 10" 3 
-1.1563 x 10" 3 
-1.1295 x 10“ 3 
-1.1292 x 10“ 3 

» 



0 0.20 

1 0.22286 

2 0.21721 

3 0.21674 

4 0.21674 

-2.62 x 10" 4 
1.3405 x 10' 4 
9.4788 x 10“ 6 
6.1550 x 10“ 8 

1.1460 x 10“ 2 
2.3709 x 10“ 2 
2.0388 x 10" 2 
2.0124 x 10~ 2 


G-9. The Newton-Raphson method is not limited to polynomial equations. For example, in Problem 
4-38 we solved the equation 


e 1/2 tans 1/2 = (12 — e) ,/2 

for s by plotting s 1/2 tans 1/2 and (12 - s) 1/2 versus e on the same graph and noting the intersections 
of the two curves. We found that e = 1.47 and 11.37. Solve the above equation using the 
Newton-Raphson method and obtain the same values of s. 
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Let s — x : 


f(x) = (\2- x)' /2 - x' ,2 tmx' /2 
, —1 tan x 1/2 sec 2 x 1/2 

7 (X) = 2(12 — jc) 1/2 " “2^ 2 

We use the spreadsheet created for Problem G-l to find that e = 1.4715 and 11.372. 


G-1 0 . Use the trapezoidal approximation and Simpson’s rule to evaluate 


/ 


f ] dx 
l TTx 2 


This integral can be evaluated analytically; it is given by tan '(1), which is equal to 7t/4, so 
/ = 0.78539816 to eight decimal places. 


Set up a new spreadsheet which will use the trapezoidal approximation, and another for Simpson’s 
rule. For Simpson’s rule, your coefficients of the functions vary according to whether the variable’s 
subscript is even or odd. I set up two columns: one for /(*,), /(x 3 ), f(x 5 ),... and one for 

/(* 2 )> /(* 4 )* /(* 6 ).One can then calculate f(x 0 ) and f(x 2n ) elsewhere (I used cells above my 

two columns) and creating an equation for the approximation to the integral then becomes trivial. 
The spreadsheet for the trapezoidal approximation is much the same. This spreadsheet can be used 
for the remainder of the problems. 

n h I n (trapezoidal) /^(Simpson's rule) 

10 0.1 0.7849814972 0.7853981632 

50 0.02 0.7853814967 0.7853981634 

100 0.01 0.7853939967 0.7853981634 


G-11. Evaluate In 2 to six decimal places by evaluating 



What must n be to assure six-digit accuracy? 


To find n to six-digit accuracy, the error must be no greater than 1 x 10 6 . Then 

M(b - a)h 4 


E = 


180 


where M is the maximum value of / v (jc). Differentiate f(x) to find 


rw = 


24 


The maximum value of f ix) in the interval from 1 to 2 is thus 24. Then 


1 x 10“ 6 = 


6 24(2- 1 )h 4 


180 


h = 0.0523 
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Recall h = (b — a)/In. Thus n = (b — a)/2h — 1/0.105 = 9.6, and the smallest value of n needed 
is 10. We use this value of n to find In 2 = 0.693147. 


G-12. Use Simpson’s rule to evaluate 

poo 

/= / e~ xl dx 
Jo 

and compare your result with the exact value, /2. 

Use the spreadsheet created for Problem G-10 to find 

e~ x2 dx = 0.8862269 

We can use large values of n to find this value to greater accuracy, if need be. 



G-13. The integral 



x*dx 


e x - 1 


occurs in Problem 1-42, where we use its exact value tt 4 /15. Use Simpson’s rule to evaluate / to 
six decimal places. 


Use the spreadsheet created for Problem G-10 to find / = 6.49394. 


G-14. Use a numerical software package such as MathCad , Kaleidagraph , or Mathematica to evaluate 
the integral 

s = 4 tt 1/2 

for values of a between 0.200 and 0.300 and show that S has a maximum value at a = 0.271 (see 
Problem 11-11). 


Here, we use values of a calculated by Mathematica at intervals of 0.005 and plot 5 against a. 


0.978 
0.976 
C* 0.974 
00 0.972 
0.970 
0.968 



■ i ■ i i » » » i » i i i I i i i i 1 i. 

0.22 0.24 0.26 0.28 


0.3 


a 
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The maximum value of S is around a — 0.27. The values of S(a) close to a — 0.271 are given 
below. 


a 

0.2700 

0.2705 

0.2710 

0.2715 

0.2720 

S(a ) 

0.9784029 

0.9784041 

0.9784044 

0.9784039 

0.9784024 
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The Properties of Gases 

PROBLEMS AND SOLUTIONS 


16-1. In an issue of the journal Science a few years ago, a research group discussed experiments in 
which they determined the structure of cesium iodide crystals at a pressure of 302 gigapascals 
(GPa). How many atmospheres and bars is this pressure? 


2.98 x 10 6 atm, 3.02 x 10 6 bar 


16-2. In meteorology, pressures are expressed in units of millibars (mbar). Convert 985 mbar to torr 
and to atmospheres. 


739 torr, 0.972 atm 


16-3. Calculate the value of the pressure (in atm) exerted by a 33.9-foot column of water. Take the 
density of water to be 1.00 g*mL _1 . 


We first convert the height of the column to metric units: 33.9 ft = 10.33 m. Now 

P = pg h = (1.00 kg*dm _3 )(98.067 dm. S " 2 )(103.3 dm) 

- 1.013 x 10 4 kg-dm" 1 s -2 
= 1.013 x 10 5 Pa = 1.00 atm 


16-4. At which temperature are the Celsius and Farenheit temperature scales equal? 


-40° 


16-5. A travel guide says that to convert Celsius temperatures to Farenheit temperatures, double the 
Celsius temperature and add 30. Comment on this recipe. 
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This will provide a rough estimate of the temperature, decreasing in accuracy as temperature 
increases. (Of course, it is not valid for Celsius temperatures below zero degrees.) At room 
temperatures, it is accurate enough for ordinary purposes. 


Actual T (°C) 

Actual T (°F) 

Travel T (°F) 

0 

32 

30 

10 

50 

50 

20 

68 

70 

30 

86 

90 

40 

104 

110 


16-6. Research in surface science is carried out using ultra-high vacuum chambers that can sustain 
pressures as low as 10 -12 torr. How many molecules are there in a 1.00-cm 3 volume inside such an 
apparatus at 298 K? What is the corresponding molar volume V at this pressure and temperature? 


We will assume ideal gas behavior, so 


PV 

~RT 


— n 


(16.1 a) 


(10“ 2 torr)(1.00 cm 3 ) 


= n 


(82.05 8 cm 3 • atm • mol - 1 • K" 1 ) (760 torr • atm" 1 ) (298 K) 

5.38 x 10 -20 mol = n 

so there are 3.24 x 10 4 molecules in the apparatus. The molar volume is 

1.00 cm 3 


V = X = _ 

n 5.38 x 10 20 mol 


= 1.86 x 10 19 cm 3 -mol 


i-i 


16-7. Use the following data for an unknown gas at 300 K to determine the molecular mass of the gas. 


P /bar 

0.1000 

0.5000 

1.000 

1.01325 

2.000 

p/g-L' 1 

0.1771 

0.8909 

1.796 

1.820 

3.652 


The line of best fit of a plot of P/p versus p will have an intercept of RT/M. Plotting, we find that 
the intercept of this plot is 0.56558 bar-g _1 - dm 3 , and so M =44.10 g-mol -1 . 


16-8. Recall from general chemistry that Dalton’s law of partial pressures says that each gas in a 
mixture of ideal gases acts as if the other gases were not present. Use this fact to show that the 
partial pressure exerted by each gas is given by 


P = 

j 


n. 


Cal = yj P t 


total 


where P. is the partial pressure of the j th gas and y. is its mole fraction. 
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The ideal gas law (Equation 16.1) gives 


P..,V =n..,RT = Y' n.RT 

total total / > j 


and 


P. V = rijRT 


for all component gases j. Solving each expression for RT/ V and equating the results gives 


total 

T. n. 
j 


n j 


or 


p — — J — p - v P 

j Y n total 1 


total 


16-9. A mixture of H 2 (g) and N 2 (g) has a density of 0.216 g-L 1 at 300 K and 500 torr. What is the 
mole fraction composition of the mixture? 


The density of the mixture is 0.216 g-L ', so there are 216 g of gas present in one m 3 of gas. Take 
the total volume of the mixture to be 1 m 3 . Then, using the ideal gas law (Equation 16.1), we find 


500 torr ( 101 22 _ 5 _ M j m 3 = n (8.3145 J-mor 1 • K" 1 ) (300 K) 

V 760 torr J 101 v ’ 

26.7 mol = « tot 

There are 26.7 mol of gas per cubic meter. Let x be the number of moles of hydrogen gas. 
Then n — x is the number of moles of nitrogen gas. Since M H = 2.01588 g-mol -1 and 
M n = 28.01348 g • mol -1 , we can write 

216 g = (28.01348 g-mol"') (26.7 mol - x mol) + (2.01588 g-mol" 1 ) (x mol) 

26x = 532.6 g 
x = 20.5 g 


The mole fractions of each component of the mixture are therefore 


and 


3 'h 2 = — 

tot 


20.5 mol 
26.7 mol 


0.77 


“ 
2 n t 


6.2 mol 
26.7 mol 


0.23 


16-10. One liter of N 2 (g) at 2.1 bar and two liters of Ar(g) at 3.4 bar are mixed in a 4.0-L flask to 
form an ideal-gas mixture. Calculate the value of the final pressure of the mixture if the initial and 
final temperature of the gases are the same. Repeat this calculation if the initial temperatures of 
the N 2 (g) and Ar(g) are 304 K and 402 K, respectively, and the final temperature of the mixture is 
377 K. (Assume ideal-gas behavior.) 
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a. Initially, we have one liter of N 2 at 2.1 bar and two liters of Ar at 3.4 bar. We can use the ideal 
gas law (Equation 16.1) to find the number of moles of each gas: 


p V 
RT 


n M = 


(2.1 x 10 5 Pa) (l x 10" 3 m 3 ) 


p V 

Ar v Ar 

RT 


210 Pa m 3 
RT 


RT 


_ (3.4 x 10 5 Pa) (2 x 10 -3 m 3 ) 

“ RT 

_ 680 Pa-m 3 

~ RT 


The total moles of gas in the final mixture is the sum of the moles of each gas in the mixture, 
which is (890 Pa-m 3 )//?7\ So (Equation 16.1) 


P = 


nRT 890 Pa m 3 


V 


0.0040 m 3 


= 2.2 x 10 5 Pa = 2.2 bar 


b. Here, the initial temperatures of N 2 and Ar are different from each other and from the 
temperature of the final mixture. From above, 


total 


210Pa-m 3 680Pa-m 3 

= n., +n. =-1- 

N > Ar i?(304 K) fl(402K) 

Substituting into the ideal gas law (Equation 16.1), 


P = 


210 Pa-m 3 680 Pa-m 3 ] f R(371 K) 


L /?(304 K) R (402 K) 

= 2.2 x 10 5 Pa = 2.2 bar 


0.0040 m 3 


16-11. It takes 0.3625 g of nitrogen to fill a glass container at 298.2 K and 0.0100 bar pressure. It takes 
0.9175 g of an unknown homonuclear diatomic gas to fill the same bulb under the same conditions. 
What is this gas? 


The number of moles of each gas must be the same, because P, V, and T are held constant. The 
number of moles of nitrogen is 


% = 


0.3625 g 


= 1.294 x 10“ 2 mol 


28.0135 g-mol -1 

The molar mass of the unknown compound must be 

0.9175 g 

M =- 5 -= 70.903 g-mol 

1.294 x 10 -2 mol 5 

The homonuclear diatomic gas must be chlorine (Cl 2 ). 


-i 


16-12. Calculate the value of the molar gas constant in units of dm 3 -torr-K '-mol '. 


R = 8.31451 J-mor'-K' 1 
= (8.31451 Pa-m 3 -mol" 1 K- 1 ) 
= 62.3639 dm 3 -torr-K -1 -mol -1 


10 dm 
1 m 


760 torr 


1.01325 x 10 5 Pa 
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16-13. Use the van der Waals equation to plot the compressibility factor, Z, against P for methane 
for T = 180 K, 189 K, 190 K, 200 K, and 250 K. Hint-. Calculate Z as a function of V and P as a 
function of V, and then plot Z versus P. 


For methane, a = 2.3026 dm 6 bar-mol 2 and b = 0.043067 dm 3 mol '. By definition, 



and the van der Waals equation of state is (Equation 16.5) 

P _ R L _ JL 
“ V-b ~ V 2 

We can create a parametric plot of Z versus P for the suggested temperatures, shown below. Note 
that the effect of molecular attraction becomes less important at higher temperatures, as observed 
in the legend of Figure 16.4. 



16-14. Use the Redlich-Kwong equation to plot the compressibility factor, Z, against PJor methane 
for T = 180 K, 189 K, 190 K, 200 K, and 250 K. Hint: Calculate Z as a function of V and P as a 
function of V, and then plot Z versus P. 


For methane, A = 32.205 dm 6 bar-mol 2 -K ,/2 andfi = 0.029850 dm 3 -mol 1 . By definition. 



and the Redlich-Kwong equation of state is (Equation 16.7) 

_ R T A 

~ V-B ~ T' /2 V(V + B) 


We can create a parametric plot of Z versus P for the suggested temperatures, shown below. Note 
that the effect of molecular attraction becomes less important at higher temperatures, as observed 
in the legend of Figure 16.4. 
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16-15. Use both the van der Waals and the Redlich-Kwong equations to calculate the molar volume 
of CO at 200 K and 1000 bar. Compare your result to the result you would get using the ideal-gas 
equation. The experimental value is 0.04009 L-mol" 1 . 


We can use the Newton-Raphson method (MathChapter G) to solve these cubic equations of state. 
We can express f(V) for the van der Waals equation as (Example 16-2) 


f(V) 


V 3 


-(**?) 


y 2 +“v-2* 

P P 


and f\V) as 

f’(V) = 3V 2 - 2 (b + ?p) V + j 


For CO, a = 1.4734 dm 6 -bar-mor 2 and b = 0.039523 dm 3 -mol -1 (Table 16.3). Then, using 
the Newton-Raphson method, we find that the van der Waals equation gives a result of V — 
0.04998 dm 3 mol" 1 . Likewise, we can express f(V ) for the Redlich-Kwong equation as 
(Equation 16.9) 


f(V) = V 3 


Ely 2 

p 



BRT 

P 


T Xfl P ) 7" 1/2 P 


and f'(V) as 


f(V) = 3V 2 


2 LLv-(b^ + EEL 
p V p 


-J-) 

t U2 p) 


For CO, A = 17.208 dm 6 -bar-mor 2 -K 1/2 and B = 0.027394 dm 3 -mor‘ (Table 16.4). Applying 
the Newton-Raphson method, we find that the Redlich-Kwong equation gives a result of 
V = 0.03866 dm 3 -mol" 1 . Finally, the ideal gas equation gives (Equation 16.1) 



(0.083145 dm 3 >bar-mol" 1 -K- 1 )(200 K) 
1000 bar 


= 0.01663 dm 3 mol 1 


The experimental value of 0.04009 dm 3 - mol 1 is closest to the result given by the Redlich-Kwong 
equation (the two values differ by about 3%). 


16-16. Compare the pressures given by (a) the ideal-gas equation, (b) the van der Waals equation, 
(c) the Redlich-Kwong equation, and (d) the Peng-Robinson equation for propane at 400 K 
and p = 10.62 mol dm" 3 . The experimental value is 400 bar. Take a = 9.6938 L 2 moL 2 and 
= 0.05632 L-moL 1 for the Peng-Robinson equation. 
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The molar volume corresponding to a density of 10.62 mol-dm 3 is 0.09416 dm 3 -moI 1 

a. The ideal gas equation gives a pressure of (Equation 16.1) 


_ RT _ (0.083145dm 3 -bar-mor'•K~')(400K) 
P V 0.09416 dm 3 -mol -1 

b. The van der Waals equation gives a pressure of (Equation 16.5) 

RT a 
~V-b~V 


353.2 bar 


For propane, a = 9.3919 dm 6 -bar-mol 2 and b = 0.090494 dm 3 -mol 1 (Table 16.3). Then 

_ (0,083145 dm 3 -bar-mol~ l -K~')(400 K) _ 9.3919 dm 6 -bar-mol~ 2 

P 0.09416dm 3 -mol -1 — 0.090494dm 3 mol -1 (0.09416dm 3 -mol -1 ) 2 
= 8008 bar 


c. The Redlich-Kwong equation gives a pressure of (Equation 16.7) 

RT 4 

“ V-B ~ T l/2 ' V(V + B) 

For propane, A = 183.02 dm 6 -bar-mol -2 -K l/2 and B = 0.062723 dm 3 'mol 1 (Table 16.4). 
Then 

_ (0,083145 dm^bar-mol -1 •~ 1 )(400 K) 

P 0.09416 dm 3 -mol -1 — 0.062723 dm 3 -mol -1 

_ 183.02 dm 6 -bar-mor 2 -K' /2 _ 

(400 K) 1/2 (0.09416 dm 3 'mor')(0.09416 dm 3 -mor' + 0.062723 dm 3 -mol -1 ) 

= 438.4 bar 

d. The Peng-Robinson equation gives a pressure of (Equation 16.8) 

_ RT a 

~ v-p ~ V(V + P) + p(V -P) 

For propane, a = 9.6938 dm 6 -barmol -2 and p = 0.05632 dm 3 - mol -1 . Then 

(0.083145 dm 3 -bar-mor‘ - _1 )(400 K) 

P 0.09416 dm 3 -mor' — 0.05632 dm 3 -mol -1 

9.6938 dm 6 bar mor 2 

~ (0.09416)(0.09416 + 0.05632) dm 6 -mol _2 + (0.05632)(0.09416- 0.05632) dm 6 -mol -2 
= 284.2 bar 

The Redlich-Kwong equation of state gives a pressure closest to the experimentally observed 
pressure (the two values differ by about 10%). 


16-17. Use the van der Waals equation and the Redlich-Kwong equation to calculate the value of the 
pressure of one mole of ethane at 400.0 K confined to a volume of 83.26 cm 3 . The experimental 
value is 400 bar. 


Here, the molar volume of ethane is 0.08326 dm 3 -mol 1 
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a. The van der Waals equation gives a pressure of (Equation 16.5) 

_ RT a 
~ V-b ~ V 1 


Forethane,a = 5.5818 dm 6 barmol 2 and b = 0.065144 dm 3 -mol 1 (Table 16.3). Then 

(0.083145 dm^bar-mol -1 -K _1 )(400 K) 5.5818 dm 6 -bar-mor 2 
0.08326 dm 3 - mol -1 — 0.065144 dm 3 -mol -1 (0.08326 dm 3 -mor 1 ) 2 
= 1031 bar 


b. The Redlich-Kwong equation gives a pressure of (Equation 16.7) 

p _ RT A 

~ V-B ” P /2 V(V + B) 

For ethane, A = 98.831 dm 6 -barmor 2 -K ,/2 and B = 0.045153 dn^-mol -1 (Table 16.4). Then 

(0.083145 dm 3 bar-mor 1 •K- I )(400 K) 

” 0.08326 dm 3 -mol" 1 - 0.045153 dm 3 -mol"’' 

98.831 dm 6 - bar ■ mol -2 • K 1/2 

_ (400 K) 1/2 (0.08326 dm 3 -mol" 1 )(0.08326 + 0.045153) dnr’-mor 1 
= 410.6 bar 

The value of P found using the Redlich-Kwong equation of state is the closest to the experimentally 
observed value (the two values differ by about 3%). 


16-18. Use the van der Waals equation and the Redlich-Kwong equation to calculate the molar density 
of one mole of methane at 500 K and 500 bar. The experimental value is 10.06 mol L -1 . 


We can use the Newton-Raphson method (MathChapter G) to solve the cubic equations of state 
for V, and take the reciprocal to find the molar density. We use the experimentally observed molar 
volume of 0.09940 dm 3 -mol _1 as the starting point for the iteration. We can express f(V) for the 
van der Waals equation as (Example 16-2) 


f(V)=V 3 



V'+JV-T 


and f'(V) as 

f'(V) = 3V 2 - 2 (b + ?p)V + j 


For methane, a = 2.3026 dm^bar-mol -2 and b = 0.043067 dm 3 -mol _l (Table 16.3). Then 
(using the Newton-Raphson method) we find that the van der Waals equation gives a result of 
V = 0.09993 dm 3 -mol -1 , which corresponds to a molar density of 10.01 mol-dm" 3 . Likewise, we 
can express f(V) for the Redlich-Kwong equation as (Equation 16.9) 


- —-r 3 RT —2 / , BRT A \ — AB 


nv) = v-—v - * 2 + 


p T 1/2 p J pl/2 p 


V - 


and f(V) as 


_ ODT 7 

f(V) = 3V -~—V-[B 2 + 


BRT A 


P 


P 


f 1/2 p 
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For methane, A = 32.205 dm 6 -bar-mor 2 -K 1/2 and B = 0.029850 dm 3 -mol -1 (Table 16.4). Then 
(using the Newton-Raphson method) we find that the Redlich-Kwong equation gives a result 
of ~V = 0.09729 dm 3 -mol -1 , which corresponds to a molar density of 10.28 mol-dm -3 . The 
molar density of methane found using the van der Waals equation of state is within 0.5% of the 
experimentally observed value. 


16-19. Use the Redlich-Kwong equation to calculate the pressure of methane at 200 K and a density 
of 27.41 mol-L -1 . The experimental value is 1600 bar. What does the van der Waals equation give? 


The molar volume of the methane is 0.03648 dm 2 • mol 1 . 
a. The van der Waals equation gives a pressure of (Equation 16.5) 

P - — - — 

~ V - b V 2 

For methane, a = 2.3026 dm 6 -bar-mol -2 and b = 0.043067 dm 3 -mor' (Table 16.3). Then 

n (0.083145 dm 3 -bar-mor' K -l )(200 K) 2.3026 dm 6 -bar-mol -2 
P = 0.03648 dm 3 -mol" 1 - 0.043067 dm 3 -mol"' ~~ (0.03648 dm 3 -mol -1 ) 2 
= -4256 bar 


b. The Redlich-Kwong equation gives a pressure of (Equation 16.7) 

_ R T A 

~ V - B ~ T' ,2 V(V + B) 


For ethane, A = 32.205 dm 6 -bar-mol 2 'K l/2 andfi = 0.029850 dm 3 -mol 1 (Table 16.4). Then 

_ (0,083145 dm 3 -bar-mol" 1 ■~ 1 )(200 K) 

P 0.03648 dm 3 -mol -1 — 0.029850 dm 3 -mol -1 

32.205 dm 6 -bar-mol -2 -K l/2 

~ (200 K) i/ 2 (0.03648 dm 3 -mol _l )(0.03648 dm 3 -mol -1 + 0.029850 dm 3 -mol _l ) 

= 1566 bar 


The value of P found using the Redlich-Kwong equation of state is within 2% of the experimentally 
observed value. The value of P found using the van der Waals equation is obviously incorrect (as it 
is negative). This is a good example of the problems associated with the van der Waals equation. 


16-20. The pressure of propane versus density at 400 K can be fit by the expression 

Pf bar = 33.258(p/mol-L _l ) - 7.5884(p/mol-L-') 2 

+ 1.0306(p/mol-L -1 ) 3 - 0.058757(p/mol-L-‘) 4 
—0.0033566(p/mol-L -1 ) 5 + 0.00060696(p/mol-L-') 6 

for 0 < p/mol-L -1 < 12.3. Use the van der Waals equation and the Redlich-Kwong equation to 
calculate the pressure for p = 0 mol-L _l up to 12.3 mol-L -1 . Plot your results. How do they 
compare to the above expression? 
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The van der Waals constants for propane are (Table 16.3) a = 9.3919 dm 6 -bar-mor 2 and 
b = 0.090494 dm 3 -mor'. From Equation 16.5, we can write the pressure calculated using the van 
der Waals equation of state as 


RT a 



(0.083145 dm 3 bar-mor 1 K-')(400K) 9.3919 dm 6 -bar m 0 r 2 

p~' -0.090494 dm 3 -mor‘ _ p~ 2 

Likewise, the Redlich-Kwong constants for propane are (Table 16.4)4 = 183.02dm 6 -bar-mc>r 2 K l/2 
and B = 0.062723 dm 3 • mol" 1 . From Equation 16.7, we can write the pressure calculated using the 
Redlich-Kwong equation of state as 

RT 4 

P ~ p“‘ - B ~ T' /2 p~'(p- 1 + B) 

(0.083145 dm 3 -bar-mor' •K- , )(400 K) 

" p-' -0.062723 dm 3 -mol -1 

183.02 dm 6 -bar*mor 2 *K 1/2 
_ (400 K ) l/ V ( p- ] + 0^062723 dm^mor 1 ) 

We plot these equations expressing pressure as a function of p as shown below. 



The Redlich-Kwong equation of state describes the data very well, while the van der Waals equation 
gives a markedly poorer approximation of the observed behavior, especially at high densities. 


16-21 . The Peng-Robinson equation is often superior to the Redlich-Kwong equation for temperatures 
near the critical temperature. Use these two equations to calculate the pressure of C0 2 (g) 
at a density of 22.0 mol L -1 at 280 K [the critical temperature of C0 2 (g) is 304.2 K], Use 
a =4.192 bar-L 2 -mol“ 2 and = 0.02665 L-mol -1 for the Peng-Robinson equation. 


The molar volume of C0 2 is 0.04545 dm 3 - mol 1 . 

a. The Redlich-Kwong equation gives a pressure of (Equation 16.7) 

_ JtT _ A 

~ V - B T' /2 V(V + B) 
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ForC0 2 , A = 64.597 dm 6 bar-mol 2 -K i/z and B = 0.029677 dm 3 mol 1 (Table 16.4). Then 

(0.083145 dm 3 -bar-mol -1 - _1 )(280 K) 

0.04545 dm 3 -mol -1 — 0.029677 dm 3 -mol -1 

64.597 dm 6 -bar-mor 2 -K 1/2 

“ (280 K) 1/2 (0.04545 dm 3 .mol - ')(0.04545 + 0.029677) dn^-mol -1 
= 345 bar 

b. The Peng-Robinson equation gives a pressure of (Equation 1 6.8) 

r JI __ 

V-P V(V + P) + P(V -P) 

For C0 2 , a = 4.192 dm 6 -bar-mor 2 and P = 0.02665 dm 3 -mol -1 . Then 

_ (0,083145 dm 3 -bar-mol~' - -l )(280 K) 

P 0.04545 dm 3 mol -1 — 0.02665 dm 3 -mor' 

4.192 dm 6 bar-mol -2 

~ [(0.04545)(0.04545 + 0.02665) + (0.02665)(0.04545 - 0.02665)] dm 6 -mol -2 
= 129 bar 

The Peng-Robinson result is much closer to the experimental value than the value predicted by the 
Redlich-Kwong equation. 


16-22. Show that the van der Waals equation for argon at T = 142.69 K and P = 35.00 atm can be 
written as 

V 3 - 0.3664 V 2 + 0.03802 V - 0.001210 = 0 

where, for convenience, we have supressed the units in the coefficients. Use the Newton-Raphson 
method (MathChapter G) to find the three roots to this equation, and calculate the values of the 
density of liquid and vapor in equilibrium with each other under these conditions. 


For argon, a = 1.3307 dm 6 -atm-mol 2 and b = 0.031830 dm 3 -mol 1 (Table 16.3). The van der 
Waals equation of state can be written as (Example 16-2) 


-i / RT 
V -\b + y 


v + tv- a ±= a 

P P 


v 3 


0.03183 + 


(0.082058) (142.69) 


35.00 


-2 1,3307 -p- _ (1.3307)(0.031830) _ Q 


35.00 


35.00 


V 3 - 0.3664 V 2 + 0.03802 V - 0.001210 = 0 


where we have suppressed the units of the coefficients for convenience. (The quantity V is expressed 
in dm 3 mol -1 .) We apply the Newton-Raphson method, using the function 

/(V) = V 3 - 0.3664 V 2 + 0.03802 V-0.001210 


and its derivative 

f'(V) = 3 V 2 - 0.7328 V + 0.03802 

to find the three roots of this equation, 0.07893 dm 3 - mol -1 , 0.07073 dm 3 • mol -1 , and 0.21674 dm 3 • mol -1 . 
The smallest root represents the molar volume of liquid argon, and the largest root represents the 
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molar volume of the vapor. The corresponding densities are 14.14 mol dm 3 and 4.614 mol dm \ 
respectively. 


16-23. Use the Redlich-Kwong equation and the Peng-Robinson equation to calculate the densities of 
the coexisting argon liquid and vapor phases at 142.69 K and 35.00 atm. Use the Redlich-Kwong 
constants given in Table 16.4 and take a = 1.4915 atm-L^mor 2 and = 0.01981 L-mol -1 for 
the Peng-Robinson equation. 


a. For argon, 4 = 16.566 dm 6 atm-mol 2 -K 1/2 and B = 0.022062 dm 3 mol 1 (Table 16.4). The 
Redlich-Kwong equation of state can be written as (Equation 16.9) 


-i (0.082058)(142.69 )—2 

35.00 


t' /2 p) v 


AB 

fi/i p 


(0.022062) 2 + 


(0.022062) (0.082058) (142.69) 


16.566 


(142.69) ' (35.00) J 


35.00 

- (16.566) (0.022062) 

(142.69) i/2 (35.00) 


0= V 3 - 0.3345 V 2 + 0.03176V-0.0008742 


where we have suppressed the units of the coefficients for convenience. (The quantity V is 
expressed in dir^-mol -1 .) We apply the Newton-Raphson method, using the function 

/('V) = v 2 - 0.3345 V 2 + 0.03176 V - 0.0008742 


and its derivative 


/'(V) = 3 V 2 -0.6690 V+ 0.03176 


to find the three roots of this equation to be 0.04961 dm 3 -mo] _ \ 0.09074 dm 3 -mol -1 , and 
0.19419 dm 3 -mol -1 . The smallest root represents the molar volume of liquid argon, and 
the largest root represents the molar volume of the vapor. The corresponding densities are 
20.16 mol-dm -3 and 5.150 mol-dm" 3 , respectively. 

b. The Peng-Robinson equation is given as (Equation 16.8) 

r _ JT __ « 

V-0 V(V + 0) + P(V-0) 

This can be expressed as the cubic equation in V 

o=v 3 + (p-^pjv 2 + 


/a — 3p 2 P — 2f3RT\— p 2 P + p 2 RT-ap 

\ P ) P 


Substituting the values given in the text of the problem, we find that the Peng-Robinson 
equation for argon at 142.69 K and 35.00 atm becomes 


0 = V 3 + 


(0.01981) — 


(0.082058X142.69)' 


v 2 


+ 


35.00 

(1.4915) - 3(0.01981 ) 2 (35.00) - 2(0.01981)(0.082058)(142.69)' 


+ 


35.00 

(0.01981) 3 (35.00) + (0.01981) 2 (0.082058)(142.69) - (1.4915)(0.01981) 


35.00 


= V 3 -0.3147 V 2 + 0.02818 V-0.0007051 
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where we have suppressed the units of the coefficients for convenience. (The quantity V is 
expressed in dm 3 -mol -1 .) We apply the Newton-Raphson method, using the function 

f(V) = v 3 -0.3147 V 2 + 0.02818 V - 0.0007051 


and its derivative 


/'(V) = 3V 2 - 0.6294V + 0.02818 

to find the three roots of this equation to be 0.04237 dm 3 *mol' 1 , 0.09257 dm 3 mol -1 , and 
0.17979 dm 3 -mol -1 . The smallest root represents the molar volume of liquid argon, and 
the largest root represents the molar volume of the vapor. The corresponding densities are 
23.60 mol-dm -3 and 5.562 mol-dm -3 , respectively. 


16-24. Butane liquid and vapor coexist at 370.0 K and 14.35 bar. The densities of the liquid and 
vapor phases are 8.128 mol-L -J and 0.6313 mol-L -1 , respectively. Use the van der Waals equation, 
the Redlich-Kwong equation, and the Peng-Robinson equation to calculate these densities. Take 
a = 16.44 bar*L 2 mor 2 and fi = 0.07245 L-mol -1 for the Peng-Robinson equation. 


a. For butane, a = 13.888 dm 6 -bar-mol 2 and b = 0.11641 dm 3 -mol 1 (Table 16.3). The van der 
Waals equation of state can be written as (Example 16-2) 


—3 


RT\— 2 a— ab 


V -lb+ — )V + -V- — -0 


V 3 - 


0.11641 + 


(0.083145)(370.0)' 

14.35 


-2 13.888 - _ (13.888)(0.11641) _ Q 


14.35 


14.35 


V 3 - 2.2602 V 2 + 0.9678 V - 0.1127 = 0 


where we have suppressed the units of the coefficients for convenience. (The quantity V is 
expressed in dm 3 mol -1 .) We apply the Newton-Raphson method, using the function 

f(V) = V 3 - 2.2602 V 2 + 0.9678 V- 0.1127 


and its derivative 


/'(V) = 3 V 2 -4.5204 V+ 0.9678 

to find the three roots of this equation to be 0.20894 dm 3 -mol -1 , 0.30959 dm 3 mol -1 , and 
1.7417 dm 3 *mol -1 . The smallest root represents the molar volume of liquid butane, and 
the largest root represents the molar volume of the vapor. The corresponding densities are 
4.786 mol-dm -3 and 0.5741 mol-dm -3 , respectively. 

b. For butane, A = 290.16 dm 6 -bar*mor 2 *K 1/2 and B = 0.08068 dn^-mol -1 (Table 16.4). The 
Redlich-Kwong equation of state can be written as (Equation 16.9) 


o = v 3 - —7 1 - 

P 


B 2 + 


BRT 


A \ — 


t 1/2 p) 


V - 


-3 _ (0.083145)(370.0) -2 _ 
14.35 


(0.08068) 2 + 


AB 

y 1/2 p 

(0.08068)(0.083145)(370.0) 


290.16 


(370.0) /z (14.35) J 


14.35 

- (290.16X0.08068) 

(370.0) i/2 (14.35) 


0= V 3 -2.144V 2 + 0.8717 V-0.08481 
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where we have suppressed the units of the coefficients for convenience. (The quantity V is 
expressed in dm 3 -mol” 1 .) We apply the Newton-Raphson method, using the function 

/(V) = V 3 - 2.144V 2 + 0.8717 V - 0.08481 


and its derivative 

/'(V) = 3 V 2 - 4.288 V + 0.8717 


to to find the three roots of this equation to be 0.14640 dm 3 -mol -1 , 0.35209 dm 3 -mor', 
and 1.6453 dm 3 -mol - '. The smallest root represents the molar volume of liquid butane, and 
the largest root represents the molar volume of the vapor. The corresponding densities are 
6.831 mol-dm -3 and 0.6078 mol-dm -3 , respectively. 

c. The Peng-Robinson equation can be expressed as (Problem 16-23) 

— 3 ( RT \-2 (a-3p 2 P -2pRT\- pP + p 2 RT-ap 

o=v +[?-—) v + (— p )v + - j - 


Substituting the values given in the text of the problem, we find that the Peng-Robinson 
equation for butane at 370.0 K and 14.35 bar becomes 


0 = v 3 + 


(0.07245) - 


(0.081345)(370.0)' 


v 2 


+ 


14.35 

(16.44) - 3(0.07245) 2 (14.35) - 2(0.07245)(0.081345)(370.0) 


+ 


14.35 

(0.07245) 3 (14.35) + (0.07245) 2 (0.081345)(370.0) - (16.44)(0.07245) 


14.35 


= V 3 - 2.071V 2 + 0.8193 V-0.07137 


where we have suppressed the units of the coefficients for convenience. (The quantity V is 
expressed in dm 3 -mor'.) We apply the Newton-Raphson method, using the function 

/(V) = V 3 - 2.071 V 2 + 0.8193V - 0.07137 


and its derivative 

f'(V) = 3 V 2 - 4.142 V + 0.8193 

to find the three roots of this equation to be 0.12322 dm 3 -mol -1 , 0.36613 dm 3 -mol -1 , and 
1.5820 dm 3 -mol -1 . The smallest root represents the molar volume of liquid butane, and 
the largest root represents the molar volume of the vapor. The corresponding densities are 
8.116 mol-dm -3 and 0.6321 mol-dm -3 , respectively. 

Below is a table which summarizes the densities of liquid and vapor butane observed experimentally 
and calculated with the various equations of state above. 


Equation used 

Liquid p/mol-dm 3 

Gas p/mol-dm 3 

Experimental 

8.128 

0.6313 

van der Waals 

4.786 

0.5741 

Redlich-Kwong 

6.831 

0.6078 

Peng-Robinson 

8.116 

0.6321 
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16-25. Another way to obtain expressions for the van der Waals constants in terms of critical 
parameters is to set (3 P/dV) T and (3 2 P/3 V ) T equal to zero at the critical point. Why are these 
quantities equal to zero at the critical point? Show that this procedure leads to Equations 16.12 
and 16.13. 


These values are equal to zero at the critical point because the critical point is an inflection point in 
a plot of P versus V at constant temperature. 


_ RT a 
~ V-b ~ V 5 
So 

( dP \ _ ~ RT 2a 

\ 9V Vr (V-b) 2+ V 3 

/a 2 P\ 2 RT 6 a 

V9^A(7-z>) 3 "y 

If (dP/dV) T and (9 2 P/dV 2 ) T are zero at the critical point, then Equations 1 and 2 give 

RT c V/ = 2a(V c -b ) 2 


( 1 ) 

( 2 ) 

(3) 


2RT c V c * = 6a(V c -b) 3 
Multiplying Equation 3 by 2 V c gives 

2RT c V* = 4aV c (V c - bf 


(4) 


and then using Equation 4 yields 


4aV c (V c -b) 2 = 6a(V c -bf 
4~V = 6V r - 6b 

c c 

3 b=V c (16.13a) 

Substituting Equation 16.13a into Equation 3 gives 


RT c (3b ) 3 = 2a(3b - bf 

Sab 2 8a 

c “ 2H&R = TTbR 

Now substitute Equations 16.13a and 16.13c into the van der Waals equation to find P c : 

RT c a 8 aR a a 

P ° = V — b " Y 1 = 27bR(3b-b) ~ ( 3 W ^ Tib 1 

c c 


(16.13c) 


(16.13/?) 


Equation 16.12 follows naturally from these expressions for V c , P c , and 7\ 


16-26. Show that the Redlich-Kwong equation can be written in the form 




-( 


B 2 + 


BRT 


A \^ 


pt' /2 J 


V - 


AB 

pj 1/2 


= 0 
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Now compare this equation with (V - V.) 3 = 0 to get 

_ RT 
3 V = ~7T 

c p 


(1) 


and 


Note that Equation 1 gives 


3V 2 = — ~^~B 2 

e PJc' /2 P 


v>= AB 


c dtI/2 
c 


PV 1 

c c _ _ 

RT ~ 3 


Now solve Equation 3 for A and substitute the result and Equation 4 into Equation 2 to obtain 


B* + 3V c B 2 + 3V 2 B- v] = 0 


( 2 ) 


(3) 


(4) 


(5) 


tt 3 


Divide this equation by V c and let B/V c = x to get 

x 3 + 3* 2 + 3jc — 1=0 

Solve this cubic equation by the Newton-Raphson method (MathChapter G) to obtain x = 0.25992, 
or 


B = 0.25992 V c 

Now substitute this result and Equation 4 into Equation 3 to obtain 

R 2 T V1 

4 = 0.42748—r— 


( 6 ) 


We start with the Redlich-Kwong equation of state, 




RT 


V-B T l/2 V(V + B) 

We can rewrite the above equation as 

P(V-B)(V + B) T' /2 V = RT y2 V (V + B) - A ( V - B) 

PT' ,2 V ( 'v 2 - B 2 ) = rt V2 v 2 + RT V2 VB -AV + AB 

We express this equation as a cubic equation in V: 

v 2 _?Lv 2 -(b 2 + ^-^-)v-^- = o 

P \ P PT' /2 ) PT' 12 

Expanding the equation (V — V 3 C ) = 0 gives 


(16.7) 


(a) 


(V - V c f = V 3 - V 3 + 3 V V - 3 vV = 0 


(b) 
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—1 —2 — —0 

Setting the coefficients of V , V , V\ and V in Equations a and b equal to one another at the critical 
point gives 



RT 



3P C = 

C 

Pc 


(1) 

— 2 


BRT A 


3 ^c = 

-B 2 - 

c + 

p p J 1/2 

(2) 



c c c 



AB 



^c' = 

p y ! / 2 

c c 


(3) 

PV r 

1 



c c_ 



(4) 

RT 

3 




We can solve Equation 3 for A to find 


v Vr '/ 2 

A = c c c 


B 


Substituting this result into Equation 2 gives 


_ 2 , BRTV r V ^ P T 1/2 

2V — —B 1 _ = - -\ _ 5 _^_ 


P V 


BPT 


1/2 


3V c 2 = -B 2 - 3 BV c + B~'V c 3 
n B 2 3 B 22 3 B , 

V 3 v v 

V c c c 

0 = JC 3 + 3x 2 + 3x - 1 


where we set jc = B/V c . We solved this cubic equation using the Newton-Raphson method in 
Example G-l and found that * = 0.25992. Then B — 0.25992 V c , and substituting into Equation 3 
gives 

rtJ c c rt c 

t 1 P-'y 2 — 3/4,6 
c c RT 


A — 

7 3 / 2 y 
c c 

2 _r_ 

t V2 vr 

c 

r\ — 

3 B 


3 (0.25992) 

A — 

Pjc ( 

'RT\ 

r 3/2 r 


RT c \ 

c Pc J 

' 3 (0.25992) 


A = 0.42748- 


R 2 T 5/2 


(7) 


16-27. Use the results of the previous problem to derive Equations 16.14. 


Equation 6 of Problem 16.26 gives B = 0.25992 V c , and so 


V, = 3.8473 B 


(16.14a) 



498 


Chapter 16 


Now we can use Equation 7 of Problem 16-26 to write 

0.42748/? 2 r„ 5/2 -- 3 / 2 / R7 c\y 


4 = 


= 0.42748 RT V2 


\Pc V o 


Substituting Equation 4 from Problem 16-26 and Equation 16.14a into the above expression gives 

A = 3(0.42748)/?r c 3/2 (3.8473B) 

& 

jVI — ___ 

c 3(0.42748)(3.8473) RB 

/ A \ 2/3 

T = 0.34504 


(£) 


which is Equation 16.14c. Substitute this last result into the final equation of Problem 16-26 to find 

0.42748 R 2 T 5/2 


P = 


0.42748 


1 R 2 


) 


0.34504 


-) 

BR 


2 / 3 ' 


5/2 


= 0.029894- 


, A 2/3 /?' /3 

b 5/3 


which is Equation 16.14b. 


16-28. Write the Peng-Robinson equation as a cubic polynomial equation in V (with the coefficient 
of V 3 equal to one), and compare it with (V - V c ) 3 = 0 at the critical point to obtain 


- p = 3V 
P 


( 1 ) 


^-3p 2 -2f)^=3V 2 c 


( 2 ) 


and 


p H p H C 

c c 


(3) 


(We write a, because a depends upon the temperature.) Now eliminate ajP c between Equations 2 
and 3, and then use Equation 1 for V Q to obtain 


64 ,» +6 ^ +12 xsy_(^v= 

1 C v c ' ' c 


0 


Let fi/(RT/P) = x and get 


64x 3 + 6x 2 + \2x - 1 = 0 


Solve this equation using the Newton-Raphson method to obtain 

RT 

P = 0.077796—^ 
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Substitute this result and Equation 1 into Equation 2 to obtain 

(RT) 2 

a = 0.45724-—— 


Last, use Equation 1 to show that 


PV 

= 0.30740 
RT 


First, we write the Peng-Robinson equation as a cubic polynomial in V, as we did in Problem 16-23. 

„. ? + _ g) T- + ( “ - v*T } v+ rr+r*T - * w 

Expanding the equation (V — V 3 ) = 0 gives 

(7 - V) 3 = 7 3 - V c 3 + 3V c 2 V - 3V 2 V c = 0 (b) 

_3 2 — —0 

Setting the coefficients of V , V , V, and V in Equations a and b equal to one another at the critical 
point gives 


R T - 

p-y = ~ 3V c 

C 

(1) 

J~^ 2 ~ 2P^ = 3V C 2 

c c 

(2) 

^ - p 2 - ^Tp 2 = v 3 

p H p H c 

(3) 


Solving Equation 2 for aj P gives 

^ = 3V 2 + 3p 2 + 2p^ 

1 C C 

We substitute this last result into Equation 3 to find 


—i ( — 2 o RT \ 9 /?7 ., 

0=V c -pl3V c + 3p 2 + 2p-^]+p 2 -^ + p 2 

\ c ' c 

—i 7 t RT —2 

= V c -2p-p 2 ~^-3pv c 



Set x = ft/ ( RT c /P c ) and the above equation becomes 

64jt 3 + 6jc 2 + 12x- 1 =0 
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Using the Newton-Raphson method (MathChapter G), we find x = 0.077796 and so 

RT 

P = 0.077796— 2 


We now substitute Equation 1 into Equation 2 and use the expression for ft given above to write 


—2 


a =/> 3V+3£ 2 + 2/J 




= P 


= P 


1 (RT 


RT 






2 r 


-(1 - 0.77796) 2 + 3(0.077796) 2 + 2(0.077796) 


= 0.45724 




Finally, substitute the expression of ft given above into Equation 1 to write 

RT __ 

(1 — 0.077796) = 3 V c 

C 

0.92220RT =3 P V 

c c c 

PV 

0.30740 = 

RT 


16-29. Look up the boiling points of the gases listed in Table 16.5 and plot these values versus the 
critical temperatures T. Is there any correlation? Propose a reason to justify your conclusions from 
the plot. 


A graph of boiling points versus critical temperatures of the gases listed in Table 16.5 is shown 
below. There appears to be a direct correlation between the boiling point of a gas and its critical 
temperature. 



TJ K 


This is another illustration of the law of corresponding states: if we compare the boiling points 
of different gases relative to their critical temperatures, we find that all behaviors can be similarly 
explained (hence, the constant slope in the figure). 
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16-30. Show that the compressibility factor Z for the Redlich-Kwong equation can be written as in 
Equation 16.21. 


The Redlich-Kwong equation of state is given by Equation 16.7. Thus 


V \ / _V_\ _RT_ _ A 

rtj yfiryT-B rt 3/2 (v + b) 


or 


z = = 


V-B RT vl (V + B) 


We know from Equation 16.18 that 


A = 0.42748- 


R 2 T S/2 


and B = 0.086640- 


RT 


We can then write Z as 

RT 

Z = V^V- 0.086640-^ 


( r 2 t 5/2 \ r 

0.42748- s— 


/ _ gT 

RT V1 1 V + 0.086640-^ 


In the solution to Problem 16.26, we showed that 3 VP = RT. so 

c c c 7 

V 0.42748 T 3 ' 2 (3 V e ) 

” V - 0.086640 (3 V c ) _ T 3/2 [7 + 0.086640 (3V C )] 
V R 1.28244 

_ V R - 0.25992 ~ T R 3/2 (7 r + 0.25992) 


16-31. Use the following data for ethane and argon at T R = 1.64 to illustrate the law of corresponding 
states by plotting Z against V R . 


Ethane (T = 500 K) Argon (T = 247 K) 

P/bar V/LmoP 1 P/atm V/L-moP 1 


0.500 

83.076 

0.500 

40.506 

2.00 

20.723 

2.00 

10.106 

10.00 

4.105 

10.00 

1.999 

20.00 

2.028 

20.00 

0.9857 

40.00 

0.9907 

40.00 

0.4795 

60.00 

0.6461 

60.00 

0.3114 

80.00 

0.4750 

80.00 

0.2279 

100.0 

0.3734 

100.0 

0.1785 

120.0 

0.3068 

120.0 

0.1462 

160.0 

0.2265 

160.0 

0.1076 

200.0 

0.1819 

200.0 

0.08630 

240.0 

0.1548 

240.0 

0.07348 

300.0 

0.1303 

300.0 

0.06208 

350.0 

0.1175 

350.0 

0.05626 

400.0 

0.1085 

400.0 

0.05219 

450.0 

0.1019 

450.0 

0.04919 

500.0 

0.09676 

500.0 

0.04687 

600.0 

0.08937 

600.0 

0.04348 

700.0 

0.08421 

700.0 

0.04108 
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We can use Table 16.5 to find the critical molar volumes of ethane and argon (0.1480 dm 3 -mol -1 
and 0.07530 dm 3 -mol -1 , respectively) and use the data given in the problem text in the equations 


PV 


RT 


and 



V 

v. 


to plot Z versus V R . Note that the pressures for ethane are given in units of bar, while the pressures 
for argon are given in units of atm. 



V'r 


16-32. Use the data in Problem 16-31 to illustrate the law of corresponding states by plotting Z 
against P R . 


We can use Table 16.5 to find the critical pressures of ethane and argon (48.714 bar and 48.643 atm, 
respectively) and use the data given in Problem 16-31 in the equations 


Z = 


PV 

~RT 


to plot Z versus P R . 


and 




P_ 
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16-33. Use the data in Problem 16.31 to test the quantitative reliability of the van der Waals equation 
by comparing a plot of Z versus V R from Equation 16.20 to a similar plot of the data. 


We can use Equation 16.20 to express Z as a function of V R : 


~V R -l/3 8 V r T r 

We can substitute the appropriate values of T R = T/T c (Problem 16-31) and plot Z versus V R for 
both argon and ethane. The plot below shows the lines generated by applying the van der Waals 
equation and the actual data from Problem 16-31. 





16-34. Use the data in Problem 16.31 to test the quantitative reliability of the Redlich-Kwong equation 
by comparing a plot of Z versus V R from Equation 16.21 to a similar plot of the data. 


We can use Equation 16.21 to express Z as a function of V R : 

z = = V R _ _1.2824 

V R - 0.25992 Tl /2 (V r + 0.25992) 

We can substitute the appropriate values of T R — T/T (Problem 16-31) and plot Z versus V R for 
both argon and ethane. The plot below shows the lines generated by applying the Redlich-Kwong 
equation and the actual data from Problem 16-31. 
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16-35. Use Figure 16.10 to estimate the molar volume of CO at 200 K and 180 bar. An accurate 
experimental value is 78.3 cm 3 mol -1 . 


We use the critical values in Table 16.5 to write 


and 


From Figure 16.10, 



200 K 
132.85 K 


1.51 



180 bar 
34.935 bar 


Z 


PV 

~RT 


«3 0.85 


We can now find V: 

_ _ 0.85 (0.083145 dm 3 -bar-mor' -K" 1 ) (200 K) 

V * 180 bar 

V ss 78.5 cm 3 -mor' 


in excellent agreement with the experimental value. 


16-36. Show that B 2V (T) = RTB 2P (T ) (see Equation 16.24). 


We begin with Equations 16.22 and 16.23, 


PV 

~RT 


B 2V (T) , B. V (T) 


,tt3. 


i_ = i + + o(n 


and 


PV 

— = 1 + B lp (T) P + 0(P 2 ) 

We now solve Equation 16.23 for P : 

P = ~ + ^£^B 2P (T) + o(v 2 ) 
y y 2P 

Substituting this expression for P into Equation 16.22 gives 

1 + + 0(V 2 ) = 1 + B 2P ( T ) y- + B 2P ( T) + 0(V 2 ) 

and equating the coefficients of V 'on both sides of the equation gives 

B 2V ( T ) = RTB 2P ( T) 


16-37. Use the following data for NH 3 (g) at 273 K to determine B 2p (T) at 273 K. 


PI bar 

0.10 

0.20 

0.30 

0.40 

0.50 

0.60 

0.70 

(Z - 1)/10" 4 

1.519 

3.038 

4.557 

6.071 

7.583 

9.002 

10.551 
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Ignoring terms of 0(P 2 ), we can write Equation 16.23 as 

Z- 1 = B lp {T)P 

A plot of (Z — 1) versus pressure for the data given for NH 3 at 273 K is shown below. 
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The slope of the best-fit line to the data is B 1P and is equal to 15.0 x 10 4 bar 


16-38. The density of oxygen as a function of pressure at 273.15 K is listed below. 


PI atm 

0.2500 

0.5000 

0.7500 

1.0000 

p/g-dm -3 

0.356985 

0.714154 

1.071485 

1.428962 


Use the data to determine B 2V (T) of oxygen. Take the atomic mass of oxygen to be 15.9994 and 
the value of the molar gas constant to be 8.31451 J-K - ' - mol -1 = 0.0820578 dm 3 -atm-K“' mol -1 . 


We can express the molar volume of oxygen as 

— _ (15.9994 g-mol"') 

P 

where p has units of g-dm" 3 . Using Equation 16.22 to express Z and neglecting terms of 0(V ), 
we find 

z- 1 = v~'b 2V (T) 

or 

Pd5.994g.mo.-) _ ■ 

pRT 1V 

A plot of (Z - 1) versus V ' for the data given for oxygen at 273.15 K is shown below. 



V-' / 10“ 2 dm 3 mor 1 



506 


Chapter 16 


The slope of the best-fit line to the data is B 1V and is equal to —5.33 x 10 3 dm 3 mol 1 


16-39. Show that the Lennard-Jones potential can be written as 




where r * is the value of r at which u(r) is a minimum. 


The Lennard-Jones potential is (Equation 16.29) 

„ ( r )= 4e [ 0“.0 

From Example 16.9, we know o = r*2~' /6 , so 

u (r) = 4 s 


/ . \ 12 

( r \ 

( r ‘ VI 

\2'' 6 r) 

\2 1/6 r / 


4e (r*) 12 4e (r*) 


*\6 


2 „ 12 


2 r 


2r° 


— (?)* 


16-40. Using the Lennard-Jones parameters given in Table 16.7, compare the depth of a typical 
Lennard-Jones potential to the strength of a covalent bond. 


The parameter e is the depth of a Lennard-Jones potential. From Table 16.7, an average value of 
e/k s « 139 K for one molecule. So, for one mole, 

s w (139 K)k B N A » J « 1 kJ 

In comparison, the strength of a covalent bond is on the order of 100 kJ per mole (Table 13.2). 


16-41. Compare the Lennard-Jones potentials of H 2 (g) and 0 2 (g) by plotting both on the same graph. 


Shown below are plots of u(r ) versus r for both H 2 (g) and 0 2 (g). Oxygen has a deeper potential 
well than hydrogen and the minimum of its potential curve occurs at a higher value of r than the 
minimum of the potential curve of hydrogen. 
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16-42. Use the data in Tables 16.5 and 16.7 to show that roughly e/k B = 0.75 T c and b 0 = 0.7 V c . 
Thus, critical constants can be used as rough, first estimates of € and b 0 (= 2nN A a 3 /3). 


Let us select argon as a representative molecule. For Ar, e/k B = 120 K, b 0 = 50.0 cm 3 *mol \ 
T c = 150.95 K, and V c = 75.3 cm 3 -mol" 1 . 

0.75T c = 113K compared to e/k B = 120 K 

0.7 V c = 53 cm 3 -mol" 1 compared to 6 0 = 50.0 cm 3 -mol" 1 

The equivalencies stated in the problem text hold for argon. 


16-43. Prove that the second virial coefficient calculated from a general intermolecular potential of 
the form 

u(r) = (energy parameter) x / ( —- ) 

\distance parameter/ 

rigorously obeys the law of corresponding states. Does the Lennard-Jones potential satisfy this 
condition? 


Begin with Equation 16.25, 

poo 

B 2V (T) = -27tN A / - 1 ]r 2 dr 

Jo 

Let u (r) = Ef ( r/r 0 ) and T* = k s T, so that we can write B 2V (T) as 

poo 

B 2V {T *) = -2jtN a / [ e - £/ ( r/r o) /r ’ - 1 ]r 2 dr 
Jo 

Now let r/r Q = r R , where r R is the reduced distance variable. Then dr = r Q dr R , so we can write 

B 1V (T*) = -2nrjN K ["[e -**») /r - l]dr R 
Jo 


We can divide both sides by -2nr 0 3 N A to obtain B 2V * as a function of only reduced variables: 


fl 2 y*(n = [“[e-vw - 1 ]dr R 
Jo 


Therefore, the functional form of u(r) given in the problem text rigorously obeys the law of 
corresponding states. The Lennard-Jones potential can be written as (Equation 16.29) 




E[x u -x 6 ] 


where E is an energy parameter and x is a distance parameter (x ~ r _1 ). So the Lennard-Jones 
potential can be written as Ef (r) and so satisfies the conditions of the above general intermolecular 
potential. 
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16 - 44 . Use the following data for argon at 300.0 K to determine the value of B 2V . The accepted value 
is —15.05 cm 3 -mol -1 . 


PI atm 

p/mol-L 1 

PI atm 

p/ mol-L 1 

0.01000 

0.000406200 

0.4000 

0.0162535 

0.02000 

0.000812500 

0.6000 

0.0243833 

0.04000 

0.00162500 

0.8000 

0.0325150 

0.06000 

0.00243750 

1.000 

0.0406487 

0.08000 

0.00325000 

1.500 

0.0609916 

0.1000 

0.00406260 

2.000 

0.0813469 

0.2000 

0.00812580 

3.000 

0.122094 


-2 

We can use Equation 16.22 to express Z - 1 (neglecting terms of 0(V )) as 

z — i = v~'b 2V (T) = p b 2V (T) 

A plot of (Z — 1) versus V ' for the data given for oxygen at 273.15 K is shown below. 



The slope of the best-fit line to the data is B 2V and is equal to -15.13 cm 3 • mol 1 


16 - 45 . Using Figure 16.15 and the Lennard-Jones parameters given in Table 16.7, estimate B 2V (T ) 
forCH 4 (g) at 0°C. 


For methane, e/k B = 149 K and 2na 2 N A /7> = 68.1 cm 3 -mol 1 (Table 16.7). Then (by definition 
of T*) 


t* = 



273.15 K 
149 K 


1.83 


From Figure 16.15, we estimate B 2V (T*) ~ -0.9. Then (also by definition) 


B 2v (273.15K) 


Ina 3 N a B 2V (T*) 
3 


as -60cm 3 -mol 1 


16-46. Show that B 2V (T) obeys the law of corresponding states for a square-well potential with a.fixed 
value of A. (in other words, if all molecules had the same value of A.). 


We use Equation 16.25 to express B 1V (T): 


pOO 

B 2V {T) = -2nN A / [e - “ (r)/ *B r - l] r 2 dr 

Jo 
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where, since we have a square-well potential of fixed value X, 


u(r) — oo 
= 0 


if r < a 
if a < r < Xa 
if Xa < r 


We can now integrate B 1V (T ) over the three intervals 0 < r < cr, cr < r < Xa, and Xa < r < oo: 

pa pXa 

B 2V (T) = -2nN A / (0 - \)r 2 dr — 2nN A / [e e/k ° T - l] r 2 dr + 0 
JO Ja 

/cr 3 \ i .tic t \ ^ 3<j3 ~ °' 3 

= (y ) -(«•'*■' - 0 —3- 

If we divide B 2V (T) by cr 3 and let this quantity be a reduced value of B 2V (T), this reduced second 
virial coefficient will be molecule-independent and therefore satisfy the law of corresponding states. 


16-47. Using the Lennard-Jones parameters in Table 16.7, show that the following second virial 
cofficient data satisfy the law of corresponding states. 


77K 

Argon 

B 1V {T) 

/lO -3 dm 3 -mol" 1 

TfK 

Nitrogen 

B 2V (T) 

/10“ 3 dm 3 'mol -1 

77K 

Ethane 

B 1V (T) 

/10 -3 dm 3 -mol 

173 

-64.3 

143 

-79.8 

311 

-164.9 

223 

-37.8 

173 

-51.9 

344 

-132.5 

273 

-22.1 

223 

-26.4 

378 

-110.0 

323 

-11.0 

273 

-10.3 

411 

-90.4 

423 

+ 1.2 

323 

-0.3 

444 

-74.2 

473 

4.7 

373 

+6.1 

478 

-59.9 

573 

11.2 

423 

11.5 

511 

-47.4 

673 

15.3 

473 

15.3 





573 

20.6 





673 

23.5 




Find the reduced parameters of each gas by dividing Tby s/k B and B 1V by 2na 2 N A /3 (Table 16.7). 
Below, we plot B 2V (T) versus T* for each gas. 



■ n □ 


■ Argon 
□ Nitrogen 
a Ethane 


_L 

6 


_L 

7 
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The data points for all three gases fall on the same curve, consistent with the law of corresponding 
states. 


16—48. In Section 16^1, we expressed the van der Waals equation in reduced units by dividing P, 
V, and T by their critical values. This suggests we can write the second virial coefficient in 
reduced form by dividing B 1V (T) by V and T by T (instead of 2nN A a 3 /3 and e/k as we did in 
Section 16-5). Reduce the second virial coefficient data given in the previous problem by using the 
values of V c and T c in Table 16.5 and show that the reduced data satisfy the law of corresponding 
states. 


We find the reduced parameters of each gas by dividing T by 7 and B 1V by V c (Table 16.5). Below, 
we plot B lv (T)/V c vs. T/T c for each gas. 



The data points for all three gases fall on the same curve, consistent with the law of corresponding 
states. 


16-49. Listed below are experimental second virial coefficient data for argon, krypton, and xenon. 


B 2V (T)/\ 0 -3 dm 3 ■ mol" 1 


77K 

Argon 

Krypton 

Xenon 

173.16 

-63.82 



223.16 

-36.79 



273.16 

-22.10 

-62.70 

-154.75 

298.16 

-16.06 


-130.12 

323.16 

-11.17 

-42.78 

-110.62 

348.16 

-7.37 


-95.04 

373.16 

-4.14 

-29.28 

-82.13 

398.16 

-0.96 



423.16 

+ 1.46 

-18.13 

-62.10 

473.16 

4.99 

-10.75 

-46.74 

573.16 

10.77 

+0.42 

-25.06 

673.16 

15.72 

7.42 

-9.56 

773.16 

17.76 

12.70 

-0.13 

873.16 

19.48 

17.19 

+7.95 

973.16 



14.22 


Use the Lennard-Jones parameters in Table 16.7 to plot B^yiT*), the reduced second virial 
coefficient, versus 7\ the reduced temperature, to illustrate the law of corresponding states. 
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Find the reduced parameters of each gas by dividing T by e/k B and B 1V by 27ta 3 N A /3 (Table 16.7). 
Below, we plot B* V (T) versus T* for each gas. 



7 * 


The data points for all three gases fall on the same curve, consistent with the law of corresponding 
states. 


16-50. Use the critical temperatures and the critical molar volumes of argon, krypton, and xenon to 
illustrate the law of corresponding states with the data given in Problem 16-49. 


We find the reduced parameters of each gas by dividing 7 by 7 and B 1V by V c (Table 16.5). Below, 
we plot B 2V (T)/V c vs. T/T c for each gas. 



The data points for all three gases fall on the same curve, consistent with the law of corresponding 
states. 


16-51. Evaluate B* V (T*) in Equation 16.31 numerically from 7* = 1.00 to 10.0 using a packaged 
numerical integration program such as MathCad or Mathematica. Compare the reduced second 
virial coefficient data from Problem 16^19 and B 2V (T*) by plotting them all on the same graph. 
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Below is a table with some representative values of B^ V (T") calculated using the numerical 
integration package in Mathematica. 


r 

B' 1V {T*) 

1.00 

-2.538081336 

2.00 

-0.6276252881 

3.00 

-0.1152339638 

4.00 

0.1154169217 

5.00 

0.2433435028 

6.00 

0.3229043727 

7.00 

0.3760884671 

8.00 

0.4134339539 

9.00 

0.4405978376 

10.00 

0.4608752841 


The plot below shows both the curve obtained from numerically integrating Bl v (T*) and 
the reduced second virial coefficient data from Problem 16-49. The numerical integration is an 
excellent fit to the data. 



16-52. Show that the units of the right side of Equation 16.35 are energy. 


M induced( r ) — 


A * ?« 2 




(4 7TS 0 yr 6 (4tt£ 0 ) r b 


We know thata/47T£ 0 has units of m 3 , 4tt£ 0 has units of C-V *m , fi has units of C-m, and r has 
units of m. Thus 

(C-m) 2 m 3 ^ 

units[w. ..(/*)] = ——-— — C-V = J 


C-V-'-m-'m 6 


16-53. Show that the sum of Equations 16.33, 16.35, and 16.36 gives Equation 16.37. 


The sum of these three equations is 


_ 1 _ 3 / \ ^ 1^2 ^ 

(47re 0 )V 6 “ (47re 0 ) 2 (3A: B T) r 6 ~ 2 + ij (47re 0 ) 2 r 6 
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For identical atoms or molecules, /, = I 2 = /, a 2 = a, = a, and /x, = /x 2 = /z, and so the sum 
becomes 


E(«) = - 


( 4 jr£ o) 


2/jra + 


2/x 4 

3 V 7 


+ 


3 la 7 


The coefficient of the r 6 term, C 6 , is therefore 


_ 2/ 2a ix 2 3 la 2 

6 " 3(47re 0 ) 2 /: B r + (4 tt £o ) 2 + 4 (4^e 0 ) 2 

as in Equation 16.37. 


16-54. Compare the values of the coefficient of r 6 for N 2 (g) using Equation 16.37 and the 
Lennard-Jones parameters given in Table 16.7. 


Using Equation 16.37, we find that 

2 ix 4, 2 a ix 2 3 la 2 

6 = 3(4tt e 0 )\T + (47re 0 ) 2 + 4 (4tt £o ) 2 

= 0 + 0 + 0.75 (2.496 x 10“ 18 J) (l .77 x 10~ 30 m 3 ) 2 
= 5.86 x 10" 78 J-m 6 

Using the Lennard-Jones parameters, 

C, = 4ea 6 = 4— k R cr 6 

6 k B 

= 4(95.1 K) (1.381 x 10 -23 J-K _l ) (370 x 10~' 2 m) 6 
= 1.35 x 10“ 77 J-m 6 

The coefficient of r~ 6 obtained using the Lennard-Jones parameters is about twice that obtained 
using Equation 16.37. 


16-55. Show that 


and 


for the Redlich-Kwong equation. 


B 2V (T) = B- 


/I 

RT V2 


b 2v (T) = b 2 + 


AB 

RT 3/2 


Begin with the Redlich-Kwong equation (Equation 16.7): 


RT _ A 

V-B T' /2 V(V + B) 
RT A 


v(i-f) r 1 / 2 v 2 (i + |) 
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Expanding the fractions 1/(1 — B/V ) and 1/(1 + B/V) (Equation 1.3) gives 


p= RT 

V 

RT 


B B —1 
l + = + =5 + 0(V ) 
V V 


B B 2 —i 

-=2 I 1 - =- - 0(V ) 

jU2y 2 I V y 2 


v t' 12 y 

We then use the definition of Z to find that 
PV A 

Z = —— = 1-—— + ( 1 + 

RT RT V2 V 

We compare this with Equation 16.22, 


(RT A \[B B 2 

+ ( ——i-2) = —2 ~ ) 

\V t' /2 V J IV V 


rt V2 v 


B B l —3 

0(V ) 

V y 


B.AT) B. V (T) -r 
z = i + 2 l: + + o(V) 

V y 


,—2 


Setting the coefficients of 1 / V and 1 / V equal to one another gives 

A 


and 


^2V “ B RT 3/1 


n n2 AB 

— B -\- Rjy2 


16-56. Show that the second and third virial coefficients of the Peng-Robinson equation are 

a 


b 2V {T) = p- 


RT 


and 


2 , 2a P 




Begin with the Peng-Robinson equation (Equation 16.8): 


P = = 


RT 


v-p V (v + p) + p{v-p) 


RT 


a 


v 2 


L* - - ¥) J 


Expanding the fractions 1/(1 - P/V) and 1/(1 — p 2 /V — 2p/V) (Equation 1.3) gives 

2 



P P 2 --3 

a 

p RT 

1 + = + =2 + OV 

_ 2 

V 

L v v J 

V 

RT 

P P 2 --3,1 

a 


l+ = + ^2 +0(V 

_0 

V 

V V 

V 1 


1 + + 


V 




V 


V 


28 —2 

l + = + 0(V ) 


We then use the definition of Z to find that 


PV P P a 2 aP _3 

z = — = \ + = + ^-= - — 2 + 0{V ) 

RT V y 2 VRT RJV 
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We compare this with Equation 16.22, 


B 1V (T) , B, V (T) 


—3, 


Z = 1 + + 0(V) 

v ^ 2 


-tt2 


Setting the coefficients of 1/V and 1/V equal to one another gives 


a 


B 2V -P R j 


and 


B 


3V 


= P 2 + 


2ocp 

RT 


16-57. The square-well parameters for krypton are e/k B = 136.5 K, a = 327.8 pm, and A. = 1.68. 
Plot B 1V {T) against T and compare your results with the data given in Problem 16-49. 


From Problem 16.46, we know that, for a square-well potential, 

B„(T) = [1 - 6 ’ - 1 ) (*' /V - 1 )] 

2tt( 6.022 x 10 23 mor')(327.8 pm) 3 
3 

x {1 — [(1.68) 3 — l] (e (136,5 K)/r — l]} 


The plot below shows both the square-well potential curve and the experimental data from 
Problem 16^19 for krypton. The square-well potential is a very good fit to the data. 



16-58. The coefficient of thermal expansion a is defined as 


Show that 




P 



for an ideal gas 
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For an ideal gas, P V = RT. Taking the partial derivative of both sides of this equation with respect 
to T gives 


PV = RT 



and so 

a = L(™) =- 5 = = i 

V \dTJ PV T 


16-59. The isothermal compressibility k is defined as 

l_ fdV s 

Show that 


K P 


for an ideal gas. 


For an ideal gas, P = RT/V. Taking the partial derivative of both sides of this equation with 
respect to P gives 

_-RT fdV\ 

' = ~\~ P )r 

V l _ = (sv\ 

rt lap/ 


and so 


1 8V 

K ~ v\ap 


T ’ 


V _ 1 
~RT ~ ~P 
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Partial Derivatives 


PROBLEMS AND 


SOLUTIONS 


H-1. The isothermal compressibility, k t , of a substance is defined as 



Obtain an expression for the isothermal compressibility of an ideal gas. 


For an ideal gas, PV = nRT. Taking the partial derivative of both sides of this equation with 
respect to P gives 



Then 


1 

V 


1 

V 




V 

~~p 

1 

~p 

1 

~p 


H-2. The coefficient of thermal expansion, a, of a substance is defined as 


1 




p 


Obtain an expression for the coefficient of thermal expansion of an ideal gas. 
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For an ideal gas, PV = nRT. Taking the partial derivative of both sides of this equation with 
respect to T gives 


P 


1 

V 



_ nR 
\Jf) P ~~P 
(dV\ _ nR 

Vary,, ” Tv 


or 


1 



H-3. Prove that 



1 



for an ideal gas and for a gas whose equation of state is P = nRT/(V — nb ), where b is a constant. 
This relation is generally true and is called the reciprocal identity. Notice that the same variables 
must be held fixed on both sides of the identity. 


For an ideal gas, PV = nRT. The partial of P with respect to V is 


d_P_ 
8V 

and the partial of V with respect to P is 

/av 

\ap 

Because 


n.T 

P 

V 


nRT _ P 

V 1 - - v 


nRT _ V 
P 2 “ ~~P 


V 


the reciprocal identity given in the text of the problem holds for an ideal gas. Likewise, for a gas 
with the equation of state P = nRT/{V - nb), the partial of P with respect to V is 


3P 

Jv 

and the partial of V with respect to P is 

'dV 

Jp 


nRT 


(V — nb) 2 V-nb 


nRT 


V-nb 


n.T 


Because 


(V-nb) 


(V-nb) 


the reciprocal identity also holds for a gas with equation of state P = nRT/(V — nb). 
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H-4. Given that 


U = kT 2 


9 In Q 
dT 


N.V 


where 


QW> V ’T)=~ k tt 


3N/2 


1 (2nmkJ\ yN 


AM \ h 2 

and k„, m, and h are constants, determine U as a function of T. 


We are given 


and 


U = kT 


2 i & l n Q 


dT 


1 (2n mk R T\ 3N/2 N 
Q(N, V, T) = — I-7T 5 - I V N 


AM V h 2 ) 


LetK = iJ7 • Then Q = KT ™ /2 ' and 

AM \ h ) 

In <2 = 3yV/21n7 + ln K 

Taking the partial derivative with respect to T gives 

'31n0\ 3N 


and so 


3 T J Ny IT 


,/ain<2\ ,3 N 3NkT 

U = kT 2 ( —7^ I = kT 2 — = 


dT 


N.V 


2 T 2 


H-5. Show that the total derivative of P for the Redlich-Kwong equation. 




RT 


V - B T' /2 V(V + B) 


is given by Equation H.14. 


We can write (as in Equation H. 11) 

For a Redlich-Kwong gas, 


dP\ R A 

= =- 1 -— 


377 7 V-B 2T y2 V(V + B) 
dP\ -RT A 
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Then 


dP = 


R 


V-B 2T vl V(V + B)\ 


dT + 


RT A(2V + B) 

(V-B) 2 + T ]/2 V 2 (V + B) 2 


H-6. Show explicitly that 


( jL \ = ( a 2 M 

\dVdTJ \3 TdVj 


for the Redlich-Kwong equation (Problem H-5). 


We found expressions for (3 P/dT)-^ and (dP/dV) T in Problem H-5. Differentiating ( dP/dT)y 
with respect to V and (3 P/dV) T with respect to T gives 


3 

/3P\ 

-R 

A 

A 

37 

Kbt) 

'-(V-B) 2 

2 T V2 V 2 (V + B) 

2VT V2 (V + B) 2 

9 i 

(dp\ 

-R 

A 

A 

3 T ' 

UvJ 

“(V-B) 1 

2T V2 V 2 (V + B) 

2VT vl (7 + B) 2 


dVdT dTdV 


H-7. We will derive the following equation in Chapter 19: 



Evaluate (dU/dV) T for an ideal gas, for a van der Waals gas (Equation H.4), and for a Redlich- 
Kwong gas (Problem H-5). 


For an ideal gas ( dP/dT) v = R/ V , so (using the equation given in the problem) 



For a van der Waals gas (3 P/dT) v = R/(V — b), so 

/ 3U\ R RT RT a _ a 

V3V 7 Jr ~ T V^b ~ P ~ V-b ~ V-b + V~¥ 

For a Redlich-Kwong gas, 



R A 

V-B + 2 V (V + B) W 2 

R A 

T =-1- ■ _r - — P 

V-B 2V(V + B)T 3/2 

RT A RT A 

V-B + 2V(V+B) T' 12 V-B + V(V+B) T ]/2 

3A 


2V(V + B) T' 12 
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H-8. Given that the heat capacity at constant volume is defined by 



and given the expression in Problem H-7, derive the equation 



We know that 



Substituting Equation 2 into Equation 1 gives 


/9C/ 

\ _i_i 

^at/\ d 2 u 

d 2 u 

a 


Vav, 

) T dv ' 

[dTJ v ~ 3VdT 

~ 8TdV 

“ ar ’ 

[dVj 



= (*£.) + rf—) 

\dTj v \dT 2 J v \dTj v 



as stated in the text of the problem. 


( 1 ) 

( 2 ) 


H-9. Use the expression in Problem H-8 to determine (dC v /d V) T for an ideal gas, a van der Waals 
gas (Equation H.4), and a Redlich-Kwong gas (see Problem H-5). 


The expression in Problem H-8 is 



For an ideal gas, (3 PI3T) V — R/V , and (3P/37) V = R/(V — b) for a van der Waals gas. Since 
neither of these expressions varies when temperature is held constant, for both ideal and van der 
Waals gases 



For a Redlich-Kwong gas, we know that (Problem H-7) 

/3P\ R A 

\9T )v ~ V-B + 2V (V + B) T V1 
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Then 


( d 2l\ _ 0 _3 

A 

\dT 2 ) v 4 

V ('V + B) T V2 


Substituting into the expression from Problem H-8 gives 


(9C V \ /aV\ 3 

A 

\dVj T \dT 2 ) v 4 

V (V + B) T V1 


H-10. Is 


d V = 7tr 2 dh + Inrhdr 


an exact or inexact differential? 


For an exact differential, the cross derivatives are equal. We evaluate the two derivatives 

a 


a ~ nr 

dr 


= 2nr 


-i/i 


and 


—2nrh 

dh 


= 2n r 

Because these two derivatives are equal, d V is an exact differential. 


H-11. Is 

nRT 

dx = C v (T)dT + —dV 

an exact or inexact differential? The quantity C V (T) is simply an arbitrary function of T. What 
about dx/Tl 


We evaluate the two derivatives 


Jv c * m 


= 0 


Jr 


and 


9 nRT 


ar v 


J v 


nR 

~V 


Because these derivatives are unequal, dx is an inexact differential. We can express dx/T as 


— = T-'C v (T)dT + — dV 


and evaluate the two derivatives 


JyT-'CyW 


= 0 


Jr 


3 nR 
dT ~V 


= 0 
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Because these derivatives are equal, dx!T is an exact differential. 


H-12. Prove that 


and that 




dP\ _ /3P\ 

dY / T \ ^ ^ / T.n 


where Y = Y(P,T,n) is an extensive variable. 


We know that Yn = Y. Then 


il 

( d _l\ _I 

3(Yn ) 

Y 

\zp)t, y 

dP 


n | 



= Y ' 

lap) 

\ / T.n 


Since Y = Y(P, T), this becomes 


1 f a n _ 1 / 9y \ 


We can use the reciprocal identity from Problem H-3 to write this as 

I - I 

Y VaT 7 /7 _ 'FV31'/r J . 

s -l) =„( 3 -t) 

»y), \srJr, 


H-13. Equation 16.5 gives P for the van der Waals equation as a function of V and T. Show that P 
expressed as a function of V, T, and n is 


P = 


nRT n 2 a 


V-nb V 2 


( 1 ) 


Now evaluate ( dP/dV) T from Equation 16.5 and (dP/dV) Tn from Equation 1 above and show 
that (see Problem H-12) 


ap\ _ zap 
dV/r ~ n Vav 


We begin with Equation 16.5: 


(p + =i)(V-b) = RT 


an 2 \ nRT 
P + ^V I ) = V -nb 


P = 


nRT n 2 a 


V-nb V 2 


(1) 
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Evaluating (dP/dV) T from Equation 16.5 gives 


P - — _ — 


8_P 

97 


V-b V 
RT 


(V-b) 


2 a 
2 + =3 


and evaluating ( dP/dV) T from Equation 1 gives 


P = 


n 2 a 


(-) = 
\3Vj, 


+ 


nRT 
nRT 


(V -nb) 2 
RT 


n(V-bY n v 3 

I (— 
n lav 


+ 


2 n 2 a 
— 

la 


H-14. Referring to Problem H-13, show that 

8_P\ _ /dP\ 

dfj v ~ [WJ Vl 

and generally that 


~dy(x, V)' 


~dy(x, n, V)' 

dx 

V 

dx 


where y and x are intensive variables and y(x, n , V) can be written as y(x , V/n). 


Evaluating ( dP/dT)y from Equation 16.5 gives 

P - RT _ 

“ V-b ~ 7 1 

dP\ _ R 

df) v ~ v-b 

and evaluating ( dP/dT) v from Equation 1 of Problem H-13 gives 

nRT n 2 a 
= V -nb ~ ~V T 
9 P\ nR _ R 
dT ) v V — nb V — b 



Generally, for any y(x, n , V) which can be written as y(x, V), 


dy = 


~3y(x, V)' 

dx + 

~3y(x, V)~ 

dx 

V 

dV 


dV 



Partial Derivatives 


and 


dy = 


3y(*.n, Y1 

dx 


dx + 


J V,n 


dyjx , n, V) 
dn 


dn + 


Jx,V 


dypc^n, V) 

dv 


dv 


Equating the coefficients of dx in these two expressions gives 


~dy(x, V)' 


~dy(x, n, V )' 

dx 

V 

dx 
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CHAPTER 


17 

The Boltzmann Factor and Partition Functions 

PROBLEMS AND SOLUTIONS 


17-1. How would you describe an ensemble whose systems are one-liter containers of water at 25°C? 

An unlimited number of one-liter containers of water in an essentially infinite heat bath at 298 K. 

17-2. Show that Equation 17.8 is equivalent to f(x + y) = f (x)f(y). In this problem, we will prove 
that f(x) oc e“ x . First, take the logarithm of the above equation to obtain 

In f(x + y) = In fix) + In fiy) 

Differentiate both sides with respect to x (keeping y fixed) to get 


'dXnfix + y)‘ 

_ dXnfix + y) 

racjc + >)■ 

_ d In fix + y) 

dx 

y dix + y) 

dx 

y dix + y) 


_ d\nfjx) 
dx 

Now differentiate with respect to y (keeping x fixed) and show that 

d\nfjx) _ d\n£jy) 
dx dy 

For this relation to be true for all x and y, each side must equal a constant, say a. Show that 

fix) a e ax and fiy) a e ay 

Let x = E ] — E 2 and y = E 2 — E y Then x + y = E ] — E v and we can write Equation 17.8 as 
fix + y) = fix) fiy). Taking the logarithm of this equation gives 

\nfix + y) = \n[fix)fiy)] 

= In / ix) + In fiy) 


We then differentiate with respect to x and find 


~dln fix+ y)~ 

d\n fix)~ 

dx \ y ~ 

dx 


d In fjx + y) ~ djx + y) ~ _ d Infix) 

dix + y) dx _ y dx 

J ln/Qx + y) _ d\n fix) 
dix + y) dx 


( 1 ) 
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Likewise, we differentiate with respect to y and find 

' ain/Cx + ?) " 

d y 

djx + y) ' 

dy 


= 0 + 


9 In/O') 


dy 


dln/Q + y) 
d(x + y) 


d In f(y) 
dy 


d\nf(x + y) d In f(y) 


(2) 


d(x + y) dy 

Equations 1 and 2 are equal to one another, and equal to a constant a (as stated in the text of the 
problem), so 

d Infix) d\nf(y) 


= a 


dx dy 

We can integrate d In fix) = adx to find 

/"■"/« = / adx 

In f(x) oc ax 
fix ) oc e“ x 

Similarly, integrating d In f(y) = ady gives f(y) oc e ay . 


17-3. Show that a,/a. = e p{E < £,) implies that a } = Ce pE >. 


aja. = ^ (£ '- £ '> = e~ pE <e pE > 
fl , = ( fl / £ .)e-^ = Ce- /,£ < 

The subscript l is arbitrary, and so this shows the desired result. 


17-4. Prove to yourself that e £; = e pE >. 

Expanding both sums gives 

e- pE i + e- pE i + ... = e~ pE > + e+ ... 


17-5. Show that the partition function in Example 17-1 can be written as 

\2k B T 


( phyB 

QiP, B z ) = 2 cosh ( ^ " 

Use the fact that d cosh x/dx = sinh x to show that 

TiyB fifty B 7 
{E) = —tanh — 1 


= 2 cosh 


h y B z t u n y B : 

-- tanh 


2k B T 


Recall that the definition of cosh u is 


coshw = 


+e~ 


2 
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As T —> 0, p —oo, so 


lim(£) = lim 

r-> o /<->oo 


f u h y B zP h y B z 

——- tanh ——=-—- 

2 2 2 


As 7 —> oo, f$ —> 0, so 


lim (£) = lim - 

T-*oo fi—*0 


tiyB z 

2 


tanh 


hyB£ 

2 


= 0 


17-7. Generalize the results of Example 17-1 to the case of a spin-1 nucleus. Determine the 
low-temperature and high-temperature limits of (£). 


For a spin-1 nucleus, m, = —1,0, or 1. Substituting these values into Equation 14.16 gives 

E 0 = 0 and E ±l = ThyB z 
We now apply Equation 17.14 to find 

£206, B z ) = 1 + e~ phyB t + e phyB < = 1 + 2 cosh (phyB z ) 


Using Equation 17.20 for (E) gives 


(E) = - 


a In (2 
dp 


A, evsf A 

[27iy£ z sinh(/37iy B z )] 


1 + 2cosh(/3ftyB z ) 

sinh(^/iyB ) 


= -2 TiyB. 


1 + 2cosh(/6^yB 2 ) 

Below, graphs of sinh(x) and cosh(;c) are presented for reference. 



As T —> 0, p ->• oo, so 


lim(£) = lim -2 TiyB 

T-> 0 ft—too z 


sinh (phyB z ) 

1 + 2cosh(Phy B z ) 


As T -> oo, ->■ 0, so 


lim 

0 ->oo 


hyB, 

tanh(Phy B z ) 


= ~hy B, 


lim <£) = lim —2TiyB 

T-*oo fi-*0 z 


sinh (PhyB,) 

1 + 2cosh(phy B z ) 


= 0 
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17-8. If N w is the number of protons aligned with a magnetic field B z and N o is the number of protons 
opposed to the field, show that 

N 

Ho_ = -hyB z lk R T 

Given that y = 26.7522 x 10 7 rad-T _1 -s _1 for a proton, calculate 7V o //V w as a function of 
temperature for a field strength of 5.0 T. At what temperature is N o = N w ? Interpret this result 
physically. 


The energy of the protons aligned with the magnetic field is £ w = — ~hyB z , and the energy of the 
protons aligned against the magnetic field is E o = ] ^yB z . Using Equation 17.10, we can write 


N 

F =exp 


P ( ~^yB z - IjhyB, 


= exp 


Kyb; 


For a field strength of 5.0 T, 




= exp 


"-(1.05459 x 10" 34 J-s)(26.7522 x 10 7 rad-T" 1 -s -, )(5.0T)' 
. (1.38066 x 10- 23 J-K-')7' . 


= exp 


’—0.010 K" 
T 


Let N = N . Then 

o w 


N 

— = 1 = e xp 


-0.010 K 


0 = 


-0.010 K 


and T is undefined. Therefore, we can never attain the condition N w = N q . (See Section 15-3 for 
a similar problem, where we find that the population of the ground state is always greater than the 
population of the excited state in a two-level system.) 


17-9. In Section 17-3, we derived an expression for (E) for a monatomic ideal gas by applying 
Equation 17.20 to Q(N , V , T) given by Equation 17.22. Apply Equation 17.21 to 


Q(N. 


Inmk^T 


3N/2 

yN 


to derive the same result. Note that this expression for Q(N y V, T ) is simply Equation 17.22 with 
/3 replaced by \/k B T. 


Begin with Equation 17.21: 


(E) = k n T 2 


a In Q 
dT 


N.V 


We can use the partition function given in the problem to find (d In Q/dT) N v : 


Q(N, V, T) = —— 


V N f 2nmk B 


N\ V h 2 
3N 


3/V/2 


j3N/2 


3 In Q 

df 


In Q = — In T + terms not involving T 

- — 

N.V 
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Substituting this last result into Equation 17.21 gives 

,3 N 3 

(E)=k B T 2 - = -(Nk B T) 


17-10. A gas absorbed on a surface can sometimes be modelled as a two-dimensional ideal gas. We 
will learn in Chapter 18 that the partition function of a two-dimensional ideal gas is 


Q(N, A,T) = 


1 

AM 


2nmk„T\ 

-*»*-) 


A" 


where A is the area of the surface. Derive an expression for (E) and compare your result with the 
three-dimensional result. 


We can use the partition function given in the problem to find (3 In Q/dT) N v 


Q{N y A, T) 
In Q 


1 / 27rm/c B r \ 

AM V h 1 ) A 
N In T + terms not involving T 


/ainQA = N 
V dT ) NV ~ T 

Substituting this last result into Equation 17.21 gives 


(E) 


T 


= Nk B T 


The value for (E) for a two-dimensional ideal gas is less than the three-dimensional ideal gas result 
by Nk B T /2. We infer that each dimension contributes Nk B T/2 to the value of {E}. 


17-11. Although we will not do so in this book, it is possible to derive the partition function for a 
monatomic van der Waals gas. 


e ( N. v, n = A 


/ 2nmk B T \ 3N/2 

V h 1 ) 


(V - Nb)"e aN2/Vk * T 


where a and b are the van der Waals constants. Derive an expression for the energy of a monatomic 
van der Waals gas. 


We can use the partition function given in the problem to find (3 In Q/dT) 


N,V‘ 


Q(N> V, T ) - 


(V - Nbf f 2nmk B 


AM 


3N/2 


e aN 2 /Vk B Tj3NI2 


, ^ 3W aN 2 . t . „ 

In Q = — In T + — + terms not involving T 


9 In Q 
dT 


37V 


aN 2 


N,V 


2 T Vk B T 2 


Substituting this last result into Equation 17.21 gives 

3 N aN 2 


(E)=k B T 2 [ —- 


2 T Vk B T 2 
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17-12. An approximate partition function for a gas of hard spheres can be obtained from the partition 
function of a monatomic gas by replacing V in Equation 17.22 (and the following equation) by 
V — b t where b is related to the volume of the N hard spheres. Derive expressions for the energy 
and the pressure of this system. 


We can use the partition function specified in the problem to find 


GW V, T) = 


(V — b) N ( 2nmk x 


N\ V 


:mk^\ 

h 2 ) 


3N/2 


j3N/2 


3 N 


In Q — — In T + terms not involving T 


Substituting into Equation 17.21, we find that the energy (E) is the same as that for a monatomic 
ideal gas: 3Nk B T/2. We can use the partition function specified in the problem to find 


1 (2nmk 9 T 

Q(N - V - T) =m[-HT- 


3N/2 

(V -b) N 


In Q = N ln( V — b) + terms not involving V 


We substitute into Equation 17.32 to find 


( P)=k B T 



V-b 


17-13. Use the partition function in Problem 17-10 to calculate the heat capacity of a two-dimensional 
ideal gas. 


In Problem 17-10, we found that (E) = Nk B T for the given partition function. Since (E) = U, we 
can substitute into Equation 17.25 to write 


C v = 



= Nk s 


17-14. Use the partition function for a monatomic van der Waals gas given in Problem 17-11 to 
calculate the heat capacity of a monatomic van der Waals gas. Compare your result with that of a 
monatomic ideal gas. 


The partition function given in Problem 17-11 is 

Q( N ’V^) = y\i^) (V - Nb) N e»“ N2 ' v 

In Problem 17.11, we found that (E) = 3Nk B T/2 - aN 2 / V for a monatomic van der Waals gas. 
Since (E) = U, we can substitute into Equation 17.25 to write 

r ~(™\ _ 3yv *B 

v WvVv 2 

The heat capacity of a monatomic van der Waals gas is the same as that of a monatomic ideal gas. 
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17-15. Using the partition function given in Example 17-2, show that the pressure of an ideal diatomic 
gas obeys P V = Nk B 7\ just as it does for a monatomic ideal gas. 


We can use the partition function specified in Example 17-2 to find (9 In Q/d V): 


Q(N , V, T) = 


1 /2tt m\ N N /8tt 2 £\ ( 

N\\h 2 p) V h 2 p ) \ 1 — e~ l>hv 


In Q = N In V + terms independent of V 


N 


/aing\ = N 
V dV ) ~ V 


Substituting this result into Equation 17.32 gives 


( P) 


Nk^T 

V 


which is the ideal gas law. 


17-16. Show that if a partition function is of the form 


Q{N , V, T) = 


[g(V. 7)]* 
AM 


and if q(V, T) = f(T)V [as it does for a monatomic ideal gas (Equation 17.22) and a diatomic 
ideal gas (Example 17-2)], then the ideal-gas equation of state results. 


If ^(V, T) = f(T)V , then 


Wi/W 


Q = 


firry 

AM 


We can use this partition function to find (3 In Q/dV): 

'f(T) N 


In Q = In 


AM 


+ N\nV 


3 In Q 
dV 


N.fl 


= N In V + terms independent of V 
__ N 

~ V 


Substituting this result into Equation 17.32 gives 

Nk n T nRT 


iP) = 


V 


which is the ideal gas law. 


17-17. Use Equation 17.27 and the value of v for 0 2 given in Table 5.1 to calculate the value of the 
molar heat capacity of 0 2 (g) from 300 K to 1000 K (see Figure 17.3). 

From Table 5.1, v = 1556 cm -1 . Using this value, we can write 

hcv (6.626 x 10" 34 J-s _1 )(2.998 x 10 10 cm-s- , )(1556 cm" 1 ) 

- — -r--;- = 2240 K 

k B 1.3807 x 10- 23 J-K-‘ 
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We can substitute this value into Equation 17.27 to obtain the expression 

C v _ 5 /2240 K\ 2 e- 2240 K/T 

~R ~~ 2 + V - T~) (1 _ e -2240 K/r )2 

We plot C v versus T below. 



17 - 18 . Show that the heat capacity given by Equation 17.29 in Example 17-3 obeys a law of 
corresponding states. 


Let hv/k B = ©£. We can then write Equation 17.29 as 

Cy ,fe g y S **' 7 

R 3 \t ) (1 -e-»*' T ) 2 

Now let T r = T/@ e . The above expression becomes 



This equation obeys a law of corresponding states. 


17-19. Consider a system of independent, distinguishable particles that have only two quantum states 
with energy s 0 (let e 0 = 0) and e,. Show that the molar heat capacity of such a system is given by 


C v = R(pe) 7 


-Pc 


(\+e~ Pe ) 2 


and that C y plotted against /3e passes through a maximum value at fie, given by the solution to 
fie/2 = coth/te/2. Use a table of values of cothjc (for example, the CRC Standard Mathematical 
Tables ) to show that fie = 2.40. 


For the system described above, Equation 17.34 becomes 

q = e~ fie i = 1 + e~^ E \ == 1 + e~ fte 
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and Equation 17.43 becomes 




e-»> 








1 + e P£ ' 1 + e 


-fie 


where we have dropped the subscript "1" on s in both of the above expressions for simplicity. We 
can use Equation 17.42 to write (E) as 

Nee- fi£ 

(E) = N(e) =- j- 

\ / l+ e - P£ 

We now substitute this last expression into Equation 17.25 to find C v : 


c v = 


3{E) _1_ /9(E)\ 

dT k.T 2 V 9j8 / 


N 

'K7 2 


1 + e~ pc 


+ 


e 2 e - 2 ^ 


(1 +e~ pe ) 2 ] 


N T —e 2 e~ lie 


kj 2 


L(1 +e~ fie ) 2 


2 a -fi* 


= Nk c 


(PeYe 
(1 + e~ l>e ) 2 


- RiPefe-" 
v ~ ( 1+ e -» e ) 2 

We now wish to find the maximum value of C v . Let fie = x. Then 

C„ 


R 

d(C v /R ) 


x 2 e x 

(1 +o 2 


x 2 e * 2x 2 e 

+ 


-2x 


dx (1 + e~ x ) 2 (1 + e~ x ) 2 ' (l+e- x ) 3 

At the maximum value of C v , (dC v /dx) = 0, so 

p- x 

0 = 2 — x + 2x - 
2 = x (\ — 

1 + e~ 


\+e~ x 
2e~ x 
1 + e~ 


— x 


1 — e 
1 + e~ 


1 -e 


o*/ 1 


+ e 


-x/2 


e x/2 - e~ x/1 


x 

2 

x 

2 


, x X 

coth - = - 
2 2 


x = 2.40 — fie 


and x — Pe — 2.40. 


17-20. Deriving the partition function for an Einstein crystal is not difficult (see Example 17-3). Each 
of the N atoms of the crystal is assumed to vibrate independently about its lattice position, so that 
the crystal is pictured as N independent harmonic oscillators, each vibrating in three directions. 
The partition function of a harmonic oscillator is 

oo 

qJT) = 

u=0 

OQ 

= e -fihvf2 Y2 e'* vhv 

v=0 
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This summation is easy to evaluate if you recognize it as the so-called geometric series 
(MathChapter I) 


E* 

u=0 


1 


1 — X 


Show that 


and that 


e -fthv/2 
| _ g-fihv 


Q = e - fiU * 


(t 


e -Hhv/2 
- e ~ fihv 


) 


3 N 


where U Q simply represents the zero-of-energy, where all N atoms are infinitely separated. 


For a one-dimensional harmonic oscillator, 

q ho (T) = e-*'* 

v=0 



Let x = e l>hv . Then 


q J T ) = e- f,hu/1 f^x u = e 


-fihv/2 _ 


u=0 


1 — JC 


e -fthv/2 

1 - e~ fihv 


A three-dimensional harmonic oscillator can be viewed as three independent one-dimensional 
harmonic oscillators, and so in three dimensions 


<h»- h o(T) = iq h0 (T)] 3 



3 


Because each particle is distinguishable (due to its position in the lattice), the system partition 
function can be written as 


Q ~ #3D—ho^)^3D-ho.c^’ T)... (17.33) 

where a, b, c ,... are independent atoms. Then 



The e term takes the zero-of-energy into account. 


17-21. Show that 


2 1 

S = = *0 + y) + X 2 (\ + y) = (x + * 2 )(1 + y) 

i=l j= 0 

by summing over j first and then over i. Now obtain the same result by writing S as a product of 
two separate summations. 
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Summing first over j and then over /, we obtain 

5 = (y° + y) = x(\ + y) + x 2 (l + y) = (x + JC 2 )(1 + y) 

;=i j= o /=] 

Writing S as a product of two separate summations, we find 

s = 'E x< 'Ey J = (*+x 2 )o + y) 

i — 1 j =0 


17-22. Evaluate 

S = t±x i+j 

(=0 7=0 

by summing over j first and then over i. Now obtain the same result by writing S as a product of 
two separate summations. 


Summing first over j and then over i , we obtain 

2 t 2 

s = 7^ x i+j = 7](^ ,+0 + * f+1 ) = 1 + X + JC 2 + X + x 2 + X 3 = 1 + 2x + 2x 2 + 

1=0 7=0 i =0 

Writing 5 as a product of two separate summations, we find 

2 I 

= (1 +x + * 2 )(1 + *) = 1 +2x + 2 x 2 + x* 

i =0 ;=0 


17-23. How many terms are there in the following summations? 


a. S=E E*V 


y=l 7=1 


b. s=EE^ 

t = l 7=0 


c. 


S = EEE 


x‘ yi z k 


a. 6 terms 

b. 9 terms 

c. 12 terms 


17-24. Consider a system of two noninteracting identical fermions, each of which has states with 
energies e s 2 , and e y How many terms are there in the unrestricted evaluation of <2(2, V, T)1 
Enumerate the allowed total energies in the summation in Equation 17.37 (see Example 17-5). 
How many terms occur in <2(2, V, T) when the fermion restriction is taken into account? 


There are nine terms in the unrestricted evaluation. The allowed total energies given by the 
summation in Equation 17.37 are 

£ \ e 7, “ £ i £ \ £ \ + s \ 

£ \ £ 1~ £ l^~ £ \ £ 2 £ 2 

£ 2 £ ?> = £ 3 £ 2 £ 2 £ 2 
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When the fermion restriction is taken into account (no two identical fermions can occupy the same 
single-particle energy state), the allowed total energies are £, + £ 3 , £, + £ 2 , and s 2 + £ v and so 
there are only three terms in <2(2, V, T). 


17-25. Redo Problem 17-24 for the case of bosons instead of fermions. 


In this case there are six allowed terms: the three alloweed in Problem 17-24 and the three in which 
the Ej are the same (£, + £,, £ 2 + £ 2 , and £ 3 + £,). 


17-26. Consider a system of three noninteracting identical fermions, each of which has states with 
energies £,, £ 2 , and £ v How many terms are there in the unrestricted evaluation of 2(3, V, T )? 
Enumerate the allowed total energies in the summation of Equation 17.37 (see Example 17-5). 
How many terms occur in <2(3, V, T) when the fermion restriction is taken into account? 


There are 27 terms in the unrestricted evaluation. The allowed total energies given by the summation 
in Equation 17.37 are 

1 . £j + £ 2 + £ ? = £, + £3 + £ 2 = £ 2 + £, + £ 3 = £ 2 + £3 + £, 

= £3 + £j + £ 2 = £3 + £ 2 + £| 

2 . £j + £, + £ 2 = £j + £ 2 + £] = £ 2 + £j + £ ] 

3. £j + £j + £3 = £j + £3 T £, = £3 + £, + £, 

4. £j + £ 2 + £ 2 — £ 2 + £ 2 + £, — £ 2 "P £j + £ 2 

5. £j + £3 + £3 = £3 + £3 + £, = £3 + £j + £3 

6 . S 2 + £3 + £3 — £3 £3 + £ 2 — £3 + £ 2 ^3 

7. £ 2 T £ 2 + £3 — £ 2 T £3 + £ 2 — £3 + £ 2 + £ 2 

8 . £j + + £j 

9. £ 2 + £ 2 + £ 2 

10 . £3 + £3 + £3 

When the fermion restriction is taken into account (no two identical fermions can occupy the same 

single-particle energy state), the only allowed total energy is £, + £ 2 + £ v and so there is only one 

term in <2(3, V , 7). 


17-27. Redo Problem 17-26 for the case of bosons instead of fermions. 


In this case there are ten allowed terms, given by the total energies 


£j + £ 2 + £3 

£] + £1 + £3 

£ 2 + £ 2 + £3 

£ 2 ~b £ 2 
£ 2 "b £ 2 S 2 


e 2 ~b £ 2 ~b 

£ ( + £3 + £3 
£3 + £ 2 + £3 
+ £| + £, 
£3 + £3 + £3 


17-28. Evaluate (N/ V)(h 2 /8mk B T) y2 (see Table 17.1) for 0 2 (g) at its normal boiling point, 90.20 K. 
Use the ideal-gas equation of state to calculate the density of 0 2 (g) at 90.20 K. 
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Using the ideal-gas equation of state, 

N P 1.013 x 10 5 kg-nT'-s -2 

7 “ kj ~ (1.381 x 10~ 23 J-K"')(90.20 K) 


= 8.134 x 10 25 kg• m -3 


Then 


N_ 

V 


/ h 2 y v2 „ 25 _ 3 r (6.626 X 10- 34 J s) 2 

\8mk^T) = 8134x10 kgm [g(5.315 x 10- 26 kg)(1.381 x 10" 23 JK-')(90.20K) 


= 1.943 x 10" 6 


which is much less than unity. 


17-29. Evaluate (N/ V)(h 2 /8mk B T) y2 (see Table 17.1) for He(g) at its normal boiling point 4.22 K. 
Use the ideal-gas equation of state to calculate the density of He(g) at 4.22 K. 


Using the ideal-gas equation of state, 

N P 1.013 x 10 5 kg-m _1 -s -2 

~V = k^T = (1.381 x 10" 23 J-K"‘)(4.22K) 

Then 

N / h 2 N 3/2 
V \8 mk B T' 

= 0.0928 


= 1.739 x 10 27 kg-m 


--3 


= 1.739 x 10 27 kg-m 


(6.626 x 10" 34 J-s) 


-3 


-, 3/2 


[_8(6.646 x 10“ 27 kg) (1.381 x 10" 23 J-K"')(4.22 K) J 


which is not much less than unity, because of the small mass of He and the fact that here we 
consider helium at 4.22 K. 


17-30. Evaluate (N / V)(h 2 /&mk B T) y2 for the electrons in sodium metal at 298 K. Take the density of 
sodium to be 0.97 g mL -1 . Compare your result with the value given in Table 17.1. 


The mass of an electron is 9.11 x 10 31 kg, and the density of sodium is 2.54 x 10 28 particles per 
cubic meter. Thus 


N / h 2 
V \8mk B T 


3/2 


= (2.54 x 10 28 m J ) 


(6.626 x 10“ 34 J-s) 2 


[8(9.11 x 10- 31 kg)(l.381 x 10“ 23 J-K"')(298K)J 


3/2 


= 1420 


which, because of the very small mass of an electron, is much greater than unity. This is essentially 
equivalent to the value given in Table 5.1. 


17-31. Evaluate (N/ V)(h 2 /8mk B T) y2 (see Table 17.1) for liquid hydrogen at its normal boiling 
point 20.3 K. The density of H 2 (l) at its boiling point is 0.067 g-mLT 1 . 


The density of hydrogen gas is 2.00 x 10 28 particles per cubic meter. Thus 


Nf_ 


U \8mk B T 


3/2 


= (2.00 x 10 28 m“ 3 ) 


(6.626 x 10- 34 J-s) 


[8(3.35 x 10- 27 kg)(l.381 x IQ- 23 J-K-')(20.3 K) J 


3/2 


= 0.283 
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17-32. Because the molecules in an ideal gas are independent, the partition function of a mixture of 
monatomic ideal gases is of the form 


where 


Show that 


and that 


Q(N V N V V, T) = 


T)] N > [q 2 (V, T)]"* 


/V,! 


N ' 
/v 2 * 


*,(V. D = ( 


27Tm./c n 7\ 3/2 


j B 


v 7 = 1,2 


(£> = -(^ + ^7 


PV = (N x +N 2 )k B T 
for a mixture of monatomic ideal gases. 


We can use the given partition function to find In Q : 


^ /V,! M,! 

In Q = In + In = N, In<?, + N 2 \nq 2 - ln(/V 2 !) - ln(A r 1 !) 

Af i. N 2 • 

Using the definition of q. given in the problem, we can find (3 In Q/dfi) N v and (3 In Q/d V) N y. 

3N 3N 

In Q — - y~ In f$ - - In ft + non-£-related terms 

3 In Q \ 3 / N ] + N 2 

~W~ ) N y = ~2\ P 


In Q = N l In V + N 2 In V + non-V-related terms 
3 In N x + N 2 

3 V 




Now we use Equations 17.20 and 17.32 to find (E) and (P): 

<£> = \ = i (/Vi + N * )k * T 


/ N. + N. 

( p '> = k * T {- ± y^ L 

PV = k B T(N l + N 2 ) 


and 
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17-33. We will learn in Chapter 18 that the rotational partition function of an asymmetric top molecule 
is given by 


‘U 7 ’) = — 


n' /2 /'Sn 2 I A k B T 


1/2 


/87T 2 /, 

V h 




1/2 


Stv 2 I c k h T 


1/2 


where a is a constant and / A , / B , and I c are the three (distinct) moments of inertia. Show that the 
rotational contribution to the molar heat capacity is C v rol = \ R. 


Using the partition function in the problem text, we can write 

3 

lng rot = - In T + non-T-related terms 
Then we can use Equation 17.21 to write 


<£> m ,=k»T 2 


91n grc 

dT 



T 


and Equation 17.25 to write 


C 


y.rot 


dT 


3 

2 


k 


B 


For N a particles, C Vrot = 3k^NJ2 = 3R/2. 


17-34. The allowed energies of a harmonic oscillator are given by e v = (u + \)hv. The corresponding 
partition function is given by 

q v -, b (T) = J2e~ (v+ ^ T 

v=0 

Let x = e~ hv/k * T and use the formula for the summation of a geometric series (Problem 17-20) to 
show that 

e -hv/2k B T 

= yz . e ~ hv / k z T 


Let x ~ e hv/k n T . The equation for the partition function given in the problem text then becomes 

oo oo 

q . ib ( T ) = ' E xV+m = x ' / 2 Y, xV 

u=0 u=0 

^ 1/2 e -hv/2 k B T 

= 1 - JC “ 1 - e -WW 


17-35. Derive an expression for the probability that a harmonic oscillator will be found in the uth 
state. Calculate the probability that the first few vibrational states are occupied for HCl(g) at 300 K. 
(See Table 5-1 and Problem 17-34.) 


e ^ e vib.y 

prob (v = j) =- 

#vib 
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Using the harmonic oscillator partition function, we find that 


-fihvv --fihv/2 


prob (v = j) = 


(1 -e- hl,v ) 


-fihv/2 


= e~ hhvv (1 - e~ fihv ) 


For HC1, hv/k B = 4140 K. The probabilities of the first three vibrational states of HCI being 
occupied at 300 K are 

prob (v = 0) = (1 - e-^) = 0.99999898 

prob (v = 1) = e~ fihv (l - e~ fihv ) = 1.01 x 1(T 6 

prob (v = 2) = e~ 2fihv (l - e~ fihv ) = 1.03 x 1(T 12 

It is clear that at room temperature, the majority of the gaseous HCI molecules are in the ground 

vibrational state. 


17-36. Show that the fraction of harmonic oscillators in the ground vibrational state is given by 

f 0 = 1 - e-'" /k * T 

Calculate f 0 for N 2 at 300 K, 600 K, and 1000 K (see Table 5.1). 


The fraction of harmonic oscillators in the ground vibrational state is the same as the probability 
that a harmonic oscillator will be in the ground vibrational state (from Problem 17.35): 

f 0 = prob (v = 0) = 1 - e- hv/k * T 

For N 2 , hv/k B = 3352 K. 

Temperature f 0 

300 K 1.000 

600 K 0.9962 

1000 K 0.9650 


17-37. Use Equation 17.55 to show that the fraction of rigid rotators in the 7th rotational level is given 
by 


fj = 


(2J+\)e 


-h 2 J(J+\)/2lk R T 




Plot the fraction in the 7th level relative to the 7 = 0 level (/ y // 0 ) against 7 for HCl(g) at 300 K. 
Take B = 10.44 cm -1 . 


q ml = £(27 + l )e -» 2 '<'+'>/2« B r (17.55) 

7=0 


The number of rigid rotators in the yth rotational level is the J = j term in the above sum. Thus, 
the fraction of rigid rotators in the 7th rotational level can be expressed as 

_ (2J + \) e ~ h2ju+{)/2Ik * T 
^ J Q 

^rot 
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fj (27 + \) e -* 2 ->0+l)/2lk B T 

7o~ i 

For HCl(g), B hc| = 3.13 x 10" Hz. So / = h/Sn 2 B = 2.68 x 10 -47 J. Below is a plot of ( fj/f 0 ) 
vs. 7 for HC1 at 300 K. 



17-38. Equations 17.20 and 17.21 give the ensemble average of E, which we assert is the same as the 
experimentally observed value. In this problem, we will explore the standard deviation about (E) 
(MathChapter B). We start with either Equation 17.20 or 17.21: 


(£> = U = — 



= k B T 2 



N.V 


Differentiate again with respect to /J or T to show that (MathChapter B) 


a 2 E = {E 2 )-(E) 2 = k B T 2 C v 


where C v is the heat capacity. To explore the relative magnitude of the spread about <£), consider 

_ (fc B rCy ) 1/2 
(E) (£> 

To get an idea of the size of this ratio, use the values of (£) and C v for a (monatomic) ideal gas, 
namely, \Nk B T and \Nk B , respectively, and show that o E /(£) goes as N~' /2 . What does this trend 
say about the likely observed deviations from the average macroscopic energy? 


We use the following equalities (from Equation 17.18): 


(E) 

(£ 2 ) 


Hj Eje- pE > 

Q 

Zj Ej£^ 
Q 


ol = (£ 2 ) - (E) 2 = 


Ej E]f^_ 
Q 


(I^i) 


Now we can find o\\ 


2 
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We can substitute the definition Q = J2j e 
with respect to j3 to find 




(E) = 

9{E) \ = 

w ) 


E E.e 

J 




-fiE. 


i> 

E, Eje 




E; e 

E, Eje 


-fiE* 


-PE, 


Q 


into Equation 17.18 and take the partial derivative 


+ 


+ 


(E, Eje-^KEj E J e~ l>E i) 
E, e~ 2l,E ’ 


We define C v as (Example 17-3) 




1 


a 


2 

E 


So a\ = /: B T 2 C V . Now consider the spread about (£) for a monatomic ideal gas: 


_ (* B r 2 c v ) 


1/2 


<£> (£> 

[ A = B r 2 (|^ B )] l/2 




(|) 1 / 2 /v ,/2 


/V 


- 1/2 


Because N 1/2 is on the order of 10 12 for one mole, it is very unlikely that significant deviations 
from the average macroscopic energy will be observed. 


17-39. Following Problem 17-38, show that the variance about the average values of a molecular 
energy is given by 

k T 2 C 

a/ = <*>) - ( £ > 2 = -L-JL 

and that o B f{e) goes as order unity. What does this result say about the deviations from the average 
molecular energy? 


We use the following equalities: 


q = e-»J 


<£) = 

(e 2 > = ^ 


E, £ j e 


-tie. 


<7 

E, eje' 


We know that N(e) — (£), where N is the number of particles with molecular energy e . Thus 
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We can follow the steps in Problem 17.39, subsisting s for E and q for Q, to find 



= k B T 2 C v N~' 


For a monatomic ideal gas, C V N 1 = \k B . Now consider the spread about (e) for a monatomic 
ideal gas: 


E 

(E) 


«‘ir 


2\'/2 


<fi> 


(!) 


1/2 


k B T 


-k T 
2 k b 1 

3 X - 1/2 

2 , 


0.8 


which is of order unity. The molecular energy is much more likely to deviate from the average 
molecular energy than the corresponding macroscopic energy is to deviate from the average 
macroscopic energy. 


17-40. Use the result of Problem 17-38 to show that C v is never negative. 


The quantity cr 2 must be positive, because o is a real number and the square of any real number 
is always positive. Thus k B T 2 C v must be a positive number. Both k B and T are always positive; 
therefore, C v must always be positive. 


17-41. The lowest electronic states of Na(g) are tabulated below. 


Term symbol 

Energy/cm 1 

Degeneracy 

2 S 

°1/2 

0.000 

2 

2p 

r l/2 

16 956.183 

2 

2p 

r 3/2 

16 973.379 

4 

2 S 

^1/2 

25 739.86 

2 


Calculate the fraction of the atoms in each of these electronic states in a sample of Na(g) at 1000 K. 
Repeat this calculation for a temperature of 2500 K. 


The probability of an atom being in the /th electronic state is (Equation 17.44) 

e -W 

prob ' = 

where, for Na(g), 

Y e -^ e r _ 2 e -°/V + 2<r 16956 l83 /* B r + 4e ~i6m.m/k B T + 2(? -25739.86/* b t 
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To calculate the fraction of atoms in each electronic state, we multiply the state’s degeneracy by 
e~ e i ,k b t and divide by the summation above. (Note: k E = 0.69509 cm -1 .) 


Term Symbol Fraction of atoms, 1000 K Fraction of atoms, 2500 K 


2 S 

°I/2 

1.000 

2 P 

1/2 

2.545 x 10"" 

2 P 

1 3/2 

4.966 x 10"" 

2 ^ 

°l/2 

8.273 x 10 - ' 7 


0.9998 
5.784 x lO -5 
1.145 x 10" 4 
3.690 x 10" 7 


17 - 42 . The vibrational frequency of NaCl(g) is 159.23 cm '. Calculate the molar heat capacity of C v 
at 1000 K. (See Equation 17.27.) 


_5 R / hv \ 2 e- hv/k <> T 

Cv ~T + R \kj) (i _ e -W ) 2 


v N aci ( g) = 159.23 cm ', so hv/k^T = 0.22909, and 


C v 


„0.22909 


- + (0.22909) 2 

2 (l _ e 0.22909^ j 


R = 3.4956 R = 29.064 J-mol" 1 -K" 1 


17 - 43 . The energies and degeneracies of the two lowest electronic states of atomic iodine are listed 
below. 


Energy/cm 1 Degeneracy 


0 

7603.2 


4 

2 


What temperature is required so that 2% of the atoms are in the excited state? 


As in Problem 17-41, we have 


prob, = 


e~ c i /k B T 


(17.44) 


For 2% of the atoms to be in the excited state, we can substitute into the expression above and write 


0.02 = 2 exp 


-7603.2 

0.695097 


^4 + 2 exp 


-7603.2 

0.695097 


In 


0.04 -7603.2 


0.98 0.695097 

7 = 3420 K 


-i 
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Series and Limits 

PROBLEMS AND SOLUTIONS 


1-1. Calculate the percentage difference between e x and 1 + x for 
jc = 0.0050,0.0100, 0.0150, ..., 0.1000. 


We define percentage difference as 


Then we can create the table below: 


e J -(l+x) 

e x 


X 

e x 

1 +X 

percentage difference 

0.0050 

1.00501 

1.0050 

0.0012% 

0.0100 

1.01005 

1.0100 

0.0050% 

0.0150 

1.01511 

1.0150 

0.0111% 

0.0200 

1.02020 

1.0200 

0.0197% 

0.0250 

1.02532 

1.0250 

0.0307% 

0.0300 

1.03045 

1.0300 

0.0441% 

0.0350 

1.03562 

1.0350 

0.0598% 

0.0400 

1.04081 

1.0400 

0.0779% 

0.0450 

1.04603 

1.0450 

0.0983% 

0.0500 

1.05127 

1.0500 

0.1209% 

0.0550 

1.05654 

1.0550 

0.1458% 

0.0600 

1.06184 

1.0600 

0.1729% 

0.0650 

1.06716 

1.0650 

0.2023% 

0.0700 

1.07251 

1.0700 

0.2339% 

0.0750 

1.07788 

1.0750 

0.2676% 

0.0800 

1.08329 

1.0800 

0.3034% 

0.0850 

1.08872 

1.0850 

0.3414% 

0.0900 

1.09417 

1.0900 

0.3815% 

0.0950 

1.09966 

1.0950 

0.4237% 

0.1000 

1.10517 

1.1000 

0.4679% 
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1-2. Calculate the percentage difference between In(1 + x) and x for x = 0.0050, 0.0100, 
0.0150.0.1000. 


We define percentage difference as 

ln(l + x) — x 
ln(l +x) 

Then we can create the table below: 


X 

ln(l + x) 

percentage difference 

0.0050 

0.0049875 

0.2498% 

0.0100 

0.0099503 

0.4992% 

0.0150 

0.0148886 

0.7481% 

0.0200 

0.0198026 

0.9967% 

0.0250 

0.0246926 

1.2449% 

0.0300 

0.0295588 

1.4926% 

0.0350 

0.0344014 

1.7400% 

0.0400 

0.0392207 

1.9869% 

0.0450 

0.0440169 

2.2335% 

0.0500 

0.0487902 

2.4797% 

0.0550 

0.0535408 

2.7255% 

0.0600 

0.0582689 

2.9709% 

0.0650 

0.0629748 

3.2159% 

0.0700 

0.0676586 

3.4605% 

0.0750 

0.0723207 

3.7048% 

0.0800 

0.0769610 

3.9487% 

0.0850 

0.0815800 

4.1922% 

0.0900 

0.0861777 

4.4354% 

0.0950 

0.0907544 

4.6782% 

0.1000 

0.0953102 

4.9206% 


1-3. Write out the expansion of (1 + x)' /2 through the quadratic term. 


(1 +x)' /2 


i+ ! + ^V^ 2+o(jc3) 
1 + §-¥ + 0( * !) 


S = E 


g -(u+l)/l/iu 


1 - 4 . Evaluate the series 
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We can express this series as 


S = = e 


{fihv 


oo 

i ;=0 


Let e ph " = x, so 


and use Equation 1.3 to write 


S = x? £V 


v=0 


S = 




1 — e 


-fill i» 


1-5. Show that 


-r = 1 + 2x + 3x~ + 4x 1 + • ■ • 

(1 -x) 2 


We know (Equation 1.3) 


- = 1 + X + x 2 + x* + x 4 + ■ ■ ■ 

1 — X 


Differentiating both sides of this equation with respect to x gives 


- t = 1 + 2.x + 3x^ + 4x^ + ■ • ■ 

(1 -*) 2 


1-6. Evaluate the series 


„ 1111 
5= 2 + 4 + 8 + T6 + 


We can write 5 as 



- 1 


Using the geometric series (Equation 1.3), we find 



1-7. Use Equation 1.9 to derive Equations 1.10 and 1.11. 


Let /( jc) = sin jc. Then 


/'(jc) = cos a: 


f”(x) = — sin x and /'" = — cos x 
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The Maclaurin series is 


fix) = /(O) + 




So 


1 , 1 , 

sin(x) = 0 + * + 0 - — x 3 + 0 + —x 5 -1- 

Likewise, letting f(x) = cos* and applying Equation 1.9 gives 

cos(*) = 1 + 0 — — x 2 + 0 + — * 4 4- 0 + • ■ • 


(1.9) 


( 1 . 10 ) 


(Ill) 


1 - 8 . Show that Equations 1.2,1.10, and 1.11 are consistent with the relation e' x = cos* + i sin x. 


We begin with the relation e' x = cos* + i sin x. We use the expressions for sin x and cos* given 
in Equations 1.10 and 1.11 to write this relation as 


2 4 6 

* x x 
= 1_ 2! + 4!“6! + 


+ i 


3 5 7 

X X X 

x ~ 3! + 5! “ 7! + 


x 2 ix 3 jc 4 ix 5 x 6 ix 1 

= X+Ix ~2\-1\ + T\ + 1\-~6\~1\ + 

i 2 x 2 j 3 * 3 i 4 x 4 


Let ix = z. Then 


e . = i +z+ _ + _+ 


in accordance with Equation 1.2. 


1 - 9 . In Example 17-3, we derived a simple formula for the molar heat capacity of a solid based on a 
model by Einstein: 


Cy 



e - & rJ T 

(1 - e- ( V^ 


where R is the molar gas constant and 0 £ = hv/k B is a constant, called the Einstein constant, that 
is characteristic of the solid. Show that this equation gives the Dulong and Petit limit (C v 3 R) 
at high temperatures. 


Let x = ® e /T. Then 


C v = 3 Rx 1 - -z 

v (\-e~ x ) 2 


At high temperatures, x 0. We can use a series expansion of e x (Equation 1.2) and write 


C v = lim3^ 

v x->0 


= 3/?lim 


(l-e-*) 2 
1-X + - 


> 0 ( 1-1 +X + ---Y 


= 3 R 
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1-10. Evaluate the limit of 


as x -» 0. 


f(x) = 


e x sin 2 x 


We can use Equations 1.2 and 1.10 to write this function as a series expansion: 

[1 - * + 0{x 2 )][x + OO 2 )] 2 x 2 + 0(x 7 ) 


fix) = 


As x —> 0, f(x) —» 1. 


1-11. Evaluate the integral 


= /" 


x 2 e * cos 2 xdx 


for small values of a by expanding 7 in powers of a through quadratic terms. 


x 2 e *cos xdx 


* 2 h-*+^-^ + ofc< 4 ) 


1 - jf + 0(x‘) 


-f 

=/■ 

[“ V X 2 I 2 

= / [x 2 - JC 3 + 0(x 4 )] 1 - — + 0(x 4 ) dx 

Jo L 2! 

= f [x 2 — x* -f 0 (jc 4 )] [l — x 2 + 0(x A )] dx 

Jo 

= f [x 2 - X 3 + 0(x 4 )]dx 

Jo 


-i 2 


dx 


= J + o«0 


l~12. Prove that the series for sin x converges for all values of x. 


We can use the ratio test (Equation 1.5) and the Maclaurin series for sin x (Equation 1.10): 


= lim 

U n + , 



oo 

U n 



= lim 

n-yoo 

x 2n+ ' 

(2n- 1)!| 

(2n + l)! 

1 

c 

OJ 


= lim 

rt—>oo 


|(2n + l)(2/i) 
Because r < 1, the series converges for all values of x. 


= 0 


1-13. A Maclaurin series is an expansion about the point x = 0. A series of the form 

fix) =c 0 + cfx- x Q ) + c 2 ix - x 0 ) 2 H- 
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is an expansion about the point x 0 and is called a Taylor series. First show that c 0 = f(x Q ). Now 

differentiate both sides of the above expansion with respect to x and then let x = x Q to show that 

c = (df/dx) . Now show that 
1 ■* 

= i (d*£\ 

° " nl{dx"J x=Xo 

and so 

fix) = f(X 0 ) + (x - x 0 ) + - it - x o) 2 + ■■■ 


At x 0 , we find 


fix ) = c 0 + c x ix - x 0 ) + c 2 ix - x 0 ) 2 + • • • 

fix 0 ) = c 0 


Differentiating f(x) with respect to x gives 


fix) = c, + 2 c 2 ix — x 0 ) H- 

fix 0 ) = c, 


Likewise, the second derivative of fix) at x 0 is 2c 2 , the third derivative of fix) at x 0 is 3!c 3 , and, 
generally, 



= L(<£±\ 

C " n\ \dx") x=Xi 

Substituting into the Taylor series for c n , we find 


fix) = fix 0 ) + 



(* “ *o) + ^ 



ix - X 0 ) 2 H- 


1-14. Show that THopitaPs rule amounts to forming a Taylor expansion of both the numerator and the 
denominator. Evaluate the limit 


lim 

0 


ln(l + x) — x 


both ways. 


We use two Maclaurin series, one for the numerator and one for the denominator: 


f(x) = a Q + a { x + a 2 x 2 4- 


8 (x) =fc 0 + V+V 2 4- 


f(x) __ a 0 + a x x 4- a 2 x 2 4-b a n x n 

8( x ) b 0 4- b { x 4- b 2 x 2 4- • • * 4- b n x n 


We can then write 
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f'(x) a, + a 2 x + a 2 x 2 H-+ a n x n 1 

g'(x) b ] + b 2 x + b^x 2 H-h 

L’Hopital’s rule states that if both /O) and g(x) go to 0 or oo as x approaches 0, then 

Hx) ,. /'(x) 

g( X ) x->0 g (*) 

In terms of the Maclaurin series above, let us consider only terms without x. Then 

fix) _ Op + O(x) _ Op 
g(x) b 0 + 0(x) b 0 

If the numerator and denominator of this fraction are equal to zero, we shall consider terms up to 
(but not including) 0(x 2 ). Since we have already found that a 0 = b 0 = 0, 

fix) _ a, + Q(* 2 ) _ a, 

g(x) b { + 0(x 2 ) b x 

which is the derivative of f(x)/g(x), as l’Hopital’s rule states. This process can be continued 
indefinitely until a non-zero numerator or denominator is found. To extend this to situations where 
x -> K, where A" is a nonzero number, we need only consider the Taylor series about the point K. 
By l’Hopital’s rule, 

ln(l + x) - x (1 + x) -1 - 1 

lim-=-= lim--- 

x~*0 X *-*o 2x 

-X __ .. -1 _ \ 

x—o 2x(\ + x) x-*o 2(1 + jc) + 2x 2 

For the Maclaurin expansion, 


f{x) = ln(l +x) — x = 0 + 0a:- 
g(x) = 0 + Ox + x 2 

Now fix)/g(x) = 0/0 and f'ix)/g'{x) = 0/0, but 

fix) _ 1 

8"ix) 2 

as above. 


1-15. In Problem 18^-5, we will need to sum the series 


= !>’ 




To sum the first one, start with (Equation 1.3) 


s o = Il xU = T 
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Differentiate with respect to x and then multiply by x to obtain 


s 


i 



x 

0 -*) 2 


Using the same approach, show that 




2 


= £w 

u=0 


x + x 2 
0-x) 3 


Following the procedure outlined in the problem, we find 


Likewise, 


OO 1 

s » = I>" = Tr 

n =0 1 


1 

n —u 

= y nx r-i = _1_ 

dx h (\~x) 2 

ds 0 x 

dx ^ Cl — r'l 2 


n= 0 


(i -xY 


w V 

= Ynx" = — 

n - 


n=0 


ds 


X 

(1 “ X\f 
1 


^ = r B v-' = — 

dx ^ Cl - 


+ 


2x 


n= 0 


d-*r (i-*) 


1 — x + 2x 
(l-x) 3 

x+x 2 
(1 -*) 3 


ds 





CHAPTER 


Partition Functions and Ideal Gases 

PROBLEMS AND SOLUTIONS 


18 - 1 . Equation 18.7 shows that {s tians ) — \k B T in three dimensions, and Problem 18-3 shows that 
ns > = \k^T in one dimension and \k^T in two dimensions. Show that typical values of 
translational quantum numbers at room temperature are 0(1O 9 ) for m — 10 -26 kg, a = 1 dm, and 
T = 300 K. 


The average translational energy at 300 K is on the order of k B T = 4.142 x 10 21 J. Recall that 


2 2 


<£> = 


h 2 n 

Sma 2 


So 


ft ^ 


8 ma 2 


KT = 


8(10 kg)(0.1 m) 2 


h 2 B (6.626 x 10“ 34 J-s) 2 
2.75 x 10 9 


(4.142 x 10" 21 J) 


In two and three dimensions, depends on the sum of the squares of the respective quantum 
numbers. So for comparable values of a for each dimension, n will be of 0(1O 9 ). 


18 - 2 . Show that the difference between the successive terms in the summation in Equation 18.4 is 
very small for m = 10 -26 kg, a = 1 dm, and T = 300 K. Recall from Problem 18-1 that typical 
values of n are 0(1O 9 ). 


Equation 18.4 gives 


T) = 



\ 8 ma 2 


3 


The difference between terms in g Uji _ fV- T) is then 

e -Mn+l) 2 _ e -An 2 _ e -An 2 _ j 

where A — ph 2 /&ma 2 ~ 10 -19 . Therefore, 

e -A(ln+l) _ j ^ jq-10 
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18-3. Show that 


T ) = 


2nmk n T 


in one dimension and that 


/ 2nmk R T\ 0 

^)a 2 

in two dimensions. Use these results to show that (£ trans ) has a contribution of k B T/2 to its total 
value for each dimension. 


Remember that / 0 °°e an2 dn = (^) ,/2 . Then, for one dimension, 


f°° z/« 2 [2nmk R T\ 

«_<«■. ^= i «■'* • <*•=(— 


And for two dimensions. 


q^T)=[ e-^^dn) = 


2nmk 0 T 


^-)a 2 


^trans^ “ ^ 


The partition function is proportional to T n/1 , where n is the dimension. So 


, ~ n nk R T 

u \ — l T 2 _= _-_ 

' C trans' _ B 2 T 2 


18 - 4 . Using the data in Table 8.6, calculate the fraction of sodium atoms in the first excited state at 
300 K, 1000 K, and 2000 K. 


We can use the second line of Equation 18.10 to calculate the fraction of sodium atoms in the first 
excited state, with g e{ = 2, g e2 = 2, g e3 = 4, and g e4 = 2: 


Jl 2 + 2e ~+ 2e~ fi€ « +... 
Using the data in Table 8.6, we find that the numerator of this fraction is 


2 exp — 


16 956.183 cm 
(0.6950 cnT 1 .K- : 
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and the denominator is 
2 + 2 exp 

+2 exp 


-i 


16 956.183 cm 
L (0.6950 cm -1 •K“ , )T 
25 739.86 cm' 1 


+ 4 exp 


+ ■ 


16 973.379 cm- 1 ' 
L '(0.6950cm-'•K- , )7'_ 


L (0.6950 cm-'-K-')7j 
Using these values, we find that the values of f 2 for the various temperatures are 


f 2 (T = 300 K) = 4.8 x lO -36 
f 2 (T = 1000 K) = 2.5 x 10“' 1 
f 2 (T = 2000 K) = 5.0 x IQ -6 


18-5. Using the data in Table 18.1, evaluate the fraction of lithium atoms in the first excited state at 
300 K, 1000 K, and 2000 K. 


We can use the second line of Equation 18.10 to calculate the fraction of lithium atoms in the first 
excited state, with g ei = 2, g e2 = 2, g e3 = 4, and g tA = 2: 


h = 


2e 




2 + 2e Pe ' 2 + 4e pe ‘* + 2e Pe ' a + ... 
Using the data in Table 8.6, we find that the numerator of this fraction is 

14 903.66 cm- 1 1 


2 exp 


(0.6950 cm -1 •K _l )7’ J 


and the denominator is 
2 + 2 exp 

+2 exp 


-l 


14 903.66 cm 
L (0.6950 cm" 1 •K" , )7’J 
27 206.12 cm-' 


+ 4 exp 


+ ' 


-i n 


14 904.00 cm 
(0.6950 cm-'-K-'jrJ 


L (0.6950 cm -1 -K-^TJ 
Using these values, we find that the values of f 2 for the various temperatures are 

fJT = 300 K) = 9.0 x 10' 32 


f 2 (T= 1000 K) = 4.9 x 10 
fJT = 2000 K) = 2.2 x 10“ 


-10 


18-6. Show that each dimension contributes R/2 to the molar translational heat capacity. 


In Problem 18.3, we showed that has a contribution of k E T/2 from each dimension. From 
Chapter 17, 






N.V 
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Because 


(d(e)' 

\ = 

[d(k B T/2)l 

\dT , 

' N,V 

9 T 


each dimension contributes Nk B /2 = R/2 to the molar translational heat capacity. 


18-7. Using the values of © vib and D 0 in Table 18.2, calculate the vaues of D e for CO, NO, and K^. 


We can use the definitions D e = D 0 + hv/2 and © vib = hv/k B to write 


D e = D 0 + = D 0 + ^ 


D (CO) = 1070 kJ-mol + 


(8.314 x 10 -3 kJ-mol -1 -K -1 )(3103 K) 


= 1083 kJ-mol" 1 

, (8.314 x 10 -3 kJ-mol" 1 -K -1 )(2719K) 

D,(NO) = 626.8 kJ-mol" 1 + ----—-- 

= 638.1 kJ-mol -1 

. (8.314 x 10 -3 kJ-mol -1 -K -1 )(133 K) 

D e ( Kj) = 53.5 kJ-mol" 1 + ------ - 


= 54.1 kJ-mol 


-1 


18-8. Calculate the characteristic vibrational temperature 0 vib for H^g) and D 2 (g) (v Hj = 4401 cm 

and v n = 3112 cm -1 ). 

U 2 


From the definition of © vib , we can write © vib = hcv/k B . Then 


®*(H*) 


©v ib (D 2 ) 


(6.626 x 10 -34 J-s)(2.9979 x 10 10 cm-s -1 )(4401 cm -1 ) 
1.381 x 10 -23 J-K" 1 

(6.626 x 10 -34 J-s)(2.9979 x 10 10 cm-s -1 )(3112cm -1 ) 
1.381 x 10 -23 J-K -1 


= 6332 K 
= 4478 K 


18-9. Plot the vibrational contribution to the molar heat capacity of Cl 2 (g) from 250 K to 1000 K. 


Use Equation 18.26 to write C v vib as a function of T: 



For Cl 2 , we use © vib = 805 K (Table 18.2) in the above equation and plot C v vib versus T. 
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18-10. Plot the fraction of HCl(g) molecules in the first few vibrational states at 300 K and 1000 K. 


Use Equation 18.28, substituting © vib = 4227 K (Table 18.2), to write f v as a function of v, and 
plot. At 300 K f u>0 = 7.6 x 10" 7 and at 1000 K f v>0 = 1.46 x 10“ 2 . 

f v = (1 - e -< "W r )e -u< "W 7 ' 



v 


18-11. Calculate the fraction of molecules in the ground vibrational state and in all the excited states 
at 300 K for each of the molecules in Table 18.2. 


The fraction of molecules in the ground vibrational state is given by (Equation 18.27) 


fo = 1 - e~^' T 
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and the fraction in all the excited states is 1 — / 0 , or e . We can use the © vib for the molecules 
given in Table 18.2 to find f 0 and f v>Q . 


molecule 

fo 

f y>0 

h 2 

1.0000 

1.0066 x 10" 9 

D 2 

1.0000 

4.3555 x 10- 7 

Cl 2 

0.93167 

6.8335 x 10~ 2 

Br 2 

0.78633 

0.21367 

I 2 

0.064180 

0.35820 


0.99946 

5.4213 x 10- 4 

N 2 

0.99999 

1.3051 x 10' 5 

CO 

0.99997 

3.2207 x 10" 5 

NO 

0.99988 

1.1584 x 10" 4 

HC1 

1.0000 

7.5996 x 10" 7 

HBr 

1.0000 

3.2942 x 10“ 6 

HI 

0.99998 

1.8706 x 10“ 5 

Na, 

0.053389 

0.46611 


0.35811 

0.64189 


18-12. Calculate the value of the characteristic rotational temperature 0 rot for (g) and D 2 (g). (The 
bond lengths of Hj and D 2 are 74.16 pm.) The atomic mass of deuterium is 2.014. 


The reduced masses of hydrogen and deuterium, respectively, are 


1^) = 


(1.674 x 10 -27 kg) 2 
2(1.674 x 10 -27 kg) 


= 8.370 x 10" 28 kg 


and 


(3.344 x 10- 27 kg) 2 
M ^ ~ 2(3.344 x 10- 27 kg) 


= 1.672 x 10 -27 kg 


Now use the formula © rot = h 2 /2fxR 2 k B (Equation 18.32) to find the value of © rot for hydrogen and 
deuterium: 


©ro.(H 2 ) 

©ro t (D 2 ) 


(1.055 x 10~ 34 J-s) 2 

2(8.370 x 10" 28 kg)(74.16 x 10-' 2 m) 2 (1.38066 x 10~ 23 J-K" 1 ) 
87.56 K 

(1.055 x 10" 34 J-s) 2 

2(1.674 x 10“ 27 kg)(74.16 x 10" 12 m) 2 (1.38066 x 10“ 23 J-KT 1 ) 
43.78 K 


18-13. The average molar rotational energy of a diatomic molecule is RT. Show that typical values 
of J are given by J(J + 1) = T /© rot - What are typical values of J for N 2 (g) at 300 K? 
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If { E) = RT , then € = k R T. From Equation 18.30a, 

2 lk R T T 

w + »—»*—e" 


For N 7 at 300 K, 


and 7 ^ 9 or 10. 


7(7 + 1) « 104 


18-14. There is a mathematical procedure to calculate the error in replacing a summation by an 
integral as we do for the translational and rotational partition functions. The formula is called the 
Euler-Maclaurin summation formula and goes as follows: 


£ fin) = T f(n)dn + \{f(b) + /(a)} - 2 


12 


df_ 

dn 


d ± 

dn 


n=b 


+ 


720 


d 3 f 

_ 2Z 


dn 3 

„=« ^ 3 

n=/? . 


+ 


Apply this formula to Equation 18.33 to obtain 


ijn = Q- 

'"'rot 




(W 


Calculate the correction to replacing Equation 18.33 by an integral for N 2 (g) at 300 K; H 2 (g) at 
300 K (being so light, Hj is an extreme example). 


‘U 7 ’) = D 2 ' / + 1)e_c ‘ )| 


-0 rnl y(y+D/r 


y=o 


1 


= j dJ(2J + l) e -*'* J(J+ ' )/T + j (/(oo) + /(0)) 


1 

~df 


- 

l 

‘7 3 / 

1 *71 

- 

\2 

dJ 

_ 

y=o dJ 

y=oo_ 

+ 720 

dJ 3 

In 

1 

1 

o 

11 

7=00- 


+ 


Let u = 7(7 + 1) and du = (27 + 1)<77. Then at 7 = 0, w = 0, and at 7 = oo, w = oo. Also, find 
the first and third derivatives of /(7): 


/(7) — (27 + \)e 


-0 7(7+1)77 


di = z t\ 

dJ T 


(27 + 1) e 




^4 = 4 ((27 + l) e -«™ y <' +1 >' r + f^sl ) (27 + l)V B -' ( ' +1 > /r 
dJ \ T I V T 


+ 2 


m 


(27 + l)«-«-^ +1 )/ r 
© 


= 8 (-2k) + 4 ( + 0 

dJ 3 \T \ T 1 


0 , N 2 
rot 

7 


= f (27 + l)e" e n* y(y+l)/r + Ll) - 2 ( _^I 2 t + 2 
7o 2 


12 
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1/0 0 
+— ( -8— - 4— 121 ) + O 
720 V T T 1 




T 

0~ 


,+ K%) + b(t s| +o 


(¥)■ 


For NL the correction factor to q rol at 300 K is 0.32%; for H 2 , the correction factor is 9.45%. 


18-15. Apply the Euler-Maclaurin summation formula (Problem 18-14) to the one-dimensional 
version of Equation 18.4 to obtain 


1/2 


( 27tmk n T\ 

^ = (- ^2 -) a + I " + 


'1 h 2 

.2 + 4%ma 2 k B T J 


-h 2 /ima 2 k R T 


Show that the correction amounts to about 10 8 % for m = 10 26 kg, a = 1 dm, and T = 300 K. 


The one-dimensional version of Equation 18.4 is 

ph 2 - 2 ' 

exp y - 

n=l 


f, ( flh 2 n 2 \ f, 

,= 5 exp rwJ = £' 


-bn 2 


where we let b = /}h 2 /%ma 2 . The pertinent derivatives of q are 

^ = -2 bne~ hnl 
dn 

d*q 

dn 2 

= 4 b 2 ne~ b " 2 - 8 b 3 n 3 e~ hn2 
dn 3 


= —2be~ hn +4 b 2 n 2 e- 


We can approximate 


/ oo no 

e~ hn2 dn w J 


e hn dn 


and use the Euler-Maclaurin summation formula from Problem 18-14 to find 

9 = jf + J («-* - 0) - y 2 (-2 be-") + A (44V‘ - 84 V) 


■( 


27rma 2 /c B T\ 


1/2 


1 1 


1 


+ ( - + -b H-b- b s e 


/ 2nmk„T 

\-if- 


r* 


+ 


2 6 180 90 

h 2 


1 

2 4Sma 2 k B T 


0(b 2 ) 


For m = 10 -26 kg, a = 1 dm, and T = 300 K, simply replacing the sum by an integral gives a value 
of 2.43 x 10 9 . The correction term is 0.5, which is 2 x 10~ 8 % of the value of the sum. 


18-16. We were able to evaluate the vibrational partition function for a harmonic oscillator exactly by 
recognizing the summation as a geometric series. Apply the Euler-Maclaurin summation formula 
(Problem 18-14) to this case and show that 


= e -® v J 2T Y^e~ V@ ^ /T 


v=0 


v=0 


-0 J2T 
— e v >b' 


— + 1 + + 
L© vib 2 12 T 
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Show that the corrections to replacing the summation by an integration are very large for 0 2 (g) at 
300 K. Fortunately, we don’t need to replace the summation by an integration in this case. 


Recall that © .. = hv/k B , so 






v=0 


v=0 


Then 




/(u) = f'(v) = -^. e ~ ve ^ /T 




r(v)=- (^y 

and applying the Euler-Maclaurin summation formula yields 

f>- wr = + ^ (,) - n (-¥) + 4s {-¥) + 


T 1 0 

=-+ - + —^ + 0(T~ 3 ) 

0 vjb 2 12T 


Then 


Y^ e -H(v+^)hv _ e -@ y J2T 


y=0 


T 1 0 

- -|-j-vjb Q, T - 3x 

©vib 2 ^ 127 ^ 


For 0 2 , @ vib = 2256 K. Using Equation 18.23, we find that 


-2256 K/600 K 


^vib(^) | _ ^-2256 K/600 K 0.0238 

and using the correction, we have 


2?56 K /600 k / 300 K. 1 2256 IC 

«- m - ' l2256K + 2 + 3600K 


)■ 


0.0293 


which is about a 20% difference. 


18-17, Plot the fraction of NO(g) molecules in the various rotational levels at 300 K and at 1000 K. 


Use Equation 18.35, substituting 0 rot = 2.39 K (Table 18.2), to write f } as a function of /, and 
plot. 

fj = (2/ + l)(© rot /T)e - ®™ y( ' /+l)/r 
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18-18. Show that the values of 7 at the maximum of a plot of /, versus 7 (Equation 18.35) is given by 



Hint : Treat 7 as a continuous variable. Use this result to verify the values of 7 at the maxima in the 
plots in Problem 18-17. 


fj = (27 + I )^p L e -w "» y(y+l)/r 
At the maximum of a plot of / y versus 7, the slope is zero, so 


-L = 2 ®ro?. g — ,111, + d/ 7 - _ nj + l ) 2 

dJ T 


© 




We can solve this equation for 7 max : 

(27 max + l) 2 (^) 2 e ^^ + .vr = 


2T 

(2^ + D 2 =^- 

rot 


7 = 


1/2 


2®rol/ ^ 


For NO(g) at 300 K and 1000 K, 0 rol = 2.39 K, so the values of 7 max given by the above equation 
are 7 ^7 and 7 ~ 14, respectively, in agreement with the plot in Problem 18-17. 


18-19. The experimental heat capacity of N 2 (g) can be fit to the empirical formula 

C V (T)/R = 2.283 + (6.291 x 10" 4 K _1 )T - (5.0 x lO” 10 K" 2 )7 2 

over the temperature range 300 K < T < 1500 K. Plot C V (T)/R versus T over this range using 
Equation 18.41, and compare your results with the experimental curve. 


For N 2 , © vib = 3374 K, so we plot the experimental equation given in the problem text and the 
theoretical equation 

Cy(T) _ 5 /0^\ 2 e^ T 

R 2 V T J (1 - e- e ».U) 2 




Partition Functions and Ideal Gases 


567 


18-20. The experimentai heat capacity of CO(g) can be fit to the empirical formula 

C V (T)/R = 2.192+ (9.240 x 10" 4 K” l )T-(1.41 x 1CT 7 K ~ 2 )T 2 

over the temperature range 300 K < T < 1500 K. Plot C V (T)/R versus T over this range using 
Equation 18.41, and compare your results with the experimental curve. 


For CO, © vib = 3103 K, so we plot the experimental equation given in the problem text and the 
theoretical equation 

Cy(T) 5 /0 vib y e-V 

R 2 \T ) (1-eT'W) 2 



18 - 21 . Calculate the contribution of each normal mode to the molar vibrational heat capacity of 
H 2 0(g) at 600 K. 


For H 2 0, the values of © vib for the three normal modes are 2290 K, 5160 K, and 5360 K. For 
= 5360 K, 

Cvj _ /5360 \ 2 _g-536o/6oo__ , 05 x 10 -2 

R ~ \ 600 / (1 _ ^-5360/600)2 ‘-U3X1U 

For © vib . = 5160 K, 

C V j /5160\ 2 e- 5l60/60 ° , _ lrt _ 2 

R ~ ( 600 ) (1 - e - 5m/m ) 2 ~ ]36x 10 

For © vib; = 2290 K, 


c vj _ (2290 \ 2 e - 2290/60 ° 

R ~ V 600 J (1 - e - 2290/600 ) 2 ~ 


18-22. In analogy to the characteristic vibrational temperature, we can define a characteristic electronic 
temperature by 


0 , . = ^ 

elec,j jL 

K B 
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where s ej is the energy of the j th excited electronic state relative to the ground state. Show that if 
we define the ground state to be the zero of energy, then 

?elec = 8 0 + g x e~ e «*' ,T + g 2 e~ @ ^ /T + ■■■ 

The first and second excited electronic states of 0(g) lie 158.2 cm -1 and 226.5 cm -1 above the 
ground electronic state. Given g 0 = 5, g, = 3, and g 2 = 1, calculate the values of © elec ,, 0 elec2 , 
and g elec (ignoring any higher states) for 0(g) at 5000 K. 


Substituting the values given in the problem into the definition of © elec . gives 

158.2 cm" 1 


0 = 
^elec.l 




0.69509 cm” 1 -K" 
226.5 cm" 1 

0.69509 cm-'-K" 


= 227.6 K 


= 325.8 K 


We can write q c]ec as (Equation 18.8) 

Setae = 


^elec 


= g 0 + g,e ®fc' /T + g 2 e ®cm /t - 

= 5 + 3e~ 2216/5000 + 1 ^- 325 . 8/5000 _ 8 803 


18-23. Determine the symmetry numbers for H 2 0, HOD, CH 4 , SF 6 , CjHj, and C 2 H 4 . 


Symmetry numbers of selected molecules 

Molecule Symmetry Number 


H 2 0 

HOD 

CH 4 

sf 6 

c 2 h 2 

c 2 h 4 


2 

1 

12 

24 

2 

4 


18 - 24 . The HCN(g) molecule is a linear molecule, and the following constants determined spectro¬ 
scopically are I = 18.816 x 10" 47 kg-m 2 , v, = 2096.7 cm -1 (HC-N stretch), u 2 = 713.46 cm -1 
(H-C-N bend, two-fold degeneracy), and v 3 = 3311.47 cm" 1 (H-C stretch). Calculate the values 
of 0 ro( and @ vib and C v at 3000 K. 


We can use the definitions of 0 rot and © vib to write 

h 2 

0 , =-= 2.1405 K 

ro * 2lk B 

hcv 

0 vib = 

k b 

0 vib , = 3017 K (HC-N stretch) 
0 vib 2 = 1026 K (H-C-N bend) 
© vib 3 = 4764 K (H-C stretch) 
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For linear polyatomic molecules. Equation 18.59 holds, and so 


£y 

R 


2 + X C vibj 
z ;=i 

5 /3017\ 2 e - 30l7/300 ° o /1026\ 2 1026/3000 

2 \3000/ (1 -*-3017/3000 ) 2 + 2 V3000/ (1 -^epocy 

/ 4764\ 2 e - 4764/3000 

\3000/ (1 _ ^-4764/3000)2 

2.5 + 0.92+ 1.98 + 0.81 = 6.21 


18-25. The acetylene molecule is linear, the C=C bond length is 120.3 pm, and the C-H bond 
length is 106.0 pm. What is the symmetry number of acetylene? Determine the moment of inertia 
(Section 13-8) of acetylene and calculate the value of 0 rot . The fundamental frequencies of 
the normal modes are v x = 1975 cm -1 , v 2 = 3370 cm -1 , v 3 = 3277 cm -1 , v 4 = 729 cm -1 , and 
v 5 = 600 cm" 1 . The normal modes v 4 and v 5 are doubly degenerate. All the other modes are 
nondegenerate. Calculate @ vjb . and C v at 300 K. 


The symmetry number of acetylene is 2 (Problem 18.24). Choose the coordinate axis to bisect the 
center of the triple bond. Then 


I = = 2 ( 12 °' 3X 2 l(r - ) (1.995 x 10-“ kg) 

12 m ) 


120.3 x 10 -12 m 


+ 106.0 x 10 


(1.67 x 10" 27 kg) 


= 2.368 x 10 -46 kg-m 


We can use the definitions of © ro( and 0 vib to write 


0rot 21 k, 


= 1.701 K 


B 

„ hcv 

0 vib = "jT" 

®vib.2 = 2841 K 

©vib.2 = 4849 K 
©vib,3 = 4715 K 

®vib .4 = 1049K 

0 vibi5 = 863.3 K 


The vibrational molar heat capacities are given by (Equation 18.26) 


^V.vib — ^ 


®vib 


e~^ fT 


V-e 




2 
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Because acetylene is a linear polyatomic molecule, we can use Equation 18.59 to find the molar 
heat capacity at 300 K: 



= 2 + Cib.l + C vib.2 + C vib,3 + 2C vib.4 + 2C vib.5 

= 5 - + 6.92 x 10" 3 + 2.50 x 10" 5 + 3.69 x 10" 5 + 2(0.394) + 2(0.523) 
= 4.34 


18-26. Plot the summand in Equation 18.53 versus J , and show that the most important values of J 
are large for T > 0 ro( . We use this fact in going from Equation 18.53 to Equation 18.54. 


The summand in Equation 18.53 is 

(2 J + i )V* 2 w + i)/2/*b7 = (2 J + i)2^Ay + i)e rm /7 

Let x = © rot /r, so that for © rot T x is small, and then plot the summand versus J for different 
values of x . 



We can see that for 0 rol 7\ the most important values of J (as far as contributions to the 
summand are concerned) are large, so Equation 18.54 holds quite well when this condition is met. 


18-27. Use the Euler-Maclaurin summation formula (Problem 18-14) to show that 


(0 = — ( ^-) + - 6 + o (^ 


1/2 


T \ V2 1 


0 


for a spherical top molecule. Show that the correction to replacing Equation 18.53 by an integral is 
about 1% for CH 4 and 0.001% for CC1 4 at 300 K. 


For a spherical top molecule, 

qJJ) = f^(2J + 1 )V , ' 2w+1)/2/ * bT 

j =o 


(18.53) 
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The pertinent derivatives are 

f(J) = (27+ 1)W ( - /+1)/7 ' 

— = 4(27 + \)e~ B '^ j2+J)/T - ^21(27 + l)V B "« ( -' 2+y,/7 ' 

dJ T 

^4 = Se~^ j2+J),T - ^21(27 + l)V B «« (yJ+y)/r 

dJ 2 T 

+ (jy) (27+l)V H - (y2+y)/r 
Applying the Euler-Maclaurin summation formula gives 


^(D = if + 1(0-1 

3/2 , 


4+0 


© 


rot 

r 


+ O ( 


- 1- (JL\ 

" * UJ 


+ T + 0 


© 


where we have included the symmetry number a in the integral, as was done in the text. For CH 4 
at 300 K the integral has a value of 37.07, and the correction term is about 1 % of that; for CC1 4 at 
300 K the integral has a value of about 32 500, and the correction term is about 0.001% of that. 


18-28. The N-N and N-0 bond lengths in the (linear) molecule N 2 0 are 109.8 pm and 121.8 pm, 
respectively. Calculate the center of mass and the moment of inertia of 14 N 14 N 16 0. Compare your 
answer with the value obtained from © rot in Table 18.4. 


Choose the coordinate axis to bisect the central nitrogen atom. Then the moment of inertia (using 
the isotopic masses from the CRC Handbook) is 

/ = = (109.8 x 10" 12 m) 2 (2.325 x 10" 26 kg) 

i 

+(121.8 x 10“' 2 m) 2 (2.656 x 10 -26 kg) 

= 6.744 x 10" 46 kg.m 2 

and the center of mass of the molecule (relative to the central nitrogen atom) is 

x = 0 +^i (109 - 8 x 10-12 m) + ^li (121 - 8 x 10-12 m) 

= 7.922 x 10“" m 


The center of mass of the molecule is 79.22 pm away from the central nitrogen atom, along the 
N-0 bond. The value of © rot calculated from the above values is 


© 


rot 


n 2 

2Ik B 


= 0.597 K 


This value is within 1% of that in Table 18.4. 


18-29. N0 2 (g) is a bent triatomic molecule. The following data determined from spectroscopic 
measurements are v ] = 1319.7 cm" 1 , v 2 = 749.8 cm -1 , v 3 = 1617.75 cm -1 , A 0 = 8.0012 cm -1 , 
B Q = 0.43304 cm -1 , and C Q = 0.41040 cm -1 . Determine the three characteristic vibrational 
temperatures and the characteristic rotational temperatures for each of the principle axes of N0 2 (g) 
at 1000 K. Calculate the value of C v at 1000 K. 
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We can use Equation 18.49 to find 0 vjb r. 

hcv. hcv. 


® vib .y k b 

(6.626 x 10 -34 J-s)(2.998 x lO 10 cnT 1 ) loon ^ 

vlb -‘ 1.381 x 10" 23 J-K-‘ 

(6.626 x 10" 34 J-s)(2.998 x 10 10 cm-s _1 )(749.8 cm-') 

0 ... = - zz -:- — 1079 K. 

v,b - 2 1.381 x 10" 23 J K-' 

(6.626 x 1CT 34 J s)(2.998 x 10 10 cm-s _l )(1617.75 cm" 1 ) 

0 .. _ = - zz -: - = 2328 K 

Vlb - 3 1.381 x 10- 23 J-K-‘ 

and Equation 18.32 for © rol : 

(6.626 x 10 -34 J-s)(2.998 x 10 10 cm-s“ 1 )(8.0012cm" 1 ) 


®rot.A — 


® rot.fi — 


® rot, C — 


1.381 x 10" 23 J-K-' 

(6.626 x 10“ 34 J-s)(2.998 x lO 10 cm-s- | )(0.43304cnT 1 ) 
1.381 x lO” 23 J-K" 1 

(6.626 x 10“ 34 J-s)(2.998 x lO 10 cm-s _l )(0.41040 cm-') 


1.381 x 10" 23 J-K" 1 
Finally, we use Equation 18.59 to determine the value of C v at 1000 K. 


= 11.51 K 
= 0.6230 K 
= 0.5905 K 


R 


= 2 G) 


= 5.304 


-1.899 


- 1.079 


+ (1.899) 2 


+ (1.079) 

-2.328 


(1-6-1-899)2 ' — (1 _ e -1.079)2 


+ (2.328) 2 


e 


(1 - 6" 2 - 328 ) 2 


18-30. The experimental heat capacity of NH 3 (g) can be fit to the empirical formula 

C V (T)/R = 2.115 + (3.919 x 10“ 3 K -1 )T - (3.66 x 10“ 7 K“ 2 )T 2 

over the temperature range 300 K < T < 1500 K. Plot C V (T)/R versus T over this range using 
Equation 18.62 and the molecular parameters in Table 18.4, and compare your results with the 
experimental curve. 


For NFL, we plot the experimental equation given in the problem text and the theoretical equation 


Cy(T) 


R 


3 3 A 

= 2 + 2 + £ 
Z Z 7 = 1 


0 .. 2 

vib ,j 


-0 T 

g Vib./ 1 


(1 — e 


(18.62) 
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Where ©Vib.l = 4800 K ’ 0 vib.2 = 1360 K - ®vib.3 = 0 vib.4 = 4880 0 ib5 = 0 vib 6 = 2330 K 

(Table 18.4). 



18-31. The experimental heat capacity of S0 2 (g) can be fit to the empirical formula 


C y (T)/R = 6.8711 


1454.62 K 160 351 K 2 
T T 2 


over the temperature range 300 K < T < 1500 K. Plot C V (T)/R versus T over this range using 
Equation 18.62 and the molecular parameters in Table 18.4, and compare your results with the 
experimental curve. 


For S0 2 , we plot the experimental equation given in the problem text and the theoretical equation 

3 

-I- 

2 2 


Ci,<7 M+?+e 


R 


7=1 


© ' 2 
vib j 


e 0v » '-i T 


(\-e 


-e.. ,rs 2 


) 2 


(18.62) 


where © vib = 1660 K, © 2 = 750 K, and 0 vib 3 = 1960 K (Table 18.4). 



400 600 800 1000 1200 1400 


T / K 


18-32. The experimental heat capacity of CH 4 (g) can be fit to the empirical formula 

C V (T)/R= 1.099 +(7.27 x 10“ 3 K -, )7’ + (1.34 x 10“ 7 K7 2 )r 2 

-(8.67 x 10- ,o K- 3 )T 3 
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over the temperature range 300 K < T < 1500 K. Plot C V (T)/R versus T over this range using 
Equation 18.62 and the molecular parameters in Table 18.4, and compare your results with the 
experimental curve. 


For CH 4 , we plot the experimental equation given in the problem text and the theoretical equation 


Cy(T) 3 3 A /Q vib ,A 2 e~ e>| A 

R 2 2 j^\ T ) (l- e -«W) 2 


(18.62) 


where © vib , — 4170 K, @ vib2 — ® V ib .3 — ^180 K, @ vib 4 — © vib 5 — © V ib.6 — ^320 K, and © vib 7 — 
®vib,8 = ®vib ,9 “ ^70 K (Table 18.4). 



18-33. Show that the moment of inertia of a diatomic molecule is fxR], where jjl is the reduced mass, 
and R e is the equilibrium bond length. 


Let the point labelled in the figure be the center of mass of the molecule. r { and r 2 are the distances 
from the center of mass to masses 1 and 2 (with masses m, and ra 2 ), respectively; R Q is the bond 
length and M is the total mass of the molecule. 


OAr^D 


We can then write (by the definition of the center of mass) 


m, 


Now, because R Q = + r 2 and M = m, + m 2 , 

(m 0 \ M 

Rq = (-b 1 ) r 2 — —t 

0 \m x ) m ] 

Finally, because / — mrj and jjl = 


/ = m x r\ + m 2 r 2 = 


m, 

m ] ( £ J + m 2 




m. 




m]Rl 

M 2 

i 


m 2 M'\ m\R\ 


m. 


M 2 


M 


■K = ^K 
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18-34. Given that the values of © rot and 0 vib for H 2 are 85.3 K and 6332 K, respectively, calculate 
these quantities for HD and D r Hint: Use the Bom-Oppenheimer approximation. 


In the Bom-Oppenheimer approximation, the potential curve of a diatomic molecule is independent 
of the isotopes of the constituent atoms. Then, in the formula / = /x/?q, R 0 is the same for D 2 , H 2 , 
and DH. Therefore, in the harmonic oscillator-rigid rotator approximation, 


hv 

0 vib - 


t 1 


- 1/2 


and 


^ * 

© , =- 

rot 2 lh 




B 


We can calculate the reduced masses of H 2 , D 2 , and DH in atomic masses: 


1.008 amu 

/i H = -= 0.504 amu 


2.014 amu 

fx D = -= 1.007 amu 


Mdh = 


(2.014 amu) (1.008 amu) 
3.022 amu 


= 0.672 amu 


Now we can use the relationships between ji and © vib and ju, and @ rol to find rotational and 
vibrational temperatures of D 2 : 


Similarly, for DH 



(6332 K) = 4480 K 


_ 0.504 amu _ ^ „ Tjr 

0 tn =-(85.3 K) = 42.7 K 

rot,D 2 1.007 amu V 


© 

0 


vib, 


DH = 

h 2 V^dh/ 

= (~ 

DH Vo. 


1/2 


rot.DH 


0 . 


0 


504 amu 
672 amu 


» DH 

0.504 amu 
ro, ' DH “ 0.672 amu 


1/2 


(6332 K) = 5484 K 


rot.H. 


(85.3 K) = 64.0 K 


18-35. Using the result for q wt (T) obtained in Problem 18-14, derive corrections to the expressions 
(E t ) = RT and C Vrot = R given in Section 18-5. Express your result in terms of powers of 
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From Problem 18-14, we write q xot as 


<7 rot (0 = Q- 

V 'rot 


,+ i(¥)*h(¥ l + ° 


'(¥) 


T 

1 0 

1 , 

( @ V 

/© ,\ 3 

~ In —-f- In 

1 + --£*■ + 

— 

—) + 0 

— 

0 , 
rot 

3 T 

15 ' 

k T J 

V T J 


We use the expansion 


to write In q xoi as 


ln(\+x) = x-j + j-0(x*) 


ln ^ro. = ln 0 - + 
^rot 


Now we use Equation 17.21 to write (E) as 

r> 2 /a In Q 


"l © , 

i , 

f 0 ,\ 2 " 

1 , 

(10 A 2 

"/© A 3 " 

rot . 

— 



-- ) + 0 

1 — I 

3 T 

5 ' 

<T J \ 

2 ' 

V3 T ) 

[V T J J 


/© A 2 

/© A 3 

( I + o 


\T 

V r ; 


(E) =k B T‘ 
= RT 2 
= RT - 


= Nk T 2 ( - 

dT J Ny B \dT /Ny 

1 _ I®* _ + 0(T ~ 4 ) 

T 3 T 2 45 T 3 K ) 


^ 0 ro, g 


¥)’ 


3 457 

Finally, use the definition of constant-volume heat capacity (Equation 17.25) to write 

mm 


R_ ( @, 
45 


rot 

T d 


\ 2 

1— 

) + 0 

Llmjj 


( 1 - 12 ) 


18-36. Show that the thermodynamic quantities P and C v are independent of the choice of a zero of 
energy. 


Begin with Equation 17.14, 

e = £«-'■> 

j 

Now choose E 0 to be the zero of energy and define 

Go = E e " /,(£j " £ ° ) 

j 

Q = e- pE °Q 0 


such that 
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Now use Equation 17.32 to write 


' - k ‘ T (^r)„= v +e »>L,= v (^), ( 


and use Equation 17.21 to write 


dT 


(-fiE 0 + \nQ 0 ) 


— E 0 + 


JN,V 


(^) 

V oi / WiV 


Because C v = (d(E)/dT) N v (Equation 17.25), we can write 

a 


={^hM^)JL= 


ar 


K T 


^)JL 


Therefore, the values of P and C v are independent of the choice of a zero of energy, as they must 
be. 


18-37. Molecular nitrogen is heated in an electric arc. The spectroscopically determined relative 
populations of excited vibrational levels are listed below. 


V 

0 

1 2 

3 

4 

L 

fo 

1.000 

0.200 0.040 

0.008 

0.002 • • • 


Is the nitrogen in thermodynamic equilibrium with respect to vibrational energy? What is 
the vibrational temperature of the gas? Is this value necessarily the same as the translational 
temperature? Why or why not? 


At thermal equilibrium, 

f -phv{v+\/2) / HSAw/2\ -i 

— __ ( __ ) _ 

fo ^vib V ^vib 7 

Thus, if nitrogen is in thermodynamic equilibrium with respect to vibrational energy, the graph 
of ln(/ y // 0 ) vs. v will be a straight line with slope —fihv. The following figure shows the plot of 
InC/y/o) versus v. 



v 


The slope of the line of best fit is —1.5648, which, using v N = 2330 cm -1 (Table 5.1), corresponds 
to a vibrational temperature of 2140 K. The vibrational and translational temperatures need not 
be equal, because the time scale of the energy transfer between vibrational states and between 
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translational states can be quite different (the energy transfer between vibrational states is usually 
orders of magnitude slower than that between translational states). 


18-38. Consider a system of independent diatomic molecules constrained to move in a plane, that 
is, a two-dimensional ideal diatomic gas. How many degrees of freedom does a two-dimensional 
diatomic molecule have? Given that the energy eigenvalues of a two-dimensional rigid rotator are 

Ti 2 J 2 

e J = — J = 0,1,2,... 

(where / is the moment of inertia of the molecule) with a degeneracy gj ~2 for all J except J = 0, 
derive an expression for the rotational partition function. The vibrational partition function is the 
same as for a three-dimensional diatomic gas. Write out 

q<r>=q^T) q JJ)q«fJ) 

and derive an expression for the average energy of this two-dimensional ideal diatomic gas. 


A two-dimensional diatomic molecule has two translational degrees of freedom, one vibrational 
degree of freedom, and one rotational degree of freedom. We know that 


h 2 J 2 

*J = ~tr = ©ro ,v 2 


J = o, 1,2, 


So 

We are told that # vib is the same for a two-dimensional gas as it is for a three-dimensional gas, 
and we know q^ ns for an ideal two-dimensional gas from Problem 18.3. We can now obtain an 
expression for the average energy of this gas: 


^T)=q ums (T)q rot (T)q yib (T) 

(2a 1 nmk„T\ (nT \ 1/2 

- H^~) fc) 


/ e~ @ ^ 2T \ 


We now wish to find the temperature-dependent terms of In q: 

1 © 

In q = In T + - In T —— ln(l — e~ @ ^ /2T ) + terms not containing T 
Now, as in Example 18.5, we can take 

/I 10 0 \ 

\T 2T + 2T 2 T 2 1 - e~^' T ) 


3 RT /?©„., 


vib 


+ Re 


vib 


e~ & ^ T 
1 - e ~®^ /r 


2 


2 
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18-39. What molar constant-volume heat capacities would you expect under classical conditions for 
the following gases: (a) Ne, (b) 0 2 , (c) H 2 0, (d) C0 2 , and (e) CHCI 3 ? 


Each of the gases has a contribution of 3R/2 to its heat capacity from the translational partition 
function. In addition, there is a contribution of R/2 for each rotational degree of freedom and R for 
each vibrational degree of freedom. Therefore, the molar heat capacities are 

a. 1R + 0R + 0R = \R 

b. \R + \R + R = \R 

c. lR + lR + 3R = 6R 

d. \R + \R + AR='jR 

e. \R + \R + 9R =\2R 


18-40. In Chapter 13, we learned that the harmonic-oscillator model can be corrected to include 
anharmonicity. The energy of an anharmonic oscillator was given as (Equation 13.21) 


- ( i v -~ ( ’V 

u \ 2/ ' ' ' V 2/ 


where the frequency v e is expressed in cm Substitute this expression for e v into the summation 
for the vibrational partition function to obtain 

g, lb (T) = 

v=0 

Now expand the second factor in the summand, keeping only the linear term in xv e , to obtain 


e~^ 1T _ a nr'ST'( X \ 

«.* (r) = i - + £ («+ 2 ) 




where ©.. /T = fiv . Given that (Problem 1-15) 


X>' = 


u=0 


U-*r 


and 


show that 


2 „ X*+X 

h o-*) 3 


9»(0 = [1 + Pi,*' (i + 2^ ib , h0 (D) + • • •] 

where ^ vi5h0 (^) is the harmonic-oscillator partition function. Estimate the magnitude of the 
correction for Cl 2 (g) at 300 K, for which 0 vib = 805 K and xv e — 2.675 cm -1 . 


Substituting the expression for e v given in the problem into the vibrational partition function 
summation gives the equation 

oo oo I 

<?vib(O = J2 e ~ Pe " = eX P [P*'*e<V + i) 2 + • • •] 

u=0 u—0 
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Expanding the second factor in the summand and keeping only the linear term in xv e gives 

OO J 

q^T) = [1 + flx r V'(v + i) 2 + • • •] 

v=0 

oo oo 

= ^Te- & ™' T + Pxve~ & ^ 1T + i)V 0 v»>" /r 


We can use the geometric series (Equation 1.3) to write this as 


—0 J2T 

(> vih' 


q„ b (T) = r—re-77 + £w~ 0 - /2r J> + \) 2 e~ @ ^ T 


Using the sums given in the problem, we find that the sum in the equation for <y vib becomes 


X>+i)V 


e -*\JT + e -®.JT 


e~^ IT 


(1 _ e - e vi + (1 - e~ & «* ,T ) 2 + 4(1 - e~ @ «* /T ) 


2e "“vih/ 


(l_ e -0, h /^)3 ' 4(1 - ) 


and q v[h is then 


#vib — 


—0 J2T 

e vih' 


(1 -e~ @ ^ /T ) 


1+^A 7 + 2 


e~ @ ^ 2T \ 2 


4 V 1 - <? 


q v ib h0 1 + 7 + 2 <? 


We can use the parameters given in the problem for Cl 2 at 300 K to find q vlb at this temperature. 

tfvib 2.675 cm "' 1 „ / 34 V" 

_ 1 + (0-695 cm" 1 -10(300 K) [4 + \l-e~ 26 *) _ 

= 1 H- (0.0128X0.250 + 0.158) = 1 +0.0052 
The correction factor is 0.52% of q yib for a harmonic oscillator. 


18 - 41 . Prove that 


if a is very small. Hint : Prove that 


e an dn / e an dn 


by expanding the exponential in the first integral. 


Expanding the exponential in the first integral gives (Equation 1.2) 

= 1 + (—an 2 ) + 0(a 2 ) 

Then the first integral becomes 


f e a " 2 dn = f [l — an 2 + 0(a 2 )] dn = 1 — -a + 0(a 2 ) 

Jo Jo 3 
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We know that 


As a —> 0, / 0 °° e an2 dn 


so 




1/2 


oo and f* e an2 dn 1. Thus, as a 0, 



dn 


dn 


18-42. In this problem, we will derive an expression for the number of translational energy states with 
(translational) energy between e and s + ds. This expression is essentially the degeneracy of the 
state whose energy is 


8 ma 


(n 2 x +n 2 y +n 2 z ) n x , n y , n z = 1, 2, 3, 


( 1 ) 


The degeneracy is given by the number of ways the integer M = 8ma 2 s/h 2 can be written as the 
sum of the squares of three positive integers. In general, this is an erratic and discontinuous function 
of M (the number of ways will be zero for many values of M), but it becomes smooth for large 
M, and we can derive a simple expression for it. Consider a three-dimensional space spanned by 
n x , n y , and n z . There is a one-to-one correspondence between energy states given by Equation 1 
and the points in this n x , n , n z space with coordinates given by positive integers. Figure 18.8 
shows a two-dimensional version of this space. Equation 1 is an equation for a sphere of radius 
R = (8 ma 2 e/h 2 y 12 in this space 


2 , 2 

■ ni + K = 


%ma 2 s 
~~h 2 


= R 2 


We want to calculate the number of lattice points that lie at some fixed distance from the origin in 
this space. In general, this is very difficult, but for large R we can proceed as follows. We treat /?, 
or e, as a continuous variable and ask for the number of lattice points between e and e + As. To 
calculate this quantity, it is convenient to first calculate the number of lattice points consistent with 
an energy < e . For large s , an excellent approximation can be made by equating the number of 
lattice points consistent with an energy < e with the volume of one octant of a sphere of radius R. 



FIGURE 18.8 

A two-dimensional version of the (n x , n y , n z ) space, the space 
with the quantum numbers n x , n y , and n z as axes. Each point 
corresponds to an energy of a particle in a (two-dimensional) 
box. 













582 


Chapter 1 8 


We take only one octant because n x , n y , and n z are restricted to be positive integers. If we denote 
the number of such states by <b(£), we can write 


*00 = 



The number of states with energy between e and e + Ae ( Ae/e <$C 1) is 


o)(e, Ae) — 4>(e + Ae ) - 4>(e) 

Show that 

a>(£, Ae) = ^ + 0[(Ae) 2 ] 

Show that if we take e = 3k B T /2, 7 = 300 K, m — 10 -25 kg, a = 1 dm, and Ae to be 0.010e (in 
other words 1% of e), then &>(e, Ae) is <3(10 28 ). So, even for a system as simple as a single particle 
in a box, the degeneracy can be very large at room temperature. 


We can express <£>(e) and 0(e + Ae), by definition, as 


n /8 ma 2 e\ 3/2 

^ „ 7 T 

~8 ma 2 (e + Ae)~ 

- W =6( A» j 

$(e + Ae) = — 
0 

h 2 


Now we substitute these values into the expression given in the text for <w(e, Ae) and expand in Ae: 
o>(e, Ae) = 0(e + Ae) - <t>(e) 



7t /Sma 2 \ 3/2 V2 Ae ^ r . * 

= ?(—) sW t + °[ <4e) ] 

= J £ ' /2a£ + °[( A£ ) 2 ] 

Substituting the desired values in the above equations gives co(e, O.Ole) — 9.5 x 10 27 = <9(10 28 ). 


18—43. The translational partition function can be written as a single integral over the energy e if we 
include the degeneracy 

poo 

%*J V ’ T )= co(s)e~ c/k <‘ T de 
Jo 

where co{e)de is the number of states with energy between e and e + de. Using the result from the 
previous problem, show that ^ lrans ( V, T) is the same as that given by Equation 18.6. 


As Ae —> 0, co(e y Ae) -> co(e)de, so we can use (from the above problem) 


7i ( 8ma 2 

co(e)de — — 

4 


2 X 3/2 


? l/2 de 
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Substituting this into the expression given for g trans gives 


-n(^f ei,v " vrf£ 


= n -( 


8 ma 


4 V h 2 

7i ( Sma 


4 V h 2 


2 \ 3/2 «oo 
/ 

■ff 


e '/2 e -e/k B T de 


xe~^ T 2xdx 


3/2 


/27tmk B T\ 3 

V /> 2 
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which is the same as Equation 18.6. 




CHAPTER 


19 


The First Law of Thermodynamics 

PROBLEMS AND SOLUTIONS 


19-1. Suppose that a 10-kg mass of iron at 20°C is dropped from a height of 100 meters. What is the 
kinetic energy of the mass just before it hits the ground? What is its speed? What would be the final 
temperature of the mass if all its kinetic energy at impact is transformed into internal energy? Take 
the molar heat capacity of iron to be C p = 25.1 Tmol -1 -K -1 and the gravitational acceleration 
constant to be 9.80 m-s~ 2 . 


Just before the mass hits the ground, all of the potential energy that the mass originally had will be 
converted into kinetic energy. So 

PE = mgh = (10 kg)(9.80 m-s“ 2 )(100 m) = 9.8 kJ = KE 


Since kinetic energy can be expressed as mv 2 /2, the speed of the mass just before hitting the ground 
is 


v f = 


/ 2KE\ 1/2 

"2(9.8 kJ)' 

u ) - 

10 kg J 


-|'/2 


= 44 m■s 1 


For a solid, the difference between C v and C p is small, so we can write A U =nC p AT 
(Equation 19.39). Then 


AT = 


9.8 kJ 


( 1 x 10 4 g \ 

\55.85 g-mol - ' / 


(25.1 Jmor'-K"') 


2.2 K 


The final temperature of the iron mass is then 22.2°C. 


19-2. Consider an ideal gas that occupies 2.50 dm 3 at a pressure of 3.00 bar. If the gas is compressed 
isothermally at a constant external pressure, P ex( , so that the final volume is 0.500 dm 3 , calculate 
the smallest value P ex( can have. Calculate the work involved using this value of P ex( . 


Since the gas is ideal, we can write 

P.V. (3.00 bar)(2.50 dm 3 ) 




0.500 dm 3 


= 15.0 bar 


The smallest possible value of P ex( is P 2 . The work done in this case is (Equation 19.1) 


w = -P„,AV = (—15.0 bar)(—2.0 dm 3 ) 


8.3145 J-mor'-K" 1 


0.083145 bar-dm 3 -mol -1 K -1 


= 3000 J 
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19 - 3 . A one-mole sample of C0 2 (g) occupies 2.00 dm 3 at a temperature of 300 K. If the gas is 
compressed isothermally at a constant external pressure, P xt , so that the final volume is 0.750 dm 3 , 
calculate the smallest value P xt can have, assuming that C0 2 (g) satisfies the van der Waals equation 
of state under these conditions. Calculate the work involved using this value of P txt . 


The smallest value P ext can have is P 2 , where P 2 is the final pressure of the gas. We can use the van 
der Waals equation (Equation 16.5) and the constants given in Table 16.3 to find P 2 : 



(0.083145 dm 3 -bar.mol- , -K" 1 )(300K) 3.6551 dm 6 .bar-mor 2 

“ 0.750 dm 3 -mol" 1 - 0.042816 dm^mol" 1 ~~ (0.750 dm’-mor 1 ) 2 
= 28.8 bar 

The work involved is (Equation 19.1) 

w = — PA V = -(28.8 x 10 5 Pa)(—1.25 x 10“ 3 m 3 ) = 3.60 kJ 


19 - 4 . Calculate the work involved when one mole of an ideal gas is compressed reversibly from 
1.00 bar to 5.00 bar at a constant temperature of 300 K. 


Using the ideal gas equation, we find that 

nRT nRT 

V, = —- and V 2 = — 

r l z 

We can therefore write VJ V x = PJP T Now we substitute into Equation 19.2 to find 


= -nRT In (—) = -nRT In /A 


yj \ p 2 

= (-1 mol)(8.315 J-mol -1 -K _l )(300 K)ln0.2 = 4.01 kJ 


19-5. Calculate the work involved when one mole of an ideal gas is expanded reversibly from 20.0 dm 3 
to 40.0 dm 3 at a constant temperature of 300 K. 

We can integrate Equation 19.2 to find the work involved: 
w = —nRT In 

= (-1 mol)(8.315 J-moI _1 -K -1 )(300 K) In 2 = — 1.73 kJ 



19 - 6 . Calculate the minimum amount of work required to compress 5.00 moles of an ideal gas 
isothermally at 300 K from a volume of 100 dm 3 to 40.0 dm 3 . 
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We note that the minimum amount of work required is the amount of work needed to reversibly 
compress the gas, so we can write Equation 19.2 as 


w. = u> = —nRT In 

min rev 


= (-5.00 mol)(8.315 J-mol -1 *K _1 )(300 K) In0.400 = 11.4 kJ 


19-7. Consider an ideal gas that occupies 2.25 L at 1.33 bar. Calculate the work required to compress 
the gas isothermally to a volume of 1.50 L at a constant pressure of 2.00 bar followed by another 
isothermal compression to 0.800 L at a constant pressure of 3.75 bar (Figure 19.4). Compare the 
result with the work of compressing the gas isothermally and reversibly from 2.25 L to 0.800 L. 

We can use Equation 19.2 to describe the work involved with the compressions under different 
circumstances. 

a. Two-step process, each step at constant external pressure 

i. From (2.25 L, 1.33 bar) to (1.50 L, 2.00 bar), 

w = - j P at dV = (-2.00 bar)(1.50L-2.25 L)(100J-bar-‘-dm- 3 ) = 150 J 

ii. From (1.50 L, 2.00 bar) to (0.800 L, 2.50 bar), 

P n( dV = (-3.75 bar)(0.800L — 1.50 L)(100 J-bar -1 - dm -3 ) = 263 J 

The total work involved in the two-step process is +413 J. 

b. Reversible process 

Because the gas is ideal, PV = nRT. We can then write 

PV = (2.25 L)(1.33 bar)(100 J-bar" 1 -dm -3 ) = 299.25 J = nRT 
and use Equation 19.2 to find w: 

PdV = -nRT In = -(299.25 J) In = 309 J 

The total work involved in the reversible process is +309 J. Note that the work involved in the 
reversible process is less than the work involved at constant external pressure, as is expected. 




19-8. Show that for an isothermal reversible expansion from a molar volume V x to a final molar 
volume V 2 , the work is given by 



for the Redlich-Kwong equation. 

For the Redlich-Kwong equation, 

_ JIT _ A 

~ V-B~ T i/2 V(V+B) 


(16.7) 
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We can then use Equation 19.2 to find w. 


w 


r i r rt 
~ Jv, [~V-l 


A 

~ _ 1 /"ITT .IT 


B T ,/2 V(V + B) 


dV 


V.- B 

= -RT In =J - 

\V, — B 


[V.-B 
= —RT In =J- 


V, - B 


T' /2 B 

A 

~bV T2 


b. u 


In 


^, + B/ 
(7 2 + g)7, 
(V'. + BJV, 


In 


v 2 + B/ 


19-9. Use the result of Problem 19-8 to calculate the work involved in the isothermal reversible 
expansion of one mole of CH 4 (g) from a volume of 1.00 dm^mol -1 to 5.00 dm 3 -mol _1 at 300 K. 
(See Table 16.4 for the values of A and B.) 


From Table 16.4, A = 32.205 dm 6 -bar-mol 2 -K 1/2 and B — 0.029850 dm 3 -mol 1 . Then, using the 
equation for w from the previous problem, 


w = —RT In 



* ln (V 2 + g)V, 

BT' /2 [(V, + B)V 2 


= —ln 5.1231- ^-rpr In0.97681 

BT U2 

- —(39.3 dm 3 -bar-mol _l )(100 J-bar -1 'dm -3 ) = —3.93 kJ-mol -1 


19-10. Repeat the calculation in Problem 19-9 for a van der Waals gas. 


From Equation 16.5, 


Then (Equation 19.2) 


P - RT _ 

~~ V-b~V 


W 


-1 


V 0 -b a(V , - V,) 

= —RT In = -+ ■ J 

V,-b V 2 V, 

From Table 16.3, for methane a = 2.3026 dm 6 -bar-mor 2 and b = 0.043067 dm 3 -mol' 1 . Then 
w = —39.18 dm 3 -bar-mor 1 = —3.92 kJ-mol -1 


19-11. Derive an expression for the reversible isothermal work of an expansion of a gas that obeys the 
Peng-Robinson equation of state. 
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The Peng-Robinson equation of state is 




RT 


a 


V — f) V(V + p) + P(V-ft 
Substituting into Equation 19.2 gives 


to 


dV 


RT 


l \_V-p V (V+ p) + /3(V-P) J 

= —RT In Z ^ 2 "^ - a f dV— 2 -=- 

\V,-pJ J i y +2 Vp-p 2 


^2 

zl) 

i “ 

2v -\-ip — (%p 2 y /2 

'2 

7. 

-N 

1 (Sp 2 ) 1 ' 2 

n 2 V + 2P + (Sp 2 y /2 


^2 

-P) 

i “ 

(V 2 — 0.4142/3)(V, + 2.414^) 


-p) 

1 (8/3 2 ) 1/2 

ill _ _ 

(V 2 + 2.414^)(V, - 

0.4142/3) 


(16.7) 


19-12. One mole of a monatomic ideal gas initially at a pressure of 2.00 bar and a temperature of 273 K 
is taken to a final pressure of 4.00 bar by the reversible path defined by P/V = constant. Calculate 
the values of At/, AH, q, and w for this process. Take C v to be equal to 12.5 J-mol -1 K _l . 


Let P/V = C. Then, since the gas is ideal, we can write 


P.V. 
T = i > 


C = 


R CR 
4.00 bar 2 


(273 K )R 

Since P/V is constant throughout the process, we can also write 


T - P * V 2 
2 ~ R 


16 bar 2 (16.0 bar 2 )(273 K)R 


CR 


CR 


(4.00 bar 2 ))? 


= 1092K 


Because the C v we are given is temperature-independent, we can write (by the definition of molar 
heat capacity) 


AU = n 


L 


T l_ 

CydT 


= (1 mol)(12.5 J-mor 1 •K“ 1 )(1092 K - 273 K) = 10.2 kJ 


Now we can use Equation 19.2 to calculate w, using the equality P/V = C. Note that V = V, 
since we are taking one mole of the gas. 

r v 2 r v 2 r 

w = - PdV = - I CVdV = - — (V 2 - V 2 ) 

Jv j Jv } 2 


£l 

(Pi 

P 2 \_ 

16.0 bar 2 — 4.00 bar 2 

2 ' 

lc 2 

C 2 ) 

2 C 


(12.0 bar 2 ) (1 mol)(273 K)(0.083145 bar• dm 3 • moL 1 K" 1 ) 
2(4.00 bar 2 ) 


= -3.40 kJ 
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Finally, we can find q from Equation 19.10 and AH from Equation 19.35, letting P V = nRT . 
q = AU - w = 13.6 kJ 

AH = AU + nRAT = 10.2 kJ + (1 mol)(8.3145 J-mol^K^KS^ K) 

= 17.0 kJ 


19-13. The isothermal compressibility of a substance is given by 


For an ideal gas, p = 1/ P, but for 
P is constant, show that 



liquid, P is fairly constant over 
V 

__ = e ~^~P 0 ) 


( 1 ) 

moderate pressure range. If 

( 2 ) 


where V Q is the volume at a pressure P Q . Use this result to show that the reversible isothermal work 
of compressing a liquid from a volume V Q (at a pressure P Q ) to a volume V (at a pressure P) is 
given by 

— IVV-VJ + ZI-'V.^ 1" ■£-■£ + •) 

= -P 0 V 0 [e~K p - p - 1] + r' V 0 {1 - [1 +/8(P - Po)]^-^} (3) 


(You need to use the fact that f In xdx = x In x — x.) The fact that liquids are incompressible is 
reflected by fi being small, so that /3(P - P 0 ) 1 for moderate pressures. Show that 

w = PP 0 V Q (P - P 0 ) + ^ V ° (P - — + 0(0 2 ) 

= ^(P 2 ~ Po) + O(0 2 ) (4) 

Calculate the work required to compress one mole of toluene reversibly and isothermally from 
10 bar to 100 bar at 20°C. Take the value of 0 to be 8.95 x 10 -5 bar -1 and the molar volume to be 
0.106 L-mol -1 at 20° C. 


We begin with Equation 1 and integrate both sides, letting 0 be constant with respect to pressure. 


J -pdP = j V~'dV 

-* r -v ='"( 1 ) 

v 

1_ = e -P(P-P 0 ) 

Vo 

F = - r '"'( v ) + p ° 
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Now we wish to find the reversible isothermal work of compressing a liquid from (P Q , V Q ) to (P, 
V). We know that 8w = — PdV (Equation 19.2), so we use the expression we found above for P 
to write 


8w = — 


-^^[y) + p o 

r n 


= -P 0 dV + p~' In 


© 


dV 

dV 


Integrating both sides of 

this equation gives 




w = -P 0 (V- 

vj + p-' 

J In Vd\ 

" - 

p~ ] f In V 0 dV 


= -p 0 (v- 

v 0 ) + f)-' 

[yin V - 

y 

-(y 0 i n y 0 -y 0 )] 

-p-\v- y 0 )iny 0 

= -P 0 (V- 

v+r' 

(Vln V - 

y 

-y 0 i n y 0 + y 0 - 

yiny 0 +y 0 i n y 0 ) 



( V 

y 



= -P 0 (V- 

v 0 )+r' 

MV” 


~^ + I ) 


Substitution for V then yields the result 





w 


= -P 0 V 0 [e-K p - p J - 1] + /}-' V 0 {1 - [1 + f)(P - P 0 )] 


which is Equation 3 in the text of the problem. Now let x = —f)(P — P 0 ). Because -f)(P - P 0 ) <$C 
1, jr <$C 1. We can now write Equation 3 as 

w = —PqV q (e* - 1) + r' \ l 1 - [1 + P( p ~ P o)V X ) 

= -P 0 V 0 (e’ - 1) + p~' Vo - P~' V 0 e* - V 0 (P - P Q )e* 

Now, recall from MathChapter I that if x is small, we can write e x as 1 + x + jc 2 /2 + 0(;t 3 ) 
(Equation 1.2). Notice that to find w to 0(/3 2 ), we must expand e x to 0(x 3 ), since one of the above 
terms multiplies e x by /J" 1 . Expanding the above equation gives 


w 


= -P 0 V 0 [x + O (x 2 )] + p-'V 0 -p-'V 0 


\+x + — + 0(x 3 ) 


- V 0 (P- P 0 ) [l + * + 0(* 2 )] 


pVJP-P n ) 2 

= pP 0 V 0 (P 0 - p 0 ) + v 0 (P - p 0 ) - p - V 0 (P - p 0 ) + pv 0 (P - p 0 ) 2 + 0(f) 2 ) 


= PP 0 V 0 (P-P 0 ) + 


ftV 0 (P — P Q f 


+ 0(P 2 ) 


= ^(P 2 - P 2 ) + 0(P 2 ) 


Now, for one mole of toluene [to 0(/3 2 )], we use the parameters given in the problem to find 
(8.95 x 10“ 5 bar -1 )(0.106 mol• L -1 )" 1 


w = 


[(100 bar) 2 - (lObar) 2 ] =418 J 


19-14. In the previous problem, you derived an expression for the reversible, isothermal work done 
when a liquid is compressed. Given that is typically 0(1O -4 ) bar -1 , show that V/ V Q ^ 1 for 
pressures up to about 100 bar. This result, of course, reflects the fact that liquids are not very 
compressible. We can exploit this result by substituting dV ~ —fiVdP from the defining equation 
of fi into w = — f PdV and then treating V as a constant. Show that this approximation gives 
Equation 4 of Problem 19-13. 
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We are given that ~ 0(10 4 bar '), and the largest pressure differential that can occur under the 
given conditions is on the order of 0(1O 2 bar). Then, using Equation 2 of Problem 19.13, we find 

— = e ~ p( - p ~ p » ) = e -° (l0 ~ 2) « 0.990 
^0 

Therefore, V/ V Q ^ 1 for pressures ranging from 1 to 100 bar. Now dV — —f3VdP, so 

w = - f PdV = pv 0 J PdP = ^(P 2 - P 0 2 ) 
as in Equation 4 of Problem 19.13. 


19-15. Show that 



for a reversible adiabatic expansion of an ideal gas. 

For an adiabatic expansion 8q = 0, so dU = 8w. By definition, dU — nC v dT , and for an ideal 
gas (Equation 19.2) 

Sw = -PdV = -nRTV~ x dV 

We can then write 


nC v dT = —nRTV~ ] dV 



Finally, exponentiating both sides gives 



19-16. Show that 

(h y /2 = 

\Tj V 2 -b 

for a reversible, adiabatic expansion of a monatomic gas that obeys the equation of state 
P(V — b) = RT. Extend this result to the case of a diatomic gas. 


For an adiabatic expansion 8q = 0, so dU = 8w. By definition, dU = nC v dT , and for this gas 
Equation 19.2 becomes 


g Y _ 

Sw = -PdV = —n= - dV 

V-b 
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Setting dU and Sw equal to one another gives 



For a monatomic gas, C v = 3/?/2, and for a diatomic gas, C v = 5R/2. Thus 



for a monatomic gas, and 



for a diatomic gas. 


19-17. Show that 



for a reversible adiabatic expansion of an ideal gas. 


For an ideal gas, C v + R = C p and 


From Problem 19-15, we can write 


P V T 

r \ v \ _ 

P V T 

2 2 2 


A 

^2 




p V T 

r \ v \ _ 21 

P V T 

2 2 2 


Then 
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and, finally. 



19-18. Show that 


P y( C V + R M C V _ p y( C V '+*)/Cy 


for an adiabatic expansion of an ideal gas. Show that this formula reduces to Equation 19.23 for a 
monatomic gas. 


For an ideal gas, 


p y p 

r \ V \ = 

p V T 

2 2 2 


We can substitute this expression into the equation from Problem 19-15 to write 



Taking the reciprocal gives 



and rearranging yields 

(i+a/c,) _ (i+*c„) 

r \ v \ ~ r 2 v 2 

For a monatomic ideal gas, C v = |/?, so 

p } v*» = p 2 v* 


(19.23) 


19-19. Calculate the work involved when one mole of a monatomic ideal gas at 298 K expands 
reversibly and adiabatically from a pressure of 10.00 bar to a pressure of 5.00 bar. 


Because this process is adiabatic, Sq = 0. This means that 

Sw = dU = nC,,dT 


where C v is temperature-independent (since the gas is ideal). We can use the equation from 
Problem 19-17 to write 

' p \ 

71 = T, I -r 


For an ideal gas, C p = 5/?/2, so 


/ 5.00 bar \ 2/5 

71 = (298 K) ——— = 226 K 

2 V 10 - 00bai 7 
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Substituting into the expression for^u; (C v = 3R/2) gives 


w 


— f T * 3 

= nC v / dT = -(8.314 J-K”')(226 K — 298 K) = -900 J 
Jt 2 


19-20. A quantity of N 2 (g) at 298 K is compressed reversibly and adiabatically from a 
20.0 dm 3 to 5.00 dm 3 . Assuming ideal behavior, calculate the final temperature of the 
C v =5R/2. 


volume of 
N 2 (g). Take 


Using C v given in the problem, we find that (by definition) 


and Equation 19.2 gives Sw as 


dU = nC v dT = ~nRdT 


Sw = -PdV = -^2-dV 

For a reversible adiabatic compression, Sq = 0, and so dU = dw. Then 


InRdT 

2 

5dT_ 

YT 



nRT 

~V~ 

dV_ 

~v 


dV 



T 2 2, 5.00 dm 3 

In — = — In-r 

7, 5 20.0 dm 3 

T 2 = 519 K 


19-21. A quantity of CH 4 (g) at 298 K is compressed reversibly and adiabatically from 50.0 bar to 
200 bar. Assuming ideal behavior, calculate the final temperature of the CH 4 (g). Take C v = 3 R. 


From Problem 19-17, we have 






Assuming ideal behavior, C p = R + C v = 4 R. Then 


T = 
1 2 


/ 200bar\ ,/4 
V 50.0 bar ) 


(298 K) = 421 K 


19-22. One mole of ethane at 25°C and one atm is heated to 1200°C at constant pressure. Assuming 
ideal behavior, calculate the values of w, q, A U, and AH given that the molar heat capacity of 
ethane is given by 

C p /R = 0.06436 + (2.137 x 10~ 2 K“')7’ 

- (8.263 x 10“ 6 K- 2 )T 2 + (1.024 x 10“ 9 K _3 )7’ 3 
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over the above temperature range. Repeat the calculation for a constant-volume process. 


a. For a constant-pressure process, q p = AH and dH = C p dT. Then 

AH = J C p dT 


= R 0. 


06436T + i(2.137 x 10 -2 )r 2 - ^(8.263 x 10 -6 )r 3 


+-(1.024 x 10" 9 )r 4 
4 


1473 K 


298 K 


AH = 122.9 kJ-mol 


-i 


We now use Equation 19.36, remembering that the gas is behaving ideally: 
aU = AU + PAV = AU + RAT 

AV = 122.9 kJ-mol -1 - (8.3145 x 10 -3 kJ-mor'-K -1 )(1473 K - 298 K) 
= 113.1 kJ-mor 1 


Finally, we use the expression AU = q + w to write 

w = AU-q = 113.1 kJ-mol -1 - 122.9kJ-mol -1 = -9.8 kJ-mol -1 

b. For a constant-volume process, w = 0, and so AU = q. AH is the same as in the previous 
situation, so AH = 122.9 kJ-mol -1 . We can use Equation 19.36, remembering that the gas 
behaves ideally, to write 

AH = aZ7 + VAP = AU + RAT 

AU = 122.9 kJ-mol -1 -(8.3145 x 10 -3 kJ-mol -1 -K -1 )(1473 K - 298 K) 

= 113.1 kJ-mol -1 

Note that the value of AU is the same as in part a, because U depends only on temperature for 
an ideal gas. 


19-23. The value of A t H° at 25°C and one bar is +290.8 kJ for the reaction 

2 ZnO(s) + 2 S(s) —► 2 ZnS(s) + 0 2 (g) 
Assuming ideal behavior, calculate the value of A r U° for this reaction. 


Because both reactants are solid, V, « 0. The final volume will depend only on the amount of 
oxygen present; assuming it behaves ideally, we write 


v ^ 
2 


nRT 


(1 mol)(0.08314dm 3 -bar-mol -1 -K -1 )(298K) 
1 bar 


24.78 dm 3 


Then A V & 24.78 dm 3 for the reaction. Using Equation 19.36, we write 


A r U° = A H° - PAV 


= 290.8 kJ - (1 bar)(24.776 dm 3 ) 


( 


1 kJ \ 
10 dm 3 -bar/ 


= 288.3 kJ 
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19-24. Liquid sodium is being considered as an engine coolant. How many grams of sodium are 
needed to absorb 1.0 MJ of heat if the temperature of the sodium is not to increase by more than 
10°C. Take C p = 30.8 J-K -1 -mol -1 for Na(l) and 75.2 J-K -1 mol"’ forH 2 0(l). 


We must have a coolant which can absorb 1.0 x 10 6 J without changing its temperature by more 
than 10 K. The smallest amount of sodium required will allow the temperature to change by 
exactly 10 K. We can consider this a constant-pressure process, because liquids are relatively 
incompressible. Then, substituting AT = 10 K into Equation 19.40, we find 

AH = C p AT = 308 Lmor 1 


We require one mole of sodium to absorb 308 J of heat. Therefore, to absorb 1.0 MJ of heat, we 
require 


(1.0 x 10 6 J) 



74.6 kg 


74.6 kg of liquid sodium is needed. 


19-25. A 25.0-g sample of copper at 363 K is placed in 100.0 g of water at 293 K. The copper and 
water quickly come to the same temperature by the process of heat transfer from copper to water. 
Calculate the final temperature of the water. The molar heat capacity of copper is 24.5 J-K -1 - mol -1 
and that of water is 75.2 J-K -1 -mol -1 . 


The heat lost by the copper is gained by the water. Since AH = nC p AT (Equation 19.40), we can 
let a: be the final temperature of the system and write the heat lost by the copper as 


( 25.0 g \ 

\63.546 g-mol -1 / 


(24.5 J-mol -1 -K _1 )(363 K — *) 


and the heat gained by the water as 


/ 100.0 g \ 

\ 18.0152 g-mol -1 / 


(75.3 J-mol -1 -K -1 )(a: - 293 K) 


Equating these two expressions gives 


3495 J - (9.628 J-K -1 )a: = (418.0J-K -1 )a: - 1.224 x 10 5 J 
1.259 x 10 5 K = 427.6* 

295 K = a: 


The final temperature of the water is 295 K. 


19-26. A 10.0-kg sample of liquid water is used to cool an engine. Calculate the heat removed (in 
joules) from the engine when the temperature of the water is raised from 293 K to 373 K. Take 
C p = 75.2 J-K- 1 - mol' 1 for 1^0(1). 


We can use Equation 19.40, where AT = 373 K — 293 K = 80 K. This gives 

10.0 x 10 3 g 


AH = nC p AT = 


, 18.0152 g-mol -1 
3340 kJ of heat is removed by the water. 


(75.2 J-mol - -K - )(80 K) = 3340 kJ 
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19-27. In this problem, we will derive a general relation between C p and C y . Start with U = U(P y T) 
and write 


dU= (™\ dP+ (™) dT 


We could also consider V and T to be the independent variables of U and write 


dU = 


"*(S" 


Now take V = V(P y T) and substitute its expression for d V into Equation 2 to obtain 


d u=m 


avj r \spj T 


dP+ \m m + 


3VJ r \3TJ r 


Compare this result with Equation 1 to obtain 


dU\ fdV 


dvj T \d pj t 


9 U\ f dV 


dV J t \ dT) p 


Last, substitute U = H — PV into the left side of Equation (4) and use the definitions of C„ and 


C v to obtain 


c.-c.- p + f!£1 ? 


Show that C p - C v = nR if (dU/dV) T = 0, as it is for an ideal gas. 


We can write the total derivatives of V(P, T) and U(V, T ) as (MathChapter H) 


= dP+ ("'\ dT 


iv.m dV +m d r 


Substituting dV from Equation a into Equation b gives 


dU = 


dP + 


"MS)." 


We can also express U as a function of P and T, in which case the total derivative dU is 


dU = 


Because the coefficients of dP and dT in both expressions for dU are equal, we can write 


dPj T 
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/3tA _ (dU\ (dV\ / dU\ 
{dT) p ~\dv) T \Jf) p + \dT) v 

Substituting H — P V for U into the left side of Equation c gives 

/3[ H-PV]\ / dU\ /3V\ / dU\ 

V dT ) P ~\dv)r\df) P + \df) v 

(™) -p( d -l) -v( d -l) -('JL) ( d .l) + (*JL) 
\dTj p \dT) p \dT J p \dVj T \dTjp \dT) v 

Using the definitions of C p and C v (Equations 19.39 and 19.40), this expression becomes 



If (5 U/dV) = 0, then Equation d becomes 



Using the ideal gas equation to find P (3 V/dT) p , we find that 

PV=nRT 



C p - C v = nR 


(c) 


(d) 


19-28. Following Problem 19-27, show that 



We can write the total derivatives of P(V, T ) and H(P, T) as (MathChapter H) 



Substituting d P from Equation a into Equation b gives 


dH = 




dV + 

T 

dV+\ 


dP 
dT 
3/A 
3 P ) 




dT 


(a) 

(b) 
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We can also express H as a function of V and T, in which case the total derivative dH is 



Because the coefficients of d V and dT in both expressions for dH are equal, we can write 




dH\ / dP\ 

Jp) T \dv) 

T 


and 


/ dP\ / 

T {df) v + \ 

dH\ 

df) P 


Substituting JJ + PV for 

H into the left side of Equation c gives 



(d[U + PV) 

\ -( d JL\ 


f a// ) 


V dT 

Jv \dPJr 

[dTj 

(l).* 


).-m. 


fdH\ 

[dTj 


Using the definitions of C p and C y (Equations 19.39 and 19.40), this expression becomes 



which is the desired result. 


(c) 


19-29. Starting with H = U + PV, show that 



Interpret this result physically. 


Take the partial derivative of both sides of this equation with respect to 7, holding P constant, and 
substitute C p for ( dH/dT ) p . 


H = U + PV 



This expression tells us how the total energy of a constant-pressure system changes with respect to 
temperature. Recall that for a constant pressure process, dH ~8q. Then C p = ( dq/dT ). Because 
dU = 8q + 8w , the work involved in the process must be —P(dV/dT) p . The equation above is 
equivalent to the statement 

fdU\ = f d[q + w] \ 

\dTj p ( dT ) p 
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19-30. Given that (3 U/dV) T = 0 for an ideal gas, prove that (dH/dV) T = 0 for an ideal gas. 


Begin with Equation 19.35 and use the ideal gas law to write 

H = U + PV = U + nRT 

Now take the partial derivative of both sides with respect to volume (note that for an ideal gas, U is 
dependent only upon temperature) to find 



19-31. Given that (dU/dV) T = 0 for an ideal gas, prove that (3C v /3 V) T = 0 for an ideal gas. 


We define C v as (dU/dV) T (Equation 19.39). Therefore, 



Since (dU/dV) T = 0 for an ideal gas, (dC v /dV) T = 0. 


19-32. Show that C p — C y — nR if ( dH/dP) T — 0, as is true for an ideal gas. 


From Problem 19.28, 


r — C — 

^ p W 





where, as stated in the problem, ( 3H/3P) T — 0. Substituting P = nRTV 1 into the above 
expression gives 


C D - C„ = V 


/3[ nRTV-'] 
V 37 


) =nR 

/ v 


19-33. Differentiate H = U + PV with respect to V at constant temperature to show that 
(3H/d V) T = 0 for an ideal gas. 


(Notice that this problem has you prove the same thing as Problem 19.30 without assuming that 
(3f//3 V) T = 0 for an ideal gas.) We can use the ideal gas equation to write Equation 19.35 as 

H = U + PV = U + nRT 


For an ideal gas, U is dependent only on temperature, and the product nRT is also dependent only 
on temperature. Therefore, H is a function only of temperature, and differentiating H at constant 
temperature will yield the result 




+ nR 
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19-34. Given the following data for sodium, plot H(T) — H{ 0) against T for sodium: melt¬ 
ing point, 361 K; boiling point, 1156 K; A fus f/° = 2.60 kJ-mol" 1 ; A vap f/° = 97.4 kJ-mol -1 ; 
C p ( s) = 28.2 J-mor 1 -K"'; C p ( 1) = 32.7 J-mol -1 -K -1 ; C,(g) = 20.8 J-mol -1 K" 1 . 


We can use an extended form of Equation 19.46: 


H(T) - H( 0) 




„(sM7 + A fus W + 


r 


,(iyr + A vap w + 


/: 


C p (g)dT 


Notice the very large jump between the liquid and gaseous phases. 



19-35. The A r //° values for the following equations are 

2 Fe(s) + §0 2 (g) -► Fe 2 0 3 (s) A r H° = -206 kJ-mol"' 

3 Fe(s) + 2 0 2 (g) -► Fe 3 0 4 (s) A r //° = -136 U-mor' 

Use these data to calculate the value of A r H for the reaction described by 

4 Fe 2 0 3 (s) + Fe(s) —► 3 Fe 3 0 4 (s) 


Set up the problem so that the summation of two reactions will give the desired reaction: 

4[Fe 2 0 3 (s) 2 Fe(s) + f0 2 (g)] A r H = 4(206) kJ 

+ 3[3 Fe(s) + 2 0 2 (g) -> Fe 3 0 4 (s)] \H = 3(—136) kJ 

4 Fe 2 0 3 (s) + Fe(s)—>3 Fe 3 0 4 (s) A t H = 416 kJ 


19-36. Given the following data, 

i H 2 (g) + i F 2 (g) -> HF(g) A H° = -273.3 kJ-mol"' 
H 2 (g) + \ 0 2 (g) -* H 2 0(1) A H° = -285.8 kJ-mol" 1 
calculate the value of A r H for the reaction described by 


2 F 2 (g) + 2 H 2 0(1) 


4HF(g) + 0 2 (g) 
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Set up the problem so that the summation of two reactions will give the desired reaction: 

4[|H 2 (g) + ±F 2 (g) HF(g)] AH = 4(-273.3) kJ 

+ 2[H 2 0(1) -> H 2 (g) + ±0 2 (g)] AH = 2(285.8) kJ 

2 F 2 (g) + 2 H 2 0(1 )—>4 HF(g) + 0 2 (g) AH = -521.6 kJ 


19-37. The standard molar heats of combustion of the isomers m-xylene and p-xylene are 
-4553.9 kJ-mor 1 and —4556.8 kJ-mol” 1 , respectively. Use these data, together with Hess’s 
Law, to calculate the value of A t H° for the reaction described by 

m-xylene —> p-xylene 


Because m-xylene and p-x ylene are isomers, their combustion equations are stoichiometrically 
equivalent. We can therefore write 

m-xylene combustion products A r H = —4553.9 kJ 

+ combustion products -» p-xylene A t H = +4556.8 kJ 

m-xylene—»p-xylene A r H = +2.9 kJ 


19-38. Given that A r H° = —2826.7 kJ for the combustion of 1.00 mol of fructose at 298.15 K, 

C 6 H 12 0 6 (s) + 6 0 2 (g) —► 6 C0 2 (g) + 6 H 2 0(1) 
and the A f H° data in Table 19.2, calculate the value of A f H° for fructose at 298.15 K. 

We are given A r H° for the combustion of fructose in the statement of the problem. We use the 
values given in Table 19.2 for C0 2 (g), H 2 0(1), and 0 2 (g): 

A f //°[C0 2 (g)] = -393.509 kJ-mol" 1 A f f/°[H 2 0(1)] = -285.83 kJ-mor 1 
A f //°[0 2 (g)] = 0 

Now, by Hess’s law, we write 

A r H° = ^ A f H° [products] - ^ A f H° [reactants] 

-2826.7 kJ-mor 1 = 6(-393.509 kJ.mor 1 ) + 6(—285.83 kJ-mol -1 ) - A t H° [fructose] 
A'H° [fructose] = 1249.3 kJ-mol" 1 


19-39. Use the A f H° data in Table 19.2 to calculate the value of A c H° for the combustion reactions 
described by the equations: 

a. CH 3 OH(l) + l 0 2 (g) —► C0 2 (g) + 2 H 2 0(1) 

b. N 2 H 4 (1) + 0 2 (g) —> N 2 (g) + 2 H 2 0(1) 

Compare the heat of combustion per gram of the fuels CH 3 OH(l) and N 2 H 4 (1). 
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We will need the following values from Table 19.2: 

A f /T[C0 2 (g)] = -393.509 kJ-mol" 1 A f //°[H 2 0(1)] = -285.83 kJ-mol" 1 

A f //°[N 2 H 4 (1)] = +50.6 kJmor 1 A f //°[CH 3 OH(l)] = -239.1 kJ-mol" 1 

A f //°[N 2 (g)] = 0 

a. Using Hess’s law, 

A t H° = ^ A f //°[products] - A f H° [reactants] 

= 2(—285.83 kJ) + (-393.5 kJ) - (-239.1 kJ) 

-/ -726. UJ \ (UiSSiA — 22 . 7 kJ . g - 
\mol methanol/ \32.042 g/ 

b. Again, by Hess’s law, 


A x H° = ^ A f H° [products] - A f //° [reactants] 

= 2(—285.83 kJ) - (+50.6 kJ) 



More energy per gram is produced by combusting methanol. 


19-40. Using Table 19.2, calculate the heat required to vaporize 1.00 mol of CC1 4 (1) at 298 K. 

CC1 4 (1) CCl 4 (g) 

We can subtract A f //°[CC1 4 (1)] from A f //°[CCl 4 (g)] to find the heat required to vaporize CC1 4 : 

A H° = -102.9 kJ+ 135.44 kJ = 32.5 kJ 

vap 


19-41. Using the A ( H° data in Table 19.2, calculate the values of A r H° for the following: 

a. C 2 H 4 (g) + H 2 0(1) C 2 H 5 OH(l) 

b. CH 4 (g) + 4 Cl 2 (g) —► CC1 4 (1) + 4 HCl(g) 

In each case, state whether the reaction is endothermic or exothermic. 


a. Using Hess’s law, 

A r H° = -277.69 kJ - (-285.83 kJ + 52.28 kJ) = -44.14 kJ 

This reaction is exothermic. 

b. Again, by Hess’s law, 


A H° = 4(—92.31 kJ) - 135.44 kJ - (-74.81 kJ) = -429.87 kJ 
This reaction is also exothermic. 


19-42. Use the following data to calculate the value of A np H° of water at 298 K and compare 
your answer to the one you obtain from Table 19.2: A np H° at 373 K = 40.7 kJ-mol -1 ; 
C p ( 1) = 75.2 J-moI -1 K _l ; C p (g) = 33.6 J-moU 1 KT 1 . 
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We can create a figure similar to Figure 19.10 to illustrate this reaction: 


h 2 0(1) 

“ P -* H 2 0(g) 

t A H 2 

; ah 3 


Atf°.298 K 

h 2 0(1) 

P -+ H 2 0(g) 


Now we use Hess’s Law to determine the enthalpy of vaporization. 

^vap^298 k = &H 2 + AH 3 + A vap H 373 K 

= (75 K)(75.2 J-mor 1 -K" 1 ) + (-75 K)(33.6 J-moL 1 K"') + 40.7 W-mol" 1 
= 43.8 kJ-mol -1 

Using Table 19.2, we find 

A np H° = A f //°[H 2 0(g)] - A f H°[H 2 0(l)] 

= -241.8 kJ-mol" 1 + 285.83 kLmor 1 = 44.0 kJmor 1 

These values are fairly close. (Using values of C p which include temperature-dependent terms may 
further improve the agreement.) 


19-43. Use the following data and the data in Table 19.2 to calculate the standard reaction enthalpy of 
the water-gas reaction at 1273 K. Assume that the gases behave ideally under these conditions. 

C(s) + H 2 0(g) —»■ CO(g) + H 2 (g) 

Cp[CO(g)]//? = 3.231 + (8.379 x 10' 4 K" 1 )7’ - (9.86 x 10" 8 K ~ 2 )T 2 

C°[H 2 (g)]/fl = 3.496 + (1.006 x 10“ 4 K ~')T + (2.42 x 10“ 7 K- 2 )7 2 

C°[H 2 0(g)]/fl = 3.652 + (1.156 x 10 -3 K _I )T + (1.42 x 10 -7 K“ 2 )T 2 

C°[C(s)]//? = -0.6366+ (7.049 x 10" 3 K-')7 - (5.20 x 10“ 6 K“ 2 )T 2 

+ (1.38 x 10“ 9 K“ 3 )r 3 


We can create a figure similar to Figure 19.10 to illustrate this reaction. 

A /T.1273 K 

C(s) + H 2 0(g) r —► CO(g) + H 2 (g) 

| A//, t A// 2 

A H \298 K 

C(s) + H 2 0(g) r —> CO(g) + H 2 (g) 

Now use Hess’s Law to calculate the standard reaction enthalpy at 1273 K. To do the integrals, it 
is helpful to use a program like Excel or Mathematica (I used Mathematica ), so that the tedium of 
adding and multiplying can be avoided. 

A r ^i273 = A r 77 298 + + A// 2 

= (-110.5 kJ-mol’ 1 +241.8 kJ-mol" 1 ) 

7 1273 — 

+R / {C / ,[C0(g)] + C,[H 2 (g)]-C / ,[H 2 0(g)]-C,[C(s)]}^r 

J 298 

= 131.3 kJ-mol" 1 + [3725.01 K + 3649.92 K - 4542.43 K - 2151.29 K] 

= 131.3 kJ-moL 1 + 5.664 kJ-mor 1 = 136.964 kJ-moP 1 
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19 - 44 . The standard molar enthalpy of formation of C0 2 (g) at 298 K is —393.509 kJ-mol -1 . Use the 
following data to calculate the value of A f H° at 1000 K. Assume the gases behave ideally under 
these conditions. 

C°[C0 2 (g)]//? = 2.593 + (7.661 x 10" 3 K" , )7’ - (4.78 x 10“ 6 K- 2 )T 2 

+ (1.16 x 10- 9 K- 3 )7 3 

C° p [0 2 (g)]/R = 3.094 + (1.561 x 10' 3 K" 1 )7’ - (4.65 x 10“ 7 K- 2 )r 2 

C°[C(s)]/tf = -0.6366 + (7.049 x 10“ 3 K ~')T - (5.20 x 10" 6 K' 2 )r 2 

+ (1.38 x 10" 9 K -3 )7’ 3 


We can create a figure similar to Figure 19.10 to illustrate this reaction. 


C(s) + 0 2 (g) 

r —► C0 2 (g) 

4 A H ] 

t A H 2 

C(s) + 0 2 (g) 

A H \298 K 

—► C0 2 (g) 


Now use Hess’s Law to calculate the standard reaction enthalpy at 1000 K: 

AHfooo = A r //° 98 + AH , + A H 2 

p 1 000 _ 

= -393.509 kJ-mor 1 + R / (C^CO^g)] - C,[0 2 (g)] - C,[C(s)]} dT 

J 298 

= -393.509 kJ-mol" 1 + R [4047.167 K - 2732.278 K - 1419.433 K] 

= -393.509 kJ-mol" 1 - 0.869 kJ-mol -1 = -394.378 kJ-mol - ' 


19 - 45 . The value of the standard molar reaction enthalpy for 

CH 4 (g) + 2 0 2 (g) —► C0 2 (g) + 2 H 2 0(g) 

is —802.2 kJ at 298 K. Using the heat-capacity data in Problems 19—43 and 19—44 in addition to 

Cp[CH 4 (g)]/7? = 2.099 + (7.272 x 10" 3 K ~')T + (1.34 x 10“ 7 K“ 2 )T 2 

- (8.66 x 10-‘° K“ 3 )r 3 

to derive a general equation for the value of A r H° at any temperature between 300 K and 1500 K. 
Plot A r H° versus T. Assume that the gases behave ideally under these conditions. 


We can create a figure similar to Figure 19.10 to illustrate this reaction. 

CH 4 (s) + 20 2 (g) ^ C0 2 (g) + 2H 2 0(g) 

; AH l t A// 2 

A H °\298 K 

CH 4 (s) + 20 2 (g) 


C0 2 (g) + 2H 2 Q(g) 
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Now use Hess’s Law: 

A H° = A r //° 9g + A //, + A H 2 
= -802.2 kJ-mol- 1 


+R f {C p [C0 2 (g)] + 2C p [H 2 0(g)) - C p [ CH 4 (s)] - 2C,[0 2 (g)]} dT 

7 298 

= -802.2 kJ-mol -1 + R f [1.610 - (4.21 x 10" 4 K-‘)7’] dT 

J 298 

+R f [-(3.70 x 10" 6 K ~ 2 )T 2 + (2.03 x 10' 9 K" 3 )r 3 ] dT 

J 298 

= -805.8 kJ-mol" 1 + (1.339 x 10" 2 kJ-mor'-K- 1 )^ 

-(1.750 x 10" 6 kJ-mor’-K" 2 )^ 2 -(1.025 x 10“ 8 kl-mol" 1 -K“ 3 )r 3 
+ (4.211 x lO-^kJ-mor^K'^r 4 



19 - 46 . In all the calculations thus far, we have assumed the reaction takes place at constant temperature, 
so that any energy evolved as heat is absorbed by the surroundings. Suppose, however, that the 
reaction takes place under adiabatic conditions, so that all the energy released as heat stays within 
the system. In this case, the temperature of the system will increase, and the final temperature is 
called the adiabatic flame temperature . One relatively simple way to estimate this temperature 
is to suppose the reaction occurs at the initial temperature of the reactants and then determine to 
what temperature the products can be raised by the quantity A t H°. Calculate the adiabatic flame 
temperature if one mole of CH 4 (g) is burned in two moles of 0 2 (g) at an initial temperature of 
298 K. Use the results of the previous problem. 


We know from Problem 19^45 that 802.2 kJ-mor 1 of energy is produced when one mole of 
methane is burned in two moles of oxygen at 298 K. Now we determine how much the temperature 
of the products, one mole of C0 2 and two moles of H 2 0, can be raised by this energy: 


A//(products) = R f {C,[C0 2 (g)] + 2C p [H 2 0(g)]} dT 

J 298 

802.2 kJ-mol -1 = R f {C /J [C0 2 (g)] + 2C p [H 2 0(g)}} dT 

J 298 

= R f [9.897 + (9.97 x 10~ 3 K- , )7’ - (4.496 x 10“ 6 K~ 2 )T 2 

J 298 

+(1.160 x 10" 9 K~ 3 )T 3 ]dT 

= -27.89 kJ-mor 1 + (8.23 x 10" 2 kJ-mor 1 K~')T + (4.15 x 10~ 5 kJ-moL'-K- 
-(1.25 x 10“ 8 kJ-moL 1 -K- 3 )T 3 + (2.41 x lO" 12 kJ-moP 1 -K- 4 )T 4 


2 )T 2 
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We can solve this polynomial using Simpson’s rule or a numerical software package. Working in 
Mathematical we find that the final temperature will be 4040 K. 


19-47. Explain why the adiabatic flame temperature defined in the previous problem is also called the 
maximum flame temperature. 


The adiabatic flame temperature is the temperature of the system if all the energy released as 
heat stays within the system. Since we are considering an isolated system, the adiabatic flame 
temperature is also the maximum temperature which the system can achieve. 


19-48. How much energy as heat is required to raise the temperature of 2.00 moles of 0 2 (g) from 
298 K to 1273 K at 1.00 bar? Take 

C p [0 2 (g)]/R = 3.094 + (1.561 x 10~ 3 K ~')T - (4.65 x 10 -7 K _2 )7’ 2 


We can use Equation 19.44: 


AH = f 2 nCdT 
J T . 

n 1273 

= (2.00 mol)?? / [3.094+ (1.561 x 10 -3 K -1 )T - (4.65 x 10“ 7 K~ 2 )T 2 ] dT 

J 298 

= 64.795 kJ-mol -1 


19-49. When one mole of an ideal gas is compressed adiabatically to one-half of its original volume, 
the temperature of the gas increases from 273 K to 433 K. Assuming that C v is independent of 
temperature, calculate the value of C v for this gas. 


Equation 19.20 gives an expression for the reversible adiabatic expansion of an ideal gas: 


RT 

C v dT = -—dV 


Integrating both sides and substituting the temperatures given, we find that 


/ 



C 

C v 


T 

, in ~ 

433 

273 

R 


In 


-/I- 

-*i„F 

M 

— flln2 
1.50 


19-50. Use the van der Waals equation to calculate the minimum work required to expand one mole 
of C0 2 (g) isothermally from a volume of 0.100 dm 3 to a volume of 100 dm 3 at 273 K. Compare 
your result with that which you calculate assuming ideal behavior. 
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In Problem 19-10, we found that the work done by a van der Waals gas was 

V.-b a(V,-V.) 
w = -RT\n =J -- + ■ ' 


V,-b 


V V 

V 2 v 1 


Substituting a = 3.6551 dm 6 -bar-mol 2 and b = 0.042816 dm 3 -mol 1 from Table 16.3 and using 
the parameters in the statement of the problem gives 


w = -(0.083145 dm 3 -bar-mol _l -K _1 )(273 K) In 
+3.6551 dm 6 -bar-mor 2 


-1 


100 dm 3 -mol 1 — 0.042816 dm 3 mol 
0.100 dm 3 ■ mol” 1 - 0.042816 dm 3 - mol“ 1 
100 dn^-mol -1 — 0.100 dn^-mol -1 1 


L (100dm 3 -moI l ) (0.100dm 3 -mol ] )J 
= (-169.5 dm 3 -bar-mor I + 36.5 dm 3 -bar-mor , )(0.1 kJ’dm^-bar^^Cl mol) 

= -13.3 kJ 

For an ideal gas, 

w = - j PdV = -nRT\n(^j 
= (-156.80 dm 3 -bar)(0.1 kJ-bar"') = -15.7 kJ 
The work needed to expand the van der Waals gas is greater than that needed for the ideal gas. 


19-51. Show that the work involved in a reversible, adiabatic pressure change of one mole of an ideal 
gas is given by 



where T x is the initial temperature and P x and P 2 are the initial and final pressures, respectively. 


For a reversible, adiabatic pressure change of an ideal gas, 8q = 0, -so dU = dw. Since dU is 
defined as C v dT , 

dw = C v dT 

for one mole of an ideal gas. Integrating, we find 

w = C v T t - C V T, = C V (T, - T,) = C V T, (7j - l) 

From Problem 19.17, we know that 




and so substituting gives 
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19-52. In this problem, we will discuss a famous experiment called the Joule-Thomson experiment. 
In the first half of the 19th century, Joule tried to measure the temperature change when a gas 
is expanded into a vacuum. The experimental setup was not sensitive enough, however, and he 
found that there was no temperature change, within the limits of his error. Soon afterward, Joule 
and Thomson devised a much more sensitive method for measuring the temperature change upon 
expansion. In their experiments (see Figure 19.11), a constant applied pressure P, causes a quantity 
of gas to flow slowly from one chamber to another through a porous plug of silk or cotton. If 
a volume, V v of gas is pushed through the porous plug, the work done on the gas is P, V,. The 
pressure on the other side of the plug is maintained at P 2 , so if a volume V 2 enters the right-side 
chamber, then the net work is given by 


w=P i V i -P 2 V 2 

The apparatus is constructed so that the entire process is adiabatic, so q = 0. Use the First Law of 
Thermodynamics to show that 


U 2 +P 2 V 2 =U l + P ] V ] 


or that AH = 0 for a Joule-Thomson expansion. Starting with 


show that 



dT 


Interpret physically the derivative on the left side of this equation. This quantity is called the 
Joule-Thomson coefficient and is denoted by /x JT . In Problem 19-54 you will show that it equals 
zero for an ideal gas. Nonzero values of ( dT/dP) H directly reflect intermolecular interactions. 
Most gases cool upon expansion [a positive value of (3T/3P) W ] and a Joule-Thomson expansion 
is used to liquefy gases. 


Initial state 



Final state 


FIGURE 19.11 

A schematic description of the Joule-Thomson experiment. 


The net work is w = P, V, — P 2 V 2 . Since q = 0, U = to, so 

u 2 -v x = p,v,-p 2 v 2 

u 2 + p 2 v 2 = u ] + p l v l 
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Since A H = U } + P [ V ] — (U 2 + P 2 V 2 ), AH = 0. Now we write the total derivative of H as a 
function of P and T : 




Using the definition of C p , we write this as 


dH 


—C p dT 


-m, 

./•!) 


dT 


dPj T 

= --(-) 

C p \dPj T 


dP + C p dT 


dP-dH 


dP + -prdH 
Cp 


Keep H constant and divide through by d P to obtain 

'dT 


3P 




The Joule-Thomson coefficient is a measure of the change of temperature of a gas with respect to 
the change in pressure in a Joule-Thomson expansion (or compression). 


19-53. The Joule-Thomson coefficient (Problem 19-52) depends upon the temperature and pressure, 
but assuming an average constant value of 0.15 K*bar _I for N 2 (g), calculate the drop in temperature 
if N 2 (g) undergoes a drop in pressure of 200 bar. 


(0.15 K-bar 1 ) (-200 bar) = -30 K 


19-54. Show that the Joule-Thomson coefficient (Problem 19-52) can be written as 

-f dT \ - 1 /9(PV)\ “ 

MjT " U ~p)h ~ ~C~P lA9VVr Up )t + V dP Jr. 


Show that (3 T/dP) H = 0 for an ideal gas. 


From Problem 19-52, 



Since H = U+ PV y 



For an ideal gas, U and P V depend only on temperature, so /z JT = 0. 


19-55. Use the rigid rotator-harmonic oscillator model and the data in Table 18.2 to plot C p (T ) for 
CO(g) from 300 K to 1000 K. Compare your result with the expression given in Problem 19-43. 
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From Example 19-8, we know that for an ideal gas 

C p — C v + R 

And from Chapter 18, we know that for a linear polyatomic ideal gas 

Cy 5 /0 vib \ 2 e~^ T 

R “2 + \ T ) (\-e e ^ T ) 2 

Therefore, since © vib (CO) = 3103 K, we wish to graph 

C p _ 7 /3103 K\ 2 e -3i03K/r 

T _ 2 + V”l^; (1 _ e -3'03 K/T } 2 


(19.43) 


(18.41) 



19-56. Use the rigid rotator-harmonic oscillator model and the data in Table 18.4 to plot C p (T) for 
CH 4 (g) from 300 K to 1000 K. Compare your result with the expression given in Problem 19^1-5. 


Again, for an ideal gas 


C p = C v -+■ R 


(19.43) 


And from Chapter 18, we know that for a nonlinear polyatomic ideal gas 

3/1-6 /Q 


C V _ 3 . 3 i ( Q vib J \ 

R 2 2 j^\ T ) 


2 


(1 _ e -< W r ) 2 


Using the values given in the problem, we wish to graph 


(18.62) 


Cp /4170 K 

R ~ + { T ) (l-e- 4,70K / r ) 2 

/ 4320 K\ 2 e - 4320 K/T 


+ 2 


2180 K 


0~e 


-2180 K/7\2 


V T 


(1 _ g-4320 K/7^2 + 3 ^ 


1870 K\ 2 e- 1870 K 'T 


+3 


T 


(1 _ £ — 1870 K/7^2 
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- 19 - 57 . Why do you think the equations for the dependence of temperature on volume for a reversible 
adiabatic process (see Equation 19.22 and Example 19.6) depend upon whether the gas is a 
monatomic gas or a polyatomic gas? 


For an adiabatic process, no energy is transferred as heat, so the change in internal energy is equal 
to the change in work. The internal energy of a monatomic gas (in the electronic ground state) is 
entirely in the translational degrees of freedom, which is directly related to the temperature of the 
gas. If the volume of the system increases, work is done by the system, and so the internal energy of 
the system must decrease. The only way for it to do so is by decreasing the amount of energy in the 
translational degrees of freedom, which decreases the observed temperature of the gas. The internal 
energy of a polyatomic gas (in the electronic ground state) is in the rotational, vibrational, and 
translational degrees of freedom. These vibrational, rotational, and translational energy levels are 
not necessarily in equilibrium (see Problem 18-37). If the volume of a polyatomic gas is increased, 
work is done by the system, as before, and the internal energy of the gas must again decrease. 
However, the gas can lose energy in the rotational or vibrational levels, which will not decrease 
the observed temperature of the gas. It can also lose energy in the translational levels, which will 
decrease the observed temperature of the gas, but the other available methods of decreasing the 
energy of the system will change the dependence of temperature on volume for a polyatomic gas 
from that observed for a monatomic gas. 




MATHCHAPTER 


The Multinominal Distribution and Stirling's Approximation 


PROBLEMS AND SOLUTIONS 


J-1 . Use Equation J.3 to write the expansion of (1 + jc) 5 . Use Equation J.4 to do the same thing. 


Using Equation J.3, we can write 


(\+x) 5 = ^2 


5! 


-x 5 ~ N > 


^1(5-AO! 

= 1 + 5jc + IOjc 2 + IOjc 3 + 5jc 4 + jc 5 


Equation J.4 gives the same result. 


J-2. Use Equation J.6 to write out the expression for (jc + y + z ) 2 . Compare your result to the one that 
you obtain by multiplying (jc + y + z) by (jc + y 4- z). 


Using Equation J.6, we can write 
(* + »+*>* = ±±± 


N\ 


N 'N 1 

N =0 N 2 =0 W 3 =0 J V' v 2' iV 3- 


N N N 

x N iy N n * 


2! 


:* z + 


2 ! 


:XZ + 


2! 


-xy + 


2 ! 


2!0!0! 1!0!1! 1!1!0! ' 0!1!1! 
= 2yz + 2xz + 2xy + x 2 + y 2 + z 2 


yz + 


2 ! 


*y + 


2 ! 


01210! 01012! 


We obtain the same result when we multiply (jc 4- y 4- z) by (jc + y 4- z ). 


J-3. Use Equation J.6 to write out the expression for (jc 4- y + z) 4 . Compare your result to the one that 
you obtain by multiplying (jc + y 4 z) 2 from Problem J-2 by itself. 


Using Equation J.6, we can write 

4 4 4 * 

(* + ?+z ) 4 = E£E 


AM 


WIA/IAM 

/V,=0W 2 =0W,=0 1 ’'V'V 


N N N 

x > y iz * 


4! 


;X 4 + 


4! 


4!0!0! 3!1!0! 


x s y + 


4! 


3!0!1! 


x 1 z + 


4! 


2!2!0! 


I l t 

X y + 


4! 


2 ! 0 ! 2 ! 


2 2 
JC z 


4! , 4! 4! 4! 4! , 

+T77771X yz + TT^xy +——XZ + TT^T^ 2 + TTTT^+VZ 


2! 1! 1! 


1 !3!0! 


1 !0!3! 


1! 2! 1! 


1 !1 !2! 


615 


616 


MathChapter J 


+ ; 


4! 


r> 4 + 


4! 


:Z 4 + 


4! 


r:vz + 


4! 


-yz + 


4! 


0!4!0! 0!0!4! 0!l!3'/~ ' 0!3! 1!^ ~ ' 0!2!2! 

= x* + 4 x 3 y + 4x 3 z + 6 x 2 y 2 + 6x 2 z 2 + \2x 2 yz + 4xy 3 + 4 xz 3 

+ 12 xy 2 z + 12 xyz 2 + y 4 + z 4 + 4 yz 3 + 4 y 3 z + 6 y 2 z 2 


2 2 
y z 


We obtain the same result when we multiply (x + y + z) 2 by (x + y + z) 2 . 


J-4. How many permutations of the letters a, b , c are there? 


3! = 6 


J-5. The coefficients of the expansion of (1 + x) n can be arranged in the following form: 

n 


0 1 
1 1 1 

2 12 1 

3 13 3 1 

4 1 4 6 4 1 


Do you see a pattern in going from one row to the next? The triangular arrangement here is called 
Pascal’s triangle. 


Each number in a row is the sum of the two numbers above it. 


J-6. In how many ways can a committee of three be chosen from nine people? 


9! 

3!6! 


= 3x7x4 — 84 


J-7. Calculate the relative error for N = 50 using the formula for Stirling’s approximation given in 
Example J-3, and compare your result with that given in Table J.l using Equation J.7. Take In AM 
to be 148.47776 (CRC Handbook of Chemistry and Physics). 


In N\ = N In N - N + ln(27r A0 l/2 

= 195.6012 - 50 + 2.87495 = 148.4761 

Compared to In N\ y there is a 1.12 x 10 -5 relative error. This can be compared with the 0.0194 
relative error obtained when using Equation J.7 for In N\. 


J-8. Prove that x lnx 0 as x -> 0. 


limOt In jc) = lim 

x ->0 jc —>0 




The Multinominal Distribution and Stirling's Approximation 


617 


Since both numerator and denominator are undefined as x -> 0, we can apply l’Hopital’s rule: 


lim(x In jc) = lim (-r ) = lim 

x^O x^o \-x~ 2 J x-+0 


= lim(— x) = 0 
x 1 J (-»0 


J-9. Prove that the maximum value of W(N, N t ) = N\/(N - N ] )\N ] ! is given by /V, = N/2. (Hint: 
Treat N t as a continuous variable.) 


Let N ] = x, with x being a continuous variable. Then 


(N-x)\x\ 


In IV = In 


AM 

(IV-*)!*! 


= In AM - In (N - x)\ - In*! 


We are looking for the maximum value of W, so, at this value, (d W/dx ) = 0. Also, we know that 


1 dW d(\nW) 
W~dx ~ dx 


At the maximum value of IV, then, <i(ln W)/dx = 0. We can express In W using Stirling’s 
approximation (Equation J.7): 


In W = In AM — ln(A — *)! - In*! 

= N In N - N - [(N - *) In (N - x) - (N - *)] - (x In * - *) 


The derivative of In W is then 


dQn W) 
dx 


= 0 + -—- + In (N - *) - 1 - In* - - + 1 
N - x x 


= In (N — x) — In* 


Setting [d(ln W)/dx] = 0 gives 

0 = In (N — *) — In* 

In* = ln(A — x) 

2x = N 
N 

X ~ ~2 

Recall that N { = x, and that N 2 = N - N v The maximum value of W then occurs when A, = N/2. 


J-10. Prove that the maximum value of W(N V N 2 . N r ) in Equation J.5 is given by 

N t = N 2 = ■ ■ ■ = N r = N/r. 


IV = 


AM 

AMAM • • • AH 


Given: 
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Take N r = N — N { — N 2 — • • - — N r _ r because N. — N. Then we can use Stirling’s approxi¬ 
mation (Equation J.7) to write In W as 

r 

In W = N In N - N - Y" N.lnN.-N. 

j j j 

j =i 

r —1 

= N In /V - /V - V NAnN.-N. 

J J J 

j =1 

-(N~N { -N 2 - N r _ x ) In (N - N x - N 2 - N r _ } ) + N - N } - N 2 -/V 

Now take the partial derivative of In W with respect to N { . We find that 
a In W 

—— = - In N x + 1 - 1 + ln(/V - N ] - N 2 - N r + 1 - 1 

a/v, 

As in Problem J-9, we set d(In W)/dN t = 0 to find 

0 = - In A, — ln(A -N t -N 2 - N r _ t ) 

In N t = In N r 
N ] = N r 

We get a similar result for N 2 through N r _ ] ,$o = N 2 = - • • = N r and all are equal to N/r. 


J-11. Prove that 


E——— = 2 " 

*-gk\(N -k)\ 


k=0 


We know that (Equation J.3) 


(x + y) N = J2 


AM 




N N-N 
X ly i 


If x = y = 1, we can write this as 


AM 


(i + \) n = y-:— = y 

v ' L-, M \(M _ at \| L-/ 


AM 


faN^N-NJ] f^kKN-ky. 


Thus 


£ 


AM 


rJk\(N-k)\ 


= (1 + l) w = 2" 


k =0 


J-12. The quantity n! as we have defined it is defined only for positive integer values of n. Consider 
now the function of x defined by 


r« 


-f 


t x -'e-'dt 


( 1 ) 


Integrate by parts (letting u = t x and dv = e l dt) to get 


r« 


= (X - 1) f 

Jo 


t x - 2 e~'dt = {x- \)F{x - 1) 


( 2 ) 
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Now use Equation 2 to show that V(x) = (x — 1)! if x is a positive integer. Although Equation 2 
provides us with a general function that is equal to (n — 1)! when x takes on integer values, it is 
defined just as well for non-integer values. For example, show that T(3/2), which in a sense is (^)i, 
is equal to 7t 1/2 /2. Equation 1 can also be used to explain why 0! = 1. Let x = \ in Equation 1 to 
show that T(l), which we can write as 0!, is equal to 1. The function TO) defined by Equation 1 
is called the gamma function and was introduced by Euler to generalize the idea of a factorial to 
general values of n. The gamma function arises in many problems in chemistry and physics. 


We can integrate T by parts, letting u = t x 1 and v = — e ', to find 

pOO 

T(;c) = / t x ~'e~'dt 
Jo 

poo 

= —t x ~ x e~ l — / —e~ l (x — \)t x ~ 2 dt 
1 Jo 

poo 

= (x - 1) / e-t*- 2 dt 
Jo 

= (jc-i)r(jE- i) 

Now if x is a positive integer, we can write 

rot) = (x - 1) rc* - i) = (x - lx* - 2) ru - 2) 

x — 1 

=n« r o) 


n—2 

x-\ poo x-1 

= Y\ n I e~ l dt = Y\ n — ( x ~ 1)! 

n=2 J Q n—2 


We can let t = x 2 and write T(3/2) as 


T(3/2) = f t x/2 e~'dt = f 2 x 2 e~ x2 dx 
Jo Jo 


IX 


1/2 


Also, we can express T(0) as 


= 2 -^= — 


poo poo 

T(l) = / t°e~'dt = / e~'dt 
Jo Jo 

= 1 
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Entropy and the Second Law of Thermodynamics 

PROBLEMS AND SOLUTIONS 


20-1. Show that 


if Y is a state function. 


f 


dY = 0 


If Y is a state function, dY must be an exact differential. This means that dY 
fidY=Y l -Y v Then 




dY = 


Y l +(Y l -Y 1 )=0 


Y 2 - Y, and 


20-2. Let z = z(x, y ) and dz = xydx + y 2 dy. Although dz is not an exact differential (why not?), 
what combination of dz and x and/or y is an exact differential? 


The quantity dz is not an exact differential because the coefficient of the dx term is not independent 
of y. An exact differential would be dz/y, because the coefficient of dx is independent of y and the 
coefficient of dy is independent of x in 

dz 

— = xdx + ydy 

y 


20-3. Use the criterion developed in MathChapter H to prove that Sq Kv in Equation 20.1 is not an exact 
differential (see also Problem H-l 1). 


We can write 8q rtw as 

n RT 

Sq m = C v (T)dT + —dV (20.1) 

The cross-derivatives of an exact differential are equal, so we will find the cross derivatives of Sq KV 
to determine its nature. These are the coefficient of dT differentiated with respect to V and the 
coefficient of d V differentiated with respect to T, or 


aCyCO 

dv 


and 


3 / nRT\ _nR 

3 T \~V~) ~ ~V 


Because these two quantities are not equal, Sq rev is an inexact differential. 
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20-4. Use the criterion developed in MathChapter H to prove that <5g rev / T in Equation 20.1 is an exact 
differential. 


We use Equation 20.2 to express <$<? rev / T as 

_ C V (T) 


dT + ^-dV 


The cross-derivatives of an exact differential are equal, so we will find the cross derivatives of 
8q rev / T to determine its nature. These are the coefficient of dT differentiated with respect to V and 
the coefficient of d V differentiated with respect to 7\ or 


9 fC v (T)\ a /n/?\ 

dv \ t ) an ar ( v ) 

Because these two quantities are equal, 8q reyj /T is an exact differential. 


0 


20-5. In this problem, we will prove that Equation 20.5 is valid for an arbitrary system. To do 
this, consider an isolated system made up of two equilibrium subsystems, A and B, which are 
in thermal contact with each other; in other words, they can exchange energy as heat between 
themselves. Let subsystem A be an ideal gas and let subsystem B be arbitrary. Suppose now that 
an infinitesimal reversible process occurs in A accompanied by an exchange of energy as heat 
8q rcv (ideal). Simultaneously, another infinitesimal reversible process takes place in B accompanied 
by an exchange of energy as heat 8q rey (arbitrary). Because the composite system is isolated, the 
First Law requires that 


9? rev ( ideal ) = -9? rev (arbitrary) 


Now use Equation 20.4 to prove that 


f 


Sg r ev( arbitrar y) 

T 


= 0 


Therefore, we can say that the definition given by Equation 20.4 holds for any system. 


We use the First Law as suggested in the problem and substitute Equation 20.1 for Sq m (ideal) to 
write 


<$9 r ev( arbitrar y) 


^g rev (arbitrary) 

T 


-^(ideal) 


-C v (T)dT - ^dV 


-~r-dT -^dV 

T V 

~C V (T) 




dV 

-f- constant 


Then <$<? rev (arbitrary )/T is the derivative of a state function. We know that the cyclic integral of a 
state function is equal to 0 (Problem 20-1). Therefore, we can write (as we did in Section 20-2 for 
ideal gases) 

arbitrary) =q 

and Equation 20.4 holds for any system. 
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20-6. Calculate q m and AS for a reversible cooling of one mole of an ideal gas at a constant volume V, 
from P v V v T, to P v V p T 4 followed by a reversible expansion at constant pressure P 2 from 
P 2 , V v 7’ 4 to P v V 2 , T x (the final state for all the processes shown in Figure 20.3). Compare your 
result for AS with those for paths A, B + C, and D + E in Figure 20.3. 


Step 1. P,,V,,T, -+ P 2 ,V X ,T 4 

Because there is no change in the volume of the ideal gas, Sw = 0, and we can write 

dq KV ,=dU = CJT)dT 


^rev 

AS. 

Step 2. P 2 ,V x ,T 4 -*■ P 2 ,V 2 ,T x 

In this case, we write (by the First Law) 


■>=!> 

-L 


T - CAT) 


( T)dT 
dT 


Sq nv2 = dU -Sw = C v {T)dT + PdV 
/ r r 'c v (TMT + j\ 2 dV 

rT, 


AS. 


-L 


c -A2 dT+ " v ' 


CAT ) 


v dT+ I '-dV 
r 1 Jv x 


i i 

Jv t 1 

r* - 

Jv, V 


For the entire process, P ] ,V l ,T l -*■ P 2 , V 2 ,T V we have 

9 rev = r + r c v( T ) dT + f ^m 

Jt. Jt, Jv , 


AS 


-s: 


Cy(T) 


T dT+ L 


Cy(T) 




The value of q Tty differs from those found for paths A, B + C, and D + E (Section 20-3), but the 
value of AS is the same (because entropy is a path-independent function). 


20-7. Derive Equation 20.8 without referring to Chapter 19. 


The temperature T 2 is the final temperature resulting from the reversible adiabatic expansion of 
one mole of an ideal gas. For a reversible expansion, dw = —PdV = —nRTdV/V, and for an 
adiabatic expansion dU = dw. Then, because dU = C v dT, 


C v dT —nRdV 
T ” V 


Jt>— £t 

l 


T > Cy 

—dT = 
t, T 


V, 

—nR In — 


which is Equation 20.8. 
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20-8. Calculate the value of AS if one mole of an ideal gas is expanded reversibly and isothermally 
from 10.0 dm 3 to 20.0 dm 3 . Explain the sign of AS. 


For an isothermal reaction of an ideal gas, Sw = —8q , so Sq — PdV. Then 



Using T from the ideal gas equation gives 

A S = J ^-dV = nR In 2.00 = 5.76 J-K-' 
The value of AS is positive because the gas is expanding. 


20-9. Calculate the value of AS if one mole of an ideal gas is expanded reversibly and isothermally 
from 1.00 bar to 0.100 bar. Explain the sign of AS. 


As in the previous problem, because the reaction is isothermal, 8q = Pd V. For an ideal gas, 


dv = -!*f dP = -L iP 

p 2 p 


so we write A S as 


AS= J jdV = J -jdP = j-^-dP = -nR InO.l = 19.1 J-K" 
The value of AS is positive because the gas expands. 


20-10. Calculate the values of q rey and AS along the path D + E in Figure 20.3 for one mole of a 
gas whose equation of state is given in Example 20-2. Compare your result with that obtained in 
Example 20-2. 


Path D + E is the path described by (P v V v T x ) (P p V 2 ,T 3 ) (P 2 , V v T [ ). For the first step, 

Sq rcv =dU -Sw = C v (T)dT - PdV 
and for the second step (because the volume remains constant) 


Then 


Sq itv =dU=C v (T)dT 


j ^cv. D+ e = C v (T)dT - fj P l dV + £ C v (T)dT 


-f. 


P l dV = -PAV i -VA 


AS. 


rev,D+E 



and 
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Substituting for T from the equation of state gives 


f v i nP.RdV ( V, - 

A5 revD+E = / -=- = nR]n O— 

revD+E Jv P x (V-b ) \ V, - 


The quantity g rev differs from those for the two paths in Example 20-2, but AS for all three paths is 
the same. 


20-11. Show that A S D+E is equal to AS a and AS B+C for the equation of state given in Example 20-2. 


From Example 20-3, 


AS a — AS b+c 


nR In 


^2 

V, 


-b 

~b 


and the equation of state used is 


P 


RT 

V-b 


In Example 20-1, we calculated A5 D+E for an ideal gas. Without using the ideal gas equation of 
state, however, we found in Example 20-1 that 


and 



Cy(T) 

T 

Cy(T) 

T 


dT + P x 
dT 



dV 

~T 



dV 

T 


We can substitute T from the equation of state to write 


AS, 


D+E 


= P 



_nRdV_ 

P,(V-b) 



dV 

V-b 


V 

= nR In = 

V 


2 


1 


-b 

~b 


Therefore AS D+E is equal to AS A and AS B+C . 


20-12. Calculate the values of q nv and AS along the path described in Problem 20-6 for one mole of 
a gas whose equation of state is given in Example 20-2. Compare your result with that obtained in 
Example 20-2. 


For both steps, because the ideal gas equation was not used in calculating q nv , q nv is the same as it 
was in Problem 20-6: 


9«v = -W - V.) 


Substituting the equation of state from Example 20-2 into the expression for AS from Problem 20-6 
gives 
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This is (by no coincidence) the same value as that found for A S A , AS B+C , and AS D+E . 


20-13. Show that 

AS = CJnJ 

' r, 

for a constant-pressure process if C p is independent of temperature. Calculate the change in entropy 
of 2.00 moles of H 2 0(1) (C p = 75.2 J-K - ' - mol -1 ) if it is heated from 10°C to 90°C. 


Because AS is a state function, we can calculate it using a reversible process. For a constant-pressure 
reversible process (Equation 19.37), 8q m = dH = C p dT, and so 




2 -£dT = nC, 
T f 


In 



For 2.00 mol of H 2 0, 


363 

AS = (2.00 mol)(75.2 J-K" 1 -mol -1 ) In — = 37.4 J-K -1 

283 


20-14. Show that 

AS = C v ln^ + flln-^ 

l \ M 

if one mole of an ideal gas is taken from T v F, to T v V v assuming that C v is independent of 
temperature. Calculate the value of AS if one mole of N 2 (g) is expanded from 20.0 dm 3 at 273 K 
to 300 dm 3 at 400 K. Take C p = 29.4 J-K -1 - mor 1 . 


For the path (7 1 ,, V,) 
write AS as 


(T v V 2 ), Sw = — PdV and 8q = dU — 8w = C v dT + Pd V. We can then 



Because C p — C v = R for an ideal gas, we can write this as 

AS = (C, —fl)ln^ + flln^ 

*i 


For N 2 , 


AS = (29.4 J-mol _1 -K -1 


400 


- 8.314 J-K - mol - ) In-+ 8.314 J-K -1 -mol 

273 


-i 


In 


300 

20.0 


= 30.6 J-K -1 -mol -1 
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20-15. In this problem, we will consider a two-compartment system like that in Figure 20.4, except that 
the two subsystems have the same temperature but different pressures and the wall that separates 
them is flexible rather than rigid. Show that in this case, 

dV n 

dS = ~f(P B -P A ) 

Interpret this result with regard to the sign of dV B when P B > P A and when P B < P A . 


We can use the First Law to write Sq for each compartment as 


Sq A =dU A -Sw A =dU A + P A dV A 
Sq B =dU s -Sw B =dU B +P s dV B 


We can write the total entropy of the system as 


dS = dS A + dS B = S -^ + 8 -^ 

1 A *B 

= d JL + ^ dv + d Jk + ^ dv 

T a + r A A+ 7 b T* B 


Because the two-compartment system is isolated, d V A = —d V B and dU A — —dU B . Also, T A = T B 
The quantity dS above then becomes 

dV R 

ds = (p B -p A )y 

When P B > P A , compartment B will expand, so, because dS must be greater than zero, dV B is 
positive. Likewise, when P B < P A , compartment A will expand, so (again, because dS must be 
greater than zero) dV B is negative. 


20-16. In this problem, we will illustrate the condition dS pTod > 0 with a concrete example. Consider 
the two-component system shown in Figure 20.8. Each compartment is in equilibrium with a heat 
reservoir at different temperatures T x and T 2 , and the two compartments are separated by a rigid 
heat-conducting wall. The total change of energy as heat of compartment 1 is 

d( l\ = <<?, + d.q x 

where d t q , is the energy as heat exchanged with the reservoir and d l q l is the energy as heat 
exchanged with compartment 2. Similarly, 

dq 2 — d c q 2 + d x q 2 



FIGURE 20.8 

A two-compartment system with each 
compartment in contact with an (essentially 
infinite) heat reservoir, one at temperature 
T ] and the other at temperature T r The 
two compartments are separated by a rigid 
heat-conducting wall. 
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Clearly, 


d S\ = ~ d fli 

Show that the entropy change for the two-compartment system is given by 


*«(H) 


= dS . +dS . 

exchange 1 prod 


where 


e #i . 


exchange >t> 

is the entropy exchanged with the reservoirs (surroundings) and 

dS proi = d fl\ ~ z) 

is the entropy produced within the two-compartment system. Now show that the condition dS pwd > 0 
implies that energy as heat flows spontaneously from a higher temperature to a lower temperature. 
The value of dS exchmglt , however, has no restriction and can be positive, negative, or zero. 


As stated in the text of the problem, we can write 

4<7, = -dfa 

The energy as heat exchanged between compartments 1 and 2 is involved in the entropy transferred 
between the two compartments. We can therefore express J5 exchaiige as 


^exchange r j' 




Similarly, the energy as heat exchanged between the compartments and the reservoirs is involved 
in the entropy produced within the two-compartment system, so we can write d S prod as 

.n d.q 2 

pr ° d 7 2 i?1 v^, t 2 ) 

These are the only two means of changing the entropy of the system, so we can find dS tot to be 


da. da , , / 1 1 

dS to. = ^exchange + dS prod = ~f~ + ~jT + d fl X ( 


Now take the condition dS ptoi > 0. This is the same as saying that 


d ><h ( T T 7 ) - 0 


T T 


Arbitrarily, let T, > T 2 .Then 1/T, - \/T 2 < 0, so d i q l < 0 and heat is flowing from compartment 1 
to compartment 2. If T 2 > T,, by the same reasoning, d i q l > 0 and heat is flowing from compartment 
2 to compartment 1. 


20-17. Show that 
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for an isothermal process. What does this equation say about the sign of A5? Can AS decrease 
in a reversible isothermal process? Calculate the entropy change when one mole of an ideal gas is 
compressed reversibly and isothermally from a volume of 100 dm 3 to 50.0 dm 3 at 300 K. 


We defined AS as (Equation 20.22) 

For an isothermal process T is constant, so we can write this expression as 

AS > j J Sq 

and integrate over Sq to write 

A S> - 

- j 

We know that q can be positive or negative, while T is always positive; therefore, AS can be 
positive or negative for an isothermal process. For one mole of an ideal gas compressed reversibly 
and isothermally, dU = 0, so <$g rev = -Sw — PdV. Then 

nRT 

Sq KV =PdV = —dV 
9 m =nRT\n^ 

and the change in entropy is given by 

AS = n/?ln — = (1 mol)(8.3145 J-K" 1 -mor 1 ) In0.5 = -5.76 J-K’ 1 
*1 

The quantity AS is equal to q/T, rather than greater than it, because this is a reversible process. 


20-1 8 . Vaporization at the normal boiling point (T ap ) of a substance (the boiling point at one atm) can 
be regarded as a reversible process because if the temperature is decreased infinitesimally below 
T vap , all the vapor will condense to liquid, whereas if it is increased infinitesimally above 7 ap , all the 
liquid will vaporize. Calculate the entropy change when two moles of water vaporize at 100.0°C. 
The value of A H is 40.65 kj-mol -1 . Comment on the sign of A vap S. 


At constant pressure and temperature, g rev = nAJ? rev (Equation 19.37). We know from the previous 
problem that, for a reversible isothermal process, 



(2 mol)(40.65 kJ-mol" 1 ) 
373.15 K 


217.9 J-K" 1 


As the water becomes more disordered, changing from liquid to gas, the entropy increases. 


20-1 9. Melting at the normal melting point (T fus ) of a substance (the melting point at one atm) can be 
regarded as a reversible process because if the temperature is changed infinitesimally from exactly 
7 fus , then the substance will either melt or freeze. Calculate the change in entropy when two moles 
of water melt at 0°C. The value of A {m H is 6.01 kJ-mol" 1 . Compare your answer with the one you 
obtained in Problem 20-18. Why is A vap S much larger than A fus S? 
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At constant pressure, q — nAH (Equation 19.37). For a reversible isothermal process, we can 
express A5 as (Problem 20.17) 

A5 =i = . ( . 2^; 0 1 -^^. = 44,0 J .K^ 

T 273.15 K 

The quantity A fus S is much less than A vap S because the difference in disorder between a solid and 
a liquid is much less than that between a liquid and a gas. 


20-20. Consider a simple example of Equation 20.23 in which there are only two states, 1 and 2. Show 
that W(a v a 2 ) is a maximum when a ] = a T Hint : Consider In W , use Stirling’s approximation, and 
treat a ] and a 2 as continuous variables. 


A simplified version of Equation 20.23, for two states only, is 


W = 


(fl] +a 2 ) ! 

°V a 2 [ 


Let a, = x, with x being a continuous variable, and let a, + a 2 = N. Then we can express W in 
terms of N and x: 


W = 


AM 


(N-x)lx\ 

In W = In AM — ln(N — *)! — lnx! 


Using Stirling’s approximation for In AM (MathChapter J), we can find the first derivative of In W 
with respect to x: 


In W = In AM — ln(N — x)! — In jc ! 

= N In N - N - [(N - x) In (N - x) - (N - x)] - (x \nx - x) 
dQnW) n N-x , /w , , x, 

ax N — x x 

= ln(A/ — jc) — In jc 


We are looking for the value of x that produces the maximum value of W, which is where 
dW/dx = 0. Because 

1 dW d(\nW) 

W77 ~ dx 

the desired value of x will also give [d(ln W)/dx ] = 0. Setting this derivative equal to zero, we find 


0 = ln(A/ — x max ) — In x m 
In = ln(Af — x ) 


2^ max = N 


And clearly jc max = N/ 2. Thus, the maximum value of W occurs when = a 2 = N/ 2. 


20-21. Extend Problem 20-20 to the case of three states. Do you see how to generalize it to any 
number of states? 
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For the case of three states, Equation 20.23 becomes 

w= ( fl i + a 2 + a 3> ! 

a,!a 2 !a 3 ! 

Let a ] = x and a 2 — y, where x and y are continuous variables, and let a x + a 2 + a 3 = A. Then 

w =-—- 

(A — jc — jv)!jc!jv! 

In W = In A! - In (A - x - y)\- In jc! - In y\ 

We can use Stirling’s approximation for In A ! (MathChapter J) to write In W and differentiate to 
find an expression for d( In W)/dx: 


\nW = A\nA — A — [(A — x — y) In (A — x — y) — (A — x — y)] — C* In x — x) — (y In y — y) 

^ = \n(A — x — y) + 1 — 1— In x — 1 + 1— ln(A - x — y) ~ \nx 
dx 

Similarly, 

d ( ]nW ^ , r. x , 

---= In (A — x — y) — In y 

dy 

As in the previous problem, the values of jc and y which give the largest values of W occur where 
d( In W)/dx = 0 and d (In W)/dy = 0. Therefore, 


0 = ln(A - * max - y) - In * max 
lnj W = ]n ( A ~ *ma* - y) 

2jC max = A - y 

Because we want the point at which both jc and y are at their maxima, we substitute this value into 
the expression for d{ In W)/dy to find 


0 = In(A — jc — v ) - In y 

x max ^max 7 J rr 


2y = — + 

/max 2 2 


y max n 


Then (substituting back into the first equality) jc max = A /3. Thus, the maximum value of W occurs 
when a x = a 2 = a 3 = A/3. Problem J. 10 generalizes this to any number of states. 


20-22. Show that the system partition function can be written as a summation over levels by writing 

Q(N, V, T) = V, E)e~ E/k » T 

E 

Now consider the case of an isolated system, for which there is only one term in Q(N> V , T). Now 
substitute this special case for Q into Equation 20.43 to derive the equation S = k B In Q. 


In Chapter 17, we defined the partition function Q(N y V y T) as (Equation 17.14) 

Q(N, V, T) = JVW 
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Here a term representing an energy level of degeneracy Q is written £2 times. We can write this, 
alternatively, as a sum over energy levels, where a term representing an energy level is written once 
and multiplied by its degeneracy £2: 

Q(N, V , T) = V - E)e- E/k ° T 

E 

These two expressions are equivalent. For an isolated system, there will be only one term in 
Q(N , V, 7), so 

Q = Cl(N, V, E)e~ E/k * T 

, ne = , nn _(_^) 

Applying Equation 20.43 allows us to write 

s=i » 7 '(^)„ + *» ine 

= k ‘ T {k^) +k ‘'" Ci ~ T 

— k B In Q 

which is Boltzmann’s equation. 


20-23. In this problem, we will show that £2 = c(N)f(E) V N for an ideal gas (Example 20-3). In 
Problem 18^2 we showed that the number of translational energy states between e and e As for 
a particle in a box can be calculated by considering a sphere in n x , n y1 n z space. 


8 ma 2 s 


n\+n)+n\ = —^ = R 2 


Show that for an TV-particle system, the analogous expression is 


e<»; 

j =i 


+ n zJ ) = 


&ma 2 E 


= R 2 


or, in more convenient notation 

8 ma 2 E 2 

Thus, instead of dealing with a three-dimensional sphere as we did in Problem 18^2, here we must 
deal with a 3/V-dimensional sphere. Whatever the formula for the volume of a 3A r -dimensional 
sphere is (it is known), we can at least say that it is proportional to R 3N . Show that this proportionality 
leads to the following expression for 4>(£), the number of states with energy < £, 

3N/2 

*{E) = c(N)E 3n/2 V n 

where c(N) is a constant whose value depends upon N and V = a 3 . Now, following the argument 
developed in Problem 18-42, show that the number of states between E and E + AE (which is 
essentially Q) is given by 



where f(E) = E™ l . 


Q = c(N)f(E)V N AE 



Entropy and the Second Law of Thermodynamics 


633 


For an N-particle system, we wish to consider all the N particles in one 3N-dimensionaI 
space, instead of the N particles in N individual three-dimensional spaces. The equation from 
Problem 18^4-2 then becomes 


3 N 


Sfnci^ E 7 

"? = —=- = R 
7=1 


h 2 


As in Problem 18^-2, <&(£) a the volume of the sphere, so 

3 „ / Sma 2 E\ 3N/1 

oc R 3N = (-- 

Letting c(N) be a proportionality constant allows us to write 

Q(E) = c(N)E 3N/2 V n 

Now, as in Problem 18-42, £2 = <t>(E + A E) — <t>(£), so 

a = c(N)(E + A E) 3N/2 V N - c(N)E 3N,2 V n 
= c(N ) V N [(£ + A E) 3N/2 - E wa ] 

3tf/2 


= c(N)V n E 3N/2 
= c(N)V n E 3N/2 


1 + 


A E 


V 


E ) 


3 N A E „ 
l + -- + ° 


7 ae Y" 

1 

\ E ) _ 

— 1 


'Xhi A F 

= —c(N)V N E 3N/2 =£- + O 
2 E 


m 


= c(N)V N E 2 r~'AE = c(N)f(E)V N AE 

where we have incorporated the factor of 3 N/2 into c(N ) and defined f(E) = E^~ ] . 


20-24. Show that if a process involves only an isothermal transfer of energy as heat (pure heat 
transfer), then 

dq 

dS sys = — (pure heat transfer) 


The process involves only an isothermal transfer of energy as heat, so 8w — 0 and dU — Sq. 
Therefore, 

dS _ jg _ du _ d 4 
^sys T T T 

where we can write dq instead of Sq because Sq = dU 7 and U is a state function. 


20-25. Calculate the change in entropy of the system and of the surroundings and the total change 
in entropy if one mole of an ideal gas is expanded isothermally and reversibly from a pressure of 
10.0 bar to 2.00 bar at 300 K. 
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Because this is an isothermal reversible expansion, hq = —Sw = Pd V. We then use the ideal gas 
equation to write 


AS = 

sys 


/ 


Hev 

T 



/ 


«/? 


-4 V = nR In 


Yi 


For an isothermal expansion of an ideal gas, P, V ] = P 2 V v We can then write the change of entropy 
of the gas as 


AS sys = (1 mol)(8.3145 J-mol” 1 -K” 1 ) In 5.00 = + 13.4 J-K” 1 
For a reversible expansion, AS lol = 0, so AS surr = — A S sys = —13.4 J-K~ l . 


20-26. Redo Problem 20-25 for an expansion into a vacuum, with an initial pressure of 10.0 bar and 
a final pressure of 2.00 bar. 


As in Problem 20-25, AS ys = 13.4 J-K However, because this is an irreversible expansion into 
a vacuum, AS $urT = 0, so AS tot = 13.4 J-K” 1 . 


20-27. The molar heat capacity of 1 -butene can be expressed as 

C P (T)/R = 0.05641 + (0.04635 K _1 )T - (2.392 x 10” 5 K” 2 )P 2 + (4.80 x 10” 9 K” 3 )7 3 

over the temperature range 300 K < T < 1500 K. Calculate the change in entropy when one mole 
of 1-butene is heated from 300 K to 1000 K at constant pressure. 


At constant pressure, 8q = dH = nC p dT, Then Equation 20.22 becomes (assuming a reversible 
process) 


AS 


dT 


r ]000 c p 

= n / y 

J 300 1 

/-l 000 

= (1 mol)/? / [0.056417’-' + (0.04635 K"') - (2.392 x 10“ 5 K- 2 )r 

J 300 

+(4.80 x 10" 9 K ~ 3 )T 2 ]dT 

= 192.78 J K-' 


20-28. Plot A mjx S against y, for the mixing of two ideal gases. At what value of y, is A mix S a 
maximum? Can you give a physical interpretation of this result? 


We can use Equation 20.30 for two gases: 

A m J = ~ R (y i ln 3 ; , - y 2 ' n y 2 ) 

Because y { + y 2 — 1, we can write this as 


A m J/ R = ~y i ln y i - o - yJ ln ( ! - y t ) 
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The quantity A mix S is a maximum when y, = 0.5. This means that the gases are most disordered 
when there are equal amounts of both present in a container. 


20-29. Calculate the entropy of mixing if two moles of N 2 (g) are mixed with one mole 0 2 (g) at the 
same temperature and pressure. Assume ideal behavior. 


The mole fractions y are 2/3 for N 2 (g) and 1/3 for 0 2 (g). Therefore, 


KJ = - R y i In > , i - ^^2 ln ^2 

2R , 2 R , 1 T ,_. 

=-ln-ln - = 5.29 J-K 

3 3 3 3 


20-30. Show that A mix S = R ln 2 if equal volumes of any two ideal gases under the same conditions 
are mixed. 


Because there are equal volumes of ideal gases under the same conditions, y t = y 2 = 0.5 
(Problem 20-28). Now Equation 20.30 gives 

A m J = - R yi ln ^i - R y 2 ]n yi 


= -7? In - = Kin 2 
2 


20-31. Derive the equation dU = TdS — PdV. Show that 

dT dV 

dS = C v ———R -=- 
v T y 

for one mole of an ideal gas. Assuming that C v is independent of temperature, show that 


_ _ j y 

AS = C v ln -A + R In 

v T, V, 


for the change from T v V, to T 2 , V 2 . Note that this equation is a combination of Equations 20.28 
and 20.31. 
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From the definition of entropy, Sq Kv = TdS, and by definition Sw m = —PdV. The first law then 
gives dU = Sq rey + Sw rev = TdS - PdV. We divide through by T to obtain 



Using the relation dU = nC v dT and the ideal gas law, we find 

dT dV 
dS = nC v — ~nR— 


or 


dT dV 
dS = C v — - R— 
V T V 


If C v is temperature-independent, integrating gives 


f d S = C v ff + Rf 


dV_ 

~V 


A S = C V ln^ + /?ln^ 
V \ 


20-32. Derive the equation dH — TdS + VdP. Show that 

- — T P 

AS = C An — — R\xi — 

p T P 

2 i 1 1 

for the change of one mole of an ideal gas from T v P, to T 2 , P v assuming that C p is independent 
of temperature. 


We derived the equation dU = TdS - PdV in Problem 20-31. Now add d (P V) to both sides of 
this equation to obtain 

dU + d(PV) =dH = TdS + VdP 
Now divide both sides by T to write 

T T 

and use the relation dH = nC p dT and the ideal gas law to obtain 

IO nC p nR , n 

dS = —-dT - dP 

T P 

or 

dS = -£dT — —dP 
T P 

Assuming that C p is temperature-independent, integrating gives 

AS = C p In — — /? In — 

p T P 

i i r \ 
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20-33. Calculate the change in entropy if one mole of S0 2 (g) at 300 K and 1.00 bar is heated to 
1000 K and its pressure is decreased to 0.010 bar. Take the molar heat capacity of S0 2 (g) to be 


CJT)/R = 7.871 - 


1454.6 K 160 351 K 2 
-™-1-^- 


We can use the result of the previous problem, 

nC p dT nRdP 

dS = ——--— 

T P 


Then 


J dS = nR J ^-dT-nR J ^ 

= (1.00 mol)(8.314 J-mol -1 -K _1 ) 
AS = 95.6 J K' 1 


r /*iooo k 


p 1UUU 

J 300 K 


/ 7.871 

\~r 


1454.6 K 160 351 K 2 \ _ , 

—JT- + -- JdT- In 


20-34. In the derivation of Equation 20.32, argue that A S c > 0 and AS h < 0. Now show that 

AS = A S c + AS h > 0 


by showing that 


AS c -|AS h | >0 


The two quantities AS c > 0 and AS h < 0 because the colder piece will become hotter and the 
hotter piece will become colder. Using the expressions for AS c and AS h in Section 20-6, 

AS c = Cy In > 0 and AS h = C v In < 0 

1 c h 

Now, because AS h < 0, | ASJ = — AS h , and 

|AS h | = C v ln-^->0 

•‘h "*■ i c 

The total change in entropy is given by 


AS = AS C + AS h = AS c - | AS h | 
(T + Tf 


= C v In 


4 T J C 


> 0 


where we proved that (T h + T c ) 2 > 4T h T c in Section 20-6. 


0.010 

1.00 


20-35. We can use the equation S = k B In W to derive Equation 20.28. First, argue that the probability 
that an ideal-gas molecule is found in a subvolume V of some larger volume V is VJV. Because 
the molecules of an ideal gas are independent, the probability that N ideal-gas molecules are found 
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in V is (VJ V) N . Now show that the change in entropy when the volume of one mole of an ideal 
gas changes isothermally from V x to V 2 is 

AS = R In 

* i 


The probability that the molecule is in sub volume V is VJ V, because the numerator represents the 
situations where the molecule is in V s and the denominator represents all positions available to the 
molecule. Now we can write (using Boltzmann’s equation) 

(V\ N V 

S = k B \nW=k B \n\^) =*lny 

Now take V = V x and an arbitrary V 2 and V. The change in entropy when an ideal gas goes from 
V { to V 2 isothermally is then 


20-36. The relation n j <x e~ e ‘ /k * T can be derived by starting with 5 = k B In W. Consider a gas with n 0 
molecules in the ground state and tij in the 7 th state. Now add an energy s, — e 0 to this system so 
that a molecule is promoted from the ground state to the 7 th state. If the volume of the gas is kept 
constant, then no work is done, so dU = dq, 


dS = 


dq_ 

T 


dU 

~T 


e J 


T 


Now, assuming that n Q and n ] are large, show that 


dS — k h In 


= M n 


N\ 


(n 0 -!)!«,!• ••(«. + !)!••• 


-k B In 


AM 




n.! 


n 0 ! 


(n. + l)!(« 0 -l)! 
Equating the two expressions for dS, show that 


= k ln^S 


’ll = 

n n 


From the problem, 



Recall that (Equation 20.24) S = k B In W. For the initial state, 


S initial = K In W = k B In 


N\ 


n 0 !rc,! •••«.!' 


5 fina. = ln W = k B ln 


_AM_ 

(n 0 - !)!«,!• • • (n j + !)!••• 


and for the final state 
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Then 


dS — S final S jnitial 


= k B In 


= *B ln 


AM 


<i * 0 -!)!«,!■■ • («■ + !)!■ --J 


- V n 


AM 


n 0 [ ' n \ 


V 


V 


(«, + !)! (*o- 1)!J 


/1 p. 

= jL In-9- 

B n. + 1 


= Jk. In ^ 
B n. 
j 


where the last equality holds because n. 1. Equating the two expressions for we find that 


, . n Q £j ~ £ 0 

k D In — = — 


n. 


In — = —— 


S; - 


k B T 


1l = -*„)/* B r 


20-37. We can use Equation 20.24 to calculate the probability of observing fluctuations from the 
equilibrium state. Show that 



= e~ AS/k » 


where W represents the nonequilibrium state and AS is the entropy difference between the two 
states. We can interpret the ratio W/ W eq as the probability of observing the nonequilibrium state. 
Given that the entropy of one mole of oxygen is 205.0 J-K _1 -mol -1 at 25°C and one bar, calculate 
the probability of observing a decrease in entropy that is one millionth of a percent of this amount. 


We can use Equation 20.24 to write 


Then AS is 


S = k R In W 

eq B eq 


and 


S = k B In W 


AS = S-S M = k B (\ n W-\nW eq ) 


eq 

, . W 
= k ‘ ,r "w 


eq 


AS , W 

~H~ — n w 

K B eq 




W 

W 


The probability of observing a AS which is one millionth of one percent of 205 J-K 1 -mol 1 is 
(1 mol)(1.00 x 10- 8 )(205.0J-K“ 1 .mor 1 )' 1 


exp 


1.381 x 10“ 23 J-K" 


= exp[—1.485 x 10 w ] «0 
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20-38. Consider one mole of an ideal gas confined to a volume V. Calculate the probability that all the 
N a molecules of this ideal gas will be found to occupy one half of this volume, leaving the other 
half empty. 


From Problem 20-35, we can write the probability as 



20-39. Show that S syslem given by Equation 20.40 is a maximum when all the p. are equal. Remember 
that ^2 Pj = 1 > so that 

E Pj 'n Pj = p, In p, + p 2 In p 2 + • ■ • + p„_, In p„_, 

j 

+ (1 ~ Pi~ P 2 - Pn-0 ln 0 ~P}~P2 - Pn- 1) 


See also Problem J—10. 


Begin with Equation 20.40, 

^system = E Pj ] " Pj 

j 

Substituting the expression given for JT Pj ln Pj’ we ^ nd 

-k B [ Pl ln p, + p 2 ln p 2 + ■■ ■ + p„_, ln p n _ t 

+ 0- P { ~ Pi - P n - 1 ) ln (! ~ Pi~ Pi - Pn- 1>3 

ln Pj + 1 - ln(l - p,-p ; _, - p J+ ,- P n _ t ) - 1 

ln pj - ln(l - p,- Pj_ t - p j+l -p„_,) 

1 - Pi - Pj -. “ P J+ i - Pn -1 

Because p. can be any of to p n _ v and the above equality holds for all p j , all the p. } must be 
equal. 


S = 

^system 


as. 


system 

9 Pj 

0 = 


Pj = 


20-40. Use Equation 20.45 to calculate the molar entropy of krypton at 298.2 K and one bar, and 
compare your result with the experimental value of 164.1 J-K " 1 mor 1 . 


This problem is like Example 20-6. We use Equation 20.45, 


S = 


-R + R ln 
2 


‘ (2nmk B T' 

t 3/2 V" 

V h 1 , 

' N a_ 


Assuming ideal behavior, at 298.2 K and one bar 

V RT 

( 6.022 x 10 23 mor‘)(l bar) 

“ (0.08314 dm 3 -bar-mol -1 -K -1 )(298.2 K) 
= 2.429 x 10 22 dm -3 = 2.429 x 10 25 m -3 
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(2nmk B T\ V2 

'2^(0.08380 kg-mol -l )(l.3806 x 10 -23 JK -I )(298.2 K)" 

V h 2 ) 

(6.022 x 10 23 mol -1 )(6.626 x 10 -34 J s) 2 


= (8.199 x 10 2 ' m -2 ) 3/2 = 7.424 x 10 32 m -3 


Then 

S = -R+ 17.235 R 
2 

= 164.1 JK-'mor' 

This value is the same as the experimental value. 


20-41 . Use Equation 18.39 and the data in Table 18.2 to calculate the entropy of nitrogen at 298.2 K 
and one bar. Compare your result with the experimental value of 191.6 J K -1 - mol -1 . 


Recall from Chapter 18 that 


q N 

Q= — 

* AM 

Substituting into Equation 20.43 gives 

5 = Nk B In q - k B In N\ + Nk B T 

= Nk B In q-Nk B \nN + Nk B + Nk B T 


= Nk B + Nk B \njj + Nk B T 


m. 


For a diatomic ideal gas, 


/2nMk B T\ V2 r T e~^ /2T 
~ h 2 ) V 


V 


-:- e e D ' ,k * T 

V a@ r A-e -^ 8 *' 6 


Then 




’/2 TtMk B T' 

t 3/2 V " 

V h 2 , 

‘ ^A. 


+ In 


CT@ 


— ln(l — e e vih/ r ) 


rot 

0.. D 

-— + lng H-- 

2 T 8e ' k B T 


and 


/31ng\ = 3 I O* . JL 

V BT ) 2 T T 1T‘ I kj 

Substituting into Equation 1 above, we find that 


S 7 , 

= 2 + '" 


~ (2nMk B T' 

A' 2 17 ' 

V h 2 , 

‘ n a _ 


+ In-In(l — e ( "W r ) 

^©rot 


■ @ '* /T Mnr 

, +ln ^' 


(1) 


(18.39) 
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For N 2 , © vib = 3374 K, 0 rot = 2.88 K, a = 2, and g e] = 1. The various factors are as follows: 


(2i rMk B T' 

f- 

'2tt( 4.653 x 10 -26 kg)(l .381 x 10 -23 J K _1 )(298.2 K)" 

V h 2 , 

1 “ 

(6.626 x 10 34 J-s) 2 


n3/2 


,32 _-3 


= 1.435 x 10 m 

RT (0.08314 dm 3 -bar mol-' -K-')(298.2 K) 


(6.022 x 10 23 mol-')(l bar) 
= 4.117 x 10 -23 dm 3 =4.117 x 10" 26 m 3 


^ P 


T , 298.2 K „ 

In ——— = In _ = 3.947 

o 0„ 


2(2.88 K) 
ln(l - e~ H ^ /T ) = -1.22 x 10" 5 

®JT H-31 


vib' _ _ 

e ^J T - l " e " 3 ' - 1 
The standard molar entropy is then 

S 


= 1.380 x 10“ 4 


- = 3.5+ 15.59 + 3.947+ 1.22 x 10" 5 + 1.380 x 10~ 4 
R 

= 23.04 


This is 191.6 J-K -mol , which is also the experimental value. 


20-42. Use Equation 18.57 and the data in Table 18.4 to calculate the entropy of C0 2 (g) at 298.2 K 
and one bar. Compare your result with the experimental value of 213.8 J-K -1 - mol -1 . 


For a linear polyatomic ideal gas having three atoms, 
{2nMk R T \ v2 

4 = 


T / 4 e - f W 2r 


Then 




* 2 ) 

CT0 ro. 

’ {2nMk B T s 

\ 3/2 V ' 

l h 2 , 

) N 




+ In- y ln(l — e 0vib > /r ) 

^rot U 

D 


and 


3 In # 
3 T 


j=t 


3 . 1 , y ®vib.j , y-' 

2T + T + 2T 2 ++ 1 - <T C ’W 7 ' 


kj 




j =i ;=i 

Substituting into Equation 1 from Problem 20-41, we find 


D 

kj 1 


S 1 , 

— = —bn 
R 2 


f/2 nMkJ\ vl V~\ 

LV * 2 


4 

+E 

j= 1 

ce«j/7)« 

1 - e~ B * 


+ In- y ln(l — e 

(70 ' 


_a vih./ 7 ' 


rot ; = 1 

+ ,n 8,i 


(18.57) 
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For C0 2 , © vib , = 3360 K, © vib 2 = © vib 3 = 954 K, 0 vib 4 = 1890 K, © ro( = 0.561 K, a = 2, and 
g e] = 1. The various factors are as follows: 


(2nMk B T\ vl 

'27r(7.308 x 10 -26 kg)(l.381 x 10~ 23 J K“')(298.2 K)" 

V h 2 ) 

(6.626 x 10 34 J-s) 2 


-.3/2 


= 2.825 x 10 32 m" 3 

V RT (0.08314 dm 3 barmor'K-')(298.2K) 


(6.022 x 10 23 mor')(l bar) 
= 4.117 x 10" 23 dm 3 =4.117 x 10“ 26 m 3 


n a p 


In 


= In 


298.2 K 


a© ro , L 2(0.561K)J 


= 5.583 


j^ln(l - e~ B ^i /T ) = -0.08508 

3=1 


g-^vih,/ 7 


T \ 1 - e~^ /T 


= 0.2835 


2=1 


The standard molar entropy is then 


- = 3.5 + 16.269 + 5.583 + 0.08508 + 0.2835 
R 

= 25.72 

This is 213.8 J-K _1 -mol -1 , which is also the experimental value. 


20-43. Use Equation 18.60 and the data in Table 18.4 to calculate the entropy of NH 3 (g) at 298.2 K 
and one bar. Compare your result with the experimental value of 192.8 J-K _1 - mol -1 . 


For a nonlinear polyatomic ideal gas having four atoms, 

\ 1/2 


(2nMk B T\ V2 'K 1 ' 2 


6 e -<-K*.>' 2T 


© © D © l \ i i 1 - e -«W T / 6fl 

^ ^rot.A^rot.B w rot,C / \y=l 1 c 


n 


g (18.60) 


Then 


— = In 

' nnMk B T s 

v 3/2 V ' 

N 

V h 2 7 

' 'V 


n U2 1/ P 

+ ln — + 2 ln (e, tl ,e„ ls e„ iC , 

^ ln(r . e - V )_^^ + , nSrt + A 

i=\ >=i Ll k b 1 


and 


_ _ 3 _ + _ 3 _ ®vib ,7 _J_ ^®»ib. 7 '/ ^ ,lby/ 

ar 


— _. i __ i V vib o i v v vib ' 
“ 2T + 27 + IT 2 1 




JK_ 

k B T 2 


Substituting into Equation 1 from Problem 20-41, we find 


f= 4+l " 


" {2nMk B T s 

3 3/2 V~ 

V /2 2 7 

’ 'V 


r 1/2 


n3 


+ In —-b 1 In —- —— - 

° 2 ®rol,A®ro(,B®rot,C 
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,-«W T 


r )+L 


J -1 L 


(Qyty/^K 


<W 7 '' 


1 — e 


-0.i h V 7 ' 


+ 'ng,. 


For NH 3 , 0 vib , = 4800 K, 0 vib 2 = 1360 K, 0 vib , 3 = 0 vib 4 = 4880 K, © vib 5 = 0 vjb , 6 = 2330 K, 
© ot A = 0 rot B = 13.6 K, © ro( c = 8.92 K, o = 3, and g fi = 1. The various factors are as follows: 


/ 2nMk B T\ i/2 

"2;r(2.828 x 10 -26 kg)(l.381 x 10 -23 J-K _l )(298.2 K)" 

V h 2 ) 

(6.626 x 10 34 J-s) 2 


= 6.801 x 10 31 m" 3 


V RT (0.08314 dm 3 -bar-mor 1 K -1 )(298.2 K) 
Ar “ A T^p - (6.022 x 10 23 mol-‘)(l bar) 

= 4.117 x 10" 23 dm 3 = 4.117 x 1(T 26 m 3 



r 3 


®rot,A®rot.B®rot.C 


4.842 


6 

ln(l - <T < W r ) = -0.01132 
y=i 


E 



/ e ~ & ^ /T \ 


0.05451 


The standard molar entropy is then 


- = 4 + 14.845 - 0.5262 + 4.842 + 0.01132 + 0.05451 
R 

= 23.23 


This is 193.1 J-K" 1 -mol *. The slight disagreement with the experimental value is due to our use 
of the rigid rotator-harmonic oscillator model. 


20-44. Derive Equation 20.35. 


The maximum efficiency is defined as 


rev,h 1 ^rev.c _ . ^rev.c 


^ ^rev,h ^rev,c 1 , 

maxmimum efficiency =-=-= 1 + 

^rev,h ^rev.h ?rev,h 

Because the process is cyclic and reversible, AS engine = 0, and so (as in Equation 20.34) 


^rev.c ^rev,h y 


The efficiency becomes 


T T. - T 

maximum efficiency = 1 — — = ——— 

'h -Mi 


(20.35) 


20-45. The boiling point of water at a pressure of 25 atm is 223°C. Compare the theoretical efficiencies 
of a steam engine operating between 20°C and the boiling point of water at 1 atm and at 25 atm. 
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At one atmosphere, using Equation 20.35 gives an efficiency of 

293 

efficiency = 1- =21% 

373 

At 25 atm, the same engine will give an efficiency of 

293 

efficiency = 1- =41% 

J 496 
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Entropy and the Third Law of Thermodynamics 

PROBLEMS AND SOLUTIONS 


21-1. Form the total derivative of H as a function of T and P and equate the result to dH in 
Equation 21.6 to derive Equations 21.7 and 21.8. 


The total derivative of S(T , P) is 

We can substitute this in Equation 21.6 to obtain 


dH = TdS+VdP 
dH 


= r ( 


dS\ 

— dT + T 
dT) P 


(If),' 


dT + 


dP+ VdP 

'* r (if),]" 


We now write the total derivative of H(T, P) as 

"=(f),";(!?)" 

"- c ^ + (lf)," 

Set the coefficients of dT in Equations 1 and 2 equal to each other to find Equation 21.7 

/as\ = c L 

\dTJ p T 

and set the coefficients of d P equal to each other to obtain Equation 21.8: 


a) 


( 2 ) 


ds 

Jp 


l 

T 


dH 

dP 


- V 


( 21 . 8 ) 


21-2. The molar heat capacity ofH 2 0(l) has an approximately constant value of C p = 75.4JK -1 -mor 1 
from 0°C to 100°C. Calculate A S if two moles of H 2 0(1) are heated from 10°C to 90°C at constant 
pressure. 
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We use Equation 21.9 to write 

' t 2 nC 


r T 2nC„ f 3aK 

AS = / —-Z-dT = 

JT, T J 283 K 


(2 mol)(75.4 J-K -1 -mol -1 ) 


dT 


363 


= (150.8 J-K-') In ^ = 37.5 J-K " 1 
283 


21-3. The molar heat capacity of butane can be expressed by 

C p /R = 0.05641 + (0.04631 K _1 )7 - (2.392 x 1(T 5 K ~ 2 )T 2 + (4.807 x 1(T 9 K” 3 )T 3 

over the temperature range 300 K < T < 1500 K. Calculate A S if one mole of butane is heated 
from 300 K to 1000 K at constant pressure. 


We can use Equation 21.9 to write 

nC L 


AS 


Jt ; 1 

/■1000 
= nR I 

J 300 K 


0.05641 


+ 0.04631 K -1 - (2.392 x 10 “ 5 K ~ 2 )T 


+(4.807 x 10 ~ 9 K ~ 3 )T 2 ]dT 
= (23.16/?)(1 mol) = 192.6 J-K " 1 


21-4 . The molar heat capacity of C 2 H 4 (g) can be expressed by 

6085.929 K 822 826 K 2 
C V (T)/R = 16.4105---+- - 2 - 

over the temperature range 300 K < T < 1000 K. Calculate AS if one mole of ethene is heated 
from 300 K to 600 K at constant volume. 


We can use Equation 21.5 to write 

' t 2 iiC 


AS 


/ ,6ook r i6. 
= n R — 
7300 K L 


4105 6085.929 K 822 826 K : 


2-1 


T T 2 

= (4.660/?)(l mol) = 38.75 J K' 1 


+ 


dT 


21-5. Use the data in Problem 21-4- to calculate AS if one mole of ethene is heated from 300 K to 
600 K at constant pressure. Assume ethene behaves ideally. 


For an ideal gas, C p — C v = R, so we can express C p as 

- /n , 6085.929 K 822 826 K 2 

C P /R = 1 + 16.4105---+- -3 - 
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Then we can use Equation 21.9 to calculate AS: 

^ nC, 


S=f 2 ^ 

Jt { T 

/> 600 K r 

= nR 

J 300 K L 


600 K T 17.4105 6085.929K 822826K 2 ! 

■ H-^- \ dT 


T T 2 

= (5.353/?)(l mol) = 44.51 J-K" 1 


21-6. We can calculate the difference in the results of Problems 21-4 and 21-5 in the following way. 
First, show that because C p -C v = R for an ideal gas, 

_ _ T 

A S p = A S v + R In -f 
* 1 

Check to see numerically that your answers to Problems 21-4 and 21-5 differ by R In 2 = 0.693 R = 
5.76 J-K -1 -mol -1 . 


For an ideal gas, C p - C v = R. Equations 21.6 and 21.9 state that 


AS, 


Jt. T 


dT and AS, 


f T i C D 

-J, f dT 


Subtracting A S p from AS V gives 


AS p - A Sy 


and so A S p can be written as 


f r 2 C „ - C„ f T i R I , 

c =j ~ —-dT = j —d.T=R ln-^ 


AS p = AS V + R\n — 


dT = R In 


The answers to Problems 21-4 and 21-5 differ by R In 2, as required. 


21-7. The results of Problems 21^1 and 21-5 must be connected in the following way. Show that the 
two processes can be represented by the diagram 



where paths A and B represent the processes in Problems 21-5 and 21-4, respectively. 
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Now, path A is equivalent to the sum of paths B and C. Show that A S c is given by 


T 

VA^ 


A S c = nR In 


,71 

PA^ 




= nR In 


tj t ; 

= nR In — 


and that the result given in Problem 21-6 follows. 


In Problem 21-4, ethane is heated at constant volume, so (assuming ideal behavior) 



Likewise, in Problem 21-5, the system is kept at constant pressure and so (assuming ideal behavior) 


y — y 
V 2 V \ 


h 


These values correspond to those shown in the diagram. Now, path C represents an isothermal 
process. Because we are assuming ideal behavior, dU — 0, which means that 8q rQv = —8w — 
nRT/ VdV. Then we can write AS C as (Equation 20.22) 


AS, 


-f 


T 


V, 

— nR In — = 


R In 


VATJT) 



Note that path A is equivalent to the sums of paths B and C, so AS A = A5 0 + AS C . Because 
AS A = A S p and A5 B = A S v , we can write 


A S c = A S p — A S v 

and the result given in Problem 21-6 follows. 


21—8. Use Equations 20.23 and 20.24 to show that S = 0 at 0 K, where every system will be in its 
ground state. 


We begin with Equations 20.23 and 20.24, 

A 

W = - and S = k Jn W 

a r a i ! - 

Let a } represent the ground state, so all other a. = 0 when the system is in the ground state. Then 
A = Ylj a. = a { + 0 = a r and Equation 20.23 becomes 

a .! 

W = -^ = 1 
a \ ! 

Substitute this into Equation 20.24 for S to find 

S = k B In 1 = 0 


21-9. Prove that S = —k^T, Pj In Pj — 0 when p x = 1 and all the other p. = 0. In other words, prove 
that x In x 0 as x 0. 
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Let p } = 1 and all other p j = 0. Then Equation 20.40 becomes 

s = -kY1 p i ln ^ = 0 - S * ln * 

where x 0. In Problem J-8, we proved that jcInjc-^Oasjc^O, soS = 0- 0 = 0 under the 
conditions given. 


21-10. It has been found experimentally that A vap 5 ~ 88 JK _l -mor 1 for many nonassociated liquids. 
This rough rule of thumb is called Trouton's rule . Use the following data to test the validity of 
Trouton’s rule. 


Substance 

'r,s/°C 

/ rc 

vap' 

A |us W/kJ-mol -1 

A vap // / kJm ° 1 ' 

Pentane 

-129.7 

36.06 

8.42 

25.79 

Hexane 

-95.3 

68.73 

13.08 

28.85 

Heptane 

-90.6 

98.5 

14.16 

31.77 

Ethylene oxide 

-111.7 

10.6 

5.17 

25.52 

Benzene 

5.53 

80.09 

9.95 

30.72 

Diethyl ether 

-116.3 

34.5 

7.27 

26.52 

Tetrachloromethane 

-23 

76.8 

3.28 

29.82 

Mercury 

-38.83 

356.7 

2.29 

59.11 

Bromine 

-7.2 

58.8 

10.57 

29.96 


Use Equation 21.16, 


A S=^~ 

vap t 1 

1 vap 


to construct a table of values of A vap S. 

Substance A vap S/J * m °l -1 ■K _l 


Pentane 

83.41 

Hexane 

84.39 

Heptane 

85.5 

Ethylene oxide 

89.9 

Benzene 

86.97 

Diethyl ether 

86.2 

Tetrachloromethane 

85.2 

Mercury 

93.85 

Bromine 

90.3 


21-11. Use the data in Problem 21-10 to calculate the value of A fus S for each substance. 
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Use Equation 21.16, 


AJ-V* 


*fus"- 


■fus 


to construct a table of values of A fus S. 


Substance 


A^S/J-mol-'-K"' 


Pentane 

58.7 

Hexane 

73.5 

Heptane 

77.6 

Ethylene oxide 

32.0 

Benzene 

35.7 

Diethyl ether 

46.3 

Tetrachloromethane 

13 

Mercury 

9.77 

Bromine 

40 


21-12. WhyisA vap S> A fus 5? 


A vap S > A fus 5 because gases are essentially completely unordered; the molecules of a gas travel 
more or less randomly within the gas’s container. Liquids, however, are much more cohesive and 
structured, and solids are very structured. The difference between the entropy of a liquid and that 
of a solid is less than the difference between the entropy of a liquid and that of a gas. 


21-13. Show that if C P (T) T a as T 0, where a is a positive constant, then S(T) -> 0 as T 0. 


We assume in the statement of the problem that 


lim CUT) = T a 

T-+ 0 

where a is a positive constant. Then express S using Equation 21.10 and take the limit of S as 
T -> 0: 

C (T') T a T a 

limS(7’) = 5(0K) + lim / —^-—d.T = lim / — dT = lim — = 0 
7-->0 T-*0 Jq T T-+oJ 0 T t-*o T 

as long as 5(0 K) = 0 and a > 0 (as stipulated in the statement of the problem). 
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21-14. Use the following data to calculate the standard molar entropy of N 2 (g) at 298.15 K. 

Cp[N 2 (s,)]/ R = -0.03165 + (0.05460 K~')T + (3.520 x 10" 3 K" 2 )?" 2 

- (2.064 x 10" 5 K" 3 )7’ 3 

10 K < T < 35.61 K 

C° P [N 2 (s 2 )]/R = -0.1696 + (0.2379 K~')T - (4.214 x 10" 3 K" 2 )r 2 

+ (3.036 x 10" 5 K- 3 )r 3 

35.61 K < T < 63.15 K 

C° p [N 2 (\)]/R = -18.44 + (1.053 K"')7’ - (0.0148 K" 2 )T 2 

+ (7.064 x 10" 5 KT^T 3 

63.15 K< T < 77.36 K 

C P [N 2 (g)]/R = 3.500 from 77.36 K < T < 1000 K, C p (T ^10.0 K) = 6.15 JK"'-mor\ 

T us = 35.61 K, A us H = 0.2289 kJ-mol" 1 , T fus = 63.15K, A (us H = 0.71 kJ-mol" 1 , T mp = 77.36 K, 
and A vap // = 5.57 kJ mol -1 . The correction for nonideality (Problem 22-20) = 0.02 J K -1 mol -1 . 


The easiest way to do this series of problems is to input the given data into a program like 
Mathematica and use Equation 21.17. For temperatures below the minimum value for which the 
formulae provided are valid, we can use the expression from Example 21-3, S(T) = C p {T)/ 3. 
Here, we solve the formula 


S(T) = 


<7,(10 K) 


+ 


63 


/•35.61 

J 10 

+ l 


A, H 

dT + , " „ + 


C p [N 2 (s,)] ^ , - trs 


35.61 K 


/»63.15 
J 35.61 


CJN 2 (s 2 )] 


- '2 K 2' 1 


cjn 2 ( 1 )] 


_15 T 

29815 CJNJg)) 


dT + 


K,H 


77.36 K 
dT + correction 


= 2.05 J-mol " 1 -K " 1 + 25.86 J-mor 1 -K-' + 6.428 J-mol -1 'K _l 

+23.41 J-mor'-K-' + 11.24 J-mol" 1 -K ' 1 + 11.78 J-mol"'-K " 1 
+72.00 J-mol " 1 -K"' + 39.26 J-mol"' -K"' + 0.02 J-mol"' -K " 1 
= 192.05 J-K"'-mol"' 


The literature value of the standard molar entropy is 191.6 J-K"' - mol"'. The slight discrepancy 
between these two values reflects the use of the ideal expression for C,[N 2 (g)]. (Using the 
C,[N 2 (g)] that is given in the next problem, which is linear in 7, gives a standard molar entropy of 
191.04 J-mol" 1 -K" 1 .) 


21-15. Use the data in Problem 21-14 and C f ,[N 2 (g)]//? = 3.307 + (6.29 x 10 4 K ')T for 
T > 77.36 K to plot the standard molar entropy of nitrogen as a function of temperature from 0 K 
to 1000 K. 


The function which describes the standard molar entropy of nitrogen must be defined differently 
for each phase and phase transition. Notice that the correction factor must be added to all functions 
to correct for nonideality. 

From 0 K to 10 K, 


S(T) = 


C p {10 K) 


+ corr 


3 
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From 10 K to 35.61 K, 


S(T) = 


C„(10 K) , f T C„[N 2 (s.)] 


o + 

3 J to 


/ 

7l0 


dT + corr 


At 35.61 K, 


C P (10K) , /’ 35 - 61 C p [N-(s.)] 


5(7) = y + / fL r'^ r + 

3 7io 


A." 

35.61 K 


+ corr 


From 35.61 Kto 63.15 K, 


5(7) = 


C f (10K) 


+ 


p 35.61 

7l0 


C p [N 2 (s,)] 


47 + 


35.61 K 


+ 


f 

7 35.61 


Cp[N 2 (s 2 )] 


dT + corr 


At 63.15 K, 


5(7)= " p 


Cp(10K) 


z'35.61 

710 


C,[N 2 (s,)] jt . + 


35.61 K y 35 . 6 . 


/* 63.15 
J 35.61 


C,[N 2 (s 2 )] 


47 


+ - 


A, // 


ius 


63.15 K 
From 63.15 Kto77.36K, 


+ corr 


5(7) = 


Cp(10K) 


3 7,o 7 35.61 K y 3 5 . 6 , 


A 77 '’ 6315 


+ 


10 

A. H 

+ _ f “ + 


/ 

7 35. 


C p [N 2 (s 2 )] 


47 


L 


63.15 K J aA5 7 


r ^/>[N 2 ( 1 )] , T 

— -—47 + corr 


At 77.36 K, 


5(7) = 


C.(IOK) 


+ 


/*35.61 

JlO 


C p [N 2 ( S] )] 


47 + 


A. H 


A f „ s // . r 3b C„[N 2 (1)] j<p , V 


+——— + 
63.15 K 


pn.it 

7 63.15 


35.61 K 
47 + 


+ 


/■63.15 
J 35.61 


C /J [N 2 (s 2 )1 ^, r 


77.36 K 


+ corr 


From 77.36 Kto 1000 K, 


5(7) = 


Cp(10K) , f 35 6 ' C„[ N 2 (s,)] 


+ 


/, 


■47 + 


A, H 


35.61 K 


+ 


,■63.15 
J 35.61 


C P [N 2 (s 2 )] 


+ 


63.15 K 


+ 


,>77.36 
J 63.15 


C p [N 2 (1)] 


47 + 


35.61 7 

A 77 rT 

vap 


47 


77.36 K 


+ 


/ 

777.36 


C„[N-(g)] 


47 + corr 



77 K 
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21-16. The molar heat capacities of solid, liquid, and gaseous chlorine can be expressed as 

[Cl 2 (s)]//? = -1.545 + (0.1502 K" , )7’ - (1.179 x 10 -3 K" 2 ) 7 2 

+ (3.441 x 10 -6 K - 3 )T 3 

15 K < T < 172.12 K 

C°[C1 2 (1)]//? = 7.689 + (5.582 x 10 -3 K~')T - (1.954 x 10 -5 K - 2 )7 2 

172.12 K < T < 239.0 K 

C°[Cl 2 (g)]//? = 3.812 + (1.220 x 10 -3 K ~')T - (4.856 x 10 -7 K - 2 )7 2 

239.0 K < T < 1000 K 

Use the above molar heat capacities and r fus = 172.12K, A fus H = 6.406 kJ -mol -1 , T vap = 239.0 K, 
A vap // = 20.40 kJ-mol -1 , and © D = 116 K. The correction for nonideality = 0.502 J-K -1 -mol -1 
to calculate the standard molar entropy of chlorine at 298.15 K. Compare your result with the value 
given in Table 21.2. 


f' 5 127r 4 / T \ 3 C mn 


CJCL(s)] 


dT + 


172.12 K 


+ 


/• 239.0 
J 172.12 


®(1)], T , A vap // 


-dT + 


+ 


1 * 29 % 
J 239.0 


C p [C\ 2 (g)] jrr , 

-—- di + correction 


T 239.0 K 

= 1.401 J-K -1 -mol -1 +69.37 J-K -1 -mol -1 +37.22 J-K -1 -mol -1 

+21.86 J-K -1 -mor 1 + 85.36 J-K -1 -mol -1 + 7.54 J-K -1 -mol -1 

+0.502 J-K -1 -mol -1 

= 223.2 J-K -1 -mol -1 


The result is extremely close to the value of 223.1 J-K -mol found in Table 21.2. 


21-17. Use the data in Problem 21-16 to plot the standard molar entropy of chlorine as a function of 
temperature from 0 K to 1000 K. 


Do this in the same manner as Problem 21-15, using the appropriate values from Problem 21-16 
and changing the limits of integration as required. 
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21-18. Use the following data to calculate the standard molar entropy of cyclopropane at 298.1 K. 

C°[C 3 H 6 (s)]//? = -1.921 + (0.1508 K ~')T - (9.670 x 10“ 4 K - 2 )T 2 

+ (2.694 x 10- 6 K- 3 )T 3 

15 K< T < 145.5 K 

C°[C 3 H 6 (l)]/fi = 5.624+ (4.493 x 10" 2 K~')T - (1.340 x 10~ 4 K- 2 )r 2 

145.5 K < T < 240.3 K 

C°[C 3 H 6 (g)]/tf = -1.793 + (3.277 x 10“ 2 K~')T - (1.326 x 10" 5 K“ 2 )r 2 

240.3 K < T < 1000 K 

T fus = 145.5 K, T vap = 240.3 K, A fus W = 5.44 U-mol"', A vap H = 20.05 kJ-mor 1 , and 0 D = 
130 K. The correction for nonideality = 0.54 J-K -1 - mol -1 . 


S(T ) 


r ' 5 12 7 T 4 /r\ 3 JT r 5 - 5 
Jo 5T \© D / J is 


CJC 3 H 6 (s)] 


5 T 
+ 


dT + 


A fus W 


' 24 °- 3 C p [C 3 H 6 (l)] ir | A vap // | 


/»Z4U.: 

J 145.5 


145.5 K 

u f™' C„[C 3 H 6 (g)] 
240.3 K + J 2 40.3 


dT 


T 240.3 K ,/24o.3 T 

+ correction 

= 0.995 J-K - 1 -mor 1 +66.1 J-K-'-mor 1 + 37.4 J-K -1 -mol -1 

+38.5 UK -1 - mol -1 + 83.4 J-K _1 -mol " 1 + 10.8 J-K ' 1 -mor 1 

+0.54 J-K - 1 -mor' 

= 237.8 J-K-'-mol -1 

This compares very well with the literature value of 237.5 J-K _1 -mol -1 . 


21-19. Use the data in Problem 21-18 to plot the standard molar entropy of cyclopropane from 0 K 
to 1000 K. 


Do this in the same manner as Problem 21-15, using the appropriate values from Problem 21-18 
and changing the limits of integration as required. 



77 K 



Entropy and the Third Law of Thermodynamics 


657 


21-20. The constant-pressure molar heat capacity of N 2 0 as a function of temperature is tabulated 
below. Dinitrogen oxide melts at 182.26 K with A fus tf = 6.54 kJ-mol -1 , and boils at 184.67 K 
with A H = 16.53 kJ-mol -1 at one bar. Assuming the heat capacity of solid dinitrogen oxide can 
be described by the Debye theory up to 15 K, calculate the molar entropy of N 2 0(g) at its boiling 
point. 


77 K 

C p f. J-K-’-mor 1 

T/K 

C P /J K _I mol -1 

15.17 

2.90 

120.29 

45.10 

19.95 

6.19 

130.44 

47.32 

25.81 

10.89 

141.07 

48.91 

33.38 

16.98 

154.71 

52.17 

42.61 

23.13 

164.82 

54.02 

52.02 

28.56 

174.90 

56.99 

57.35 

30.75 

180.75 

58.83 

68.05 

34.18 

182.26 

Melting point 

76.67 

36.57 

183.55 

77.70 

87.06 

38.87 

183.71 

77.45 

98.34 

41.13 

184.67 

Boiling point 

109.12 

42.84 




We can do this problem in the same way we did Problems 21-14, 21-16, and 21-18. Because we 
are not given equations for the molar heat capacity, we can graph the heat capacity of the solid and 
liquid dinitrogen oxide, find a best-fit line, and use this to calculate the molar entropy of N 2 0 at the 
boiling point. 

For solid dinitrogen oxide, a best-fit line gives the equation 

C /> [N 2 0(s)]/J K -1 mol -1 = -13.153 + (1.1556 K-')7’- (8.3372 x 10“ 3 K~ 2 )T 2 

+(2.3026 x 10" 5 K“ 3 )T 3 



And for liquid dinitrogen oxide (with only two points), a line drawn between those two points has 
the equation 


C^INjOflH/J-K-'-mor 1 = 364.49 - (1.5625 K ~')T 

Note that, although we are given only two data points, the temperature varies by only 2° for 
dinitrogen oxide. From the Debye theory (Example 21-3) we can write the low temperature entropy 
as 


5(15 K) = 


C/15K) 


3 


0 < T < 15 K 
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Now we can substitute into Equation 21.17, as before. 

5(n= M- + r»- 18 , 26K 


*fus" 


/15 
+ 


l 


18467 C p [N 2 Q(l)] ir + A vap // 

182.26 ^ 

-1 i oc n t i^-l_i-l 


184.67 K 

= 0.967 J-K- 1 -mol-' + 69.34 J-K" 1 -mol" 1 4- 35.9 J-K"' -moT 

+ 1.02 J-K -1 -mol -1 + 89.5 J-K -1 mol -1 

= 196.7 J-K -1 .mol- 1 


21-21. Methylammonium chloride occurs as three crystalline forms, called P, y, and a, between 
0 K and 298.15 K. The constant-pressure molar heat capacity of methylammonium chloride 
as a function of temperature is tabulated below. The p ->■ y transition occurs at 220.4 K with 
A (rs 77= 1 .779 kJ-mol -1 and they ->• a transition occurs at 264.5 K with A us H = 2.818 kJ-mol -1 
Assuming the heat capacity of solid methylammonium chloride can be described by the Debye 
theory up to 12 K, calculate the molar entropy of methylammonium chloride at 298.15 K. 


77 K 

Cp/J-K-'-mor 1 

T/K 

Cp/JK-'-mor 1 

12 

0.837 

180 

73.72 

15 

1.59 

200 

77.95 

20 

3.92 

210 

79.71 

30 

10.53 

220.4 

P ->■ y transition 

40 

18.28 

222 

82.01 

50 

25.92 

230 

82.84 

60 

32.76 

240 

84.27 

70 

38.95 

260 

87.03 

80 

44.35 

264.5 

y -> a transition 

90 

49.08 

270 

88.16 

100 

53.18 

280 

89.20 

120 

59.50 

290 

90.16 

140 

64.81 

295 

90.63 

160 

69.45 




We can this problem in the same way as Problem 21-20, graphing the molar heat capacities of the 
f3, a, and y crystalline forms versus temperature: 



77 K 
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Fitting the curves to a polynomial, we find the following expressions for C p : 

C P [p]/J = -12.432 + (0.93892 K _1 )7 - (3.4126 x KT 3 K~ 2 )T 2 

+ (4.8562 x 1(T 6 K -3 )7’ 3 

12 K < T < 220.4 K 

C p [y]/J.K-' .mol- 1 = 78.265 - (8.2955 x 10~ 2 K ~')T + (4.4885 x 10“ 4 K ~ 2 )T 2 

220.4 K < T < 264.5 K 

C p [a]/]-Kr 1 -mor' = 35.757 + (0.28147 K _, )r - (3.2362 x 10“ 4 K- 2 )r 2 

264.5 K < T 


From the Debye theory (Example 21-3), 

5(12 K) = 


<7,(12 K) 


0 < T < 12K 


Now we can write the molar entropy of methylammonium chloride as 


5(298.15 K) = 


C,(12 K) 


+ 


f 


2204 C„[/3] A 


-dT + 




A H 
+ r^^ + 


T 220.4 K 

298.15 


+ 


264 5 CJy] 


J 220.4 


dT 


/>298 
J 264.5 


CpW -dT 


264.5 K ' J 264 , 5 T 
= 0.279 J'K" 1 -mor' + 94.17 EK -1 -mol-' + 8.07 J-K“' mol"' 

+ 15.42 J-K" 1 -mor 1 + 10.65 J-K -1 -mor' + 10.69 J-K' 1 -mor 1 
= 139.3 J-K -1 -mor' 


21-22. The constant-pressure molar heat capacity of chloroethane as a function of temperature is 
tabulated below. Chloroethane melts at 134.4 K with A fus 77 = 4.45 kl mol -1 , and boils at 286.2 K 
with A H = 24.65 Id-mol''at one bar. Furthermore, the heat capacity of solid chloroethane can 
be described by the Debye theory up to 15 K. Use these data to calculate the molar entropy of 
chloroethane at its boiling point. 


T/K 

C,/J-K-'-mol-' 

T/K 

C,/J-K-'-mor' 

15 

5.65 

130 

84.60 

20 

11.42 

134.4 

90.83 (solid) 

25 

16.53 


97.19 (liquid) 

30 

21.21 

140 

96.86 

35 

25.52 

150 

96.40 

40 

29.62 

160 

96.02 

50 

36.53 

180 

95.65 

60 

42.47 

200 

95.77 

70 

47.53 

220 

96.04 

80 

52.63 

240 

97.78 

90 

55.23 

260 

99.79 

100 

59.66 

280 

102.09 

110 

65.48 

286.2 

102.13 

120 

73.55 
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Do this problem in the same way as Problem 21-20, graphing the molar heat capacities of solid 
and liquid chloroethane versus temperature: 



Fitting the curves to a polynomial, we find the following expressions for C p : 

C,[solid]/ J-K- 1 -mol- 1 = -19.195 + (1.863 K ~')T - (1.8997 x 10“ 2 K“ 2 )T 2 

+ (8.3132 x 10" 5 K- 3 )r 3 

15 K < T < 134.4 K 

^[liquid]/J-K" 1 -mor 1 = 118.15 - (0.24544 K~ l )T + (6.675 x 10“ 4 K- 2 )T 2 

134.4 K < T < 298.15 K 

From the Debye theory (Example 21-3), 

5(15 K) = — 0< T< 15K 


Now 

C,(15K) 

S(T) = -+ 


/ 

J 15 


134,4 C p [solid] 


■dT + 


A (m H . f m2 C p [ liquid] 


■ + 


J 134.4 


134.4 K 

= 1.88 J-K -, -mor’ +78.1 J-K" 1 -mor 1 + 33.1 J-K-'-mor 1 
+73.4 J-K _1 -mor' +86.1 JK^-mol" 1 
= 272.6 J-K"'-mor 1 


dT + 


Ayaptf 
286.2 K 


21-23. The constant-pressure molar heat capacity of nitromethane as a function of temperature 
is tabulated below. Nitromethane melts at 244.60 K with A tvs H — 9.70 kJ-mol -1 , and boils at 
374.34 K at one bar with A vap 77 = 38.27 kJ-mol -1 at 298.15 K. Furthermore, the heat capacity of 
solid nitromethane can be described by the Debye theory up to 15 K. Use these data to calculate 
the molar entropy of nitromethane at 298.15 K and one bar. The vapor pressure of nitromethane 
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is 36.66 torr at 298.15 K. (Be sure to take into account AS for the isothermal compression of 
nitromethane from its vapor pressure to one bar at 298.15 K). 


77 K C^/J-K-'-mol" 1 T/K C p / MC'-mor' 


15 

3.72 

200 

71.46 

20 

8.66 

220 

75.23 

30 

19.20 

240 

78.99 

40 

28.87 

244.60 

melting point 

60 

40.84 

250 

104.43 

80 

47.99 

260 

104.64 

100 

52.80 

270 

104.93 

120 

56.74 

280 

105.31 

140 

60.46 

290 

105.69 

160 

64.06 

300 

106.06 

180 

67.74 




Do this problem in the same way as Problems 21-20, but include AS for the isothermal 
compression of nitromethane. Graph the molar heat capacities of solid and liquid chloroethane 
versus temperature: 



Fitting the curves to a polynomial, we find the following expressions for C p : 

CpfsolidJ/J K -1 -mol -1 = -11.177 + (1.1831 K _i )7 - (6.6826 x 10~ 3 K~ 2 )T 2 

+ (1.3948 x 10“ 5 K- 3 )r 3 

15 K < T < 244.60 K 

C^liquidl/J-K -1 -mol -1 = 111.6 - (8.0557 x 10~ 2 K-')T + (2.0714 x lO -4 K" 2 )r 2 

244.60 K < T < 300 K 

From the Debye theory (Example 21-3), 


S(T) = 


C7(15 K) 


0 < T < 15 K 


Assuming that nitromethane behaves ideally, dU = 0 for the isothermal compression and so 
Sq = Pd V. Then we can express the change in entropy for the isothermal compression as 


a ~ s =J PdV =f'’-/ p 
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We can now write the molar entropy of nitromethane at the given conditions as 

*n - ^ * r ^ + ^ + C 

374.34 K ,/0.0489 bar 6* 

= 1.24 J-K" 1 -mol- 1 + 109.3 J-K - '-mol - ' + 39.66 J K' 1 -mol -1 

+20.79 J-K - '-mol - ' + 128.4 J-K - ' mol -1 - 25.1 J-K-'-mol -1 
= 274.26 J-K-'-mol -1 


21-24. Use the following data to calculate the standard molar entropy of CO(g) at its normal boiling 
point. Carbon monoxide undergoes a solid-solid phase transition at 61.6 K. Compare your result 
with the calculated value of 160.3 J-K -1 -mol -1 . Why is there a discrepancy between the calculated 
value and the experimental value? 

CptCOCs,)]/?? = -2.820 + (0.3317 K - ‘)T - (6.408 x 10 -3 K -2 )7 2 

+ (6.002 x 10 -5 K -3 )7 3 

10K < T < 61.6 K 

C,[CO(s 2 )]//? = 2.436 + (0.05694 K - ')7 
61.6 K < T < 68.1 K 


C,[CO(l)]/tf = 5.967 + (0.0330 K - ')7 - (2.088 x 10 -4 K -2 )T 2 

68.1 K < T < 81.6 K 


_ . fus = 68.1 K. 7 vap = 81.6 K, A fu| // = 0.836 kJ-mol -1 , A m H = 

A H = 6.04 kJ-mol - ', 0 D = 79.5 K, and the correction for nonideality 
= 0.879 J-K-'-morT 


and C s ( s , S 2^ = 61-6 K, r fus - uo.i 1-v., I vap — u,.v, ^ fus . 
0.633 kJ-mol"' 


f 10 12tt 4 „ / T \ 3 Jrr f 6 

sm = L — 1 R {e-J dT + L 


+ 


/» 68 .I 

J6 1.6 


C P [CO(s 2 )] ir 


Zll—llLLLdT 4- lfS 

T 61.6K 

A fus 77 , r"*c p [ co(i)i , A vap 77 


■ + 


/* o 1 

J 68.1 


dT + 


81.6 K 
-' +5.11 J-K-'-mol -1 


+ correction 


T "■ ' 68.1 K 

= 1.29 J-K-'-mol - ' +40.0 J-K - '-mol -1 + 10.3 J-K -1 -mol 

+12.3 J-K-'-mol -1 + 10.9 J-K -1 -mol -1 + 74.0 J-K - '-mol -1 + 0.879 J-K -1 -mol 
= 154.7 J-K-'-mol -1 


-1 


We have found an experimental value for S of 154.7 J-K -1 - mol - '. The difference between this 
and the calculated value is the residual entropy of the crystal, which is approximately R In 2, or 
5.8 J-K -1 -mol - ' (in agreement with the difference calculated here of 5.6 J-K - ' -mol - '). 
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21-25. The molar heat capacities of solid and liquid water can be expressed by 

C,,[H 2 0(s)]//? = -0.2985 + (2.896 x 10 ~ 2 K ~')T - (8.6714 x 10 " 5 K" 2 ) 7" 2 

+ (1.703 x 10 ~ 7 K _ 3 )7 :i 

10 K< T < 273.15 K 

C p [ H 2 0(1)]//? = 22.447 - (0.11639 K -, )7’ + (3.3312 x 10 " 4 K" 2 )T 2 

-(3.1314 x 10 " 7 K- 3 )7 3 
273.15 K < T < 298.15 K 

and T fus = 273.15 K, A fus 77 = 6.007 kJ-mol" 1 , A vap 77(r = 298.15 K) = 43.93 U-mol" 1 , 

0 D = 192 K, the correction for nonideality = 0.32 J-K - 1 -mol -1 , and the vapor pressure of 
J^O at 298.15 K = 23.8 torr. Use these data to calculate the standard molar entropy of H 2 0(g) at 
298.15 K. You need the vapor pressure of water at 298.15 K because that is the equilibrium pressure 
of H 2 0(g) when it is vaporized at 298.15 K. You must include the value of A5 that results when 
you compress the H 2 0(g) from 23.8 torr to its standard value of one bar. Your answer should come 
out to be 185.6 J-K -1 - mol -1 , which does not agree exactly with the value in Table 21.2. There is 
a residual entropy associated with ice, which a detailed analysis of the structure of ice gives as 
A Residual = ^ lri(3/2) = 3.4 J ■ K " 1 • mol -1 , which is in good agreement with S ca|c - 5 exp . 


We can do this problem in the same way as Problems 21-14, 21-16, and 21-18, taking into account 
AS for the isothermal compression of water. For an isothermal reaction, Sw = -Sq , so Sq = PdV 
and we assume that the gas is ideal. Then 


S(T ) 


f'° 12 tt 4 ( 

=1 —'H 


+ 


a 

/• 298.1 
J 273.15 


CJH 2 0(s)] 


dT + 


273.15 K 


, 2 98.!5 c [H 2 0(1)] A __H 


-dT + 


vap 


-I 


298.15 K 
' R 

—d P + correction 

0.0317 P 


= 0.0915 J-K"' -mor 1 + 37.9 J-K~' -mol -1 + 22.0 J-K' 1 mor 1 

+6.62 J-K" 1 -mor' + 147.3 J-K“’-mor 1 - 28.69 J-K"'-mor 1 
+0.32 J-K" 1 -mor 1 

= 185.6 J-K" 1 -mor' 


Adding in the residual entropy gives a molar entropy of 189 J-K -1 - mol' 


21-26. Use the data in Problem 21-25 and the empirical expression 

C p [K 2 0(g)\/R = 3.652 + (1.156 x 10 ~ 3 K^T - (1.424 x 10 - 7 K' 2 )r 2 

300 K < T < 1000 K 

to plot the standard molar entropy of water from 0 K to 500 K. 


Do this in the same manner as Problem 21-15, using the appropriate values from Problem 21-25 
and changing the limits of integration as required. 
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21-27. Show that 


~ s=R] "j +RT {^r) l 


We express the partition function of an ideal gas as (Equation 17.38) 

q(V, T) n 


Q(N, V , T) = 


N\ 


and so 

In Q(N, V, T) = Wln<z(V, T) - In AM 
We substitute into Equation 21.19 to write 

/ 3 In q \ 

S = Nk B lnq-k B \nN + Nk B T 

We use Stirling’s approximation and divide both sides of the equation by n to find 
S = N A k B In q - N A k B In N + k B N A + N A k B T ^ 


= R In - 7 - + R + RT 
N 


(i?), 


21-28. Show that Equations 17.21 and 21.19 are consistent with Equations 21.2 and 21.3. 


We begin with Equations 21.19 and 17.21, 


S = k„ In Q + k„ T 


ainG 

ar 


w.v 


(E)=k B T 


(T) 


N,V 


We can substitute k B T(dQ/dT) from Equation 17.21 into Equation 21.19 to find 


(21.19) 


(17.21) 
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S = k B In Q + 


(dS\ = ( d\nQ \ 1 (d(E)\ _(£) 
\dTj v B V dT ) Ny T V dT ) v T 2 


Because (d(E)/dT) v = C v , this becomes 




£V _ _L* r 2 ( d _hQ\ = S 

t t 2 B l ar / t 


which is Equation 21.2. Now differentiate Equation 1 with respect to V: 

5 = k B In Q + 


/9S\ _ /31ng\ , 1 (9 {E)\ 

B V 3V ) T T\dv) v 


-fMm*©,! 

For an ideal gas, k B T = PV/N , and (3 In Q/dV) T = N / V. Thus we have 


\dvJr t L 


which is Equation 21.3. 


21 -29. Substitute Equation 21.23 into Equation 21.19 and derive the equation (Problem 20-31) 

A S = C V ln^ + flln^ 
l \ V \ 

for one mole of a monatomic ideal gas. 


We know that Q = q N /N\ for an ideal gas (Equation 21.22), so substituting Equation 21.23 into 
this equation gives 

1 [ (2nmk R T\ V2 Y 

Q =m Vs '' 


, _ ,,, (2nmk B T 

\*Q = N In (—- 2 — 


so, if only temperature and volume vary, 


v-g el -AM 


In Q 2 - In Q, = ^AMn^ + ln-S 


Also, we can find (3 In Q/dT) v : 


m. 
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Equation 21.19 states that 


S = k In Q + kJT 


m. 


Let AS = S 2 - 5,. Then 


AS = — 
n 


k B In Q 2 + k B T 2 


9 In Q 2 
9 T 


k B In Q. k B T. 


N.V 


9 In Q, 
dT 


N.VJ 


3 71 , V, 3fl 3fl 

= _ R i n _ + «i„_ + _r ! -— t , 

= ?-R\n^ + R\n^ 

2 T, V, 


where 3/?/2 is equal to C v for a monatomic ideal gas (Equation 17.26). 


21-30. Use Equation 21.24 and the data in Chapter 18 to calculate the standard molar entropy of 
Cl,(g) at 298.15 K. Compare your answer with the experimental value of 223.1 J-K _l •mol -1 . 


Q = 


/ 2nMk B T' 


e -< V 2T 


DJKT 




- Q fi e' B 

c 0 A-g-W 8 ' 1 


(21.24) 


Equation 21.28 (which is also for a diatomic ideal gas) can be written as 

T 


S 1 , 

— = - + In 
R 2 


[2n MKT\ V1 V_ 

K 


+ In —-ln(l - e e «* /T ) + \ + In 5 f 

a@„. e u vit,/' - i 


(see also Problem 20-41). 


For chlorine, 0 vib = 805 K, 0 rot = 0.351 K, a = 2, and g el = 1. Then 


{2nMk B T\ V2 

'2tt(1.1774 x 10 -25 kg)(1.381 x 10 -23 J-K -, )(298.15 K)' 

\ h 2 ) 

(6.626 x 10 34 J s) 2 


3/2 


= 5.777 x 10 3 m 


V RT (0.08314 dn^-barmor 1 -K -1 )(298.15 K) 

W A 


n a p 


(6.022 x 10 23 mol - )(1 bar) 


= 4.116 x 10 -26 m 3 


In 


a© 


= In 


298.15 K 
[2(0.351 K) J 


= 6.051 


ln(l — e -0 *«> /r ) = -0.06957 

© JT 

-= 0.1945 

e B ** /T - 1 

The standard molar entropy is then 
S 


R 


= 3.5 + 16.98 + 6.051 +0.06954 + 0.1945 = 26.80 


This is 222.8 J K -mol , which is very close to the experimental value. 


21-31. Use Equation 21.24 and the data in Chapter 18 to calculate the standard molar entropy of 
CO(g) at its standard boiling point, 81.6 K. Compare your answer with the experimental value of 
155.6 J-K -1 mol -1 . Why is there a discrepancy of about 5 J-K -1 mol -1 ? 
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As in Problem 21-30, 


5 7 , 

7? = 2 +ln 


~ /2n Mk B T N 

,v 2 V ' 

V h 2 , 



+ In —^-ln(l — e % ^' r ) + J- v ; b / T t + In g fl 


a©. 


- 1 


For carbon monoxide, @ vib = 3103 K, 0 rot = 2.77 K, a = 1, and g ei = 1. Then 


(2nMk B T\ V2 

'2tt( 4.651 x 10~ 26 kg)(1.381 x 10“ 23 J-K'‘)(81.6 K)" 

V h 2 ) 

(6.626 x 10 34 J-s) 2 


= 2.054 x 10 31 m’ 3 


RT (0.08314dm -bar-mol -K )(81.6 K) 




(6.022 x 10 23 mol )(1 bar) 


= 1.127 x 10“ 26 m 3 


In 


(*)■ 


In 


81.6 K 


L (2.77 K)J 
1.057 x 10“ 

= 1.162 x 10"' 5 


= 3.383 


ln(l - e- @ «>' T ) = -3.057 x 10" 17 


— i 

The standard molar entropy is then 

5 

- = 3.5 + 12.352 + 3.383 + 3.057 x 10“ l7 + 1.162 x lO -15 = 19.23 
R 

This is 159.9 JK _I -mol -1 , which is about 4 J-K' 1 -mol -1 larger than the experimental value. 
The discrepancy is due to residual entropy. 


21 - 32 . Use Equation 21.26 and the data in Chapter 18 to calculate the standard molar entropy of 
NH 3 (g) at 298.15 K. Compare your answer with the experimental value of 192.8 J-K' 1 mol -1 . 


See Problem 20-43. The value calculated is 193.1 J-K 1 - mol '. 


21 - 33 . Use Equation 21.24 and the data in Chapter 18 to calculate the standard molar entropy of 
Br 2 (g) at 298.15 K. Compare your answer with the experimental value of 245.5 J-K -1 -mol -1 . 


As in Problem 21-30, 


S 7 , 

j? = 2 +In 


~/2nMk B T' 

\ 3/2 V " 

_V h 2 , 



+ In —^-ln(l - e @ «* /T ) + + ln 8. 


<70., 


e yW - 1 


For bromine, © vib = 463 K, 0 = 0.116 K, a = 2, and g . = 1. Then 


f2nMk B T\ V2 

'27T(2.654 x 10~ 25 kg)(l.381 x 10“ 23 J.K _I )(298.15 K)‘ 

V h 2 ) 

(6.626 x 10 34 J-s) 2 


- 13/2 


RT (0.08314dm 3 -bar-mor 1 -K-‘)(298.15 K) 


= 1.955 x 10 33 m 


N a 


n a p 


(6.022 x 10 23 mol )(1 bar) 


= 4.116 x 10' 26 m 3 


ln 


<70 


= In 


298.15 K 
L 2(0.116 K)J 


= 7.159 


ln(l — e -0 vm /r ) = -0.2378 

%JT 


e @ yJ T - 1 


= 0.417 
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The standard molar entropy is then 

- = 3.5 + 18.203 + 7.158 + 0.238 + 0.417 = 29.52 
R 

This is 245.4 JK" 1 mol" 1 , almost identical to the experimental value. 


21-34. The vibrational and rotational constants for HF(g) within the harmonic oscillator-rigid rotator 
model are v 0 = 3959 cm -1 and B 0 = 20.56 cm" 1 . Calculate the standard molar entropy of HF(g) at 
298.15 K. How does this value compare with that in Table 21.3? 


We can use the equalities (given in Chapter 18) 

hcv n 

0 . =-* 

Vlb k Q 


0 _ kcB ° 


to find 0 vjb = 5696 K and 0 rol = 29.58 K, and then solve for entropy as we did in the previous 
problems. 

As in Problem 21-30, 


5 7 , 

— = - + In 
R 2 


~/27tMk B T s 

t 3/2 V~ 

\ h 1 , 

1 


+ ln “ ln(1 ~ e ~ @ ' JT) + ' + ln *«< 


e vih' 


1 


Substitute in to find the values of the various components of entropy. Note that o = 1 and g e] = 1. 
(2n MkJ\ vl [2n(3.322x 10~ 26 kg)(1.381 x 10~ 23 J-K~')(298.15 K) -13 ^ 




■ 


~ 

A 


(6.626 x 10 34 J s) 2 
V RT (0.08314 dm 3 -bar-mor 1 -K _1 )(298.15 K) 


= 8.658 x 10 31 m‘ 




(6.022 x 10 23 mor')(l bar) 


= 4.116 x 10“ 26 m 3 


In 


(~?r) = 2 - 310 
\ a@ rJ 


ln(l - e- @ «* /T ) = -5.046 x 10“ 


e e «> /T - 1 


= 9.639 x 10 


-8 


- = 3.5 + 15.09 + 2.310 + 5.046 x 10“ 9 + 9.639 x 10“ 8 = 20.90 
R 


The standard molar entropy is 173.7 J-K -mol , which is very close to the value in Table 21.3. 


21-35. Calculate the standard molar entropy of H 2 (g) and D 2 (g) at 298.15 K given that the bond 
length of both diatomic molecules is 74.16 pm and the vibrational temperatures of H 2 (g) and D 2 (g) 
are 6215 K and 4394 K, respectively. Calculate the standard molar entropy of HD(g) at 298.15 K 
(fl =74.13 pm and 0 vib = 5496 K). 
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We can use the relation @ ro( = h 2 /21k B (Equation 18.32) to find @ ro( for HD, H 2 , and D r Then we 
can solve for molar entropy as in Problem 21-30. For both H 2 and D 2 , a — 2 and g ei = 1; for HD, 
a = 1 and g e , = 1. For H 2 , 


©„. = 


2 /j.R 2 k B 2(8.368 x 10" 28 kg)(74.16 x 10"' 2 m) 2 jfe 


= 87.51 K 


5 7 , 

— = - + In 
R 2 


2nMk B T 


\ V2 V 1 , T 


+ +ln 8 , 

e v*' — 1 


Substitute in to find the values of the various components of entropy. 


2nMk h T 


V /z 27 t( 3.348 x 10’ 27 kg)(l.381 x 10~ 23 J-K _, )(298.15 K)' 
/ “L (6.626 x 10 34 J s) 2 

V RT (0.08314 dm 3 •bar-mor 1 -K-‘)(298.15K) 

TT a ~ A \P ~ (6.022 x 10 23 mor')(l bar) 


= 2.769 x 10 30 m‘ 


= 4.116 x 10" 26 m 3 


ln(l - e- @ «* /T ) = -8.852 x lO -10 
© IT 

vib/ = 1.845 x 10' 8 


YJ r - 1 


= 3.5 + 11.64+ 0.533 + 8.852 x 10" l0 + 1.845 x 10“ 8 = 15.68 


The standard molarentropy of H 2 (g) at 298.15 K is 130.3 J-K '-mol '. 


For D,, 


n 2 n 2 

q —___= 43 79 K 

rot 2ixR% 2(1.672 x 10 -27 kg)(74.16 x 10 -12 m) 2 & B 


S 7 , 

— = — + In 
R 2 


2nMk B T \ 3/2 V 


— + In ——-ln(l — e~ 8 vi" /7 ~) + Qvib/r +lng 

N A + a© , U ; + e ^jr _ i + in ^i 

A rot 


Substitute in to find the values of the various components of entropy. 


(2nMk B T\ i ' i T 

y-Y-) = L 


3/2 [2^(6.689 x 10- 27 kg)(l.381 x 10“ 23 J.K“‘)(298.15 K) 

(6.626 x 10 34 J-s) 2 

V RT _ (0.08314 dm 3 bar mor‘-K _l )(298.15 K) 
fT A ~ AT? “ (6.022 x 10 23 mor‘)(l bar) " ‘ ' 


= 7.822 x 10 30 m" 


4.116 x 10" 26 m 3 


In - = 1.225 

\ O © ro t / 

ln(l - e~ @ ^ /T ) = -3.977 x 10" 7 
0 IT 

-Ytf -= 5.861 x 10" 6 

e ®yJ T _ i 


- = 3.5+ 12.682+ 1.226 +3.977 x 10“ 7 +5.861 x 10“ 6 = 17.41 


The standard molar entropy of D 2 (g) at 298.15 K is 144.7 J*K -mol . 
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For HD, 


©,« = 


2fiR\ 2(1.115 x 10 -27 kg)(74.13 x 10 -12 m 


= 65.71 K 


and 


S 7 , 

— = - + In 
R 2 


' /2nMk R T^ 

\ V2 v ' 

_\ h 2 , 

' N A. 


■ In -ln(l — e ®"- /7 ') + + ln S«i 

c @„, e °^' 1 - 1 el 


Substitute in to find the values of the various components of entropy. 


{2nMk B T\ 3/2 

'2^(5.018 x 10 -27 kg)(1.381 x 10 -23 J-K -1 )(298.15 K)' 

\ h 2 ) ~ 

(6.626 x 10 34 J-s) 2 


= 5.082 x 10 3 ° m 


V RT (0.08314 dm-bar-mol -1 -K -1 )(298.15 K) 


n a p 


(6.022 x 10 23 mol )(1 bar) 


= 4.116 x 10 -26 m 3 


ln 


(~?r) = 1512 

V CT0 ro,/ 


ln(l — e -0 vit/ 7 ') = -9.871 x 10 -9 


e @ «» /T - 1 


= 1.820 x 10 -7 


- = 3.5 + 12.251 + 1.512 + 9.871 x 10 -9 + 1.820 x 10 -7 = 17.26 
R 


The standard molar entropy of HD(g) at 298.15 K is 143.5J K «mol . 


21-36. Calculate the standard molar entropy of HCN(g) at 1000 K given that / = 1.8816 x 
10 -46 kg-m 2 , v, = 2096.70 cm -1 , v 2 = 713.46 cm -1 , and v 3 = 3311.47 cm -1 . Recall thatHCN(g) 
is a linear triatomic molecule and therefore the bending mode, v 2 , is doubly degenerate. 


In Problem 18-24, we found © vib . and 0 rot of HCN to be 


0*. =3016 K 

0 v ib .2,3 = lO26K 


©vib,4 = 4764 K 
©„, =2.135 K 


For a linear polyatomic ideal gas having three atoms, 


q = 


_ v jl (ft g ~ 9 ~" r ) s 


(21.25) 


Substituting into Equation 21.27, we find 


S 1 , 

R = 2 +ln 


~ fin Mk B T s 

. 3/2 V ~ 

_V h 2 , 

’ V 


+ In ——-^ ln(l - e ^ 


'(©vib JT)e- 


®v,b j/T- 


rot j=l y=l 

Because HCN is asymmetrical, its symmetry number is unity. Then 

! 3/2 


1 _ 




f2n Mk B T\ 3/2 

"2jt( 4.488 x 10 -26 kg)(l.381 x 10 -23 J-K -1 )(1000 K)‘ 

V h 2 ) 

(6.626 x 10 34 J-s) 2 


= 8.350 x 10 32 m 


32 „-3 


RT (0.08314 dm ■ bar ■mol - • K ) (1000 K) 


^ n a p 


(6.022 x 10 23 mol -1 )(l bar) 


= 1.381 x 10 -25 m 3 


+ ln S*i 
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In 


T \ r 1000 K " 
"1.(2.135 K)_ 


6.149 


4 

£]ln(l - <T ( W r ) = -0.9465 
j =i 


4 0 

E ^vib.j 

T 

j =I ' 


/ e - 0 vlM/ r \ 


1.343 


The standard molar entropy is then 


4 = 3.5 + 18.563 + 6.149 + 0.9465 + 1.343 = 30.5 

A 

The standard molar entropy of HCN(g) at 1000 K is 253.6 J K _1 -mor'; The experimentally 
observed value is 253.7 J-K -I -mol _l . 


21-37. Given that v, = 1321.3 cm -1 , v 2 — 750.8 cm -1 , v 3 = 1620.3 cm - ', A 0 = 7.9971 cm -1 , 

B 0 = 0.4339 cm -1 , and C 0 = 0.4103 cm -1 , calculate the standard molar entropy of N0 2 (g) at 
298.15 K. (Note that N0 2 (g) is a bent triatomic molecule.) How does your value compare with that 
in Table 21.2? 


In Problem 18-29, we found that 


© vib l = 1898.7 K 
© vib 2 = 1078.8 K 
© vibi3 = 2327.6 K 


©ro,M = l 1-512K 
0 rot B = 0.62304 K 
© ro[iC = 0.59047 K 


For a nonlinear polyatomic ideal gas having three atoms, 

, ~ ™v 1/9 i/o / _i \ */2 


' 2nMk B T 


V 


r+( 


e -%»j/ 2T 


0 0 0 
w rol,A w rot,B rot,C , 


Ilr -a ,r ( 21 . 26 ) 

d=i 1 - e '"'■i' I 


Substituting into Equation 21.27, we find 


S -4 + * 


/ 2nMk B T\ 3/2 V 


V 


h 2 

3 


) N, 


+ In 


7r 


1/2 


+ 2 ln 0 


Y. ln(l - <? 0 vih> /r ) + ^ 

7=1 7=1 


3 r (© vibj/7 >~" vlh -' 


rot,A^rot,B^rol,C 


1 — £ " vib -/ 




+ lng„ 


From Table 18.4, <7=2, and g . = 1. Then 


/ 2nMk B T N 

r_ 

‘2tt(7.639 x 10 -26 kg)(1.381 x 10 -23 J-K - ')(298.15 K)‘ 

V h 2 , 

i - 

(6.626 x 10 34 J s) 2 


= 3.019 x 10 32 m 


V RT (0.08314 dm 3 .bar mol - '.K -1 )(298.15 K) 


N . 




(6.022 x 10 23 mol ')(1 bar) 


= 4.116 x 10 -26 m 3 
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l ^rot.A^rot.B^rot.C > 


7.825 


3 

^ln(l — e _0 vit>./ T ) = -0.0293 
j =1 


E 

i = l 



/ \ 


0.114 


The standard molar entropy is then 


- = 4 + 16.335 - 0.121 + 7.825 + 0.0293 + 0.114 = 28.18 
R 

This is 234.3 J-K _1 -mol" 1 . 


21-38. In Problem 21-48, you are asked to calculate the value of A r S° at 298.15 K using the data in 
Table 21.2 for the reaction described by 

2CO(g) + 0 2 (g) —> 2C0 2 (g) 

Use the data in Table 18.2 to calculate the standard molar entropy of each of the substances in this 
reaction [see Example 21-5 for the calculation of the standard molar entropy of C0 2 (g)]. Then use 
these results to calculate the standard entropy change for the above reaction. How does your answer 
compare with what you obtained in Problem 21—48? 


From Example 21-5, S°[C0 2 (g)] = 213.8 J-K 1 -mol Because both CO and 0 2 are diatomic 
molecules, we can write (as in Problem 21-30) 



- ln(l — e e vih /r ) + 


®vib/r 

e 0 vit> /r - 1 


+ ln S e i 


Because CO is a heteronuclear diatomic molecule, a = 1; because 0 2 is homonuclear, cr = 2. For 
CO 0 vib = 3103 K and 0 rol = 2.77 K. Then 


/2?r Mk B T\ V2 

'2tt( 4.651 x 10 -26 kg)(l.381 x 10“ 23 J-)(298.15 K)' 

{ h 2 ) ~ 

(6.626 x 10 34 J-s) 2 


= 1.434 x 10 32 m -3 


V RT (0.08314 dm 3 • bar• mol -1 • K -1 )(298.15 K) 

AT ” J/^p ~ (6.022 x 10 23 mor')(l bar) 


In 



4.679 


ln(l - e- @ «» /T ) = -3.02 x 10" 5 


e ®i\J T — \ 


= 3.14 x 10 


-4 


- = 3.5 + 15.591 + 4.679 + 3.02 x 10" 5 + 3.14 x 10~ 4 = 23.77 
R 

The standard molar entropy of CO(g) at 298.15 K is 197.6 J-K" 1 -mol -1 . 
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We follow the same procedure for 0 2 , with © vib = 2256 K and © rM = 2.07 K. Note that = 3 for 
0 2 , so we cannot neglect the In term! 


/2t tMIc b T\ V2 _ ‘ 

V h~ 2 ) ~ . 


27t( 5.3 13 x 10 kg)( 1.381 x 10" 23 J K _I )(298.15 K) 


L (6.626 x 10 34 Js) 2 

V RT (0.08314 dm 3 bar-mol -1 -K _1 )(298.15 K) 
N a N a P (6.022 x 10 23 mor')(l bar) 


= 1.751 x 10 32 m- 3 


4.116 x 10“ 26 m 3 


= 4.277 


ln(l - = -5.18 x 10" 4 

0 IT 

-rr^r - = 3.92 X 1 0" 3 

e°«* /T _ i 

lng^ = In 3 = 1.099 


- = 3.5 + 15.79 + 4.277 + 5.18 x 10“ 4 4- 3.92 x 10~ 3 + 1.099 = 24.67 

A 

The standard molar entropy of 0 2 (g) at 298.15 K is 205.1 J-K _l -mor'. 

We can calculate the entropy change for the above reaction easily using the method described in 
Section 21-9: 

A t S° = 2S°[C0 2 ] - S°[0 2 ] - 2S°[CO] 

= 2(213.8 J K-'-mol -1 ) - (205.1 J-K" 1 -mor 1 ) - 2(197.6 J-K" 1 -mol-') 

= -172.7 J-K" 1 -mor 1 

This value is very close to that found in Problem 21-48. 


21-39. Calculate the value of A r S° for the reaction described by 

H 2 (g) + i 0 2 (g) —► H 2 0(g) 
at 500 K using the data in Tables 18.2 and 18.4. 


Because both H 2 and 0 2 are diatomic molecules, we can write (as in the previous problem) 


S 7 / 2nMk n T\ V T 

R-2 +l " {—— ) ST +ln T0- 




Because both are homonuclear, a = 2 for both H, andO,. ForH, © .. = 6215 K and 0 =85.3 K. 


/2tt Mk B T\ y2 ' 
\h 2 ) ~ . 


2tt( 3.347 x 10 -27 kg)(1.381 x 10 -23 J-K-')(500 K)1 3/2 


L (6.626 x 10 34 J-s) 2 

V _ R1T_ _ (0.08314 dm 3 -bar-mor' -K~')(500 K) 
N a N a P (6.022 x 10 23 mol _l )(l bar) 


6.014 x 10 30 m- 


= 6.903 x 10“ 26 m 3 


ln(l - e~ B ** /T ) = -4.00 x 10“ 6 
0 IT 

- vib/ = 4.97 x 10 -5 


- 1 


— = 3.5 + 12.94+ 1.08 + 4.00 x 10~ 6 + 4.97 x 10 -5 = 17.51 

A 
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The standard molar entropy of H 2 at 500 K is 145.6 J*K mol . 


We can do the same for O, (with 0.. = 2256 K and 0 rol = 2.07 K), keeping in mind that g . = 3: 


(2nMk B T\ V2 

'2tt( 5.313 x 10 -26 kg)(l.381 x 10 -23 J K _1 )(500 K)" 

V h 2 ) 

(6.626 x 10 34 J s) 2 


-.3/2 


= 3.803 x 10 32 m- 3 


V 

TT 


RT (0.08314 dm 3 -bar-mor 1 -K" , )(500K) 


n a p 


(6.022 x 10 23 mol _1 )(l bar) 


= 6.903 x 10“ 26 m 3 


In 


(~?r )= 4 - 79 

v° r0 ro./ 


ln(l = -0.0110 

© JT 

-= 0.0501 

e @ «* /T - 1 

lng el = In 3 = 1.099 

- = 3.5 + 17.08 + 4.79 + 0.0110 + 0.0501 + 1.099 = 26.54 
R 

The standard molar entropy of 0 2 at 500 K is 220.6 JK _I mol -1 . 

Because H 2 0 is a bent polyatomic molecule, we treat it as we did N0 2 in Problem 21-37. 
From Table 18.4, a = 2, © rotA = 40.1 K, 0 rotB = 20.9 K, © rotC = 13.4 K, © vib , = 5360 K, 
© .. , = 5160 K, and 0 - , = 2290 K. Then 


/ 2nMk B T N 


'2tt( 2.991 x 10“ 26 kg)(1.381 x 10" 23 J-K"')(500 K)‘ 

V h 2 , 

I ~ 

(6.626 x 10 34 J'S) 2 


"13/2 


= 1.607 x 10 32 m -3 


RT (0.08314dm J -bar-mol '-K ')(500K) 




(6.022 x 10 23 mor')(l bar) 


= 6.903 x 10“ 26 m 3 


i. / z 

2 l 0„. A 0„. D 0 


= 4.66 


7 = 1 


rot,A rot.B rot.C / 

< W 7 ') = -0.0104 


E e 

7=1 


vib, j 


e ®vih 


t yi - e - @ ««i /T t 

The standard molar entropy is then 


)r 4+l " 


(2nMk B T 

V h 1 


3/2 


n a 


+ In 


= 0.048 


fn l/2 \ 1 

(-) + 2 


In 


®rot,A ® rot.B® rot, C 


-X>(1 -e- e «*J /T ) + J2 

7=1 


7=1 


'(©rf.jW 


0 »j/ r 


1 — e ” yl, o 


-®vi 6 .y/ r 


+ lng„ 


= 4+ 16.22 - 0.121 + 4.66 + 0.0104 + 0.048 = 24.82 
which gives a value of S = 206.3 J-K -1 mol -1 . 
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Finally, we can calculate the value of A^ 0 for the reaction above, as we did in the previous problem. 

A t S° = 5°[H 2 0] - ^S°[0 2 ] - 5°[H 2 ] 

= (206.3 FK -1 -mol" 1 ) - 1(220,6 J-K” 1 -moP 1 ) - (145.6 J-K" 1 .mol" 1 ) 

= —49.6 J-K" 1 -moP 1 


21-40. In each case below, predict which molecule of the pair has the greater molar entropy under the 
same conditions (assume gaseous species). 


a. CO C0 2 


b. CH 3 CH 2 CH 3 


H 2 C-CH 2 

\/ 

ch 2 


ch 3 

c. ch 3 ch 2 ch 2 ch 2 ch 3 h 3 c— c— ch 3 

ch 3 


a. C0 2 (more atoms) 

b. CH 3 CH 2 CH 3 (more flexibility) 

c. CH 3 CH 2 CH 2 CH 2 CH 3 (more flexibility) 


21-41. In each case below, predict which molecule of the pair has the greater molar entropy under the 
same conditions (assume gaseous species). 


LI p_OH 

a. H 2 0 D 2 0 b. CH 3 CH 2 OH 2 \ / 2 


c. CH 3 CH 2 CH 2 CH 2 NH 2 h 2 c^ ^ch 2 

h 2 c-ch 2 


a. D 2 0 (larger mass) 

b. CH 3 CH 2 OH (more flexibility) 

c. CH 3 CH 2 CH 2 CH 2 NH 2 (more flexibility) 


21-42. Arrange the following reactions according to increasing values of A r S° (do not consult any 
references). 


a. S(s) + 0 2 (g) > S0 2 (g) b. H 2 (g) + 0 2 (g) —> H 2 0 2 (1) 

c. CO(g) + 3 H 2 (g) —*■ CH 4 (g) 4- H 2 0(I) d. C(s) + H 2 Q(g) —» CO(g) + H 2 (g) 
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Recall that molar entropies of solids and liquids are much smaller than those of gases, so we can 
ignore the contribution of the solids and liquids to A r S° when we order these reactions. Considering 
only the gaseous products and reactants, we can find An for each reaction to be 
a. An = 0 b. An = —2 c. An — -3 d. An = +1 
The correct ordering of the reactions is therefore d > a > b > c. 


21-43. Arrange the following reactions according to increasing values of A r S° (do not consult any 
references). 

a. 2 H 2 (g) + 0 2 (g) —» 2 H 2 0(1) b. NH 3 (g) + HCl(g) —* NH 4 C1 (s) 

c. K(s) + 0 2 (g) —► K0 2 (s) d. N 2 (g) + 3 H^g) —* 2 NH 3 (g) 


Again, calculating An for each reaction for the gaseous products and reactants gives 
a. An = -3 b. An = -2 c. An = -1 d. An = -2 
The correct ordering of the reactions is therefore c > b ^ d > a. 


21-44. In Problem 21-40, you are asked to predict which molecule, CO(g) or C0 2 (g), has the greater 
molar entropy. Use the data in Tables 18.2 and 18.4 to calculate the standard molar entropy of 
CO(g) and C0 2 (g) at 298.15 K. Does this calculation confirm your intuition? Which degree of 
freedom makes the dominant contribution to the molar entropy of CO? Of C0 2 ? 


In Problem 21-38 and Example 21-5, we used the data in Tables 18.2 and 18.4 to find that the 
standard molar entropy of CO(g) is 197.6 J-K" 1 -mol -1 and that of C0 2 (g) is 213.8 J-K -1 mol -1 . 
In both cases, the translational degrees of freedom make the dominant contribution to the molar 
entropy. 


21-45. Table 21.2 gives S°[CH 3 OH(l)] = 126.8 J-K" 1 -mol-' at 298.15 K. Given that T vap = 337.7 K, 
A vap H(r b ) = 36.5 kJ-mol" 1 , C,,[CH 3 OH(l)] = 81.12 J-K" 1 -mol -1 , and C,,[CH 3 OH(g)] = 

43.8 J-K" 1 -mol -1 , calculate the value of S°[CH 3 OH(g)] at 298.15 K and compare your answer 
with the experimental value of 239.8 J-K -1 -mol -1 . 


This is done in the same way as S°[Br 2 (g)] was found in Section 21-7. First, we heat the methanol 
to its boiling point: 

* h 

7 , 

337.7 


— —i, 




AS, = S (337.7 K) - S (298.15 K) = C P In ^ 


= (81.12 J-K •mol -1 ) In 


298.15 

Then vaporize the methanol at its normal boiling point: 


= 10.10 J-K- 1 -mor 1 


AS, = S 8 (337.7 K) - S'(337.7 K) = 


—1 , 




-1 


36 500 J-mol 
337.7 K 

Finally, cool the gas back down to 298.15 K: 


vap 


= 108.1 J-K- 1 -mor 1 


t 2 


A S 3 = S g (298.15 K) - S 8 (337.7 K) = C P In 

M 

298 15 

= (43.8 J-K" 1 -mor 1 ) In—— = -5.456 J-K -1 -mol -1 

337.7 
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The sum of these three steps plus S 29g [CH 3 OH(l)] = 126.8 J-K _l mol -1 will be the desired value: 

S 2 ° 98 [CH 3 OH(g)] = 5 2 ; 8 [CH 3 OH(l)] + AS, + AS 2 + AS 3 
= 239.5 J-K-'-mor 1 

which is within 0.1% of the experimental value. 


21-46. Given the following data, T vap = 373.15 K, A// vap (7 vap ) = 40.65 kJ-rnol' 1 , C P [H 2 0(1)] = 
75.3 J-K -1 -mor 1 , and C p [H 2 0(g)] = 33.8 J-K _l -mor 1 , show that the values of S°[H 2 0(1)] and 
S°[H 2 0(g)] in Table 21.2 are consistent. 


This is done in the same way as Problem 21-45. First, we heat the water to its boiling point: 

T 

AS, = S'(373.15 K) - s'(298.15 K) = c\ In -4 

T 

373 15 

= (75.3 J-K" 1 •mol" 1 ) In—— = 16.90 JK _I -mol -1 
298.15 

Then vaporize the water at its normal boiling point: 


AS, = S s (373.15 K) - S'(373.15 K) = 


—I . 




vap 


-1 


_ 40 650 J-mol 
373.15 K 

Finally, cool the gas back down to 298.15 K: 

. ~F& 


= 108.9 J-K" 1 -mol- 


•g. T, 


AS 3 = S (298.15 K) - S 6 (373.15 K) = C% In -4 

* i 

298 15 

= (33.8 J-K" 1 -mor 1 ) In-— = -7.584 J-K _1 -mol -1 

373.15 

The sum of these three steps plus S 298 [H 2 0(1)] = 70.0 J-K -1 'mor 1 will be the desired value: 

S 2 ; 8 [H 2 0(g)] = S; 8 [H 2 0(1)] + AS, + A S 2 + A S 3 
= 188.2 J-K" 1 -mol-' 


which is within 0.4% of the value in Table 21.2. 


21-47. Use the data in Table 21.2 to calculate the value of A r S° for the following reactions at 25°C 
and one bar. 

a. C(s, graphite) + 0 2 (g) —» C0 2 (g) 

b. CH 4 (g) + 2 0 2 (g) —► C0 2 (g) + 2 H 2 0(1) 

c. C 2 H 2 (g) + H 2 (g) —► C 2 H 4 (g) 


a. A r S° = S°[products] — S°[reactants] 

= 213.8 J-K" 1 mor 1 - 205.2 J K -1 mor 1 - 5.74 J r 1 -mor 1 
= 2.86 JKT 1 -mor 1 


677 



678 


Chapter 21 


b. A r S° = S° [products] — S° [reactants] 

= 2(70.0 J-K- 1 -mor 1 ) + 213.8 J-K" 1 -mor 1 - 2(205.2 J K" 1 -mor 1 ) - 186.3 J-K” 1 -mor 1 
= -242.9 JK' 1 mor 1 

c. A t S° = S°[products] - 5°[reactants] 

= 219.6 J K' 1 mor 1 - 130.7 J-K" 1 -mol-' - 200.9 J K -1 -mor 1 
= -112.0 JK" 1 -mor 1 


21-48. Use the data in Table 21.2 to calculate the value of A r S° for the following reactions at 25°C 
and one bar. 

a. CO(g) + 2 H 2 (g) CH 3 OH(l) 

b. C(s, graphite) + H 2 0(1) —► CO(g) + H^g) 

c. 2 CO(g) + 0 2 (g) —> 2 C0 2 (g) 


a. A r 5° = S°[products] — 5° [reactants] 

= 126.8 J-K" 1 -mor 1 - 197.7 J-K" 1 -mol" 1 - 2(130.7 J-K -1 -mol- 1 ) 

= -332.3 J-K -1 -mor 1 

b. A r S° = S°[products] - 5°[reactants] 

= 130.7 J-K” 1 -mor 1 + 197.7 J-K" 1 -mol- 1 -70.0 J-K” 1 -mol- 1 - 5.74 J-K" 1 -mor 1 
= 252.66 J-K" 1 -mor 1 

c. A r S° = S°[products] — 5°[reactants] 

= 2(213.8 J-K" 1 -mol" 1 ) - 205.2 J-K" 1 -mor 1 - 2(197.7 J-K" 1 -mor 1 ) 

= -173.0 J-K" 1 -mor 1 



CHAPTER 


Helmholtz and Gibbs Energies 

PROBLEMS AND SOLUTIONS 


22-1. The molar enthalpy of vaporization of benzene at its normal boiling point (80.09°C) is 
30.72 kJ-mol" 1 . Assuming that A H and A vap S stay constant at their values at 80.09°C, calculate 
the value of A vap G at 75.0°C, 80.09°C, and 85.0°C. Interpret these results physically. 


We can write (as in Section 22-2) 


A G = A H-T A S 

vap vap vap 


At the boiling point of benzene, the liquid and vapor phases are in equilibrium, so A va G = 0. 
Thus, at 80.09°C, 


0 = 30.72 kJ-mol" 1 - (353.24 K)A vap S 
A vap S = 86.97 JK-^mol" 1 

Since A vap // and A vap S are assumed to stay constant at their boiling-point values, we know their 
numerical values and can substitute into our first equation: 

A vap G(75.0°C) = 30.72 kJ-mor 1 - (348.15 K)(86.97 J-K" 1 = 441.4 J-mol” 1 

A vap G(85.0°C) = 30.72 kJ-mol” 1 - (358.15 K)(86.97 J-K” 1 -mol" 1 ) = -428.3 J-mol" 1 

From these values, we can see that at 75.0°C benzene will spontaneously condense, whereas at 
85.0°C it will spontaneously evaporate (just as we would expect). 


22-2. Redo Problem 22-1 without assuming that A vap // and A yap 5 do not vary with temperature. 
Take the molar heat capacities of liquid and gaseous benzene to be 136.3 J-K^^mol" 1 and 
82.4 J*K -1 mor 1 , respectively. Compare your results with those you obtained in Problem 22-1. 
Are any of your physical interpretations different? 


We wish to consider the temperature variation of A vap G, so we must use Equation 22.3 la. 




p 


= ~K P S(T) 
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where (as in Example 20-5) 

\J(T) = A 5(80.09° C) + f ^dT 

J 353.24 K 1 

= 86.97 J-K" 1 -mol" 1 - (53.9 J-K" 1 -mol" 1 ) In K 

= 403.2 J-K" 1 -mol" 1 - (53.9 J-K"'-mor 1 ) ln(r/K) 

Substituting into Equation 22.31a, we can write 

A vap GCT) - A G(353.24K) = - T [403.2 J-K" 1 -mol" 1 

J 353.24 K 

-(53.9 J-K" 1 -mol" 1 ) ln(T/K)] dT 
= —(403.2 J.K" 1 -mor'Xr - 353.24 K) 

+(53.9 J-K" 1 -mor 1 ) [T ln(r/K) — T — 1719.3 K] 


Letting T = 348.15 K gives 

A vap G(r) = 2052 J-mol" 1 - 1608 J-mol" 1 = +444 J-mol" 1 

and letting T = 358.15 K gives 

A vap G(7) = —1980 J-mol -1 + 1555 J-mol"' = -425 J-moL 1 

Notice that taking the temperature variation of A vap // and A vap S into account made little difference 
over such a small temperature range. 


22-3. Substitute ( dP/dT)y from the van der Waals equation into Equation 22.19 and integrate from 
V ld to V to obtain 

s(r,7)-s id (D = /?in2_zl 

V -b 

Now let v' d = RT/P ,d , P ld = P° = 1 bar, and V‘ d » b to obtain 

S(T, V ) - 5 id (f) = -Rln R l /P 

V-b 


Given that S' A = 246.35 J-mol 1 - K 1 for ethane at 400 K, show that 


S(V)/J-mor'-K -1 


= 246.35 - 8.3145 ln = 
V 


33.258 L-mol" 1 
- 0.065144 L-mol" 1 


Calculate S as a function of p = 1 / V for ethane at 400 K and compare your results with the 
experimental results shown in Figure 22.2. Show that 


5(V)/J-mol -, -K _l 


= 246.35 - 8.3145 In =• 
V 


33.258 L-mol" 1 
-0.045153 L-mol" 1 


V+0.045153 L-mol" 1 

+ 13.68 In-=- 

V 


for the Redlich-Kwong equation for ethane at 400 K. Calculate S as a function of p = 1 / V and 
compare your results with the experimental results shown in Figure 22.2. 
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From the van der Waals equation, 



R 

V -6 


We can substitute into Equation 22.19 to find an expression for dS: 



dS== - dV 

V-b 


Integrating both sides of this equation gives 

S(T,V)-S i \T) = R\nZf-^- 

V -b 


Since v' d is quite large compared to b, we can neglect b in V' d - b. Letting v' d = RT / P' d and 

pus _ p<, _ ] ^ar, we fj nc j 


— — —id v' d 

S(T, V)-S (T) = -R\n=—j- 

RT/ po 

= -R In — 


V-b 


_ __ _ gT 

S(T, V ) = S' (T) - R ln=- 

V-b 


where, in the last equality, the pressure units of are in bars. For ethane, a = 5.5818dm 6 -bar-mol 2 
and b = 0.065144 dm 3 -mol -1 (Table 16.3), so 


S(V) = 246.35 J-K’ 1 -mol" 1 


(8.3145 J-K" 1 


, 33.258 L-mol"' 

■mol ) In =-r 

V -0.065144L-mol' 1 


To make graphing entropy vs. density easier, we can break up the logarithmic term and then graph, 
as shown: 


S/J'K -1 -mol" 1 = 246.35 - (8.3145) ln33.258 


+(8.3145) In ( m0l ' d - -0.065144 


) 



For a Redlich-Kwong gas, 

_ _RT _ 4 

_ V-B T l/2 'W V + B) 
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and 

/ap\ _ R a 

\dTJ v ~ v- B + 2 V{V+B)T 3 ' 2 

Using Equation 22.19 and integrating (keeping temperature constant) gives 


/ dS\ R A 

7- B + 2V(V + B)T in 


/"=/’ 

S - 5 id = R In 


R _ 


V - B 
V-B 
V id -B 


2V(V + B)T 3/2 J 


1 


2T 3/2 


~B ln 


dV 


B + V 


+ -!n 


' B + U idN 


Since for an ideal gas B is negligible compared to V, 


S- 


r 


n , V ~ B 
-=id ^ 

V 


A . V 
2 BT V1 V + B 


Then, for ethane, since A = 98.831 dm 6 -bar-mol 2 -K 1/2 and B = 0.045153 dm 3 -mol 1 (Ta¬ 
ble 16.4), 


T7 id 

S = S' d - R In =- 


V-B 


S/J-K -mol = 246.35 - 8.3145 In = 


, A , V + B 

2BT 3/2 V 

33.258 dm 3 -mol 


-l 


+ 13.68 In 


V - 0.045153 dm 3 -mol 1 
7 +0.045153 dm 3 -mol'' 




To make graphing entropy vs. density easier, we can break up the logarithmic term and then graph, 
as shown. We have divided both numerator and denominator of the logarithmic terms in the previous 
expression by dm 3 -mol -1 . 


S/J-K" 1 -mor 1 = 246.35 - 8.3145 


In 33.258 — In | -0.045153^ 


+ 13.68 


In Q +0.045153^ - In ^ 
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22-4. Use the van der Waals equation to derive 

U(T,V) -U'\T) = - = 


Use this result along with the van der Waals equation to calculate the value of U as a function of V 
for ethane at 400 K, given that t7' d = 14.55 kJmor'_To do this^specify V (from 0.0700 L-moT 1 
to 7.00 L-mol' 1 , see Figure 22.2), calculate both U(V) and P(V), and plot U(V) versus P(V). 
Compare your result with the experimental data in Figure 22.3. Use the Redlich-Kwong equation 
to derive 


U(T, V) - U'\T) = 


3 A V + B 

2BT' /2 n V 


Repeat the above calculation for ethane at 400 K. 


Begin with Equation 22.22, 


In Problem 22-3, we found ( dP/dT) v for the van der Waals and Redlich-Kwong equations. For 
the van der Waals equation, Equation 22.22 becomes 


dVj T \37 /, 


+ 


RT 

V-b 


v 1 


\dvJ T v-b v 

f V r a - 

I dU = I -,dV 

Ju* JV* V 

I7-77 id = -= 
v 

The van der Waals constants for ethane are listed in the previous problem. Substituting, we find that 

_ . 0.55818 kJ-dm 3 -mor 2 

U = 14.55 kJ-mol"-=- 


P = 


(0.083145dm 3 -bar-mor‘ K ')(400K) 5.5818dm 6 -bar-mor 


V -0.065144 dm 3 mol" 1 
We can use a parametric plot to plot U(V) vs. P(V): 



For the Redlich-Kwong equation, Equation 22.22 becomes 

/ dU\ RT A RT | A 

VaVVj. - ~~V - B + T i,2 V(V + B) + V - B + 2T' /2 V(V + B ) 
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/>=/; 

Ju" 1 j v" 


34 


2T' /2 V(V+ B) 


dV 


U - U' A = ——^2 
27 /2 


77 = 77 id - 


f \ V + B 1 V id + B' 

—77 In —=-1—— In-ij— 

, 7 V B V ,d 


34 


V + B 
2B7 1/2 n y 


The Redlich-Kwong constants for ethane are listed in the previous problem. Substituting, we find 
that 

77 3(9.8831 kJdm 3 -mor 2 -K l/2 ) V + 0.045153 dm 3 -mor' 

U = 14.55 kJ-mol - __ . - - , _ In 


P = 


2(0.045153 dm 3 •mol-')(400 K) 1/2 V 

(0.083145 dm 3 -bar-mor 1 -K-')(400K) 98.831 dm 6 -barmor 2 -K l/2 


V- 0.045153 dm 3 -mol‘ 


(400 K) 1/2 V(V + 0.045153 dm 3 mor') 


Again, use a parametric plot to plot U{ V) vs. P(V): 



22-5. Show that (dU/d V) T = 0 for a gas that obeys an equation of state of the form P/( V) = RT. 
Give two examples of such equations of state that appear in the text. 


We first take the partial derivative of P with respect to 7, keeping V constant: 


Pf(V) = RT 



From Equation 22.22, we can write 


dU 


8V 


7^7 =—P + 7 — =-P + 


dP 


97 


RT 

Too 


= -P + P = 0 


Two such equations of state are the ideal gas equation and P( V — b) = RT. 


22-6. Show that 



RT 2 dB 2V RT 2 dB 3V 

It + "y 3 " df 


T 
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22 - 


Begin with Equation 22.22, 


=-p + r(^ 
K dV )r V dT 


We can use the virial expansion in the volume to express Z as (Equation 16.22) 

z = 1 + B 2V V~' + B JV V~ 2 + 0(V~ 2 ) 

P = RTV~' + B 2V RTV~ 2 + B 2V RTV ~ 3 + 0(V~*) 


9P\ _P _ R_ dB 2V RT 

o r ~r i 1 T7 ' —2 *" 


3 Tjy V ' 2V V 2 ' dT y 


J 3 V 1 

R dB^ v RT __-4 
~ + B >''7 5 + 7^? r 


Substituting into Equation 22.22 gives 


dU 

,dV 


l (RT „ RT „ RT\ RT /T7~4, 

I =_ (t + 3 V t\) + T + ( } 


PT rfB^PT 2 RT d_B^RT 2 . 
^ y 2 + dr y 2 + 3V y 3 + dT v - 


— + 0(V~) 


RT 2 dB 2V Pr 2 dP 


y 2 dr 1 y 3 47 


+ 


3V 




+ 0(V ) 


-7. Use the result of the previous problem to show that 

AU = -T-^jr( p 2 ~ p ] ) + --- 
Use Equation 16.41 for the square-well potential to show that 

AU = -^-^(* 3 - 0^^(P 2 - 8,) + • • • 

Given that a — 327.7 pm, e/k B = 95.2 K, and X = 1.58 forN 2 (g), calculate the value of AU for a 
pressure increase from 1.00 bar to 10.0 bar at 300 K. 


We integrate the equation we found in the previous problem (keeping T constant): 


8U_ 

dV 


RT 2 dB 2V RT 2 dB. 


y 2 dT 


+ 


3 V 


—-4 


tt3 


dT 


+ 0(V ) 


dU = ^r^-dV + 0(V~ 2 ) 


v 2 dT 


- RT 2 dB. v 
AU = —=- —^ 


V dT 


Substitute in for V = RT / P to get 


AU = — T(P 2 — P .)■ 


dB 


iv 


dT 


+ 
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Using Equation 16.41, 

B lv m = [i - (x J -1) -1)] 

^2V — ^ 7rg 3 _ 1 \ e e/k T ( £ \ 

dT ~ 3 ^ 1)6 \k B T 2 ) 

Substitute into the equation for AU to find 

— 2na 3 N A . e .. T 

au = --—-(a 3 - i) Yr e h {p 2 “ + * * * 

For N 2 (g) under the conditions specified, 

— 2tto 3 N a ^ T 

AU =--—-(A. 3 - 1) — e^ T {P 1 -/>,) + ■■■ 

27r(327.7 x 10 -12 m) 3 (6.022 x 10 23 mol -1 ) , /95.2\ 

=- 1 - Y -^ (1 - 58 “ 1} ( 300 ) e (10 -° “ 100) bar 

= —5.13 x 10 -4 bar-m 3 -mor l 
= —51.3 J-mol -1 


22-8. Determine C p — C v for a gas that obeys the equation of state P(V - b) = RT. 


We can write, from the equation of state, 


P(V — b) = RT 



Now we substitute into Equation 22.23: 


C P 




RT 

V-b 



= R 


22-9. The coefficient of thermal expansion of water at 25°C is 2.572 x 10 -4 K -1 , and its thermal 
compressibility is 4.525 x 10 -5 bar -1 . Calculate the value of C p — C v for one mole of water at 
25°C. The density of water at 25°C is 0.99705 g-mL -1 . 


The molar volume of water is 

1 


V = 


0.99705 g mL - 


18.015 g \ / 1 dm 3 
1 mol ) l 1000 mL 


= 0.018068 dm 3 -mol 


-I 


We can now substitute into Equation 22.27 to find C p — C v . For one mole, 

a 2 TV 


c v = 


(2.572 x 10 -4 K - ) 2 (298.15 K)(0.018068 dm 3 ) 


4.525 x 10 -5 bar -1 
= 7.875 x 10 -3 dm 3 -bar -1 K -1 
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22-10. Use Equation 22.22 to show that 



Show that (3C v /3 V) T = 0 for an ideal gas and a van der Waals gas, and that 

V /t- 4 T 3/2 V(V + B) 

for a Redlich-Kwong gas. 


Recall that, by definition, C v = (dU/dT) v , so 


/3<V 

\ _ d 2 U 

3 2 U 

. JLi 

( d t.\ 

\ 3 ^ / 

l T dVd T 

dTdV " 

3 T ' 

U v) 


Express (dif/d V ) using Equation 22.22 and write 

3 /3tA _ /3 P\ /3 P\ /3 2 />\ 

dT\dv) T ~ \dTj v + \dT) v + T \dT 2 ) v 

( a Sy) = t(*£) 

[dVj T \dT 2 /y 


For an ideal gas and for a van der Waals gas, 


PV = RT 



(d 2 P\ 

\d T 2 ) 

&),-■- m. 

’(%) 


P = — 


RT 


V-b 


a 

+ z=7 


0 


'3Cy 
3 V 


For a Redlich-Kwong gas, 


_ RT A 

~ v-b ~ r 1 / 2 V(V + B) 

'dP\ R A 

7= ==—r + 


V-B 2 V(V + B)T y2 
3 A 


/3 P\ 

\3T /, 
fd^P\ 3 A 
\dT 2 J v 4 T 5/2 V(V + B) 

t (—\ It ( d Sv\ 

\3 T 2 ) v 4T 3/2 V(V + B) \dV 


22-11. In this problem you will derive the equation (Equation 22.24) 



To start, consider V to be a function of T and P and write out d V. Now divide through by dT at 
constant volume (d V = 0) and then substitute the expression for ( dP/dT) v that you obtain into 
Equation 22.23 to get the above expression. 
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The total derivative of V(T, P) is 

ivv - p) = (S?) r dT+ (S?) r " 

Dividing through by dT at constant volume gives 



Now substitute for ( dP/dT) v into Equation 22.23: 



which is Equation 22.24. 

22-12. The quantity (dU/dV) T has units of pressure and is called the internal pressure , which is a 
measure of the intermolecular forces within the body of a substance. It is equal to zero for an ideal 
gas, is nonzero but relatively small for dense gases, and is relatively large for liquids, particularly 
those whose molecular interactions are strong. Use the following data to calculate the internal 
pressure of ethane as a function of pressure at 280 K. Compare your values with the values you 
obtain from the van der Waals equation and the Redlich-Kwong equation. 


P/ bar 

(dP/dT)/ bar-K -1 

V/dm 3 -mol ' 

P/ bar 

(dP/dT)/ bar-K -1 

V/dm 3 *mol 

4.458 

0.01740 

5.000 

307.14 

6.9933 

0.06410 

47.343 

4.1673 

0.07526 

437.40 

7.9029 

0.06173 

98.790 

4.9840 

0.07143 

545.33 

8.5653 

0.06024 

157.45 

5.6736 

0.06849 

672.92 

9.2770 

0.05882 


Use Equation 22.22 to write 



-P + T 



v 


To find the experimental values of internal pressure, we can substitute the data given into the above 
equation. We expressed (dU/d V) T for the van der Waals equation in Problem 22-4 as 



and (dU/d V) T for the Redlich-Kwong equation as 

/3t/\_ 34 

\dv ) T -2 T l/2 V(V+B) 


We can use the molar volumes given in the statement of the problem and the constants 
from Tables 16.3 and 16.4 (a = 5.5818 dm 6 -barmor 2 , b = 0.065144 dm 3 -mol -1 , A = 
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98.831 dm 6 barmol 2 -K 1/2 , B — 0.045153 dm 3 -mol ') to create a table of values of internal 
pressures for each experimental pressure. 


(dU/dV) T / bar 

Pj bar Experimental vanderWaals Redlich-Kwong 


4.458 

0.4140 

0.2233 

0.3512 

47.343 

1119.5 

972.5 

967.1 

98.790 

1296.7 

1094 

1064 

157.45 

1431.2 

1190 

1138 

307.14 

1651.0 

1359 

1265 

437.40 

1775.4 

1465 

1343 

545.33 

1853.0 

1538 

1395 

672.92 

1924.6 

1613 

1449 


22-13. Show that 


dH 

Jp 


_ ji {dB 2P 


+ 


dB 


3 P 


= B 2V (T ) - T- 


dT dT 
dB , 


P + 


2V 


dT 


+ 0{P) 


Use Equation 16.41 for the square-well potential to obtain 


dH 

JP 


2na 3 N A f 




Given that a = 327.7 pm, s/k B = 95.2 K, and k= 1.58 for N 2 (g), calculate the value of 
(dH/8P) T at 300 K. Evaluate AH = H(P = 10.0 bar) — H{P = 1.0 bar). Compare your result 
with 8.724 kJ-mol -1 , the value of H(T) — H( 0) for nitrogen at 300 K. 


Use the virial expansion in the pressure (Equation 16.23): 

Z = \+B 2p P + B 2p P 2 + 0(P 3 ) 

— RT 

V = — + RTB 2p + PRTB iP + 0(P 2 ) 

(^f) = f + RB 2P + rt^ + prb 3P + prt^ + o(p 2 ) 

Substitute into Equation 22.34: 


dH' 
dP 

W 

dP 


( dV \ 

1 “ _ \ Jf) 

T \ / P 


RT 

— + RTB 2p + PRTB 


■-H 


y + RTB * r 


O ^ n _ ry d vy 

+RT 2 —^ + PRTB + PRT 2 —^ 
dT dT 


+ 0(P 2 ) 


~ d B „ 
= ~ RT ~dT 


dB. 


3 P 


dT 


P + 0(P 2 ) 


( 1 ) 
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Since B = RTB 2P (Equation 16.24), 


^ = RB 1P + RT ^ 
dT 2P dT 


dB lv 1 __ 

dT RT RT 2 


B„„ dB 


2V 


+ 


2T 5 


dr 


fl. 


dB 2p _ 1 dB 2t , — 

dT ~ RT dT RT 2 


Then Equation 1 becomes 


a// 

9P 


= -pr 2 


dB 


2/> 


dr 

dB 


+ 0(P) 


2V 


~ Blv T dT 


+ 0(P) 


Start with Equation 16.41 and find —TdB 2V /dT: 

2na 3 N 


B 2V (T ) = 


dB 


-T 


dT 

dB. 


2V _ 


2V 


3 

2no 3 N A 

3 

2na 3 N 


dT 


[l-(X 3 -\)(e e/k * T -\)] 

fa) 


(2) 


Substituting this value into Equation 2 and ignoring terms of P or higher, we find 
( dU\ 2na J N 


dP 


2na 3 N a 

3 

2na 3 N A 

3 

2na 3 N. 


1 - {X 3 - 1) (e c,k * T - 1) - e e,k&T {X 3 - 1) 


1 _ (xV/V + 1 - X 3 - e°' k » T ) - X 3 -^-e‘ /k * T + -^e c ' k * T 
v X b T k B T 

il - (lJ -' ) ( 1 + r?) e " v 


Using the parameters provided for nitrogen, this expression becomes 
/ dH\ 2tt( 327.7 x 10“ 12 m) 3 (6.022 x 10 23 mol -1 ) r 


dP 


1.58 3 - (1.58 - 1) 1 + 


95.2/300 

300 ) \ 


= —6.138 x 10 5 m 3 mol 1 


Then 


AH = (-6.138 x 10~ 5 m 3 -mor , )A P — -5.52 x 10 4 m 3 bar mol 1 = -55.2 J-mol 


22-14. Show that the enthalpy is a function of only the temperature for a gas that obeys the equation 
of state P(V — bT) = RT. 
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9 H 


dV 


— I = V-T\ — 


dp 


dr 


For a gas obeying the equation of state P(V — bT) = RT , 

v-5? + »r 

/9V\ R , 

\ 9r /," P + 

Substituting into Equation 22.34, we find 

/a77\ ^ /rt \ „ 

(ap — + &r - r (p + i, ) = ° 

and so enthalpy does not depend on pressure for a gas with this equation of state. 


(22.34) 


22-15. Use your results for the van der Waals equation and the Redlich-Kwong equation in Problem 22- 
4 to calculate H(T, V) as a function of volume for ethane at 400 K. In each case, use the equation 
H — U + P V. Compare your results with the experimental data shown in Figure 22.5. 


H = U(T, V) + PV 


From Problem 22-4, for a van der Waals gas 

0.55818 kJ-dm^-mol -2 


U = 14.55 kJ-mor 1 - 


V 


P = 


(0.083145 dm 3 -bar-mor 1 ■K _l )(400 K) 5.5818 dm 6 .bar mol 


-I 


V -0.065144 dm 3 •mor 1 
and for a Redlich-Kwong gas 


V 2 


U = 14.55 kJ-mor 1 - 


3(9.8831 kJ-dm 3 -mor 2 'K l/2 ) , V + 0.045153 dm 3 .mol 


In 


P = 


2(0.045153 dm 3 -mor')(400K) l/2 V 

(0.083145 dm 3 -bar-mol-'-K-')(400K) 98.831 dm 6 bar mor 2 K l/2 


V - 0.045153 dm 3 -mor 1 


(400 K) I/2 F (V + 0.045153 dm 3 -mor') 


Note that in using these values, we find U in terms of kJ-mol -1 and P V in terms of dm 3 -bar-mol -1 . 
Dividing PV by 10 will result in values of enthalpy given in kJ-mol -1 . Using these values, we can 
produce plots of H vs. P. 
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22-16. Use Equation 22.34 to show that 

m r -^\ 

Use a virial expansion in P to show that 


3C P \ d 2 B. v 

—L = -T - + 0(P) 

dP / dT 2 


Use the square-well second virial coefficient (Equation 16.41) and the parameters given in 
Problem 22-13 to calculate the value of (dC p /dP) T forN 2 (g) at CPC. Now calculate C p at 100 atm 
and 0°C, using C' p = 5R/2. 


We define C p as ( dH/dT) p (Equation 19.40). Starting with Equation 22.34, 


3 

3 T 
3 

3 ~P 





Using a virial expansion in P, we find 


3 V 
3 T 



V = — + RTB 2p + PRTB 3p + 0(P 2 ) 

R dB, p 

| = - + RB 2p + RT-^f- + O(P) 


= R d -^¥- + R -^ + RT^f- + 0(P ) 


= 2R- 


dT 

dB. 


ip 


dT 


+ RT- 


dT 
d 2 B, 


ip 


dT 2 


dT 2 


+ 0(P) 


Now, since B 2V = RTB lp (Equation 16.24), 

n hi 
2P ~ RT 

^J^tp _ \ 2v _ hi 
dT ~ RT dT RT 2 

d 2 B 2p _ 1 d 2 B 2V 1 dB 2V 1 dB w 2B 2V 
dT 2 ~ RT dT 2 RT 2 dT RT 2 dT + RT 3 

_ 1 d ^2V _ 2 dB^y . 

_ ~RT dT 2 ~ RT 2 dT RT 3 


0) 
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Now we solve Equation 1 for (3C p /dP) T in terms of B 1V \ 
(dC L 


3 P 


= -T 


= -T 


= -T 


3 2 E \ 

3 T 2 ) 

dB. 


2 R- 


dT 


+ RT- 


d 2 B. 


ip 


dT 2 


+ 0{P) 


2 R 


1 dB. 


2V 


B. 


2V 


RT dT 


2 dB. 


2V 


= -T- 


dT 

d 2 B. 


+ 


2 B. 


2V 


- T - 


RT 2 
dT 2 


) + /?r( 


1 d 2 B. 


2V 


2 dB. 


2V 


RT dT 1 RT 2 dT 


+ 


2 B 


2V 


RT 


+ 


2 dB. 


2V 


2 B: 


2V 


dT 


+ 0(P) 


2V 


dT 2 

Using Equation 16.41, 


+ 0{P) 


W = - (V -1) ( e «v _ ,)] 


2V 

dB. 


2V 


dT 


d 2 B. 


2V 


3 

2tto 2 N a 

3 

2n<j 3 N. 


dT 2 

'dC D \ 


(X 3 -l)e 


(X 3 - 1) 


B/kT 




e e/k * T - 


K T 2 


fe +2 ) 


3 P 


d 2 B, v 

_ _y_ 2V_ 

dT 


2t xa 2 N k 


(k 3 -\)e^ T 


k B r 


(* B T 


+ 2 


For nitrogen at 298.15 K, 


3 C p 
3 P 


2n(327.7 x 10“ 12 m) 3 (6.022 x 10 23 mor‘) 


+ 0(P) 


(1.58 3 - l)e 952/298 15 


95.2 


(298.15) 2 K \ 298.15 


95.2 


+ 2 


= 4.467 x 10“ 7 m 3 -mol -1 -K -1 = 4.47 x lO -4 dm 3 -mor‘-K 


-1 


Finally, 

c p - c'p = (4.467 x 1(T 4 dm 3 -mor‘-K- 1 )(/ > - F id ) 

_ CD 

C p = — + (4.467 x KT 4 dm 3 -mor‘-K-')(99 atm) 

= (2.5) (8.3145 J-mol -1 -K -1 ) + 4.42 J-mol" 1 -K" 1 
= 25.21 J-mor'-K-' 


22-17. Show that the molar enthalpy of a substance at pressure P relative to its value at one bar is 
given by 


H(T , P) = H(T, P=\ bar) + 




T 



dP' 


Calculate the value of H{T, P) — H{T , P = 1 bar) at 0°C and 100 bar for mercury given that the 
molar volume of mercury varies with temperature according to 


V(t) = (14.75 mL-mor'Xl + 0.182 x 10“ 3 / + 2.95 x 10~V + 1.15 x 10 -, V) 


where t is the Celsius temperature. Assume that E(0) does not vary with pressure over this range 
and express your answer in units of kJ-mor 1 . 
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Begin with Equation 22.34: 


dH 


3 V 


— =V-T\ — 


a p 


dT 


dH = 


- ( dV 

V - T[ — 

\ dT , 


dP 


H(T , P) - H(T, 1 bar) 


-l 


p 

1 bar 


- (dV 
V-T — 

\ 3T , 






where we have begun using P' as the quantity integrated over in order to distinguish it from P, the 
final pressure of the substance. 

Using the values given for mercury, 


= (14.75 mL-mor')(0.182 x 10" 3 + 5.90 x 10“ 9 f + 3.45 x lO - ' 0 ? 2 ) 

P 

Then at 0° C and 100 bar, 

/»]00 bar 

~H{T, 100bar)1 bar) = (14.75 mL-mol' 1 ) / [l - 7(0.182 x \0~ 3 )]dP' 

J 1 bar 

= (14.75 mL mor')(99 bar)[ 1 - (298.15)(0.182 x 10" 3 )] 
= 1381 mL-bar-mol -1 = 138.1 J-mol -1 



22-18. Show that 


dH = 




_ (dv_\ ' 

T \dTJp. 


dP + C p dT 


What does this equation tell you about the natural variables of HI 


Write the total derivative of H(P, T): 


We can now use Equation 22-34 and the definition of C p to write this as 


dH = 


V 


/m 

\dT ) ; 


dP + C p dT 


Since the coefficients of dP and dT are not simple, this tells us that the natural variables of H 
are not P and T. 


22-19. What are the natural variables of the entropy? 


dS= PdV + jdU 


( 22 . 39 ) 
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Because the coefficients of dV and dU are simple thermodynamic quantities, we say that V and U 
are the natural variables of entropy. 


22-20. Experimentally determined entropies are commonly adjusted for nonideality by using an 
equation of state called the (modified) Berthelot equation: 

PV 9 PT 

-= 1 +-^ 

RT 128 PJ 

Show that this equation leads to the correction 

— 27 RT^ 

5° (at one bar) = S(at one bar) + ——— 3(1 bar) 

l ' l 

c 

This result needs only the critical data for the substance. Use this equation along with the critical 
data in Table 16.5 to calculate the nonideality correction for N 2 (g) at 298.15 K. Compare your 
result with the value used in Table 21.1. 



5°( 1 


bar) — 5(1 bar) = 





We find (3 V/dT) from the modified Bethelot equation: 

^z = i+ -Lnk(i- 6 n\ 

RT 128 P C T V T 2 ) 

— RT 9R T c 9-6 RT? 
V ~~P + 128 T ~ 128 PT 2 

c c 

/ dv\ R 9-6-2 RT? 

^37 ) ~ P + 128 P c T 3 


(22.54) 


Now substitute into Equation 22.54 to find 5°(1 bar) - 5(1 bar), neglecting P xi with respect to 1 
bar: 


S°(l bar) - 5(1 bar) 


-L 


I bar r 


P' 

27 RT? 

yiTT 2 


R _ 27 RT? 
P + 32 Tj 2 


(1 bar) 


R? 

P 


dP 


For N 2 at 298.15 K, T c = 126.2 K and P. = 34.00 bar. Then the nonideality correction (the 
difference between the two values of 5) is 


5°(1 


bar) — 5(1 bar) = 


27 (8.3145 J-mor 1 -K-')(126.2 K ) 3 ^ x 

-r- (1 bar) 

32 (34.00 bar)(298.15 K ) 3 

0.0156 J-mor'-K " 1 


This is essentially the value used in Table 21.1 (0.02 J-K '-mol '). 


22 - 21 . Use the result of Problem 22-20 along with the critical data in Table 16.5 to determine the 
nonideality correction for CO(g) at its normal boiling point, 81.6 K. Compare your result with the 
value used in Problem 21-24. 
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27 RT 3 

5°(1 bar) - 5(1 bar) = bar) 

C 

27 (8.3145 Tmol -1 K -1 )(132.85 K) 3 , s 

=-^-(1 bar) 

32 (34.935 bar)(81.6 K) 3 

= 0.867 J-mor'-K -1 

This is comparable to the value used in Problem 21-24 (0.879 J K -1 mol -1 ). 


22 - 22 . Use the result of Problem 22-20 along with the critical data in Table 16.5 to determine the 
nonideality correction for Cl 2 (g) at its normal boiling point, 239 K. Compare your result with the 
value used in Problem 21-16. 


27 RT 3 

5°(1 bar) - 5(1 bar) = —j ^(1 bar) 

c 

27 (8.3145 Tmol _1 -K _1 )(416.9 K) 3 s 

=-r-(1 bar) 

32 (79.91 bar)(239 K) 3 

= 0.466 J-mor’-K" 1 

This is comparable to the value of 0.502 J-K _1 -mol -1 used in Problem 21-16. 


22-23. Derive the equation 

( B(A/T) \ = _u_ 
V BT ) v T 2 

which is a Gibbs-Helmholtz equation for A. 


Begin with the definition of A (Equation 22.4): 


A = U -TS 


_ 3 _ fA' 
dT \T, 
’ 3 (A/ry 
dT 


U_ J_ /8U\ 

t 2 + t 


Now, by the definition of C v , 



From Equation 21.2, we also know that 

Cy 

T 




V 


Therefore, 


(m. 
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22-24. We can derive the Gibbs-Helmholtz equation directly from Equation 22.31a in the following 
way. Start with (3 G/dT) p = — S and substitute for S from G = H — TS to obtain 



Now show that the left side is equal to (d[G/T]/dT) p to get the Gibbs-Helmholtz equation. 


Begin with the equality in the statement of the problem and substitute for S as suggested (from 
Equation 22.13): 


m = —s=—~— 

\dT) p T T 



Taking the partial derivative of G/T with respect to T gives 

_3_ /G \ _ \_ /3 G\ _ G_ 
3 T “ T \d t) p ~ T* 

so we can write Equation 1 as 



which is the Gibbs-Helmholtz equation. 


22-25. Use the following data for benzene to plot G(T) — H (0) versus T. [In this case we will ignore 
the (usually small) corrections due to nonideality of the gas phase.] 


C P (T)/R = 


12 7 T 4 / t y 


0 D = 130.5 K 


0K< T < 13K 


C‘ P (T)/R = -0.6077 + (0.1088 K" , )7’ - (5.345 x 10" 4 K~ l )T 2 + (1.275 x lO” 6 K^T 


13 K < T < 278.6 K 


C l p (T)/R = 12.713 + (1.974 x 10~ 3 K~')T - (4.766 x 10“ 5 K ~ 2 )T 2 

278.6 K < T < 353.2 K 

C g p (T)/R = -4.077 + (0.05676 K" I )7’ - (3.588 x 10' 5 K~ 2 )T 2 + (8.520 x 10“ 9 K“ 3 )r 3 

353.2 K < T < 1000 K 


7; us = 278.68 K A fm H = 9.95 kJ-mol" 1 

7 vap = 353.24 K A vap 77 = 30.72 kJ-mor 1 


Use the Equation G(T) — H( 0) = H(T) — H( 0) — TS(T) (as in Section 22-7) and Equa¬ 
tions 22.62 and 22.63 for H(T ) — H( 0) and S(T ) to plot. (See Problem 21.15 for an explanation 
of how to assign the values of entropy and enthalpy as functions of temperature.) 
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The discontinuities in the slope at the melting and boiling points are difficult to see and so are 
highlighted with arrows. 


22-26. Use the following data for propene to plot G(T ) — H{ 0) versus T. [In this case we will ignore 
the (usually small) corrections due to nonideality of the gas phase.] 


C S P (T)/R = 


\2n A 

5 



© D = 100 K 0K<T<15K 


C* P (T)/R = -1.616+ (0.08677 K"')7’ - (9.791 x 1(T 4 K~ 2 )T 2 + (2.611 x 1(T 6 K“ 3 )7 3 

15 K < T < 87.90 K 

c' P (T)/R = 15.935 - (0.08677 K" 1 )7’ + (4.294 x 10" 4 K“ 2 )r 2 - (6.276 x 10“ 7 K“ 3 )r 3 

87.90 K < T < 225.46 K 


C P (T)/R = 1.4970 + (2.266 x 10" 2 K" 1 )7’ - (5.725 x 10“ 6 K“ 2 )T 2 

225.46 K < T < 1000 K 

7; us = 87.90 K A fus H = 3.00 kJ-mol -1 

T vap = 225.46 K A vap H = 18.42 kJ-mor 1 


This is done in the same way as Problem 22-25. 
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22 - 27 . Use a virial expansion for Z to prove (a) that the integrand in Equation 22.74 is finite as 
P 0, and (b) that (Z - \)/P = 0 for an ideal gas. 


a. Use the virial expansion Z = 1 + B 2p P + B 3p P 2 + 0(P 3 ). Then 

Z-l \ + B 2P P + B 3p P 2 + 0(P 3 )-] 
p p 

= B 1p + B 3p P+0(P 2 ) 

As P -*■ 0, then, the integrand approaches B 2P , wich is finite. 

b. For an ideal gas, Z = PV/RT and P V = RT, so 


22-28. Derive a virial expansion in the pressure for In y. 


Begin with Equation 22.1 A and expand Z as in Problem 22-27(a): 


"Z-l 


=L r 

= f ( B 2p + B 3p P' + 0(P ,2 )dP ' 
Jo 


B^P 2 


= B > P p + -T 


+ 0(P 3 ) 


22-29. The compressibility factor for ethane at 600 K can be fit to the expression 

Z = 1.0000 - 0.000612(P/bar) + 2.661 x 10" 6 (P/bar) 2 

- 1.390 x 10 -9 (P/bar) 3 - 1.077 x 10" ,3 (P/bar) 4 

for 0 < P/bar < 600. Use this expression to determine the fugacity coefficient of ethane as a 
function of pressure at 600 K. 


Substitute into Equation 22.74: 

= f [-6.12 x 10- 4 bar 1 + (2.661 x 10~ 6 bar 2 )P' 

Jo 

-(1.390 x 10" 9 bar -3 )P' 2 - (1.077 x lO -13 bar" 4 )P' 3 ]^P' 
= -(6.12 x 10“ 4 bar _l )P + ±(2.661 x 10“ 6 bar“ 2 )P 2 

-±(1.390 x 10" 9 bar _3 )P 3 - ±(1.077 x 10-’ 3 bar 4 )P 4 
y = exp [-(6.12 x 10~ 4 bar 1 )P + (1.3305 x 10~ 6 bar 2 )P 2 

-(4.633 x IQ- 10 bar _3 )P 3 - (2.693 x IQ-' 4 bar 4 )P 4 ] 
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22-30. Use Figure 22.11 and the data in Table 16.5 to estimate the fugacity of ethane at 360 K and 
1000 atm. 


From Table 16.5, T c = 305.34 K and P = 48.077 atm. Then at 360 K and 1000 atm, T/T c = 1.18 
and P/P c = 20.8. Using Figure 22.11, it appears that y ~ 0.63. 


22-31 . Use the following data for ethane at 360 K to plot the fugacity coefficient against pressure. 


p/mol dm 3 

PI bar 

p/mol dm 3 

PI bar 

p/moldm 3 

P/bar 

1.20 

31.031 

6.00 

97.767 

10.80 

197.643 

2.40 

53.940 

7.20 

112.115 

12.00 

266.858 

3.60 

71.099 

8.40 

130.149 

13.00 

381.344 

4.80 

84.892 

9.60 

156.078 

14.40 

566.335 


Compare your result with the result you obtained in Problem 22-30. 


By definition, 


(Z-D = 1 1 

P pRT P 


Now we can plot (Z — 1 )/P vs. P: 



Numerical integration using the trapezoidal approximation allows us to graph f/P vs. P, in the 
same way that Figure 22.10 was created from Figure 22.9. 



50 


P/ bar 
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22-32. Use the following data for N 2 (g) at 0°C to plot the fugacity coefficient as a function of pressure. 


P/atm 

Z = PV/RT 

P/atm 

Z = PV/RT 

PI atm 

Z = PV/RT 

200 

1.0390 

1000 

2.0700 

1800 

3.0861 

400 

1.2570 

1200 

2.3352 

2000 

3.3270 

600 

1.5260 

1400 

2.5942 

2200 

3.5640 

800 

1.8016 

1600 

2.8456 

2400 

3.8004 


Again, plot (Z — 1)/P vs. P: 



Then do numerical integration with the trapezoidal approximation to graph f/P vs. P: 



22-33. It might appear that we can’t use Equation 22.72 to determine the fugacity of a van der Waals 
gas because the van der Waals equation is a cubic equation in V, so we can’t solve it analytically 
for V to carry out the integration in Equation 22.72. We can get around this problem, however, by 
integrating Equation 22.72 by parts. First show that 

_ f 7 P 

RTlny = PV — RT — I PdV - RT In 


where P id -* 0, V' d -> oo, and P id v' d RT. Substitute P from the van der Waals equation into 
the first term and the integral on the right side of the above equation and integrate to obtain 


RTV a V-b a „, P 

PP In y = = -= - RT - RT In — 5 -= - PP In — 

V-b V V-b v 


P 
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Now use the fact that V 


H-rrid 


oo and that P V = RT to show that 


In y = — In 


1 - 


a(V-b) 
RTV 2 


+ — 


2 a 


V-b RTV 


This equation gives the fugacity of a van der Waals gas as a function of V. You can use the van der 
Waals equation itself to calculate P from V , so the above equation, in conjunction with the van der 
Waals equation, gives In y as a function of pressure. 


First we integrate Equation 22.72 by parts: 


pP _ PP ftj 1 

RT \ny = I VdP'- ~^dP' 
J p ,{i J /> itJ P 

- f P'dV - 

/—id 

Jv 


- P 

— p'v 

— r V pid 


= PV - (PV) id - P' 

= PV- RT- [ P' ~ 
Jv " 1 


RT In 


dV - RT In—r 

pui 

V _w P 

dV - RT ln^r 


tv~ P id 

Substituting P from the van der Waals equation, we find that this equation becomes 


RT\ny = V 


RT _ a_ 
V-b ~ V 2 . 


- RT- f I" - dV - RT In — A 

Jv" 1 \_V — b V } P ,d 


RTV a nrr , V-b a a n ^, P 

— =-— = — RT — RT In — r-: -— — 4-n- — RT In —rj 

V -b V V - b v y ld P' d 


__ _ V — b a a 

= = -= - RT - RT\n - = + —- - RT In 


RTV_ _ a_ 
V-b ~ V 


v id 


V ' v id 


p 

p\d 


-rrid 


oo, we can neglect b in the denominator of the logarithmic term and consider 


Now, since V 

th ea/V' term negligible. Also, since P' A V = R T, we write the above expression as 


RTV 2 a 


V-b 


RT In y = = -= - RT - RT In -r=- + In — r 

' \7 U \7 \ TT” D»i 


V-b V 


V 


lny = -— 1 + In V*P' d - \n P(V - b) 

V-b VRT 

_V-(V-b) 2 a P(V - b ) 

V-b RTV ~ n RT 


b 2 a j 

“ V-b ~ RTV ~ n 

b 2 a j 

_ V-b ~ RTV ~ n 


{V -b) ( RT 


1 - 


RT 

a(V - b) 


V-b y 2 


RTV 


22-34. Use the final equation in Problem 22-33 along with the van der Waals equation to plot In y 
against pressure for CO(g) at 200 K. Compare your result with Figure 22.10. 
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From Table 16.3, a = 1.4734 dn^-bar-mol -1 -K _I and b — 0.039523 dm 3 -mol™ 1 for CO. We are 
given In y as a function of V in Problem 22-33, and the van der Waals equation gives P as a 
function of V. Therefore, we can choose values of V and calculate the corresponding values of In y 
and P. Then we can plot In y against P. The result is 



22-35. Show that the expression for lny for the van der Waals equation (Problem 22-33) can be 
written in the reduced form 


In y — 


1 


3V r -1 4V R r R 


-In 


1 - 


3(3 V R — 1) 
87k V* j 


Use this equation along with the van der Waals equation in reduced form (Equation 16.19) to plot 
y against P R for T R = 1.00 and 2.00 and compare your results with Figure 22.11. 


We can use Equations 16.12 to express a and b in terms of T c and V : 


- RT 

3V c = *+y 


*-T 


V = - 

c p 


Combining the first and the second, and the second and the third, equations gives 


- 

3 V c = b+-±-± 
c ab 

_ V 3 V 2 RT 

3V, c = -r + -^-^ 
3 a 




9- 

a = - V RT 

8 c c 

Now we can substitute into the expression for In y we found in the previous problem: 

a(V — b) 


iny = = 


b 

2 a 

1 

-o 

1 

1^ 

RTV 


2 

3V-V c 

RTV 

1 

9 

3V r -1 

4 T r V r 


1 - 


RTV 2 


lv. RT | - In 


9_ (3V-V) 

1 - - V RT- - —f- 

8 3RTV 


1 - 


3(3 V R - 1) 

8 T R Vl j 
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Equation 16.19 gives 



We have now found expressions for both In y and P as functions of V R and T R . We can therefore 
choose values of V R for a specific value of T R and calculate the corresponding values of In y and 
P, and plot y against P. The result is 



This looks very much like the experimental curves plotted in Figure 22.11. 


22-36. Use the method outlined in Problem 22-33 to show that 

B A A V + B 

In y = =- - -In —=-In 

V-B RT v \V + B) BRT V2 V 


1 - 


A(V- B) 
RT vl V(V + B) 


for the Redlich-Kwong equation. You need to use the standard integral 

dx 


/ 


1 a + bx 

-= — In- 

x(a + bx) a x 


For a Redlich-Kwong gas, 


P = = 


RT 


V-B T' /2 V(V + B) 

We can still use the first equation in Problem 22^13, since it was independent of the equation of 
state chosen. Also, realize that as V' -* oo, B becomes negligible with respect to V . 


f v - P 

RT\ny = PV - RT - \ P’dV - RT In 

Jv" 1 P 

f\j 

Jr Lv 


RTV A 

V-B _ T' /2 (V + B) 


- RT 


= RT \=^~ -1 )-- 

\V — B / T' /2 (V + B ) 


- RT In 


B T i,2 V(V + B) ] 
V-B 


dV - RT In —= 5 - 

p\ d 


"v' d — B 


T l,2 B 


V + B , V li + B 

In —=-In-n— 

V y ld 


P 

- RT In—r 

pid 


B A A V + B P(V-B) 

ln/_ V-B RT vl (V + B) BRT 3/2 V n p id y id 
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A 

A 

ln V + B 


V-B RT V2 (V + B) 

BRT V1 

V 


— ln 

(V-B) 

' RT 

A 


| RT 

V-B 

T' ,2 V(V + B)_ 


B 

A 

A 

\n V+B In T 

J A(V-B) 

V-B RT V2 (V+B) 

BRT V2 

V 

RT V2 V(V + B) 


22-37. Show that In y for the Redlich-Kwong equation (see Problem 22-36) can be written in the 
reduced form 


In y 


0.25992 _ 1.2824 

V R - 0.25992 ” r„ 3/2 (7 R + 0.25992) 


4.9340 , V R + 0.25992 , 1,2824( V R - 0.25992) 

- TrT ln - -In 1- V2 - - - 1 

7 r 3/2 V r T£ /2 V R (V R + 0.25992) 


From Problem 16-26, we can express A and B in terms of T c and V c : 

- RT - R 2 T 5/2 

3V c = B = 0.25992 V A = 0.42748-^- 

Then 

R 2 T 5,2 3V — 

A = 0.42748-£-^ = 1.2824 RV T V2 

RT c 

Now we can substitute into our expression for ln y in the previous problem: 


iny = = 


B 


V-B RT vl (V + B) 

0.25992V 


A , V+B , 

- rp; In —=-ln 

BRT V 2 V 


1 - 


A( V — B) 
RT y2 V(V + B) 


1.2824 RV c T c 3/2 


V — 0.25992 V c RT V2 (V + 0.25992 V c ) RT y2 ( 0.25992VJ 

1.2824 RV T c V2 (V - 0.25992V ) 


1.2824/?V T 3/2 V + 0.25992 V 
—- ln— c 


-ln 

0.25992 
V R - 0.25992 


1 - 


RT V2 (V + 0.25992 V c )V 
1.2824 


7’r /2 (V r + 0.25992) 


4.9340 , V R + 0.25992 
-rrr- In ——=-In 

t 3/2 1/ 


t _ 1.2824(V R -0.25992) 
7 R 3/2 V R ( V R + 0.25992) 


V 


22-38. Use the expression for ln y in reduced form given in Problem 22-37 along with the Redlich- 
Kwong equation in reduced form (Example 16-7) to plot ln y versus P R for T R = 1.00 and 2.00 and 
compare your results with those you obtained in Problem 22-35 for the van der Waals equation. 


From Example 16-7, we have an expression for P R as a function of T R and V R : 

p _ 3 7 r _ _ 3.8473 

R V R -0.25992 7 R /2 V R (V R + 0.25992) 
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and from the previous problem we have an expression for In y as a function of P R and V R . We can 
therefore choose values of V R for a specific value of T R and calculate the corresponding values of 
In y and P, and then plot y against P. The result is 



The upward curvature observed here is more marked than that in the plot we obtained from the van 
der Waals equation. 


22-39. Compare In y for the van der Waals equation (Problem 22-33) with the values of In y for 
ethane at 600 K (Problem 22-29). 


We can graph both the experimental and van der Waals In y vs. P, using a — 5.5818 dm 3 -bar-mol 2 
and b = 0.065144 dm 3 -mol" 1 . This is only a good fit at extremely low pressures. 



22—40. Compare In y for the Redlich-Kwong equation (Problem 22-36) with the values of In y for 
ethane at 600 K (Problem 22-29). 


We can graph both the experimental and Redlich-Kwong In y vs. P, using A = 98.831 dm 3 -bar 
K“ ,/2 -mor 2 and B = 0.045153 dm 3 -mol" 1 . The Redlich-Kwong equation provides a markedly 
better description of the behavior of In y than the van der Waals equation does. 
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22-41. We can use the equation ( dS/dU) v = 1/7 to illustrate the consequence of the fact that 
entropy always increases during an irreversible adiabatic process. Consider a two-compartment 
system enclosed by rigid adiabatic walls, and let the two compartments be separated by a rigid 
heat-conducting wall. We assume that each compartment is at equilibrium but that they are not in 
equilibrium with each other. Because no work can be done by this two-compartment system (rigid 
walls) and no energy as heat can be exchanged with the surroundings (adiabatic walls), 

U = U l + U 2 = constant 

Show that 



because the entropy of each compartment can change only as a result of a change in energy. Now 
show that 

ds = du '(j,-T )- 0 

Use this result to discuss the direction of the flow of energy as heat from one temperature to another. 


We know that U x + U 2 is a constant, so dU ] = -dU r Since the change of entropy of each 
compartment is dependent only on the energy change of each compartment (using the fact that we 
can express dS in terms of dU and d V, its natural variables), we can write 

Notice that this is a constant-volume process, so we use the expression ( dS/dU) v = 1/7 to write 


/as. 

Vat/, 


V 


7 


and 



1 

Y 


Substituting into the expression for dS gives 


dS = 


dU\ [ dU 2 


= dU, | 7 



> 0 


where the inequality holds because entropy always increases in an irreversible adiabatic process. 
If the energy flows from compartment 2 into compartment 1 , dU ] must be positive, and so 
7j < T 2 in order for the inequality to hold. Likewise, if the energy flows from compartment 2 



708 


Chapter 22 


into compartment \ ,dU x is negative and so T x > T v The energy always flows from the higher 
temperature to the lower temperature. 


22-42. Modify the argument in Problem 22-41 to the case in which the two compartments are 
separated by a nonrigid, insulating wall. Derive the result 

Use this result to discuss the direction of a volume change under an isothermal pressure difference. 


Since the entire system is isolated, we know 

U x + U 2 = constant and V, + V 2 = constant 

This means that dU x — — dU 2 and dV x = —dV r Now entropy depends on the energy and the 
volume, so 

From Equation 22.40, ( dS/dU) v = \/T and (35/3 V) u = P/T, so 

dU. dU. P. P, , 

dS = — l - - — l - + -d-dV, - -£dV. 

T x T 2 T x T 2 

For an isothermal process, this expression becomes 

dV. 

dS — ~jr(P\ — Pi) 

If the volume of compartment 1 increases, dV x is positive and so P x > P 2 in order for dS to be 
positive. If the volume of compartment 1 decreases, dV x is negative and P 2 > P y The higher 
pressure compartment will expand under an isothermal pressure difference. 


22-43. In this problem, we will derive virial expansions for U, H, S, A, and G. Substitute 

Z = 1 + b 2P p + b 3P p 2 + ■■■ 


into Equation 22.65 and integrate from a small pressure, P' d , to P to obtain 


_ _ P RT B, p , 

G(T, P ) - G(T, P' d ) = RT In — + RTB lp P + — P 1 + • • • 

l £ 

Now use Equation 22.64 (realize that P = P' A in Equation 22.64) to get 

_ RTB^ P . 

G(T, P) — G°(T) = RT\nP + RTB 2p P + —^ P 2 + • ■ ■ 


at P° = 1 bar. Now use Equation 22.31a to get 


S(T, P ) - 5°(T) = -R\nP 


djRTB^p) 1 djRTB^p) 2 

dT 2 dT 
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at P° = 1 bar. Now use G = H — TS to get 


— 0 dB 0P RT 2 dB^ p 0 

H(T, P ) - H°(T) = -RT 2 —^P- — --^P 2 + 

a I 2 a I 


Now use the fact that C p = (9 ///3 T) „ to get 


2 dB " 

d 2 B 2 p 
+ T - y- 

RT 

P - 


d 2 B, p 

+ T l p P 2 

dT 

dT 2 

2 

dT 

dT 2 


We can obtain expansions for U and A by using the equation H = U + PV = U + RTZ and 
G = A + PV = A + RTZ. Show that 

U -U° = -RT (b 2P + P-RT (b 3P + P 2 + ''' (5 


_ PPP, „ , 

A — A° = RT In P -— P 2 + 

2 


at P° = 1 bar. 


We can use the virial expansion in pressure to write 


Z= 1 + B 2P P + B 3p P z + 


v = — + b 2P rt + b 2P rtp + 


Now substitute into Equation 22.65: 

(•S\ = 7 


dG = 


Jp« L"p~ 


+ B, P RT + B 2p RTP + 0(P 2 ) dP 


P RT B 

G(T, P) - G(T, P id ) = RT In — + RTB lp {P - P id ) + —-^(P 2 - P id 2 ) + 0(P 3 ) 

P 2 

Since P id is very small, we can neglect it with respect to P in the last two terms and find 

_ _ p rtb 7P , 

G{T, P) - G(T, P ,d ) = PP In + RTB 2p P + —^P 2 + 0(P 3 ) 


Equation 22.64 states that 


G(T, P id ) = G°(T) + RT In 


Substituting, 


P RT B 

G(P, P) - G°(P) = RT In — + RTB lp P + —^ P 2 + 0(P 3 ) 
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which is Equation 1 when P° = 1 bar. Now 

=-(§) 


S(T, p ) - s°(7) 


/ d[G(T , P) - G°(7)]' 

= “ V ^ > 


= -PlnP - 


d(RTB 2P ) 1 d(7PB 3p ) 


dT 


P - 

2 


<*7 


P 2 + 0(P 3 ) 


which is Equation 2. Since G = H - TS, we can now write 

G(7, P) - G°(T) = 77(7, P) - H°(T) - 7 [S(7, P) - S°(7)] 


H(T, P) - H°(T) = RT\n P + RTB 2P P + 


RTB 


3 P d2 


P z + T[-R In P 


. ✓"* / n3\ 


~d B~ d 

= -RT 2 —^P - 
dT 


dT 

RT 2 dB. 


P -2 


dT 


■P l + 0(P 3 ) 


3f n2 


2 <*7 


P 2 + G(P 3 ) 


This is Equation 3. Now we can take the partial derivative of enthalpy with respect to temperature 


to find C p : 


C p = 


CAT, P) - CAT) = 


9 H 
97 


/ d[H(T, P)- H°(T)] S 

\ ^ , 


dB 2P 
-2RT —^ 
dT 

dB n 


2 d 2 B 2P 

RT 2 - ¥ 

dT 2 


M 


dB^ p 
RT —^ 
dT 


+ 


RT 2 d 2 B. 


3 P 


= -RT ^ 


2-^L + T d2B 2P 


dT 


dT 2 


RT / dB 


P ~^ [2 ^f + T 


2 dT 2 
d 2 B , 


3P 


dT 2 


P 2 + G(P 3 ) 


P 2 + G(P 3 ) 


This is Equation 4. Now use the fact that U = H — PV: 

77(7, P) - £/°(7) = 77(7, P) - tf°(7) - P [7(7, P) - V°(7)] 

'ZRT RT 


pf2 dB 2P p RT dB 3p 2 

_/fT ir p -~iT p 


- P 


+ G(P 3 ) 


-dB~ p RT 2 dB, p , , 

= —RT 2 —*£p-^P 2 - ZRT - RT + 0(P 3 ) 

dT 2 dT 

2 dB 2P P RT 2 dB 

~~ RT ~w p ~~r~dT 

= -RT\B 2P + T dB ^ 


2 fP 2 - [1 + B 2p P + fi 3p P 2 ] RT -RT + 0(P 3 ) 


<i7 


, 7JP, p 


P 2 + G(P 3 ) 


In the above derivation, we realized that PV° = RT , or Z = 1 for these conditions. We can 
similarly use the fact that G = A + RTZ, and write 


A — A° = G — G° — RT (Z — 1) 

RTB. 

RT In P + RTB 2p P + —- 


IP D 2 


-RT(l + B 2P P + B 2p P 2 - 1) + 0(P 3 ) 
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RTB„ , 

= RT\nP+ PRTB 2P + —- PRTB 
RT R 

= RT\nP - t^P 2 + O(P') 


'IP 


RTB^P 2 + 0(P 2 ) 


22-44. In this problem, we will derive the equation 

H(T,P)-H°(T) = RT(Z-\) +J_ u ^r(^pj -P dV 


— id 


where V is a very large (molar) volume, where the gas is sure to behave ideally. Start with 
dH = TdS + VdP to derive 

and use one of the Maxwell relations for (35/3 V) T to obtain 

Now integrate by parts from an ideal-gas limit to an arbitrary limit to obtain the desired equation. 


Start with Equation 22.49 and take the partial derivative of both sides with respect to V: 

dH = TdS + VdP 

(aaaaa 

Now use Equation 22.19 to write this as 

(a,'-'(a*- m. 

We now integrate the above equation. Recall that P V = nZRT, and for an ideal gas Z = 1. 


nZRT\ _/9Z 
- *4 -nRT [— 


V 2 ) .. \dV 


r v r fdp\ ( 

H - H° = / r — -vl 

J V M L \3i / v \ 

-■"P r 'i[’ 

CHS 


dV 9 


iRTdZ' 


nRT(Z — 1) + 


Dividing both sides of the above equation by n gives the desired equation. 


22-45. Using the result of Problem 22^14, show that H is independent of volume for an ideal gas. 
What about a gas whose equation of state is P( V — b) = RT1 Does U depend upon volume for 
this equation of state? Account for any difference. 



712 


Chapter 22 


For an ideal gas, 


dP\ nR . (dP\ nRT 

¥f) v ~T an ^ 2 


Substituting into the equation from the previous problem, 




dvj T v v 2 


For the second equation of state given in the problem, 

f^) =J- and 

\dTjy V-b \dVJr (V- 


bY 


d_H\ =r /9 P 
^Jr 


dT/ v 


RT 


+ v( d -L 
\dv /T 

VRT 


RT 


V-b ( V-b) 2 V-b 




V-b 


Remember that U = H — PV, so 

(I). 


( dH \ 



- P -\ 

\dv) 

T 

RT 

U-J 


ap\ 

tiVJr 


V-b 


V-b 


RT - RT 

— = -h V -=-- — 0 

V-b (V-b) 2 


Therefore U does not depend on volume for a gas that obeys the equation of state P(V - b) = RT. 


22-46. Using the result of Problem 22—44, show that 

V-b V 


for the van der Waals equation. 


For the van der Waals equation of state, 


RT a J fdP\ R 

P = =- 7 and — = — 


V-b v 2 


Also, 


Z = 


PV 

~RT 


RT 


dT h V-b 


a 


L v-b T\Rt 


V 


Now we substitute these values into the equation from Problem 22^44: 

7r - W = ZR T- R T + £[ T (w) v - P ] dV ' 


= V 


RT a ~\ __ [ v \ RT RT a 1 —, 

v-b y ] Jr 1 {.v-b v-b v J 
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V-{V-b) a 

RT —==-- - = 

V-b V 

RTb 2a t a 

~V — b V + y id 

RTb _ 2a 

V-b ~ V 


a 

V 


because V" 1 


is very large compared to V. 


22-47. Using the result of Problem 22-44, show that 


H - H° 


RTB A 34 V + B 

V-B T' ,2 (V+B) 2 BT' /2 V 


for the Redlich-Kwong equation. 


For the Redlich-Kwong equation of state, 




RT 


V-B T ]/2 V(V+B ) 

Also, we write Z as 

RT 


dP 


R 


— == -- + 


dTJv V-B 2T V2 V(V + B) 


Z = 


L V-B T' /2 V(V + B)j RT 
Now we substitute these values into the equation from Problem 22-44: 


H -Tr = ZRT-RT + ^[r{^\-p\iV 


= V 


RT 


L V-B T' /2 V(V + B) J 


- RT + 


r v r r 7 

Jr [v^ 


RT 4 

3”_1 /ITT' ,TT' 


B 2T ]/1 V(V+B) 


VRT_- RTjVj-B) 
V-B 

BRT A 


+ 


f 

Jr 


RT A 

V - B T' /2 v'(V + B) j 

34 


dV 


T ]/2 (V + B) Jr 2T' ,2 V (V + B) 


-dV 


34 


'in V + B V + B' A 

V-b ~ r' n (v + B) ” 2 Br l/2 ^ n ~V n y id 

BRT 4 34 7+fl 

17— B T' /2 (V + B) 2BT' /2 n V 


—id . 


because V is very large compared to V. 


The following six problems involve the Joule-Thomson coefficient. 
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22-48. We introduced the Joule-Thomson effect and the Joule-Thomson coefficient in Problems 19-52 
through 19-54. The Joule-Thomson coefficient is defined by 






T 


and is a direct measure of the expected temperature change when a gas is expanded through a 
throttle. We can use one of the equations derived in this chapter to obtain a convenient working 
equation for /x JT . Show that 



Use this result to show that /x JT = 0 for an ideal gas. 


Start with 



Substitute this into the expression for fji n to obtain 



For an ideal gas, (3 V/dT) p = nR/ P, so 


^JT — 


'P L 


nRT 


- V 


= 0 


since P V — nRT . 


(22.34) 


22-49. Use the virial equation of state of the form 


to show that 


PV 

~RT 


= 1 + 


B 2V (T) 

RT 


P + - 


/X JT — 


id 
U P 


dB- v 

T-£- - B. 
dT 


2V 


+ 0(P) 


It so happens that B 1V is negative and dB lv /dT is positive for T * < 3.5 (see Figure 16.15) so 
that /x JT is positive for low temperatures. Therefore, the gas will cool upon expansion under these 
conditions. (See Problem 22-48.) 


Use the virial equation of state to express V : 


PV B. V (T) 

— = 1 + - 2 l --P+0(P 2 ) 
RT RT 

— RT 

v = — + b 2V (T) + o(P) 



+ o(P) 
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Substituting into the equation for jx n from Problem 22-48, 


1 

fdv\ 


T — -V 

Cp 

\dTj p 

1 

RT dB 2V 

Cp 

_ P dT 

1 

dB- v 


T 2V B 1V 

C D 

dT 2V 


v + o(P) 

+ 0 (P) 


22-50. Show that 


b 

^jt — — 7T~ 

^p 

for a gas that obeys the equation of state P( V — b) = RT. (See Problem 22-48.) 


For such a gas, 


dV 


R 


— I = — and 
dT / P 


V = ^ +b 
p 


Substituting into the equation for /x JT from Problem 22-48, 



b 

G 


22-51. The second virial coefficient for a square-well potential is (Equation 16.41) 

B 2 V (T) = b 0 [ 1 - (X 3 - l)(e £/ V - 1)] 

Show that 

where b 0 = 2na 3 N A /3. Given the following square-well parameters, calculate /x JT at 0°C and 
compare your values with the given experimental values. Take C p = 5R/2 for Ar and 1R/2 for N 2 
and C0 2 . 


P'n ~ r 


Gas 

b 0 /mL-mol 1 

k 

s/k B 

M JT (exptl)/K- 

Ar 

39.87 

1.85 

69.4 

0.43 

N, 

45.29 

1.87 

53.7 

0.26 

n 

o. 

to 

75.79 

1.83 

119 

1.3 


From Problem 22-49, we have 


P'jt ~ r 


dB lv 

T 2V 

dT 


- B 


2V 


+ 0(P ) 
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Now we find dB lv /dT from Equation 16.41: 


B iv = i.,[l-(i J -l)(e"‘. r -l)] 




Substituting into the expression for ix n , we find 
1 


— 


'P L 


dB lv 

T ~df~ ~ B 


2V 


+ 0(P) 


= T- f TT^ ~ 0«" v ~h + ~ l)(e' ,v - 1) 

^ p L * 


e e/k * T 


e‘ /k » T 


rr (x3 ~ 1} 


— (X 3 - 1) + (A - 1) 

lK T 


- 1 + k 3 e e,k » T - e c/k * T - A 3 + 1 
-A 3 


'P L 


(A ; 




We can now use the given values of A, and e/k B to calculate ^(theoretical) for Ar, N 2 , and 
C0 2 . We use C p = 5R/2 for argon and C p = 1R/2 for N 2 and C0 2 . 


Gas 

Ar 

n 2 

co 2 

ix n (theor.) /K ■ atm -1 

0.44 

0.24 

1.39 

/i JT (exp.)/K-atm -1 

0.43 

0.26 

1.3 

Percent Difference 

3.4 

7.3 

6.6 


22 - 52 . The temperature at which the Joule-Thomson coefficient changes sign is called the Joule- 
Thomson inversion temperature , T { . The low-pressure Joule-Thomson inversion temperature for the 
square-well potential is obtained by setting /x JT = 0 in Problem 22-51. This procedure leads to an 
equation for k B Tfe in terms of A 3 that cannot be solved analytically. Solve the equation numerically 
to calculate T { for the three gases given in the previous problem. The experimental values are 794 K, 
621 K, and 1500 K for Ar, N 2 , and C0 2 , respectively. 



We can use the experimental values as initial values and then use the Newton-Raphson method to 
find T. The inversion temperatures found are tabulated below. 


Gas 

Ar 

n 2 

C0 2 

T. (theor.)/K 

791 

634 

1310 

TfexpO/K 

794 

621 

1500 

Percent Difference 

0.378 

2.09 

12.7 


22 - 53 . Use the data in Problem 22-51 to estimate the temperature drop when each of the gases 
undergoes an expansion for 100 atm to one atm. 



Helmholtz and Gibbs Energies 


717 


By definition, /x JT = ( dT/dP ) H , so 

-!■-(!?) 

M jt \3 T) h 

f n n dP = j dT 

Let us assume that /x JT does not change significantly over the pressure range. Then 

AT = g JT AP 

Using the experimental values of /^ JT , we see that Ar(g) experiences a temperature drop of 42.6 K, 
N 2 (g) has a temperature drop of 25.7 K, and C0 2 (g) drops in temperature by 129 K. 


22 - 54 . When a rubber band is stretched, it exerts a restoring force, /, which is a function of its 
length L and its temperature T. The work involved is given by 

f(L,T)dL (1) 

Why is there no negative sign in front of the integral, as there is in Equation 19.2 for P-V work? 
Given that the volume change upon stretching a rubber band is negligible, show that 

dU = TdS + fdL (2) 

and that 

fdU\ / 3S\ 

\Jl) t ~ T \dLj T + f 

Using the definition A = U — TS, show that Equation 2 becomes 

dA = —SdT + fdL 


(3) 

(4) 



'pnd derive the Maxwell relation 



Substitute Equation 5 into Equation 3 to obtain the analog of Equation 22.22 



f-T 



(5) 


For many elastic systems, the observed temperature-dependence of the force is linear. We define an 
ideal rubber band by 


/ = T(p (L) (ideal rubber band) 


( 6 ) 


Show that (3 U/dL) T = 0 for an ideal rubber band. Compare this result with (dU/d V) T = 0 for an 
ideal gas. 

Now let’s consider what happens when we stretch a rubber band quickly (and, hence, 
adiabatically). In this case, dU = dw = fdL. Use the fact that U depends upon only the 
temperature for an ideal rubber band to show that 

du= (^), dT=f ‘ tL m 
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The quantity (dU/dT) L is a heat capacity, so Equation 7 becomes 

C t dT = fdL (8) 

Argue now that if a rubber band is suddenly stretched, then its temperature will rise. Verify this 
result by holding a rubber band against your upper lip and stretching it quickly. 


There is no negative sign in front of the integral because the force the rubber band exerts is a 
restoring force, which means that it is acting to contract the rubber band. 

Since dU = Sq + 8w and bq = TdS , 

dU = TdS + fdL (2) 


Taking the partial derivative of both sides with respect to L at constant T gives 



Then, since A ~ U — TS,U = A + TS and 

dU = TdS + fdL 
dA + TdS + SdT = TdS + fdL 

dA = -SdT + fdL (4) 

We can also write dA as the total derivative of A(7, L): 



Comparing the above equation and Equation 4, we see that 



and equating the second cross partial derivatives gives 



Substituting into Equation 3 gives 



For an ideal rubber band, 

ar) L Vl 

Then 

(il) r = - 7 '(^) 1 +/ = -^ + ^ =0 

Both this result and the result (dU/3 V) T = 0 essentially state that the energy of the system is 
independent of the length of the rubber band or the volume of the gas at constant temperature. 


f = T<p(L) and so 
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Now define C L = (dU/dT) L . For the ideal rubber band, U depends only on temperature, so we can 
write 



dU = ( ^ ) dT = C.dT 
\dLj T L 

We know that dU = fdL from the problem text, so we can now write 


C L dT = fdL 

If we suddenly stretch a rubber band, we are applying force / over the distance we stretch the 
rubber band. Then 

J fdL = C L J dT 

which is approximately 


fAL = C l AT 

If A L is positive (we are stretching the rubber band), then AT must also be positive, and the rubber 
band heats up when we stretch it. 


22-55. Derive an expression for AS for the reversible, isothermal expansion of one mole of a gas that 
obeys van der Waals equation. Use your result to calculate AS for the isothermal compression of 
ethane from 10.0 dm 3 - mol" 1 to 1.00 dm 3 -moP 1 at 400 K. Compare your result to what you would 
get using the ideal-gas equation. 


We can use the Maxwell relation (Equation 22.19) 

(»),-©, 

For the van der Waals equation, 


P = 


RT a 


V-b v 2 


dP\ _ r 
dTj v ~V— 


v v — b 

Substituting into the Maxwell equation above, we find that 

/ - V 

R 


as 

37 , 


V-b 


or 


AS = «ln^2 —t 
V,~b 


For ethane, b = 0.065144 dnr 3 -mol , so 

AS — (8.3145 J*K _1 mol -1 ) In 
= —19.7 UK -1 -mol -1 


1.00 dm 3 -mol 1 — 0.065144 dm 3 mol 1 


10.0dm 3 *mol 1 — 0.065144 dm 3 mol 1 



720 


Chapter 22 


Using the ideal gas equation, we find 

(bs\ _ / a p\ _ R 
\aV/ r _ \dTjy~v 

AS = R ln-j^ = (8.3145 J-K-'-mor') In = -19.1 J-K-'-mol " 1 
The van der Waals result is smaller than the value obtained with the ideal gas equation. 


22-56. Derive an expression for AS for the reversible, isothermal expansion of one mole of a gas 
that obeys the Redlich-Kwong equation (Equation 16.7). Use your result to calculate AS for the 
isothermal compression of ethane from 10.0 dm 3 -mol -1 to 1.00 dm 3 -mol -1 at 400 K. Compare 
your result with the result you would get using the ideal-gas equation. 


Because these are the same parameters as those used in the previous problem, the ideal gas equation 
of state gives a value of —19.1 J-K"' - mol -1 for AS. 

We can use the Maxwell relation (Equation 22.19) 



For the Redlich-Kwong equation, 

P - RT - 
~ V- B T' /2 V(V + B) 

(dP\ _ R A 

\af)v ~ V - B + 2T 3/2 V(V + B) 

Substituting into the Maxwell equation (Equation 22.19), we find that 


8S\ _ /9 P\ _ R A 

tiv) T - \dTjy~ V-B + 2 T V2 V(V + B) 


or 


AS = Rln=^ 



2 BT V1 * n 


VM + B) 

V 2 (V 1 + B) 


For ethane, A = 98.831 dm 6 -bar-mol 2 -K 1/2 and B = 0.045153 dm 3 -mol ‘,so 


AS = (0.083145 dm 3 -bar-mol ‘-K 1 ) In 


1.00dm 3 -mol 1 — 0.045153 dm 3 mol 1 
10.0dm 3 mor’ — 0.045153 dm 3 -mol -1 


98.831 dm 6 -bar-mor 2 -K l/2 (10.0 dm 3 -mor')(1.045153 dm 3 -mor‘) 
_ 2(0.045153 dm 3 - mol -1 )(400 K) 3/2 " (1.00 dm 3 • mol' 1 )(10.045153 dm 3 • mol -1 ) 
= -0.200 dm 3 -bar = -20.0 J-K-'-mol"' 


This is smaller than the value obtained with the ideal gas equation. 
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Phase Equilibria 


PROBLEMS AND SOLUTIONS 


23-1. Sketch the phase diagram for oxygen using the following data: triple point, 54.3 K and 1.14 torr; 
critical point, 154.6 K and 37 828 torr; normal melting point, —218.4°C; and normal boiling point, 
— 182.9°C. Does oxygen melt under an applied pressure as water does? 


We can use the triple point and the normal melting point to construct the liquid-solid line and the 
triple point, normal boiling point, and critical point to construct the liquid-gas line. The liquid-gas 
line stops at the critical point. We produce the diagram 



We can see that oxygen does not melt under an applied pressure, because its normal melting point 
temperature is higher than the triple point temperature. 


23-2. Sketch the phase diagram for I 2 given the following data: triple point, 113°C and 0.12 atm; 
critical point, 512°C and 116 atm; normal melting point, 114°C; normal boiling point, 184°C; and 
density of liquid > density of solid. 


We use the triple point and normal melting point to construct the liquid-solid line and the triple 
point, normal boiling point, and critical point to construct the liquid-gas line. Because the density 
of the liquid is greater than the density of the solid, the solid-liquid line has a positive slope. 
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23-3. Figure 23.14 shows a density-temperature phase diagram for benzene. Using the following 
data for the triple point and the critical point, interpret this phase diagram. Why is the triple point 
indicated by a line in this type of phase diagram? 



FIGURE 23.14 

A density-temperature phase diagram of benzene. 


Triple point 
Critical point 
Normal freezing point 
Normal boiling point 


77K 

P/bar 

278.680 

0.04785 

561.75 

48.7575 

278.68 

1.01325 

353.240 

1.01325 


p/ mol-L 1 
Vapor Liquid 


0.002074 

11.4766 

3.90 

3.90 

0.035687 

10.4075 


The triple point is indicated by a line because it represents a temperature at which the solid, liquid, 
and gas phases all coexist at equilibrium. The line labelled triple point connects the densities of 
the liquid and vapor in equilibrium with each other. Notice that the liquid and gaseous densities 
become equal at the critical point. The line labelled 500 bar represents the density of benzene at 
500 bar as a function of temperature. Below the information conveyed by the density-temperature 
phase diagram is represented in a pressure-temperature phase diagram. 
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23-4. The vapor pressures of solid and liquid chlorine are given by 

3777 K 

ln(P s /torr) = 24.320-— 

, 2669 K 

ln(P /torr) = 17.892-— 

where T is the absolute temperature. Calculate the temperature and pressure at the triple point of 
chlorine. 


This problem is done in the same way as Example 23-1. At the triple point, the two equations for 
the vapor pressure must be equivalent, since the solid and liquid coexist. Then 


_ _ 3777 K 2669 K 

24.320-= 17.892- 


(24.320 - 17.892) T lp = -2669 K + 3777 K 
7 tp = 172.4 K 


We can check this by substituting back into both expressions, and we find ln(P s ) = ln(P l ) = 
2.41 torr and so P — 11.1 torr. 


23-5. The pressure along the melting curve from the triple-point temperature to an arbitrary temperature 
can be fit empirically by the Simon equation, which is 


(P-P lp )/bar = a 



- 1 


where a and a are constants whose values depend upon the substance. Given that P tp = 0.04785 bar, 
T tp = 278.68 K, a = 4237, and a = 2.3 for benzene, plot P against T and compare your result 
with that given in Figure 23.2. 


Substituting into this expression, we find that we must plot 
P/bar = 0.04785 + 4237 


/ 77 K \ 2 - 3 

V278.68 kJ 


P/bar = 0.04785 - 4237 + 


4237 


-2.3 


(278.68) 23 

where T is on the y-axis and P is on the Jt-axis. The result looks very much like Figure 23.2. 
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23-6. The slope of the melting curve of methane is given by 

— = (0.08446 bar-KT 1 - 85 )7’ 085 
dT 

from the triple point to arbitrary temperatures. Using the fact that the temperature and pressure at 
the triple point are 90.68 K and 0.1174 bar, calculate the melting pressure of methane at 300 K. 


Integrating from the triple point to 300 K gives 


rP 2 ,.300 K 

/ dP = 0. 

.,0.1174 bar 0 90.68 K 


P 2 - 0.1174 bar = 


08446 bar-K -l ' 85 7’ 085 4 T 
0.08446 bar-K" 185 


1.85 


[(300 K) 185 - (90.68 K) 185 ] 


P 2 = 1556 bar 


This is the melting pressure of methane at 300 K. 


23-7. The vapor pressure of methanol along the entire liquid-vapor coexistence curve can be expressed 
very accurately by the empirical equation 

10 752849 

ln(P/bar) = - ^ - + 16.758207 - 3.603425* 

+ 4.373232* 2 - 2.381377* 3 + 4.572199(1 - *) 1TO 

where x = T/T c , and T c = 512.60 K. Use this formula to show that the normal boiling point of 
methanol is 337.67 K. 


At the normal boiling point, P = 1 atm = 1.01325 bar. If the normal boiling point of methanol is 
337.67 K, then the equality below should hold when * = 337.67/512.60: 

i n 7^9840 

ln(l.01325) = - + 16.758207 - 3.603425* 

+ 4.373232* 2 - 2.381377* 3 + 4.572199(1 - *) 170 
0.013163 = -16.323364+ 16.758207 - 2.373719 + 1.897712 - 0.6807220 + 0.735141 
0.013163 « 0.0132546 


23-8. The standard boiling point of a liquid is the temperature at which the vapor pressure is exactly 
one bar. Use the empirical formula given in the previous problem to show that the standard boiling 
point of methanol is 337.33 K. 


We do this in the same way as the previous problem, but substitute * = 337.33/512.60 into 

ln(l) = - 10 - 7528 1 ? + 16.758207 - 3.603425* 

+ 4.373232* 2 - 2.381377* 3 + 4.572199(1 - *) L70 
0 = -16.339820+ 16.758207- 2.371329+ 1.893892-0.678668 + 0.737572 
0 « -0.000143 
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23-9. The vapor pressure of benzene along the liquid-vapor coexistence curve can be accurately 
expressed by the empirical expression 

10.655375 

ln(P/bar) =-+ 23.941912 - 22.388714* 

* 

+ 20.2085593.x 2 - 7.219556* 3 + 4.84728(1 - x )' 70 

where x = T/T c , and T = 561.75 K. Use this formula to show that the normal boiling point of 
benzene is 353.24 K. Use the above expression to calculate the standard boiling point of benzene. 


This problem is essentially the same as Problem 23-7. We must substitute * = 353.24/561.75 into 
the equation 

7 10.655375 

ln(l .01325) =-+ 23.941912 - 22.388714* 

* 

+ 20.2085593* 2 - 7.219556* 3 + 4.84728(1 - x) ]70 
0.013163 = —16.945014 + 23.941912 — 14.078486 + 7.990776- 1.795109 + 0.899064 
0.013163 & 0.0131423 

To calculate the standard boiling point of benzene, we must solve the polynomial equation for 
x when P = 1 bar, or when In P/ bar — 0: 

10.655375 

0 =-+ 23.941912 - 22.388714* 

* 

+ 20.2085593* 2 - 7.219556* 3 + 4.84728(1 - jc ) 1 70 

Inputting this formula into a computational mathematics program such as Mathematica 
(or using the Newton-Raphson method) gives * = 0.62806, so the standard boiling point is 
T = (561.75 K)* = 352.8 K. 


23-10. Plot the following data for the densities of liquid and gaseous ethane in equilibrium with each 
other as a function of temperature, and determine the critical temperature of ethane. 


77 K 

p l /mol-dm 3 

p E /mol*dm 3 

77 K 

p l /mol-dm 3 

p 8 /mol-dm 

100.00 

21.341 

1.336 x 10 " 3 

283.15 

12.458 

2.067 

140.00 

19.857 

0.03303 

293.15 

11.297 

2.880 

180.00 

18.279 

0.05413 

298.15 

10.499 

3.502 

220.00 

16.499 

0.2999 

302.15 

9.544 

4.307 

240.00 

15.464 

0.5799 

304.15 

8.737 

5.030 

260.00 

14.261 

1.051 

304.65 

8.387 

5.328 

270.00 

13.549 

1.401 

305.15 

7.830 

5.866 
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305.4 K 



300 302 304 306 

77 K 

The critical temperature of ethane is about 305.4 K. 

23-11. Use the data in the preceding problem to plot (p 1 + p E )/2 against T c - T, with T c = 305.4 K. 
The resulting straight line is an empirical law called the law of rectilinear diameters. If this curve 
is plotted on the same figure as in the preceding problem, the intersection of the two curves gives 
the critical density, p c . 



The critical density p c is about 6.84 mol-dm 3 . 

23-12. Use the data in Problem 23-10 to plot (p 1 - p E ) against (7 - 7) l/3 with T c = 305.4 K. What 
does this plot tell you? 
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The linear nature of this plot tells us that (p 1 — p 8 ) varies as (T — T c ) ]/3 near the critical point. 


23-13. The densities of the coexisting liquid and vapor phases of methanol from the triple point to the 
critical point are accurately given by the empirical expressions 

— - 1 = 2.51709(1 - *) 0350 + 2.466694(1 - x) 

Pc 

- 3.066818(1 - x 2 ) + 1.325077(1 - * 3 ) 


and 

In — = —10.619689^——^ - 2.556682(1 - ;c) 0350 
Pc x 

+ 3.881454(1 - x) + 4.795568(1 - x) 2 

where p c — 8.40 mol-L" 1 and x — T/T c , where T = 512.60 K. Use these expressions to plot p l 
and p 8 against temperature, as in Figure 23.7. Now plot (p 1 + p g )/2 against T. Show that this line 
intersects the p 1 and p 8 curves at T = 7\ 


In this graph, the highest line represents p 1 , the lowest line represents p 8 , and the dashed line which 
comes between the two represents (p 1 + p 8 )/2. At T = T c , p 1 = p 8 , and so (p 1 + p 8 )/2 = p 1 = p s . 
Therefore, the lines all meet at T = 7\ 



23-14. Use the expressions given in the previous problem to plot (p 1 - p 8 )/2 against (T — 7) 1/3 . Do 
you get a reasonably straight line? If not, determine the value of the exponent of ( T c — T ) that gives 
the best straight line. 
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We find a line which is reasonably straight (although the curvature shown here is marked, note the 
scale of the y-axis). 



23-15. The molar enthalpy of vaporization of ethane can be expressed as 

6 

A^HCD/kJ-mor 1 = J2 A j xJ 

j =i 

where A, = 12,857, A 2 = 5.409, A 3 = 33.835, A 4 = -97.520, A 5 = 100.849, A 6 = 
-37.933, and x = (T c - T) l/ */(T c - T tp ) {/3 where the critical temperature T c = 305.4 K and 
the triple point temperature T lp = 90.35 K. Plot A vap W(T) versus T and show that the curve is 
similar to that of Figure 23.8. 



275 


77 K 
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23-16. Fit the following data for argon to a cubic polynomial in T. Use your result to determine the 
critical temperature. 


T/K A vap ///J-mol-' 


83.80 

6573.8 

86.0 

6508.4 

90.0 

6381.8 

94.0 

6245.2 

98.0 

6097.7 

102.0 

5938.8 

106.0 

5767.6 

110.0 

5583.0 

114.0 

5383.5 

118.0 

5166.5 


T/K A vap ///J.mol-' 


122.0 

4928.7 

126.0 

4665.0 

130.0 

4367.7 

134.0 

4024.7 

138.0 

3618.8 

142.0 

3118.2 

146.0 

2436.3 

148.0 

1944.5 

149.0 

1610.2 

150.0 

1131.5 


Fitting the data to a cubic polynomial in T gives the expression 

A vap 77/J-mor' = 39458.8 - (912.758 K-')7 + (8.53681 K ~ 2 )T 2 - (0.0276089 K“ 3 )r 3 

Solving for T when A H = 0 (at the critical temperature) gives a critical temperature of 
T c = 156.0 K. A better fit is to a fifth-order polynomial in T, which gives the expression 

A vap 77/J-mor‘ = 474232 - (21594.6 K"')r + (396.54 K~ 2 )T 2 - (3.61587 K‘ 3 )r 3 

+(1.63603 x 10' 2 K~ 4 )T* - (2.94294 x 10“ 5 K^T 5 

We can solve this fifth-order equation for T when A vap // = 0 by using a computational 
mathematics program or the Newton-Raphson method, which both give a critical temperature of 
T = 153.2 K. 

C 
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23-17. Use the following data for methanol at one atm to plot G versus 7 around the normal boiling 
point (337.668 K). What is the value of A vap //? 


7/K ///kJ-mol -1 S/Jmor'-K-' 


240 

4.7183 

112.259 

280 

7.7071 

123.870 

300 

9.3082 

129.375 

320 

10.9933 

134.756 

330 

11.8671 

137.412 

337.668 

12.5509 

139.437 

337.668 

47.8100 

243.856 

350 

48.5113 

245.937 

360 

49.0631 

247.492 

380 

50.1458 

250.419 

400 

51.2257 

253.189 


We can use the formula G = H — TS to find G from this data and then plot G vs. T: 



The line of best fit for the gaseous phase is G 8 /kJ-mor 1 = 49.57 — 02497 and the line of best 
fit for the liquid phase is G /kJ-mol -1 = 8.1913 - 0.1267. A H will simply be the change in 
enthalpy when going from a liquid to a gas: 

A vap 77/kJ-mor‘ = 47.8100 - 12.5509 = 35.2591 


23-18. In this problem, we will sketch G versus P for the solid, liquid, and gaseous phases for 
a generic ideal substance as in Figure 23.11. Let V s = 0.600, V = 0.850, and RT = 2.5, in 
arbitrary units. Now show that 

G s = 0.600(7 — P 0 ) + Gq 
g' = 0.850(7- P 0 ) + Go 

and 

G 8 = 2.5 ln(P — P 0 ) + G 0 S 

where P Q = 1 and G 0 \ Gq, and Gq are the respective zeros of energy. Show that if we (arbitrarily) 
choose the solid and liquid phases to be in equilibrium at P = 2.00 and the liquid and gaseous 
phases to be in equilibrium at P = 1.00, then we obtain 

Gq - Gq = 0.250 
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and 



from which we obtain 


Gq - G 0 8 = 0.250 

Now we can express G\g \ and G 8 in terms of a common zero of energy, G 0 S , which we must do 
to compare them with each other and to plot them on the same graph. Show that 

G $ -Gq = 0.600 (P - 1) + 0.250 

G' — G 0 8 = 0.850(P — 1) 

G 8 - Gq = 2.5 In P 

Plot these on the same graph from P = 0.100 to 3.00 and compare your result with Figure 23.11. 


We know from Chapter 22 that (3G/3 P) T = V. This means that (for an ideal gas) 

_ _ f p — P 

G-G 0 = / VdP = RT In — 

Jp » P o 

For the solid and liquid phases, V is essentially constant with respect to pressure, and so 
G — G 0 = V(P — P Q ). Therefore, we have 

G S = 0.600(P- 1) + G J 
G 1 = 0.850(P- 1) + Gq 

G 8 = RT In — + Gq = 2.5 In P + G 0 S 

M) 

— ] —2 

where the units are arbitrary. Now, at equilibrium, G = G . Since the solid and liquid are in 
equilibrium at P = 2.00 and the liquid and gas are in equilibrium at P = 1.00, 

G\p = 2.00 ) = g'(P = 2.00) 

0.600 + G 0 S = 0.850 + Go 
Gq ~g' 0 = 0.250 
g\p = 1.00 ) = G\P = 1.00) 

Go = Go 

and so G q s — G 0 8 = 0.250. Now substitute into the first equations we found: 

G s = 0.600(P - 1) + Go = 0.600 (P - 1) + 0.250 + G 0 8 
G s - G 0 8 = 0.600(P - 1) + 0.250 


Also 


G' — Gq 8 = 0.0850(P — 1) 


and 


G 8 - G 0 8 = 2.5 In P 

A plot of the Gibbs energies of the gas, liquid, and solid using G 0 S as the zero of energy is shown: 
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P 


Since we see a gas-liquid-solid progression, we are looking at a temperature less than the triple 
point temperature (as explained in the caption of Figure 23.11). 


23-19. In this problem, we will demonstrate that entropy always increases when there is a material flow 
from a region of higher concentration to one of lower concentration. (Compare with Problems 22-41 
and 22-42.) Consider a two-compartment system enclosed by rigid, impermeable, adiabatic walls, 
and let the two compartments be separated by a rigid, insulating, but permeable wall. We assume 
that the two compartments are in equilibrium but that they are not in equilibrium with each other. 
Show that 


U ] = constant, U 2 = constant, V x = constant, V 2 = constant, 


and 


n \ + n 2 = constant 


for this system. Now show that 


dU P a 
dS = —— + —dV — -^dn 
T T T 


in general, and that 


dS = 



dn x + 


= dn x 




as,\ 

dnj 
> 0 


dn 2 


for this system. Use this result to discuss the direction of a (isothermal) material flow under a 
chemical potential difference. 


The volume of each compartment cannot change, since the walls of the compartments are rigid. 
Thus Vj = constant and V 2 = constant. Since the walls are adiabatic, 8q = 0 for the gases in each 
compartment. For both components of the system Sw = 0, since there is no change in volume, so 
dU = 0 for both compartments. Thus U x = constant and U 2 = constant. Finally, since the entire 
system is surrounded by impermeable walls, the total number of moles of gas in the system must 
remain constant, so n x + n 2 = constant. 
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We have defined /u. = (dG/dn) p T (Equation 23.3), so fidn = dG. Now recall (Equation 22.13) 

that 


G = U -TS+ PV 
dG = dU — TdS+ PdV 

<^ = d JL. ds+ Z :dv 

T T T 

dU P u 

dS= — 3- dV — —dn 

T T T 


For this system, since dU = dV = 0, 


dS, = -Z±dn. 

J r p I 


dS 2 = -^dn 2 


Then 


dS — dS. -f- dS~ 

system 1 1 2 




= ~Y dn \ ~ y(-^i> 


If molecules are flowing into compartment 1, then dn x is positive and /z 2 > //,, (since transfer 
occurs from the system with higher chemical potential to the system with lower chemical potential). 
Then both terms in the expression above are positive and dS systcm > 0. If molecules are flowing into 
compartment 2, then dn x is negative and fi 2 < fi v making both terms negative and dS ^ > 0. If 
dn x is 0 (no transfer occurs), then the two compartments are in equilibrium with respect to material 
flow, and dS syMm = 0. 


23-20. Determine the value of dT/dP for water at its normal boiling point of 373.15 K given that 
the molar enthalpy of vaporization is 40.65 kJ-mol" 1 , and the densities of the liquid and vapor are 
0.9584 g L _1 and 0.6010 g-mL _l , respectively. Estimate the boiling point of water at 2 atm. 


First find V s - v': 


V s - v' = 


1 


1 


0.6010 g-dm 3 
= 29.96 dm 3 -mol -1 


958.4 g-dm 


-3 


(18.015 g-mol ') 


Now use Equation 23.10 to write 
dT_ = 

dp A vap 77 

(373.15 KXV 8 — V') 

40 650 J-mol -1 

'(373.15 K)(29.96dm 3 -mor')l / 8.314J \ 

40 650 J-mol -1 J V0.08206 dm 3 -atm ) 

= 27.9 K-atm _1 
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To estimate the boiling point of water at 2 atm, we can find the change in temperature which 
accompanies a change in pressure of 1 atm (since we know the boiling point of water at 1 atm). 
That is AT = (27.9 K*atm _1 )(l atm) — 27.9 K. Therefore, the boiling point of water at 2 atm is 
about 127.9°C. 


23-21. The orthobaric densities of liquid and gaseous ethyl acetate are 0.826 g-mL -1 and 
0.00319 g-mL -1 , respectively, at its normal boiling point (77.11°C). The rate of change of 
vapor pressure with temperature is 23.0 torr-K -1 at the normal boiling point. Estimate the molar 
enthalpy of vaporization of ethyl acetate at its normal boiling point. 


First find V s - v‘: 


V 8 _ y' = 


1 


0.00319 g-mL 


-l 


A yap V = 27 510cm 3 -mor 


O. 826 g-mL- 0 (88 ' IO28 " n ° 1 " ) 

275.10 dm 3 -mol -1 


Now use Equation 23.10 to write 


A H = T A V 

vap vap 



= (350.26 K)(27.51 dm 3 • mol -11 )(23.0 torr-K -1 ') 


/ 1 atm \ / 8.314 J \ 

\760 torr/ \0.08206 L-atm/ 


= 29.5 kJ-moI -1 


23-22. The vapor pressure of mercury from 400°C to 1300°C can be expressed by 


In (P/torr) = - 


7060.7 K 
T 


+ 17.85 


The density of the vapor at its normal boiling point is 3.82 g-L 1 and that of the liquid is 
12.7 g-mL -1 . Estimate the molar enthalpy of vaporization of mercury at its normal boiling point. 


If we express P using the above equation, we find that 


dP /7060.7 K 

dT “ P 1 T 2 


At the boiling point and one atmosphere of pressure, 

7060.7 K 


^ = (760 torr) 


L (629.88 K) 2 J 


= 13.52 torr-K -1 


-rrl 


We find A vap V by subtracting V from V : 


V 8 - v' = 


1 


1 


3.82 g-dm -3 12700 g-dm 


-3 


(200.59 g-mol -1 ) 


A V = 52.49 dm 3 -mol -1 

vap 
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Now we use Equation 23.10 to estimate A H. 


— —dP 

A H = T A V — 

vap vap dj 

= (629.88 K)(52.49 dm^mol^Hn^ torr-KT 1 ) 

. , t / 1 auu » / 8.314 J 

= 447 200 dm 3 -torr-mol 

= 59.62 kJ-mol" 1 


i ( 1 atm \ / 
\760 torr ) \ 


0.08206 dm 3 -atm 


23-23. The pressures at the solid-liquid coexistence boundary of propane are given by the empirical 
equation 


P = —718 + 2.38565T 1283 

where P is in bars and T is in kelvins. Given that T fus — 85.46 K and A fu$ // = 3.53 kJ-mol -1 , 
calculate A fus V at 85.46 K. 


At 85.46 K, the empirical equation gives 

^ = 3.06079(85.46) 0,283 = 10.778 bar-K" 1 
We substitute into Equation 23.10 to find 


fus 


V = 


H_ / dP\ 

~\df) 


-\ 


-l 


_ 35 300 J-mol 
85.46 K 

= 383 cm 3 -mol -1 


(10.778 bar-K -1 ) 


10 bar-cm 3 

n 


23-24. Use the vapor pressure data given in Problem 23-7 and the density data given in Problem 23-13 
to calculate A H for methanol from the triple point (175.6 K) to the critical point (512.6 K). Plot 
your result. 


We are given p in units of mol-dm 3 in Problem 23-13 and P in units of bars in Problem 23-7. We 
want to find A H using Equation 23.10: 


— —dP 

A H = T A V — 

vap vap 

Taking the derivative of the expression for P given in Problem 23-7 gives us 

^/bar-KT 1 = P [-0.0070297 - 0.0151634(1 - 0.00195084 T) 01 


+ 5511 : 91 + 3.32871 x 10- 5 r - 5.30412 x 10- 8 r 2 


—I 


Using 1/p for V and l/p s for V gives 


A va P V / dm3 ' mo1 ‘ 



1 
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or (where A vap V is in units of dm 3 • mol 


-i 


A vap V = 0.119048 exp [2.55668(1 — 0.0019508r) 035 — 3.88145(1 — 0.00195087’) 

, 5443.65(1 -0.0019508) 

-4.79557(1 - 0.0019508r) 2 +-—^- 

-0.119048 [1 +2.5171(1 -0.0019508D°- 35 +2.46669(1 - 0.00195087) 
-3.06682(1 - 0.00195087) 2 + 1.32508(1 - 0.00195087) 3 ]" 


Substituting these expressions into Equation 23.10 gives A vap H in units of dm 3 bar-mol -1 . To 
convert this to kJ-mol -1 we must divide by 10. 

Now graph 


A va P ‘ 


A vap v _dP T 

10 dT 


using the expressions found above for A vap V and d P/dT: 



23-25. Use the result of the previous problem to plot A vap S of methanol from the triple point to the 
critical point. 


Since at a transition point A tts G = 0, 


We can use the expression for A H given in Problem 23-24 (converting it to J- mol since these 
are the usual units of entropy) to graph A vap S. 




Phase Equilibria 


737 


Notice that A vap S 0 as T 7\ 


23-26. Use the vapor pressure data for methanol given in Problem 23-7 to plot In P against 1/7. 
Using your calculations from Problem 23-24, over what temperature range do you think the 
Clausius-Clapeyron equation will be valid? 


Use the formula for In P given in Problem 23-7 to plot In P vs. 1 / T. 



The slope of the line plotted should be constant for the Clausius-Clapeyron equation to be valid. It 
appears that the Clausius-Clapeyron equation is valid over the range plotted in Problem 23-31. 


23-27. The molar enthalpy of vaporization of water is 40.65 kJ-mol -1 at its normal boiling point. 
Use the Clausius-Clapeyron equation to calculate the vapor pressure of water at 110°C. The 
experimental value is 1075 torr. 


Assuming A vap // remains constant with respect to temperature over this ten-degree temperature 
range, we can use Equation 23.13: 



In 


Pi 

1 atm 


In (P 2 / atm) 


A va P tf / r 2 — r, \ 

R V TJi ) 

40650 J-mol" 1 [ 10 K 

8.3145 J-mor'-K -1 |_ (373.15 K)(383.15 K) 
0.342 

1.408 atm = 1070 torr 


23-28. The vapor pressure of benzaldehyde is 400 torr at 154°C and its normal boiling point is 179°C. 
Estimate its molar enthalpy of vaporization. The experimental value is 42.50 kJ-mol -1 . 


Again, assuming A H does not vary over this temperature range, we can use Equation 23.13. 


' n ^ = 


/ 71 - 7, 


vap 


R 


T T 

1 ! l 2 


— rtj ; p, 

Ay ap // - f _ T 111 ~p 


' 1 


(8.3145 J-mor' -K-')(427.15 K)(452.15 K) 760 


In 


400 


= 41.2 kJ-mol' 


25 K 



738 


Chapter 23 


23-29. Use the following data to estimate the normal boiling point and the molar enthalpy of 
vaporization of lead. 


7/K 

1500 

1600 

1700 

1800 

1900 

P/ton 

19.72 

48.48 

107.2 

217.7 

408.2 


Plot In P vs. 1/7’: 



The equation for the line of best fit is y = 17.3799 - 21597.6a:. At 1 atm (the normal boiling point 
pressure). In 760 = y and so 


17.3799 = 6.6333 + 
7 = 2010 K 


21597.6 

7 


The normal boiling point is about 2010 K. Now recall that the slope of the plot we have created 
should be -A np H/R (Equation 23.14). Then 

A vap 77 = (8.314 J-mor 1 -K -1 )(21597.6 K) = 179.6 kJ-mol -1 


23-30. The vapor pressure of solid iodine is given by 

In (7/atm) = - 8 ° 9 ° ° K - 2.013 ln(7/K) + 32.908 

Use this equation to calculate the normal sublimation temperature and the molar enthalpy of 
sublimation of I 2 (s) at 25°C. The experimental value of A sub // is 62.23 kJ-mol -1 . 


The sublimation temperature is found by setting P = 1 atm in the above equation: 

8090 0 K 

0 =-—-2.013 ln(7 sub /K) +32.908 

sub 

We can solve this equation for T using the Newton-Raphson method, and we find that 7 sub = 386.8 K. 

We can now use the equation provided and Equation 23.12 to find the molar enthalpy of 
sublimation: 

A sub 77 dlnP 8090.0 K 2.013 
RT 2 ~ dT ~ T 2 

A sub 77 = R (8090.0 K - 2.0137) 


7 
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At 25°C, 

A sub 77 = (8.314 J mol -1 K^) [8090.0 K - 2.013(298.15 K)] = 62.27 kJ-mor 1 


23-31. Fit the following vapor pressure data of ice to an equation of the form 

In P = - j; + b In T + cT 

where T is temperature in kelvins. Use your result to determine the molar enthalpy of sublimation 
of ice at 0°C. 


t/°C 

P/torr 

t/° C 

P / torr 

-10.0 

1.950 

-4.8 

3.065 

-9.6 

2.021 

-4.4 

3.171 

-9.2 

2.093 

-4.0 

3.280 

- 8.8 

2.168 

-3.6 

3.393 

- 8.4 

2.246 

-3.2 

3.509 

-8.0 

2.326 

-2.8 

3.630 

-7.6 

2.408 

-2.4 

3.753 

-7.2 

2.493 

-2.0 

3.880 

-6.8 

2.581 

-1.6 

4.012 

-6.4 

2.672 

-1.2 

4.147 

-6.0 

2.765 

-0.8 

4.287 

-5.6 

2.862 

-0.4 

4.431 

-5.2 

2.962 

0.0 

4.579 


Fitting the data to an equation of this form gives 

In P = - 568 ^' 7K + 4.4948 In T - (0.010527 K~'T ) 



Using this equation and Equation 23.12, we find that 
_ dlnP 




5686.7 K + 4^948 _ a010527K _, 


RT 2 dT T 1 ' T 

A sub H = R [5686.7 K + 4.4948T - (0.010527 K"')r 2 ] 


A sub H = (8.314 J-mor’-K-') [5686.7 K + 4.4948(273.15 K) 
-(0.010527 K-')(273.15 K) 2 ] 

= 50.96 kJ-mol -1 


At 0°C, 
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23-32. The following table gives the vapor pressure data for liquid palladium as a function of 
temperature: 


77 K 

P /bar 

1587 

1.002 x 10“ 9 

1624 

2.152 x 10“ 9 

1841 

7.499 x 10“ 8 


Estimate the molar enthalpy of vaporization of palladium. 


Plot InP vs. 1/7: 



The line of best fit is y = 10.4359 — 49407jc. Since the slope of this line is equal to — A H/R, 
A vap tf = (49407 K)(8.31451 J-mol" 1 -K" 1 ) = 410.8 kJ-mor 1 


23-33. The sublimation pressure of C0 2 at 138.85 K and 158.75 K is 1.33 x 10 3 bar and 
2.66 x 10 -2 bar, respectively. Estimate the molar enthalpy of sublimation of C0 2 . 


Substitute into Equation 23.13: 

l V T 2 T. ) 


In — = 

P, R 


2 1 

A sub H = (8.3145 J’mol -, -K _l ) In | 


/2.66 x 10~ 2 \ 

'(138.85 K)(158.75 K)" 

\ 1.33 x io- 3 y 

19.9 K 


= 27.6 kJ-mol 


-l 


23-34. The vapor pressures of solid and liquid hydrogen iodide can be expressed empirically as 

2906.2 K 

In(PVtorr) =---+ 19.020 

and 


ln(P7 torr ) = — 


2595.7 K 


+ 17.572 


T 
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Calculate the ratio of the slopes of the solid-gas curve and the liquid-gas curve at the triple point. 


We can write the slopes of the solid-gas and liquid-gas curves as 


dj» / 2906.2 K \ 
dT ~ P V T 2 ) 


and 


dP' 

~dT 


P' 


/2595.7 K 
V T 2 


) 


where pressures are in units of torr. Since P s = P' at the triple point, the ratio of the slopes at the 
triple point is 

dP s /dT 2906.2 K 
dP'/dT ~ 2595.7 K _ 


23-35. Given that the normal melting point, the critical temperature, and the critical pressure of 
hydrogen iodide are 222 K, 424 K and 82.0 atm, respectively, use the data in the previous problem 
to sketch the phase diagram of hydrogen iodide. 


The triple point is located where the solid and liquid vapor pressures are the same, so at the triple 
point 


19.020 


2906.2 K 2595.7 K 

-= 17.572--- 

T T 

ip ip 

1.4487 tp = 310.5 K 
T 9 = 214.43 K 


Substituting to solve for P , we find that P lp = 236.8 torr. We also know that the normal melting 
point of HI is 222 K, so we can produce a phase diagram of hydrogen iodide by plotting the line 
between the solid and gas, the line between the vapor and gas, the critical point, the triple point, and 
the normal melting point. Note that the equation for the liquid-gas line is not completely accurate 
at high temperatures and pressures (it does not intersect the critical point). 



23-36. Consider the phase change 


C(graphite) ^ C(diamond) 

Given that A r G7J-mor' = 1895 + 3.363 T, calculate A H° and A r S°. Calculate the pressure 
at which diamond and graphite are in equilibrium with each other at 25°C. Take the density of 
diamond and graphite to be 3.51 g-cm~ 3 and 2.25 g-cm“ 3 , respectively. Assume that both diamond 
and graphite are incompressible. 
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To find the standard molar Gibbs entropy, we use the Maxwell relation (Equation 22.46) 

'dA G° 


A S = - 


dT 


= -3.363 J-mol -1 


Substituting into A r G° = A r 7F — TA r S° (Equation 22.13), we find that A r 77° = 1895 J-mol '. 
Because both graphite and diamond are incompressible, we can write (as in Problem 23-18) 


G graph = G graph + V graph~ P 0) 


and 


G diam = G diam + V di^( P ~ P 0 ) 

Combining these two equations gives 

A r G = A r G° + (V diam - V grapb KP-P 0 ) 

When graphite and diamond are in equilibrium, A r G = 0. Substituting into the equation given in 
the problem, we see that at 25°C, A r G° = 2898 J-mol -1 . Then 


0 = A,G + 


1 


g-dm 3 ) 


(12.01 g-mol -1 )(P - 1 bar) 


P = 


3510 g-dm -3 2250 g 
= 2898 J-mol -1 - (1.916 x 10 -3 dm 3 -mol -1 )(/ J - 1 bar) 

1 ,_ . „ /0.08206 dm 3 -bar 


1.916 x 10 3 dm 3 -mol 
= 15 000 bar 


— (2898 J-mol -1 ) 


8.3145 J 


+ 1 bar 


23-37. Use Equation 23.36 to calculate /j,° — E 0 for Kr(g) at 298.15 K. The literature value is 
-42.72 kJ-mol -1 . 



1 

CO 

1 ^ 
_ 1 

[\VJ 

1 po j 


ix° - E 0 = -RT In 


We do this in the same way we found /x° — E 0 for Ar(g) in Section 23-5. First, 


(23.36) 


q\V, T) _ (2nmkJ_ 
V \ h 2 


3/2 


(2jt)( 1.391 x 10 -25 kg-mol -1 )(1.381 x 10 -23 J-K -1 )(298.15 K) 


-i 3/2 


(6.626 x 10 -34 J-s) 2 

= 7.422 x 10 32 m -3 

k B T _ (1.381 x 10 -23 J-K -I )(298.15K) 

"P 7 ” “ 1.0 x 10 5 Pa 

Substituting into Equation 23.34 gives 


= 4.116 x 10 -26 m -3 


fx° - E n = —RT In 


r/ -°\ k D T' 


B J 

po 


= -R (298.15 K)ln[(7.422 x 10 32 m -3 ) (4.116 x 10 -26 m -3 )] 
= -4.272 x 10 4 J-mol -1 
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23-38. Show that Equations 23.30 and 23.32 for /z(7\ P) for a monatomic ideal gas are equivalent to 
using the relation G = H — TS with H — 5RT/2 and S given by Equation 20.45. 


Recall that /x for a pure substance is G. Equation 20.45 is 


Therefore, 


S= -R + R In 
2 


- 5 RT 

G=~H-TS = — - TS 


/ 27T mk B T s 

v 3/2 v~ 

V h 2 , 

1 N a_ 


5 RT 5 RT 


- RT In 


2 2 

(2itmkJ\ y2 kj 


/ 2nmk B T \ v2 k^T 

V ^ / ~P~ 


= -RT In 


= -RT In 


V 


[(fM 


P 

+ RT\nP 


+ RT\nP 


This is Equation 23.30. Equation 23.32 appears when we substitute P° = 1 bar into this equation. 


23-39. Use Equation 23.37 and the molecular parameters in Table 18.2 to calculate - E 0 for N 2 (g) 
at 298.15 K. The literature value is —48.46 kJ’mol -1 . 


q° ^nmk^T^ 12 T 1 

V \ h 2 ) cr@ ro| 1 - e~ B ^ /T 

27t( 4.65 x 10- 26 kg• mor 1 % (298.15 K)"| 3/2 298.15 K 1_ 

= h 2 J 2(2.88 K) 1 - ^-3374/298.15 

= 7.42 x 10 33 m -3 
=4.116 x 10“ 26 m 3 

N a P° 


where use the value of RT/N A P° from Problem 23-36, since the fraction RT/N A P° is independent 
of the substance. Now, substituting, we see that 


P- 


~ E o = 



RT ' 


= -/?(298.15K)ln[(7.42 x 10 33 m- 3 )(4.116x 10“ 26 m 3 )] 


= -48.43 kJ-mor' 


23-40. Use Equation 23.37 and the molecular parameters in Table 18.2 to calculate fj,° - E 0 for CO(g) 
at 298.15 K. The literature value is -50.26 kJ-mol -1 . 
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23-40. Use Equation 23.37 and the molecular parameters in Table 18.2 to calculate /z° — E 0 forCO(g) 
at 298.15 K. The literature value is —50.26 kJ-mol -1 . 


q° _ \ 3/2 T 1 

V \ h 2 ) cr@ ro , 1 — e _0 *n> /r 

■2tt( 4.65 x 10- 26 kg-mor 1) A: B (298.15 K)' ,3/2 


298.15 K 


1 


2(2.77 K) 1 - ^ 3103/298.15 


,34 m -3 


RT 

aTt 


= 1.54 x 1CT m 
= 4.116 x 1CT 26 m 3 


Now, substituting, we see that 

/t’-E 0 = -jmn[(£) 


RT 


= —/?(298.15 K) ln[(1.54 x 10 34 m- 3 )(4.116x 1(T 26 m 3 )] 
= -50.25 kJ-mol" 1 


23-41. Use Equation 18.60 [without the factor of exp (D e /k B T)] and the molecular parameters in 
Table 18.4 to calculate ix° - E 0 for CH 4 (g) at 298.15 K. The literature value is -45.51 kJ-mol -1 . 


g_ 


/ 2nMk B T 

V h 2 


3/2 n'* 


( r 3 

\ ^rot.A^rot.B^rot.C 



e~ e ™.j /2T 
(1 - e~ @ ^ /T ) 


(18.60) 


The ground-state energy must be considered for each vibrational state, so, in analogy to the 
derivation of q° in Section 23-5, 



= -fl(298.15 K)ln[(2.30 x 10 33 m“ 3 )(4.116x 10" 26 m 3 )] 
= -45.53 kJ-moP 1 


23-42. When we refer to the equilibrium vapor pressure of a liquid, we tacitly assume that some of 
the liquid has evaporated into a vacuum and that equilibrium is then achieved. Suppose, however, 
that we are able by some means to exert an additional pressure on the surface of the liquid. One 
way to do this is to introduce an insoluble, inert gas into the space above the liquid. In this problem, 
we will investigate how the equilibrium vapor pressure of a liquid depends upon the total pressure 
exerted on it. 

Consider a liquid and a vapor in equilibrium with each other, so that — /i. 8 . Show that 

v'dP' = V s dP g 
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because the two phases are a. the same temperature. Assuming that the vapor may be treated as an 
ideal gas and that V' does not vary appreciably with pressure, show 

P s (at P 1 = P) _ v ' p ' 
ln P g (at P 1 = 0) _ RT 

Use this equation to calculate the vapor pressure of water at a total pressure of 10.0 atm at 25°C. 
Take P g (at P' = 0) = 0.313 atm. 


We start with the fact that p' = Since „ can be written as a 
temperature does not change, we can write 


function of T and P, and since the 


Likewise, d^ = V*dP*, and so 


<fp' = \T?) dP ' = vdpl 


v'dP' = V S dP* 


follows naturally from the inital assumption. Now we assume that the vapor 
ideal gas and that V does not vary with respect to pressure, 


V 1 , dP s 
RT F g 


dP ] = 


rPHP'=p) jpg 


I pup' = o ) 


V'P _ P g (F' = P) 

~RT _ ln P g (P' = 07 

, ■ 1 „ rm- 3 so V = 0 018 dm 3 -mol -1 . For water at a total pressure 

pLure o, water expanding into a vacuum is 0,3,3 atm 

at 298.15 K, 

ps(p' = P) _ f'f' 

ln 0.0313 atm P(298.15K) 

pgfp 1 = P) ffl.01 8 dm 3 mor l )(10-0 atm) _ 

ln 0.0313 atm" = (0.082058 dm 3 -atm-mol -1 -K' 1 ) (298. 15 K) 

- -= 1.007 

0.0313 atm 

pg = 0.0315 atm 

. , n n ntm at 298 15 K is 0.0315 atm, or a change of 

The vapor pressure of water at a total pressure 10.0 atm 298.1 

2 x 10~ 4 atm. 


,ably 

A pg v'p 1 

"p*” = ~KT 
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Hint-. Let P 8 (at P - P 1 ) _ P g (at P = 0) + AP and use the fact that AP is small. Calculate A P 
for water at a total pressure of 10.0 atm at 25°C. Compare your answer with the one you obtained 
in the previous problem. 


t P 8 (P' = P) _ v'p' 
" P g (P' = 0) “ RT 
In P g (P' = 0) + AP 8 _ Vp' 
11 P 8 (P' = 0) RT 

Use the relation ln(l + x) « x when x is small to obtain 


AP g \ 

V P' 

pi ) ~ 

RT 

, AP 8 

In-= 

v'p ' 

p% 

RT 


Again, the vapor pressure of water expanding into a vacuum is 0.0313 atm at 298 15 K and 
V = 0.018 dm 3 -mor‘, so 


AP 8 _ v'p' 

~P r = RT 

^pg _ (0-0313 atm)(0.018 dm 3 -mor l )(10.0 atm) 
(0.082058 dm 3 -atm-mor' -K _l )(298.15 K) 
= 2.30 x 1CT 4 atm 


This would give a vapor pressure of 0.0315 atm, as in the previous problem. 


23-44. In this problem, we will show that the vapor pressure of a droplet is not the same as the vapor 
pressure of a relatively large body of liquid. Consider a spherical droplet of liquid of radius r in 
equilibrium with a vapor at a pressure P, and a flat surface of the same liquid in equilibrium with a 
vapor at a pressure P Q . Show that the change in Gibbs energy for the isothermal transfer of dn moles 
of the liquid from the flat surface to the droplet is 

dG = dnRT In — 

This change in Gibbs energy is due to the change in surface energy of the droplet (the change in 
surface energy of the large, flat surface is negligible). Show that 

P 

dnRT In — = yd A 

P 0 

where y is the surface tension of the liquid and dA is the change in the surface area of a droplet 
Assuming the droplet is spherical, show that 


, 4nr 2 dr 
dn = ——— 

V 

dA =8nrdr 


and finally that 



2 yV' 
rRT 


0 ) 
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Because the right side is positive, we see that the vapor pressure of a droplet is greater than that of 
a planar surface. What if r -> oo? 


For an isothermal process involving an ideal gas, 

p 

AG = nRT In (22.58) 

When a small amount of Gibbs energy goes from the flat surface (of vapor pressure P 0 ) to the 
droplet (with vapor pressure P), corresponding to adding dn moles to the droplet from the flat 
surface, the change in Gibbs energy dG is 

P P 

G(droplet) — G(surface) = dnRT In —— dnRT In 

where P, is an arbitrary reference pressure. Therefore, we have 

P 

dG = dnRT In — 

This change in surface energy is equal to yd A, so 

P 

dnRT In — = ydA 
' o 

If a spherical droplet contains n moles, then 

nV = Jjrr 3 
3 

4nr 2 dr 
dn = —— 

V 

A — 4nr 2 
dA =Snrdr 


Substituting these expressions back into dnRT ln(P/P 0 ) = ydA , we find that 

4rcr 2 dr P 
—— { —RT In — = ySnrdr 


i P _ 2yV_ 
11 P„ rRT 


If r oo, then ln(P/P 0 ) 0: the spherical droplet becomes more and more like the flat surface. 


23-45. Use Equation 1 of Problem 23-44 to calculate the vapor pressure at 25°C of droplets of water 
of radius 1.0 x 10 -5 cm. Take the surface tension of water to be 7.20 x 10 -4 J m -2 . 



2 y V 1 

7 Jf 


P 2(7.20 x 10~ 4 J m~ 2 )(18.0 x 10~ 6 m 3 -mor') 

b 0.0313 atm = (1.0 x 10“ 7 m)(8.3145 J-mol -1 •K“‘)(298.15 K) 


= 1.046 x 10~ 4 


Solving for P, we find that 

P = (0.0313 atm)e‘ 046x10 4 = 0.0313 atm 
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The vapor pressure of these droplets of water is not significantly different from the vapor pressure 
of water in a surface. 


23-46. Figure 23.15 shows reduced pressure, P R , plotted against reduced volume, V R , for the van der 
Waals equation at a reduced temperature, T R , of 0.85. The so-called van der Waals loop apparent 
in the figure will occur for any reduced temperature less than unity and is a consequence of the 
simplified form of the van der Waals equation. It turns out that any analytic equation of state (one 
that can be written as a Maclaurin expansion in the reduced density, 1/V R ) will give loops for 
subcritical temperatures (T R < 1). The correct behavior as the pressure is increased is given by the 
path abdfg in Figure 23.15. The horizontal region bdf, not given by the van der Waals equation, 
represents the condensation of the gas to a liquid at a fixed pressure. We can draw the horizontal 
line (called a tie line ) at the correct position by recognizing that the chemical potentials of the 
liquid and the vapor must be equal at the points b and f. Using this requirement. Maxwell showed 
that the horizontal line representing condensation should be drawn such that the areas of the loops 
above and below the line must be equal. To prove Maxwell's equal-area construction rule , integrate 
( dfji/dP) T = V by parts along the path bcdef and use the fact that /z 1 (the value of /z at point /) 
= /z 8 (the value of /i at point b) to obtain 


,1 ,,g _ D / 1/ 1 \/ g \ _ I 

J b( 


/x'-M s = P 0 (V - v g ) 


PdV 


bcdef 


-/ < 


( P 0 ~P)dV 


where P Q is the pressure corresponding to the tie line. Interpret this result. 



FIGURE 23.15 

A plot of reduced pressure, P R , versus reduced 
volume, V R , for the van der Waals equation at a 
reduced temperature, T R , of 0.85. 


Start with the equation 




VdP 


and integrate by parts to obtain 

/x 1 - /x g = P 0 (v' - V s ) - f PdV 

J bcdef 


Now combine the two terms on the right to get 

/z 1 “ /z g = f 

J bcdef 


(P 0 ~P)dV 
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Now fA 1 = /X s , so 


/ (P ° 
J bcdef 


— P)dv = o 


or the specified area in a plot of P against V is equal to zero. 


23-47. The isothermal compressibility, /c T , is defined by 



Because (dP/dV) T = 0 at the critical point, tc T diverges there. A question that has generated a great 
deal of experimental and theoretical research is the question of the manner in which k t diverges as 
T approaches T. Does it diverge as In (T — T) or perhaps as (T - T)~ Y where y is some critical 
exponent ? An early theory of the behavior of thermodynamic functions such as k t very near the 
critical point was proposed by van der Waals, who predicted that k t diverges as (T — T) -1 . To 
see how van der Waals arrived at this prediction, we consider the (double) Taylor expansion of the 
pressure P(V , T ) about T c and 7: 


P{V,T) = P{V c9 T G ) + {T-T e ) 


_ (dP 
- T) — 


\dT 


+ -(T- Tf 


_ _ / d 2 p \ 

+ (T-r e ) ( v-v c )(—) 


+ - v t ) 


9 2 P \ 

ar 2 J c 

©. 


+ 


Why are there no terms in (V - V c ) or (V - V c ) 2 ? Write this Taylor series as 

P = P c + a(T - T c ) + b(T - Tf + c(T - T)(V - V) + d(V - V c ) 3 + • • • 


Now show that 

(j= ) T =c(T-T,) + ld(V-Vf +... 

and that 

_ -1/7 

c(7 - r c ) + 3d(V - vf + ■■■ 

Now let V = V c to obtain 

k t a f _ j- r (r c ) 

c 

Accurate experimental measurements of /c r as T -> T suggest that diverges a little more 
strongly than (T - T c )~'. In particular, it is found that k t -> (T — 7’ c ) _> ' where y = 1.24. Thus, 
the theory of van der Waals, although qualitatively correct, is not quantitatively correct. 



The Taylor expansion of P(V, T ) about T c and V c is 


P<y, T) = P(V C , r e ) + (T - T c ) 




ar 


+ _ (r _ 7;)2 


a 2 p 

ar 2 


/a 2 / 1 


+^(v- v c ) (-= 2 ) +7iV-K) 


+ (T — T)(V - V c ) 





a 2 p \ 
avar/ c 

+ ... 
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However, recall from Section 16-3 that, at the critical point, ( 3P/dV) c — (d 2 P/dV 2 ) c — 0. Thus, 
the Taylor expansion becomes 


P = 



P(V c , T) + (T — T) (j^ + \(T - Tf (j^ 

P c + a(T - T c ) + b(T - Tf + c(T - T c )(V - 7 ) 
+d(v - vf + • • • 

c(T - T c ) + 3d(V - 7 ) 2 + • • • 



dV V 


+ ••• 


Note that in differentiating, we truncated our expansion and dropped terms of 0[(V — V ) 4 ], 
0[(T - T c ) 2 ], and third-order terms of 0[(V - V f{T - T c ) ) ']. Our partial derivative is thus 
accurate to 0[( V — V c ) 4 ] and 0[(T — T c ) 2 ]. We can truncate these terms because when V V c 
and T -*■ T c the higher-order terms become negligible, so we find 


ic 


t ~ 


1 

7 

_i_ 

7 



l 

c(T - T) + 3d(V - 7) 2 + • • ■ 


T 

1 c’ 


V 


Letting V = V , we find that 


1 




V c c(T-T c ) 

1 


k t a 


(T - T c ) 

Again, this expression is only accurate to 0[(T — 7' ) 2 ]. 


T -> T 


23-48. We can use the ideas of the previous problem to predict how the difference in the densities 
(p 1 and p g ) of the coexisting liquid and vapor states (orthobaric densities) behave as T -> T c . 
Substitute 

P = P c + a{T - T c ) + b{T - Tf + c(T - 7 c )(7 - 7 ) + d(V - Vf + ■ ■ ■ (1) 

into the Maxwell equal-area construction (Problem 23-46) to get 

P 0 = P c + a(T - T) + b(T - Tf + C -(J - T c )(V' + V s - 27 c ) 

+ d -[{v t ~ Vf + (7' - 7 c ) 2 ](7‘ + 7 s - 27 c ) + • • • ( 2 ) 

For P < P c , Equation 1 gives loops and so has three roots, v\ V c , and V 8 for P = P Q . We can 
obtain a first approximation to these roots by assuming that V c ^ \{V + V s ) in Equation 2 and 
writing 


P 0 =P C + a(T - T) + b(T - Tf 
To this approximation, the three roots to Equation 1 are obtained from 

d(V - Vf + c(T - Tf 7 - 7 ) = 0 
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Show that the three roots are 

v t = v' = V c -Q 1/2 (r c -r> ,/2 

^2=^c 

v 3 = v E = y+(£)' / 2 (r c -r ) 1 / 2 

Now show that 


v g - v 1 = 2 (£) i/2 ( 7 ; - T) l/2 

and that this equation is equivalent to 

p'-p s ^ A(T c -T)' /2 



Thus, the van der Waals theory predicts that the critical exponent in this case is 1/2. It has been 
shown experimentally that 


p' - P s —► A(7 c - T) p 

where = 0.324. Thus, as in the previous problem, although qualitatively correct, the van der 
Waals theory is not quantitatively correct. 


We start with the result of Problem 23-46, 




-M 8 =[ (P 0 -P)dV 

J bcdef 

0 = J [P 0 - P c - a(T - T) - b(T - Tf - c(T - TfV - V) 

-d(V-Vf - ]dV 

= [/>„ -P c - a(T - T) - b(T - Tf] (V 1 - V s ) - l -c(T - T) [(V - V c ) 2 - (V s 
-\d[(V'- V C ) 4 -(V*-V c ) 4 ] 


-vf 


P 0 = P c + a(T - T c ) + b(T - T c ) 
c 


+ ; 


V) 2 - 2 VV 1 + v\ - (V 8 ) 2 + 2V e V c - v\ 


v' -V s 

r (V'-V c ) 2 -(v 8 -V c ) 2 ' 

v' -V 8 


[(V 1 - v c ) 2 + (V s - v/ 


= P+a(T-T) + b(T-Tf 


c 

+ 2 


d 
+ 4 


(V 1 + v 8 )(v' - V s ) - 2V c (y‘ - V 8 ) ' 
V 1 -V s 

r (V 1 + V^kV - V s ) - 2V(V - V s ) 


V - V 6 

= P c +a(T - T c ) + b(T - Tf +l[v'+v*- 2V C ] 
[V + V 8 - 2 V e ] [( V' - Vf + (V s - V) 2 ] 


V- Vf + iV 6 - Vf 
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Now assume that V c « V + V ) to get 

P 0 = P+a(T-T) + b(T-T c ) 2 

To this approximation, the three roots to Equation 1 are given by 

d(V - V c ) 3 + c(T - T c )(V -V c )=0 
(V - 7) [d(V - 7) 2 + c(T - T c )] = 0 

This expression is accurate only to 0(T — T c ). We then find the three roots 

7-7=0 


V = V 

r 2 r c 


l '/2 


_ _ r c(T-T)l 

v - v ‘ = [- ± ir l \ 
v ’= v < + &'* a <- T) 


V 


-v c = - - 


•C\'/2 

c(T - T) 


1/2 


1/2 


— — /C\>/2 

V, = V 


/ C \ '/2 

-G?) 


1/2 


These values are only accurate to 0[(T — T c ) l/2 ]. We know that the largest root is the value of 




V and that the smallest root is the value of V . Then, to the correct accuracy, 

TTl vt . /C\‘/ 2 , m f— / C \ 1 / 2 


~ V ' =V ‘ + (l) ( 7 ;-7’) 1/2 -[v -Q (T - T) 

= 2 Q 1 / 2 ( 7 ;-r )i/2 


where T ->■ 7 c , but T < r c (in order for the quantity T c - T to be real). Notice that the (T — T c ) 
term in the product of the molar volumes drops out, since we have been truncating our expressions. 
The difference in densities is then 

g _ 1_1 

P P 7' V s 

7 s -7' 


v'T 8 


= 20 (T c - T) U2 V 2 
= A(T-T) 1 ' 2 
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23-49. The following data give the temperature, the vapor pressure, and the density of the coexisting 
vapor phase of butane. Use the van der Waals equation and the Redlich-Kwong equation to calculate 
the vapor pressure and compare your result with the experimental values given below. 


T/K 

P /bar 

p g /mol-L 1 

200 

0.0195 

0.00117 

210 

0.0405 

0.00233 

220 

0.0781 

0.00430 

230 

0.1410 

0.00746 

240 

0.2408 

0.01225 

250 

0.3915 

0.01924 

260 

0.6099 

0.02905 

270 

0.9155 

0.04239 

280 

1.330 

0.06008 


For butane, from Tables 16.3 and 16.4, a — 13.888 dm 6 bar*mor 2 , b — 0.11641 dm 3 -mol” 1 , 
A = 290.16 dm 6 bar-mor 2 K I/2 , and B = 0.080683 dm^-mol -1 . We can substitute the given 
density and temperature into the van der Waals and Redlich-Kwong equations and thus find the 
vapor pressure P that is given by each equation. 

For the van der Waals approximation, 


p _ RT a 
~ V-b ~ V* 

and for the Redlich-Kwong approximation 

_ _RT_ _ A 

~ V-B ~ T' /2 V(V + B) 


(16.5) 


(16.8) 


T/K 

P(van der Waals)/bar 

P( Redlich-Kwong)/bar 

200 

0.0194 

0.0194 

210 

0.0406 

0.0406 

220 

0.0784 

0.0783 

230 

0.1420 

0.1417 

240 

0.2427 

0.2419 

250 

0.3957 

0.3938 

260 

0.6184 

0.6143 

270 

0.9314 

0.9233 

280 

1.3584 

1.3432 


23-50. The following data give the temperature, the vapor pressure, and the density of the coexisting 
vapor phase of benzene. Use the van der Waals equation and the Redlich-Kwong equation to 
calculate the vapor pressure and compare your result with the experimental values given below. 
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Use Equations 16.17 and 16.18 with T c ~ 561.75 K and P = 48.7575 bar to calculate the van der 
Waals parameters and the Redlich-Kwong parameters. 


77 K 

P /bar 

p g /moI-L 1 

290.0 

0.0860 

0.00359 

300.0 

0.1381 

0.00558 

310.0 

0.2139 

0.00839 

320.0 

0.3205 

0.01223 

330.0 

0.4666 

0.01734 

340.0 

0.6615 

0.02399 

350.0 

0.9161 

0.03248 


We can do this in the same way as the previous problem after finding a , b , A , and B using 
Equations 16.17 and 16.18: 


a = 


21{RTf 27[(0.083145dm 3 -bar-mor‘)(561.75)] 2 


64 P 


64(48.7575 bar) 


= 18.876 dm 6 -bar-mol 


b = 


RT (0.083145 dm 3 -bar-mor‘)(561.75) 


8 P. 


8(48.7575 bar) 


= 0.11974 dm 3 -mol 


-1 


„ a ^ a „R 2 T c 5/2 n A „ AO (0.083145dm 3 -bar-mor 1 -K- 1 ) 2 (561.75 K) 5/2 
A = 0.42748-— = 0.42748-- 


48.7575 bar 


= 453.21 dm 6 'bar-mol ‘-K 1/2 


RT 

B = 0.086640-^ = 0.086640 


(0.083145 dm 3 • bar-mol - ') (561.75) 
48.7575 bar ~ 


= 0.082996 dm 3 -mol 


-1 


Now substitute into the appropriate equations to find the vapor pressure P for each temperature and 
density: 


77 K 

P(van der Waals)/bar 

P( Redlich-Kwong)/bar 

290 

0.00842 

0.00757 

300 

0.13869 

0.13843 

310 

0.21514 

0.21459 

320 

0.32305 

0.32194 

330 

0.47109 

0.46897 

340 

0.66927 

0.66541 

350 

0.92897 

0.92225 
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Solutions I 
Liquid-Liquid Solutions 

PROBLEMS AND SOLUTIONS 


24-1. In the text, we went from Equation 24.5 to 24.6 using a physical argument involving varying 
the size of the system while keeping T and P fixed. We could also have used a mathematical 
process called Euler's theorem . Before we can learn about Euler’s theorem, we must first define a 
homogeneous function. A function f(z v z 2 ,..., z N ) is said to be homogeneous if 

f p ^Z 2 y • • • ) ^*2^) = (^p Z 2l - - ■ j Zjy) 

Argue that extensive thermodynamic quantities are homogeneous functions of their extensive 
variables. 


If we change extensive variables by a factor of k, then we change an extensive function of these 
variables by a factor of k. 


24-2. Euler’s theorem says that if f(z v z v ..., z N ) is homogeneous, then 


f(z p 


z 2 < ■ ■ ■ < z N ) 


3/ , 3/ 

=z '^ + ^ + 




AL 


Prove Euler’s theorem by differentiating the equation in Problem 24-1 with respect to k and then 
setting k = 1. 

Apply Euler’s theorem to G = G(n v n 2 , 7, P ) to derive Equation 24.6. (Hint: Because T and 
P are intensive variables, they are simply irrevelant variables in this case.) 


Start with 


kf (Zp Z 2 ) • • • y Zft') f (kZ^y kZ 2 j • • • y kZfl') 

differentiate with respect to k to obtain 

Bf(kZyy kZ 2 y • • * y BkZ i ^f(kZy> kZ^ • • • , kZfl) BkZjy 

/(z " z >. z » ) = --’aT + '" + -- W 

_ df (kz x , kz 2 , • • • j df (A.Zj, kz 2 ,..., 

= Zx all + “' + z * dkZ 


Now set k = 1 


fl N _ , 3/ 

f\Z x ,Z 1 ,...,Z N ) — Z\ + 

dZ l dZ N 
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To apply this result to G = G{n v n 2 , T, P ), we let / = G,z, = n., and z 2 = n 2 to write 




= n if M l +n 2 ti 2 


24-3. Use Euler’s theorem (Problem 24-2) to prove that 

Y(n v n v ... ,T, P) = £>/) 

for any extensive quantity Y . 


Simply let Y — f and n. = z } in Problem 24-2 to write 


fdY\ (dY 

. T - P)=n ' 


+ 


2/ T,P.n 


k¥2 


- n x Y x +n 2 Y 2 H- 


24-4. Apply Euler’s theorem to U = t/(S, V, n). Do you recognize the resulting equation? 


All three variables, 5, V and n , are extensive. Using Euler’s theorem (Problem 24-2) gives 


/ dU\ (dU\ fdU\ 

U = S \™) V S V \w)sS n \^)s: 


— S{T) + V (-P) + n(fi) 
= T S — PV + fin 


G = /xn = U — TS+PV = H — TS = A + PV 
This is the defining equation for the Gibbs energy. 

24-5. Apply Euler’s theorem to A = A(T , V, n ). Do you recognize the resulting equation? 

The extensive variables are V and n. Using Euler’s theorem (Problem 24-2) gives 



n r i ,/j 

= V(-P)+ «(/*) 


G = A + PV 

This is the defining equation for the Gibbs energy. 
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24-6. Apply Euler’s theorem to V = V(T, P, n v n 2 ) to derive Equation 24.7. 


Use the result of Problem 24—3 with V = Y. 


24-7. The properties of many solutions are given as a function of the mass percent of the components. 
If we let the mass percent of component-2 be A 2 , then derive a relation between A 2 and the mole 
fractions, x, and x 2 . 


A .„ = 


m. 


m, + m 2 


x 100 = 




+ M 0 n 


x 100 


0 ) 


2 2 


where the number of moles of component j is n. = m.JM. where M. is its molar mass. Now divide 
numerator and denominator of Equation 1 by n, + n 2 to write 


M 2 x 2 

M,x, + A/,x, 


x 100 


2 2 


24-8. The CRC Handbook of Chemistry and Physics gives the densities of many aqueous solutions as 
a function of the mass percentage of solute. If we denote the density by p and the mass percentage 
of component-2 by A v the Handbook gives p = p(A 2 ) (in g-mL" 1 ). Show that the quantity 
V = ( n M, + n 2 M 2 )/p(A 2 ) is the volume of the solution containing n, moles of component 1 and 
n 2 moles of component-2. Now show that 

M, r A 2 dpjAJ - 
1 P(A 2 )L P(A 2 ) dA 2 J 


and 

- M 2 r (A 2 — 100) dp(A 2 ) ~ 
2 ~ P(A 2 ) L p(a 2 ) ^a 2 . 

Show that 

V = + n 2 V 2 


in agreement with Equation 24.7. 


The mass of component j in the solution is = nM jt so the total mass is n l M l + n 2 M 2 . 
Therefore, the volume is the mass divided by the density, or V = (n l M l + n 2 M 2 )/p(A 2 ). Now 


/av N 

M, 

m,M, + n 2 M 2 

rap(A 2 >] 

\dn {/ 

L P( A 2> 

p 2 (a 2 ) 

dn x 


But, using Equation 1 of Problem 24-7, 


*3p(A 2 )"l j - dp(A 2 y 

/9A 2 \ _ 

\dp(A 2 )l 

x 100 

. dn i L dA 2 . 

WJn, 

dA 2 

{n x M'+n 2 M 2 y J 


A 2 M X 


~ dp(A 2 y 

dA 2 J\ n x M x +n 2 M 2 
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Substitute this into V } above to get 


y M, A 2 M, rfp(A 2 ) _ M, 

1 p(A 2 ) p 2 (A 2 ) <M 2 p(A 2 ) L‘ ' p(A 2 ) ja 2 J 


1 + 


A 2 4o(A 2 ) 


Similarly 


But 


-(!*) = 

W„. 


M 2 n,Mj + rc 2 Af 2 


P(A 2 ) p 2 (A 2 ) 


9p(A 2 ) 

9 « 2 J 


r 9 P(A 2 ) i _ r <jp(A 2 ;> i /9 a 2 \ 

L 9«2 -L L dA z Jv9« 2 A 


fdp(A 2 )-| r 100M 2 


100n 2 M 2 


[ dA 2 \\_n x M x +n 2 M 2 (n x M ] + n 2 M 2 ) 2 
rjp(A 2 )ir \om 2 n x M x 
L ~dA~ J [(n.M. +n 2 A/ 2 ) 2 . 


Substituting this into V 2 gives 


sf 

II 

1^ 

1 - 

/4j dpi^Aj) 

m 2 

r (a 2 -ioo)^p(a 2 )1 

z p(A 2 ) I 


p(A 2 ) dA 2 . 

p(A 2 ) 

+ p(A 2 ) dA 2 J 


because A l -h A 2 = 100. Finally, 


But 


so 


T 7 , n T 7 _n,M t +n i M 2 (n x M,A 2 - n 2 M 2 A,) dp(A 2 ) 
11 22 P(A 2 ) p 2 (A 2 ) dA 2 


n.M.A 2 - n 2 M 2 A. = 1 1 22 - 1 1 x 100 = 0 

1 1 2 2 2 1 n x M x +n 2 M 2 


— — n.M. + n.M. 

n x V x +n 2 V 2 = 1 1 , . , 2 2 = V 


P(A,) 


24—9. The density (in g-mol ’) of a 1-propanol-water solution at 20°C as a function of A 2 , the mass 
percentage of 1-propanol, can be expressed as 


P(A 2 ) 



where 


a 0 = 0.99823 
a, = -0.0020577 
a 2 = 1.0021 x 10~ 4 
a 3 = -5.9518 x 10“ 6 

Use this expression to plot V Hj0 and V x _ ptopanol 
Figure 24.1. 


a A — 1.5312 x 10" 7 
<* 5 = -2.0365 x 10“ 9 
a 6 = 1.3741 x 10-' 1 
a 7 = -3.7278 x 10“ 14 

versus A 2 and compare your values with those in 
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Substitute p(A 2 ) into V, = V i_p r0 panol ' n Problem 24-8 and into V 2 — V H ^ 0 to obtain 



24-10. Given the density of a binary solution as a function of the mole fraction of component 2 
[p = p 0 2 )], show that the volume of the solution containing n { moles of component 1 and n 2 moles 
of component 2 is given by V = ( n ] M i + n 2 M 2 )/p(x 2 ). Now show that 

_ M, r / jc 2 (M 2 — M,) + M, \ .x 2 dp{x 2 ) ' 

1 ~ P(x 2 ) [ + \ M, ) p(x 2 ) dx 2 . 

and 

_M 2 _ I" _ + 1 -x 2 dp(x 2 y 

2 _ P(x 2 ) L V M 2 ) P^ X 2> dx 2 - 

Show that 

V = n x V x +n 2 V 2 

in agreement with Equation 24.7. 

The total mass of the solution is n i M l + n 2 M 2 , so its volume (mass/density) is V = (n,M, + 
n 2 M 2 )/p(x 2 ). 



But, 
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Substitute this result into V x to get 

— _M (n l M l +n 2 M 2 )x 2 dp(x 2 ) _ M, (x l M l + x 2 M 2 )x 2 dp(x 2 ) 

' t — „ v I . o . . — , „ "I 


Similarly 


p(x 2 ) + (n, +n 2 )p\x 2 ) dx 2 p(x 2 ) 
x x M x +x 2 M 2 x 2 dp(x 2 ) 


P\x 2 ) 


_J*! 


p(x 2 ) L 

M, 


1 + 


M, 


p(x 2 ) dx 2 J 


P(x 2 ) l 


1 + 


M, + x 2 (M 2 - A/,) x 2 dp(x 2 ) 


M, 


p(x 2 ) dx. 


= (-) = 

W, 


2 J 


M 2 + n 2 M 2 


p(x 2 ) p 2 (x 2 ) 


dp(x 2 ) 
dn 


2 -*ri 


dx. 


But 


"3 p(x 2 y 

_ dp(x 2 ) 

~ 3x 2 " 

_ ^p(^ 2 ) 

' l 

«2 1 

dn 0 

L 2 J n . 

dx 2 

_9« 2 _ 

dx n 

n. 2 

+»2 

(«1 +«2> 2 - 


_ dp(x 2 ) 
dx 2 

Substitute this result into V 2 to get 


n 

.(«i + 


+ n 2 y 


dpjxj x i 

dx 2 «, + n 2 


— A/j Mj "I - x 2 M^)x x dp (^ 2 ) 

P (^ 2 ^ dx 2 


I 

f! _ 

-M x +x 2 (M 2 -M x y 

1 - x 2 dp(x 2 ) 

p(A 2 ) 1 

l 1 

m 2 

p(x 2 ) dx 2 


Finally, 


But 


so 


- - J rl 1 

11 P(x 2 ) 


n,M, + n 2 M 2 M, + x 2 {M 2 - A/,) dp(A 2 ) 


+ 


p\A 2 ) 


— ( »1* 2 - , Vi ) 


« 1*2 “ ” 2 *1 = 


V*2 


n-ti, 

21 =0 


+ n 2 + « 2 


— — n.M, + n.M, 

n,V 1 +« 2 V2= 1 ' , 2 2 = V 

pOO 


24-11. The density (in g-mol ’) of a 1-propanol/water solution at 20°C as a function of x 2 , 
fraction of 1-propanol, can be expressed as 


where 


P(X 2 ) = a j X 2 

i= o 

ce 0 = 0.99823 =-0.17163 

a, = -0.48503 a 4 = -0.01387 
a 2 = 0.47518 


the mole 
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Use this expression to calculate the values of V H ^ 0 and V 1 _ piopano i as a function of x 2 according to 
the equation in Problem 24-10. 


Substitute p(x 2 ) into V, = V i_p r0 panol anc * ^2 — ^h 2 o in Prob l em 24 10 t0 obtain 


80 


JL. 60 
o 
S 

J 

g 40 

20 

0.0 0.2 0.4 0.6 0.8 1.0 

•*1 -propanol 



24-12. Use the data in the CRC Handbook of Chemistry and Physics to curve fit the density of 
a water/glycerol solution to a fifth-order polynomial in the mole fraction of glycerol, and then 
determine the partial molar volumes of water and glycerol as a function of mole fraction. Plot your 
result. 


The curve fit of the density-mole fraction data gives (see the accompanying figure) 

p( x 2 ) = 0.99849+ 1.1328.x 2 - 2.7605^ + 4.128 \x\ 

- 3.2887*2+ 1.0512x 2 5 
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Substitute this result into the equations for V x and V 2 given in Problem 24-10 with M x = 18.02 
and M 2 = 92.09 to get the following result: 


80 



Glycerol 



1 60 

_ 





o 






a 






e 40 

- 





s 






20 



Water 



_l_l_i_I_i 

0.0 

0.2 

0.4 0.6 

0.8 

1. 


Mole fraction of glycerol 


24—13. Just before Example 24-2, we showed that if one component of a binary solution obeys 
Raoult’s law over the entire composition range, the other component does also. Now show that if 
(i 2 = RT lnx 2 for x 2 min < x 2 < 1, then /x 1 = fi\ + RT lnjt, for 0 < x x < 1 - Jt 2min ). Notice 
that for the range over which fi 2 obeys the simple form given, /jl } obeys a similarly simple form. If 
we let Jt 2min = 0, we obtain \x x — ijl\ + RT In (0 < x x < 1). 


Start with the Gibbs-Duhem equation 


x x dfj, x + x 2 dfi 2 = 0 


Solve for d/Xj 


dii x =— -dfi x = — 2 - - 


x 2 RT 
- - - dx n 


RT , 

=- dx, 


X x X x 


x 1Mn <X 2 <\ 


0 < x. < 1 — x. . 

— ] — 2,min 


Integrate to obtain 


^=fx\+RT lnjc, 0< X] <\- x 2 min 


24-14. Continue the calculations in Example 24-3 to obtain y 2 as a function of x 2 by varying x 2 from 
0 to 1. Plot your result. 


We use the equation 


^2 _ * 2^2 
^total ^1^1 X 2^2 


x 2 (45.2 torr) 

(1 — x 2 )(20.9 torr) + x 2 (45.2 torr) 
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A plot of y 2 against x 2 is 



24-15. Use your results from Problem 24-14 to construct the pressure-composition diagram in 
Figure 24.4. 


P total = (1 “ x 2 )( 20.9 torr) + jc 2 (45.2 torr) 

Solve the equation given in Problem 24-14 for x 2 in terms of y 2 

(20.9 torr)y 2 

X2 ~ 45.2 torr + (20.9 torr — 45.2 torr)y 2 

Let x 2 vary from 0 to 1 in the first equation to calculate P total as a function of x 2 . Now let y 2 vary 
from 0 to 1 to calculate x 2 and then P toai to give P tolal as a function of y 2 . A plot of P tota] against x 2 
and y 2 is 



24-16 . Calculate the relative amounts of liquid and vapor phases at an overall composition of 0.50 for 
one of the pair of values, x 2 = 0.38 and y 2 = 0.57, that you obtained in Problem 24-14. 
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We use Equation 24.19 


n' _ y 2 - x a _ 0.57 - 0.50 
n"* = x a - x 2 = 0.50-0.38 


24—1 7. In this problem, we will derive analytic expressions for the pressure-composition curves in 
Figure 24.4. The liquid (upper) curve is just 


p toa i =*, + hp'i = a - * 2 )*t + *2^2* = 

which is a straight line, as seen in Figure 24.4. Solve the equation 




*2^2* 


*2^2* 


p; + x 2 (p;-p;) 
for x 2 in terms of y 2 and substitute into Equation (1) to obtain 

p*p; 

total - p; _ y i( p* _ />*) 

Plot this result versus y 2 and show that it gives the vapor (lower) curve in Figure 24.4. 


( 1 ) 


( 2 ) 


We solve Equation 2 for x 2 to obtain 


y 2 p; 


p; - y 2 (Pi - PD 


Substitute this result into 


total 


= P* + xAP; - P*) 


to get 


P l P 2 

total “ p 2 - y 2 (P 2 - PD 


The plots of P wxA against x 2 and y 2 for P* = 20.9 torr and P 2 = 45.2 torr are 



24-1 8. Prove that y 2 > x 2 if P 2 > P* and that y 2 < x 2 if P 2 < P*. Interpret this result physically. 
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Start with 

, =_ sZL _ 

2 p;+x 2 (p;-p;) 

Divide both sides by x 2 and the numerator and denominator of the right side by P* to obtain 

_ pyp; _ r 

x 2 1 +X 2 (P*/P*~ 1) l+x 2 (R-l) 

where R = P 2 / P*. Now subtract 1 from both sides 

y 2 /? - 1 - jc 2 (/? ~ 1) _ fjCgjlj) 

x 2 1 +jc 2 (/? — 1) l+x 2 (P — 1) 

If R > 1 (P* > P*), then the right side is always positive because 0 < jc, < 1 and 0 < x 2 < 1 and 
so y 2 > x 2 . If R < 1 (P 2 < P*), then the right side is always negative. 

This result simply says that the mole fraction of a given component in the vapor phase will be 
greater than that of the other component if it is more volatile. 


24-19. Tetrachloromethane and trichloroethylene form essentially an ideal solution at 40°C at all 
concentrations. Given that the vapor pressure of tetrachloromethane and trichloroethylene at 40°C 
are 214 torr and 138 torr, respectively, plot the pressure-composition diagram for this system (see 
Problem 24-17). 


Plot 

P toal = P; + x 2 (P; - P*) = 214 torr - x 2 (76 torr) 
and 

p;p; __ (214 torr)(138 torr) 
/>tou “ “ P* - y 2 (P* - P*) ~ 138 torr + y 2 (76 torr) 



24-20. The vapor pressures of tetrachloromethane (1) and trichloroethylene (2) between 76.8°C and 
87.2°C can be expressed empirically by the formulas 


ln(P*/torr) = 15.8401 - 


2790.78 


t + 226.4 
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and 

2345.4 

ln(P 2 Vtorr) = 15.0124-—— 

v 2/ t + 192.7 

where t is the Celsius temperature. Assuming that tetrachloromethane and trichloroethylene form 
an ideal solution between 76.8°C and 87.2°C at all compositions, calculate the values of x , and y, 
at 82.0°C (at an ambient pressure of 760 torr). 


Let 1 denote tetrachloromethane and 2 denote trichloroethylene. 

2790.78 

ln(P,7torr) = 15.8401 - 


= 6.7919 


82.0 + 226.4 

or P* = 890 torr. Similarly, P 2 = 648 torr. Therefore, (see Example 24-5) 


P£ — 760 torr 


648 torr — 760 torr 


P* - P* 648 torr - 890 torr 


= 0.463 


7 = 


x x P* (0463) (890 torr) 


760 torr 760 torr 


760 torr 


= 0.542 


24—21 . Use the data in Problem 24-20 to construct the entire temperature-composition diagram of a 
tetrachloromethane/trichlororethylene solution. 


The vapor pressures of tetrachloromethane (1) and trichloroethylene (2) between 76.8°C and 87.2°C 
are given by 


ln(P,7torr) = 15.8401 - 


2790.84 
t + 226.4 


ln(P 2 */torr) = 15.0124 — 


2345.4 
t + 192.7 


where t is the Celsius temperature. The mole fractions of tetrachloromethane (1) in the liquid and 
vapor phases at temperature t are given by 


P 2 — 760 torr 
P" — P* 

r 2 r l 


760 torr 


and y, = 
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Some data and the plot are given below* 


t/° c 

P* /torr 

Pi /torr 


y i 

76.8 

761.7 

549.8 

0.992 

0.994 

77.6 

780.3 

564.2 

0.906 

0.930 

78.4 

799.3 

578.8 

0.822 

0.864 

79.2 

818.7 

593.7 

0.739 

0.796 

80.0 

838.5 

608.9 

0.658 

0.726 

80.8 

858.6 

624.5 

0.579 

0.654 

81.6 

879.1 

640.3 

0.501 

0.580 

82.4 

900.0 

656.4 

0.425 

0.504 

83.2 

921.3 

672.8 

0.360 

0.435 

84.0 

942.9 

706.6 

0.207 

0.262 

85.6 

987.4 

724.0 

0.137 

0.178 

86.4 

1010 

741.7 

0.068 

0.091 

87.2 

1033 

759.7 

0.001 

0.001 



24-22. The vapor pressures of benzene and toluene between 80°C and 110°C as a function of the 
Kelvin temperature are given by the empirical formulas 

3856.6 K 

ln(P b ; nz /torr) =---+ 17.551 

and 

ln(P*,/torr) = - —+ 18.397 

Assuming that benzene and toluene form an ideal solution, use these formulas to construct a 
temperature-composition diagram of this system at an ambient pressure of 760 torr. 
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This problem is very similar to Problems 24-20 and 24-21. Some data and the plot are given below 


77 K 

t/° c 

P*/torr 

Pi / toIT 


?! 

353.0 

79.85 

754.3 

272.5 

1.000 

1.000 

355.0 

81.85 

802.2 

292.9 

0.917 

0.968 

357.0 

83.85 

852.5 

314.5 

0.828 

0.929 

359.0 

85.85 

905.4 

337.5 

0.744 

0.886 

361.0 

87.85 

960.9 

361.8 

0.665 

0.840 

363.0 

89.85 

1019.2 

387.6 

0.590 

0.791 

365.0 

91.85 

1080.3 

415.0 

0.519 

0.737 

367.0 

93.85 

1144.3 

443.9 

0.451 

0.680 

369.0 

95.85 

1211.4 

474.5 

0.387 

0.618 

371.0 

97.85 

1281.6 

506.9 

0.327 

0.551 

373.0 

99.85 

1355.0 

541.1 

0.269 

0.480 

375.0 

101.8 

1431.9 

577.1 

0.214 

0.403 

377.0 

103.8 

1512.2 

615.2 

0.161 

0.321 

379.0 

105.8 

1596.0 

655.3 

0.111 

0.234 

381.0 

107.8 

1683.6 

697.6 

0.063 

0.140 

383.0 

109.8 

1775.0 

742.1 

0.017 

0.040 



Mole fraction 


24-23. Construct the temperature-composition diagram for 1-propanol and 2-propanol in Figure 24.5 
by varying t from 82.3°C (the boiling point of 2-propanol) to 97.2°C (the boiling point of 
1-propanol), calculating (1) P* and P 2 * at each temperature (see Example 24-5), (2) x { according 
to x { = (P 2 * — 760)/(P 2 * - P,*), and (3) y, according to y, = x x P*/16Q. Now plot t versus x l and 
y, on the same graph to obtain the temperature-composition diagram. 
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This problem is very similar to Problem 24—21. Some data and the plot are 


t/° c 

P,7torr 

P */torr 

7 

7, 

82.3 

419.6 

760.9 

0.003 

0.001 

84.3 

456.0 

823.7 

0.173 

0.104 

85.3 

475.2 

856.7 

0.254 

0.159 

86.3 

495.1 

890.8 

0.331 

0.215 

87.3 

515.6 

926.1 

0.405 

0.274 

88.3 

536.8 

962.4 

0.476 

0.336 

89.3 

558.8 

1000.0 

0.544 

0.400 

90.3 

581.5 

1038.7 

0.610 

0.466 

91.3 

605.0 

1078.7 

0.673 

0.536 

92.3 

629.2 

1120.0 

0.733 

0.607 

93.3 

654.2 

1162.5 

0.792 

0.682 

94.3 

680.1 

1206.4 

0.848 

0.759 

95.3 

706.8 

1251.7 

0.902 

0.839 

96.3 

734.3 

1298.3 

0.955 

0.922 

97.2 

759.9 

1341.5 

1.000 

1.000 



Mole fraction 


24-24. Prove that V. = V. for an ideal solution, where V } is the molar volume of pure component j. 


The chemical potentials of compounds 1 and 2 of an ideal solution are given by 

ix. = (x* + RT In Xj j = 1 and 2 


The Gibbs energy is given by 

G = n l ix j + n 2 fx 2 = n l fx\ + n 2 /x\ + n x RT In + n 2 RT lnx 2 



= n l V 1 +n 2 V 2 


The volume is given by 
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By comparing this result to Equation 24.7, we see that V j = V.. 


24-25. The volume of mixing of miscible liquids is defined as the volume of the solution minus the 
volume of the individual pure components. Show that 

at constant P and T, where V* is the molar volume of pure component i. Show that A mjx V = 0 for 
an ideal solution (see Problem 24-24). 


Problem 24-24 shows that Vj = V. for an ideal solution, so A mix V = 0. 


24-26. Suppose the vapor pressures of the two components of a binary solution are given by 

P x =x x P\e^ 

and 

P 2 = x 2 P;e x *' /2 

Given that P* = 75.0 torr and P 2 = 160 torr, calculate the total vapor pressure and the composition 
of the vapor phase at x x = 0.40. 


= (0.40)(75.0 torr)e (0,60)2/2 + (0.60) (160 torr)e (0 ' 40)2/2 
= 35.9 torr + 104 torr = 140 torr 


= 



35.9 torr 
140 torr 


0.26 


24-27. Plot y, versus x x for the system described in the previous problem. Why does the curve lie 
below the straight line connecting the origin with the point x x = 1, y, = 1? Describe a system for 
which the curve would lie above the diagonal line. 


We simply use 


7, = 


Xl py 


total 




+ x 2 P 2 V > /2 


jCj( 75.0 torr)e (I 

jCj(75.0 torr)e (I_j: ' )2/2 + (1 - x,)(160 torr)e i2/2 
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A plot of y, against x, is the curved line shown below. 



*i 

The straight line connecting the origin with the point jc, = y, = 1 is given by y, = x y Therefore, 
component 1 is less volatile than component 2, so the vapor is richer in component 2; y, < x x 
because P* < P 2 *. 


24-28. Use the expressions for P l and P 2 given in Problem 24-26 to construct a pressure-composition 
diagram. 


Start with 

P — P 4- P = x P*e x * /Z -I- x P„V' /2 

'total r \ ' r 2 x \ r \ e “ x l r l e 

= jc,( 75.0 torr)e (1 ""' )2/2 + (1 - *,)(160 torr)e x ' /2 
and 

_ P, _ *,p,v» /2 

h ^totai x x P*e x * /2 + x 2 P 2 *e Jt ' /2 

x 1 (75.0torr)e (1 ~ J[ ' )2/2 

jCj (75.0 torr)e (1-x > )2/2 + (1 — Xj)(160 torr)^ 2 
Now calculate P total and y, as a function of x, and then plot P totaI against jc, and y,. 
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24-29. The vapor pressure (in torr) of the two components in a binary solution are given by 

P, = \20x x e a20x ^ Wx l 


and 

P 2 = UOx 2 e°- 35xl '-° m l 

Determine the values of P*, P 2 , k H ,, and k H 2 . 


Use the fact that P j -» x j PJ as x. ->■ 1 to obtain 

P, — I20x x as x x —► 1 and P 2 —> 140;c 2 as x 2 —> 1 
or P.* = 120 torr and P,* = 140 torr. Now use the fact that P. -*■ k u .x. as x. -> 0 to obtain 

1 4 J ti,J J J 

P x —► I20x x e 030 = 162 torr = k HX 

and 

P 2 — > I40x x e 025 = 180 torr = k H2 


24-30. Suppose the vapor pressure of the two components of a binary solution are given by 


P x = x x P*e ax ' +px l 


and 


P 2 = x 2 P 2 V“ +W2) 4-^ 


Show that k H , = P*e a+p and k H 2 = P 2 e a+p/2 . 


H,2 


Use the fact that P. -*■ k u ,x, as x. ->■ 0 to obtain 

J J J 


P x —> x x P*e a+l> and P 2 —► x 2 P*e a+fi/2 


or 


k HX = P' x e*^ and k K2 = P' 2 e°^ 2 


24-31. The empirical expression for the vapor pressure that we used in Examples 24-6 and 24-7, for 
example, 

P x = x x P*e ax 2 + ^ + - 

is sometimes called the Margules equation. Use Equation 24.29 to prove that there can be no linear 
term in the exponential factor in P x , for otherwise P 2 will not satisfy Henry’s law as x 2 ->• 0. 


Assume that there is a linear term in the exponent of P x . 

P i = X[ P*e ax i 
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Then 


31nP, _ l_ _ 
dx i x x 

According to Equation 24.29, 

9 In P 2 x x 9 In P x 

dx 2 x 2 dx { 

1 x, 1 1 — x, 

— - a— = - a -- 

X 2 X 2 X 2 X 2 

1 — a 

= - 1 - a 

X 2 

Integration with respect to x 2 gives 

In P 2 = (1 — a) \nx 2 + ax 2 + In A 
where In A is an integration constant. Then 


P 2 = Ax 2 ~ a e a * 2 

As x 2 ->• 0, P 2 ->• Ax 2 - “. But according to Henry’s law, P 2 -*■ k ]i2 x 2 as x 2 ->■ 0, so a must equal 
zero. 


24-32. In the text, we showed that the Henry’s law behavior of component-2 as x 2 -»■ 0 is a direct 
consequence of the Raoult’s law behavior of component 1 as x x -> 1. In this problem, we will prove 
the converse: the Raoult’s law behavior of component 1 as x x -> 1 is a direct consequence of the 
Henry’s law behavior of component-2 as x 2 -*■ 0. Show that the chemical potential of component-2 
as x 2 0 is 

li 2 (T, P) = ix° 2 (T) + RT In k H 2 + RT In x 2 x 2 -> 0 
Differentiate \x 2 with respect to x 2 and substitute the result into the Gibbs-Duhem equation to obtain 

dx. 

dii. = RT — x. —> 0 

Integrate this expression from x x = 1 to jc, « 1 and use the fact that fi l (x 1 = 1 ) = fi\ to obtain 

H x (T,P) = fi*(T) + RT In*, 1 

which is the Raoult’s law expression for chemical potential. Show that this result follows directly 
from Equation 24.29. 


Start with 


fi 2 = ii\ + RT\n = nl - RT In P; + RT In P 2 
P 2 

As x 2 -> 0, P 2 -> k H 2 x 2 , so 

/i 2 = /i* — RT In P* + RT ln/c H2 + RT \nx 2 
= li°(T) + RT \nk U2 +RT \nx 2 ( x 2 —> 


( X 2 

0) 


0 ) 
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Now 


d/j, 2 _ RT 
dx 2 x 2 

and so according to the Gibbs-Duhem equation 


. x 7 . x 0 RT dx . 

dfji. = -—d\i 2 = - -- dx~ = 1 

*1 *. *2 *1 


C*2 


0) 


Now integrate this expression from x x = 1 to x x & 1 (because the expression is valid only for 
x 2 « 0, or x } 1) to obtain 


lx l =ix* + RT lnx t (*,—» 1) 


24—33. In Example 24-7, we saw that if 


then 


P, = a:, P'e^l+rt 


P 2 = x 2 P*e ia+W2)x '- px ' (x 2 
Show that this result follows directly from Equation 24.29. 


0) 


Start with 


In P, = lnjcj + In P* + a(l - x x ) 2 + 0(1 - *,) 3 
and differentiate with respect to x { to obtain 


3 In P. 1 

ir = 


L I *1 


According to Equation 24.29 


3 In jc 3 In P. 1 

-t —- = 1 =- 2ax { - 3fix { x 2 

ox 2 x 2 3jCj x 2 


= —— 2a + 2ax 2 - 3fix 2 + 3 fix. 
x 2 


Now integrate with respect to x 2 to obtain 


In P 2 = In x 2 - 2ax 2 + ( 2a - 3fi) y + + A 

where A is an integration constant. Substituting x 2 = 1 - x { in the last three terms gives 

In P 2 = \nx 2 - 2a(l - jc,) + ) d - *,) 2 + 0(1 - *,) 3 + 4 

3 3 

= In x 2 — 2a + 2aXj + a — 2ax, + ax 2 — -0 + 30.x,-0xf 

+ fi ~ 2>fix x + 3 fix\ — fixi + A 

= In * 2 + ax i + \& x \ ~ P x i + “ « “ 0 
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Rewrite this expression as 


P 2 = x 2 Be a *W l>x '- px i 


where B = A - a - fi/ 2. Note that B = P 2 because P 2 -> x 2 P 2 as x 2 ->• 1. 


24-34. Suppose we express the vapor pressures of the components of a binary solution by 

p = x p* e ax l 


P 2 = x 2 P 2 e Px ' 

Use the Gibbs-Duhem equation or Equation 24.29 to prove that a must equal /S. 


Start with 


In P, = lnx, + In P* + ax 2 


Differentiate with respect to x, to obtain 


31nP. 1 

—r —■ =- 2a (l — x,) 

3x, x, 


Use Equation 24.29 to get 


3 In P, x. 3 In P. 1 1 

-2. = —-- =-2ax, =- 2a + 2ax 2 


3x 2 x 2 ^ X l X 1 


Integrate with respect to x 2 to get 


In P 2 = In x 2 - 2ax 2 + ax 2 + A 

= In x 2 - 2a + 2ax ] + a — 2ax x + axf + A 
= lnx 2 + ax^ + (A — a) 


where A is an integration constant. Therefore, 


P 2 = Bx 2 e ax > 


where B = A-a. Clearly B = P 2 because P 2 -> P 2 x 2 as x 2 ^ 1. 


24-35. Use Equation 24.29 to show that if one component of a binary solution obeys Raoult’s law for 
all concentrations, then the other component also obeys Raoult’s law for all concentrations. 


According to Raoult’s law 


Pi=*i*Y 


3 In P, _ J_ 
3x, x, 


Therefore, 
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and Equation 24.29 gives 


which upon integration gives 


3 In P 2 _ 1 


In P 2 = In x 2 + A 


where A is an integration constant. 


P 2 = Ax 2 = P 2 X 2 


24-36. Use Equation 24.29 to show that if one component of a binary solution has positive deviations 
from Raoult’s law, then the other component must also. 


Equation 24.29 says that 


or 



3 In P { 
3 In JCj 


For an ideal solution, Pf = XjP* and so 


9 In P 2 

3 lnjc 2 


9 In P* _ 9 In _ 
3 In JCj d\nx 2 

If P l > P\ A = x, P* (positive deviation from ideality), then 


and so 


9 In P, 

9 In x > 


9 In P, 

- 2 - > 1 

9 In x 2 

Conversely, if one component has negative deviations from ideality (9 In P t /9 lnjc,) < 1, then the 
other must also. 


24—37. If the vapor pressures of the two components in a binary solution are given by 

P, = x, P* e ux ' ,RT and P 2 = x 2 P*e ux ' /RT 


show that 


_ 

A mix G / w = A mi x G /(«i + n 2> = —(x^nx^+x^nxj+x^ 


A m J/ R = A m J/( n i+ n i) R = 1 \n Xl +x 2 \nx 2 ) 
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and 


= A mix ///(n, + n 2 )u = x x x 2 

A solution that satisfies these equations is called a regular solution . A statistical thermodynamic 
model of binary solutions shows that u is proportional to 2e n — s n — e 22 , where is the interaction 
energy between molecules of components i and j. Note that u = 0 if e u — + e 22 )/2, which 

means that energetically, molecules of components 1 and 2 “like” the opposite molecules as well 
as their own. 


Use the equations 


G s,n = /z 1 /x 1 + n 2 \x 2 


and 

(ij = IX* + RT In 

r j 

to write 

G s,n = n t /x* + n 2 ix\ + n x RT \n(x x e ux i ,RT ) + n 2 RT \n(x 2 e ux2 ' IRT ) 

But n x fx* x + n 2 /x 2 is the Gibbs energy of the two pure liquid components, so 

A mix G = G sln — n x ix\ + n 2 ix* 2 = n x RT In jc, + n 2 RT lnx 2 + u(n x x% + n 2 x]) 
Divide by the total number of moles, n, + n 2 , to get 

A mix G = RT(x x ln^j + jc 2 In jc 2 ) + ux x x 2 (x 2 + x x ) 

Now divide by u and use the fact that + x 2 = 1 to get 

— RT 

A mix G / M = — (■*! ln;C l +X 2 lnX 2 ) +X X X 2 

Use the equation A mjx S = —(3A mix G/9r) to obtain 

A mix“S = + x 2 In x 2 ) 

Now use A mix G = A mix H - T A mix S to get 

= x i x 2 


24-38. Prove that A mix G, A mix S, and A mix /f in the previous problem are symmetric about the point 
x x = x 2 = 1/2. 


Each expression is symmetric in x x and x v Therefore, they must be symmetric about Xj = x 2 = 1 /2. 


24-39. Plot P x /P* = x ] e ux i /RT versus x x for RT/u — 0.60, 0.50, 0.45, 0.40, and 0.35. Note that some 
of the curves have regions where the slope is negative. The following problem has you show that 
this behavior occurs when RT ju < 0.50. These regions are similar to the loops of the van der Waals 
equation or the Redlich-Kwong equation when T < T c (Figure 16.8), and in this case correspond 
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to regions in which the two liquids are not miscible. The critical value RT/u = 0.50 corresponds 
to a solution critical temperature of 0.50 u/R. 


See plot 



24-40. Differentiate P, = x^P*e u( - i ~ x ' )1/RT with respect to jc, to prove that P, has a maximum or a 
minimum at the points x x = j ± *(1 - 2££) 1/2 . Show that RT/u < 0.50 for either a maximum or 
a minimum to occur. Do the positions of these extremes when RT/u = 0.35 correspond to the plot 
you obtained in the previous problem? 


^ = 0 = P 1 V (, -*i> J /* r - (l - x x )P/e u ^ IRT = 0 

A i 


Cancelling several factors and rearranging gives 


'* i + iir - 0 


or 





1/2 


The values of jCj will not be real unless 2RT/u < 1, or unless RTJu < 0.50. When RT/u = 0.35, 
jCj = 0.226 (a maximum) and 0.774 (a minimum). 


24-41. Plot A mix G/w in Problem 24-37 versus jc, for RT/u = 0.60, 0.50, 0.45, 0.40, and 0.35. Note 
that some of the curves have regions where 3 2 A mix G/6xf < 0. These regions correspond to regions 
in which the two liquids are not miscible. Show that RT/u = 0.50 is a critical value, in the sense 
that unstable regions occur only when RT/u < 0.50. (See the previous problem.) 
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Differentiate A mix G with respect to x, to obtain 

9Amix - = —[In*. + 1 - ln(l - x.) - 1] + 1 - 2x, = 0 
3x. u 


Note that both sides of this equation equal zero when x, = 1/2. The unstable regions occur when 

9 2 A„,,G/9*?<0: 


» ‘A^G 

3x? 



The unstable regions are centered at x, = x 2 = 1/2, so substituting X[ = x 2 
gives the inequality 


4 RT 
u 


-2 < 0 


1/2 into 3 2 A mix G/3xf 


or 


RT 

- < 


u 


1 

2 


24-42. Plot both P,/P,* = x,^ /Rr and P 2 /P 2 * = x 2 e ux ' ,RT for RT/u = 0.60, 0.50, 0.45, 0.40, 
and 0.35. Prove that the loops occur for values of RT/u < 0.50. 


See Problem 24-40 for proof that unstable regions occur only for RT/u < 0.50. 


24-43. Plot both PJP* = x l e ux * /RT and PJP 2 = x 2 e“? /sr against x, for RT/u = 0.40. The loops 
indicate regions in which the two liquids are not miscible, as explained in Problem 24-39. Draw a 
horizontal line connecting the left-side and the right-side intersections of the two curves. This line, 
which connects states in which the vapor pressure (or chemical potential) of each component is the 
same in the two solutions of different composition, corresponds to one of the horizontal lines in 
Figure 24.12. Now set PJP* = x l e ux * ,RT equal to P 2 /P 2 = x 2 e ux * /RT and solve for RT/u in terms 
of x r Plot RT/u against x, and obtain a coexistence curve like the one in Figure 24.13. 




The plot of P x /P\ and PJP% against x l for RT/u = 0.40 is shown below. 



Write 


x^ e ux V RT = x 2 e ux ^ RT 


as 


e u(x\-x])/RT _ ^2 
*1 

and take logarithms to get 

RT x\ — x\ 1 — 2x { 

u \n{xjx^) ln[(l - jCj)/Xj] 


A plot of RT/u against x , follows. 
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24-44. The molar enthalpies of mixing of solutions of tetrachloromethane (1) and cyclohexane (2) at 
25°C are listed below. 




0.0657 

37.8 

0.2335 

107.9 

0.3495 

134.9 

0.4745 

146.7 

0.5955 

141.6 

0.7213 

118.6 

0.8529 

73.6 


Plot A mn H against x x x 2 according to Problem 24-37. Do tetrachloromethane and cyclohexane 
form a regular solution? 


If tetrachloromethane and cyclohexane form a regular solution at 25°C, then a plot of A mix H/x 2 
against x, should be linear. The linearity of the following plot shows that they form a regular 
solution. 



24-45. The molar enthalpies of mixing of solutions of tetrahydrofuran and trichloromethane at 25°C 
are listed below. 


*thf A^/J-mor 1 


0.0568 

-0.469 

0.1802 

-1.374 

0.3301 

-2.118 

0.4508 

-2.398 

0.5702 

-2.383 

0.7432 

-1.888 

0.8231 

-1.465 

0.9162 

-0.802 


Do tetrahydrofuran and trichloromethane form a regular solution? 
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If tetrahydrofuran and trichloromethane form a regular solution at 25°C, then a plot of A mi TJ/x 2 
against^ should be linear. The nonlinearity of the following plot shows that they do not quite form 
a regular solution. 



24—46. Derive the equation 


x x d In y x + x 2 d In y 2 = 0 

by starting with Equation 24.11. Use this equation to obtain the same result as in Example 24-8. 


Equation 24.11 is 

x x dfji x + x 2 d/x 2 = 0 

Substitute \x. = fx* + RT In y.x. } for /x x and jx 2 to obtain 

x x RT + d\ny^ + x 2 RT ^—- +d\ny^j = 0 
or 

RT(dx x + dx 2 ) + RTx x d In y x + RTx 2 d lny 2 = 0 
But dx x + dx 2 = 0 because x x + x 2 = 1, and so we have 

x x d In y x + x 2 d\ny 2 = 0 

According to Example 24-8, 

y x = e ax * 


x x 

d\ny 2 = — -dlny x = —- (2ax 2 dx 2 ) 
X 2 X 2 

= — 2a (1 — x 2 )dx 2 


Therefore, 
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Integration from x 2 = 1 (where y 2 = 1) to arbitrary x 2 gives 


In y 2 = —2a Ji (1 -x 2 )dx 2 

— -2a ^ 2 - 1 - = - 2 *2 + x 


= a(l — x 2 ) 2 = axf 


in agreement with Example 24-8. 


24-47. The vapor pressure data for carbon disulfide in Table 24.1 can be curve fit by 

P, = *,(514.5 torr)* 1 - 4967 ^ 068175 '’ 

Using the results of Example 24-7, show that the vapor pressure of dimethoxymethane is given by 

P 2 = x 2 (587.7 torr)e°' 4741jt ' +0 ' 68175j ‘' 

£ 

Now plot P 2 versus x 2 and compare the result with the data in Table 24.1. Plot G against x r Is the 
plot symmetric about a vertical line at = 1/2? Do carbon disulfide and dimethoxymethane form 
a regular solution at 35.2°C? 


According to Example 24-7, if 


P, = x 2 p; e ax i + ^ 


then 


P 2 = * 2 P 2 V“ + w**?-*? 


Therefore, since a = 1.4967 and p = —0.68175, 

p — x p*g0.4741*J+0.6817SxJ 

A comparison of P 2 from Table 24.1 with that calculated from the above equation is shown below. 
The solid curve is the calculated curve and the dots represent the experimental data. The agreement 
is very good. 
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Now use Equation 24.51: 

G E /RT = x y In Y\ + x 2 1° V 2 

= jc,(1.4967jc| - 0.68175*2 + 0.4741*? + 0.68175*?) 

= 0.8149*,* 2 (1 +0.4183*,) 

—E 

The following plot shows that G is not symmetric about x y = x 2 = 1 /2. Carbon disulfide and 
dimethoxymethane do not form a regular solution under the given conditions. 



24—48. A mixture of trichloromethane and acetone with x acet = 0.713 has a total vapor pressure of 
220.5 torr at 28.2°C, and the mole fraction of acetone in the vapor is y acet = 0.818. Given that 
the vapor pressure of pure trichloromethane at 28.2°C is 221.8 torr, calculate the activity and the 
activity coefficient (based upon a Raoult’s law standard state) of trichloromethane in the mixture. 
Assume the vapor behaves ideally. 


We have jc acet = 0.713, y acet = 0.818, and P total = 220.5 torr. Therefore, 

= (1.000 - 0.818)(220.5 torr) = 40.13 torr 


and 


and 


P 

a (R) = -£ 

“tn p* 

•*111 


40.13 ton- 
221.8 ton 


= 0.181 


a (R) 

^ > = T- 

X tri 


0.181 

1.000-0.713 


0.631 


24-49. Consider a binary solution for which the vapor pressure (in torr) of one of the components (say 
component 1) is given empirically by 

P x = 78.8jc 1 e a65x 2 +018jc 2 

Calculate the activity and the activity coefficient of component 1 when x { = 0.25 based on a solvent 
and a solute standard state. 
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„(R) _ r i _ v ^0.65^+0.184 

~p* X \ e 


When x ] = 0.25, a{ R) = 0.25e 04416 = 0.39 and y/ R) = a{ R) /0.25 = 1.6. The activity based upon a 
Henry’s law standard state is given by 


,(») _ 


P v P * ^0-65^, +0.1 8 jc, 

r i „ fl_M g _ 


H,1 


p*^0.65+0.18 


0.39 




2.29 


and y™ = 0.17/0.25 = 0.68 


24-50. Some vapor pressure data for ethanol/water solutions at 25°C are listed below. 


*elhanol 

Ethanol Aorr 

^waterA 0 " 

0.00 

0.00 

23.78 

0.02 

4.28 

23.31 

0.05 

9.96 

22.67 

0.08 

14.84 

22.07 

0.10 

17.65 

21.70 

0.20 

27.02 

20.25 

0.30 

31.23 

19.34 

0.40 

33.93 

18.50 

0.50 

36.86 

17.29 

0.60 

40.23 

15.53 

0.70 

43.94 

13.16 

0.80 

48.24 

9.89 

0.90 

53.45 

5.38 

0.93 

55.14 

3.83 

0.96 

56.87 

2.23 

0.98 

58.02 

1.13 

1.00 

59.20 

0.00 


Plot these data to determine the Henry’s law constant for ethanol in water and for water in ethanol 
at 25°C. 


Henry’s law constant of component j is given by the limiting slope of the vapor pressure of 
component j as x. 0. The straight lines are shown in the following figure. The slopes of these 
lines give k H wa(er 20 torr/0.35 = 57 torr and fc H eth « 25 torr/0.10 = 250 torr 



0.0 0.2 0.4 0.6 0.8 1.0 


Mole fraction of ethanol 
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24—51. Using the data in Problem 24—50, plot the activity coefficients (based upon Raoult’s law) of 
both ethanol and water against the mole fraction of ethanol. 


The activity coefficients based upon Raoult’s law are given by y. = P./x.PJ , where all these 
quantities are given in the problem. The activities are shown in the following figure. 



_E 

24-52. Using the data in Problem 24-50, plot G /RT against ;c H 0 . Is a water/ethanol solution at 25°C 
a regular solution? 


According to Equation 24.51, 


g e 

Jf= x \ In Y x + x 2 In V 2 


_E 

The activity coefficients are calculated in Problem 24—51, and G /RT is plotted against the mole 
fraction of water below. The plot is not symmetric about x x = x 2 = 1 /2, and so water and ethanol 
do not form a regular solution under these conditions. 
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24-53. Some vapor pressure data for a 2-propanol/benzene solution at 25°C are 


jr 

2-propanol 

^2-propanol 

p to J torT 

0.000 

0.0 

94.4 

0.059 

12.9 

104.5 

0.146 

22.4 

109.0 

0.362 

27.6 

108.4 

0.521 

30.4 

105.8 

0.700 

36.4 

99.8 

0.836 

39.5 

84.0 

0.924 

42.2 

66.4 

1.000 

44.0 

44.0 


Plot the activities and the activity coefficients of 2-propanol and benzene relative to a Raoult’s law 
standard state versus the mole fraction of 2-propanol. 


The activity coefficients based upon Raoult’s law are given by y. = P,/*,P*, where all these 
quantities are given above. The activities and activity coefficients are shown in the following 
figures. 
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24—54. Using the data in Problem 24-53, plot G E /RT versus * 2 -propanor 


According to Equation 24.51, 

g e 

Jf =x \ In/, +x 2 \ny 2 

_ £ 

The activity coefficients are calculated in Problem 24-53, and G /RT is plotted against the mole 
fraction of 2-propanol below. The plot is not symmetric about x ] = x 2 — 1/2, and so 2-propanol 
and benzene do not form a regular solution under these conditions. 



24—55. Excess thermodynamic quantities are defined relative to the values the quantities would have 
if the pure components formed an ideal solution at the same given temperature and pressure. For 
example, we saw that (Equation 24.51) 


Show that 


g e 


RT (n . + n 2 )RT 


= In /, + x 2 In y 2 


t 


A,S E 


R («. + n 2 )R 


= -o, In/, + x 2 In y 2 ) 


-r(*. 


9 In/, din y 
8T + * 2 8T 


Use the relation S = —(dG/ST) p to write 


s E = — 


'dG ES 

dT 


Px, 


= —^[RT(x , In y, + x 2 In y 2 )] 


= -R(x t In y, + jc 2 In y 2 ) - RT 
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24—56. Show that 


_e G E 
G =-= ux.x. 


W l+ n 2 


12 


~f = ——— =0 

n { + n 2 


and 


T7 e H E 

H =-= ux.x 


n, +" 2 


12 


for a regular solution (see Problem 24-37). 


A regular solution is defined in Problem 24-37. For example, 

A mix G = RT (*, In x, + x 2 In x 2 ) + ux x x 2 
But the first terms on the right side of this equation are A mix G' d , and so 

G E = A . G - A . G' d = ux.x. 

mix mix 1 z 


Similarly, 


S = ^ mix 5 - A mix S =-/?(Xj lnx, + A: 2 lnA: 2 ) +/?(Xj lnxj + ^ 2 lnx 2 ) 
= 0 


and G E = H B - TS E gives 


TJ e 

H = mjCjJC 2 


24—57. Example 24-7 expresses the vapor pressures of the two components of a binary solution as 

P { =x [ P l *e ax l +fix 2 


and 


P 2 = * 2 P 2 V a+3/3/2)Jc i 

Show that these expressions are equivalent to 

y l = e ax 2 +P x 2 and y 2 = e ( a+3 0/ 2 ) x i~fl x i 


_E 

Using these expressions for the activity coefficients, derive an expression for G in terms of a and 
/!, Show that your expression reduces to that for G for a regular solution. 


Start with Equation 24.51 


G /RT = x x In y, + ;t 2 In y 2 
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and Yj = Pj/XjP*. For P } and P 2 given in the problem 


and so 


y = —— = e ax 2 + P x 2 and = —— = e (a+3p/2)x ] px x 

1 r P* 2 x P* 

H r l A l r 2 


G E //?r = + £*2) + x 2 A - P x i J 

= x,x 2 ^orx 2 + £x 2 + ax, + y x, - jSxf^ 

= x,x 2 a(x, +x 2 ) + yx, + /3(x 2 -x, 2 )j 
= X,X 2 j^a+ yX, +)3(X 2 -X,)(X 2 + X,)J 

= x,x 2 [« + ^(i-y)] 

This expression reduces to that of a regular solution when /S = 0. 


24-58. Prove that the maxima or minima of A mix G defined in Problem 24-37 occur at x, = x 2 


for any value of RT/u. Now prove that 


> 0 for RT/u > 0.50 

9 2 A . G 

-= 0 for RT/u = 0.50 


3x 


< 0 for RT/u < 0.50 

at x, = x 2 = 1 /2. Is this result consistent with the graphs you obtained in Problem 24-41? 


Start with 


u u 

The maxima or minima are given by 


A G RT 

— 2112 — = —(x, lnx, + x 2 lnx 2 ) + XjX 2 


or by 


9A . G/u\ RT 

— mo—!— ) = —[lnx, + 1 - ln(l - x.) - 1] + 1 - 2x, = 0 
3 x, I u 


RT x. 

— In -—-— = 1 — 2x, 


u 1 — x, 

Note that this equation is satisfied by x, = x 2 = 1 /2 for any value of RT/u. 


3x 2 J u \x, 1 — x, / 

_ AT T_1_ 

u L^iC 1 — -^i)J 


-2 


ART 


-2 


1/2 
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at x { =x 2 = 1/2. This expression is greater than zero when RT/u > 0.50, less than zero when 
RT/u < 0.50, and equal to zero when RT/w = 0.50. 


24—59. Use the data in Table 24.1 to plot Figures 24.15 through 24.17. 


Use the relations aj R) = /» /P* and y/ R) = P./x. P*. The results of the calculations are given below. 


*1 

P^/torr 

^dimethAon' 

“cs 2 

fl (R) 

“■dimeth 

KaJ 

Kdimeth 

AG E /kJmol 

0.0000 

0.0 

587.7 

0.000 

1.000 

2.22 

1.00 

0.000 

0.0489 

54.5 

558.3 

0.106 

0.950 

2.17 

1.00 

0.037 

0.1030 

109.3 

529.1 

0.212 

0.900 

2.06 

1.00 

0.078 

0.1640 

159.5 

500.4 

0.310 

0.851 

1.89 

1.02 

0.120 

0.2710 

234.8 

451.2 

0.456 

0.768 

1.68 

1.05 

0.179 

0.3470 

277.6 

412.7 

0.540 

0.706 

1.55 

1.08 

0.204 

0.4536 

324.8 

378.0 

0.631 

0.643 

1.39 

1.18 

0.239 

0.4946 

340.2 

360.8 

0.661 

0.614 

1.34 

1.21 

0.242 

0.5393 

357.2 

342.2 

0.694 

0.582 

1.29 

1.26 

0.244 

0.6071 

381.9 

313.3 

0.742 

0.533 

1.22 

1.36 

0.242 

0.6827 

407.0 

277.8 

0.791 

0.473 

1.16 

1.49 

0.227 

0.7377 

424.3 

250.1 

0.825 

0.426 

1.12 

1.62 

0.209 

0.7950 

442.6 

217.4 

0.860 

0.370 

1.08 

1.80 

0.184 

0.8445 

458.1 

184.9 

0.890 

0.315 

1.05 

2.02 

0.154 

0.9108 

481.8 

124.2 

0.936 

0.211 

1.03 

2.37 

0.102 

0.9554 

501.0 

65.1 

0.974 

0.111 

1.02 

2.48 

0.059 

1.0000 

514.5 

0.0 

1.000 

0.000 

1.00 

2.50 

0.000 
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Solutions II 
Solid-Liquid Solutions 

PROBLEMS AND SOLUTIONS 


25-1. The density of a glycerol/water solution that is 40.0% glycerol by mass is 1.101 g-mL 
Calculate the molality and the molarity of glycerol in the solution at 20°C. Calculate the 
at 0°C. 


1 at 20°C. 
molality 


The mass of glycerol per millimeter of solution is 

g glycerol per mL = (0.400)(1.101 g-mL -1 ) = 0.4404 g-mL -1 
The number of moles of glycerol per liter of solution is 

440.4 g-L -1 

molarity =- r = 4.78 mol-L 

92.093 g-mol -1 

The number of grams of water per 0.4404 grams of glycerol is given by 

1.101 g - 0.4404 g = 0.6606 g I^O 

or 0.4404 g glycerol per 0.6606 g H 2 0, or 0.6666 g glycerol per g HjO. Therefore, 

666.6 g-kg -1 . 

molality = — — -—r = 7.24 mol-kg 1 

92.094 g. mol -1 6 


25-2. Concentrated sulfuric acid is sold as a solution that is 98.0% sulfuric acid and 2.0% water by 
mass. Given that the density is 1.84 g-mL -1 , calculate the molarity of concentrated sulfuric acid. 


g H 2 S0 4 per mL solution = (0.980)(1.84 g-mL ’) = 1.80 g-mL ') 


1800 g-L -1 , 

molarity =-r = 18.4 mol-L 

J 98.08 g-mol -1 


25-3. Concentrated phosphoric acid is sold as a solution that is 85% phosphoric acid and 15% water 
by mass. Given that the molarity is 15 M, calculate the density of concentrated phosphoric acid. 
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A 15 molar solution implies that there are 

(15 mol-L -1 )(97.998 g-mol -1 ) = 1470 g of phosphoric acid per liter of solution 
Therefore, the density of the solution is 

density = 147 °fv ~ = 1700 g' L_1 = 1/7 8 mL_1 
0.85 


25-4. Calculate the mole fraction of glucose in an aqueous solution that is 0.500 mol-kg 1 glucose. 


There are 0.500 mol glucose per kg HjO. so 

0.500 mol 


x 


2 


0.500 mol + 


1000 g 

18.02 g-mol -1 HjO 


0.00893 


25-5. Show that the relation between molarity and molality for a solution with a single solute is 

(1000 mL-L -1 )pm 
1000 g-kg -1 + mM 2 

where c is the molarity, m is the molality, p is the density of the solution in g-mL -1 , and M 2 is the 
molar mass (g-mol -1 ) of the solute. 


Consider a solution of a certain molality, m, containing 1000 g of solvent. The total mass 
of the solution is 1000 g-kg -1 +mM 2 and its volume (in mL) is (1000 g-kg -1 + mM 2 )/p, 
where p is the density of the the solution in g-mL -1 . The volume of the solution in liters is 
(1000 g-kg -1 + mMj)/p( 1000 mL-L -1 ) liters. There are m moles of solute per (1000 g-kg -1 + 
mM 2 )/p(1000 mL-L -1 ) liters, so the molarity is 

(1000 mL-L -1 )pm 
1000 g-kg -1 + mM 2 


25-6. The CRC Handbook of Chemistry and Physics has tables of “concentrative properties of aqueous 
solutions” for many solutions. Some entries for CsCl(s) are 


A/% 

P/g-mL 1 

c/ mol-L' 

1.00 

1.0058 

0.060 

5.00 

1.0374 

0.308 

10.00 

1.0798 

0.641 

20.00 

1.1756 

1.396 

40.00 

1.4226 

3.380 


where A is the mass percent of the solute, p is the density of the solution, and c is the molarity. 
Using these data, calculate the molality at each concentration. 
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Using the result of the previous problem. 


(1000 g-kg ')c 
(1000 mL-L -1 )/0 - M 2 c 


We have then ( M 2 = 168.36 g-mol ') 


c/mol*L 1 

m/ mol-kg 1 

0.060 

0.060 

0.308 

0.313 

0.641 

0.660 

1.396 

1.484 

3.380 

3.960 


25-7. Derive a relation between the mass percentage (A) of a solute in a solution and its molality (m). 
Calculate the molality of an aqueous sucrose solution that is 18% sucrose (C^H^O,,) by mass. 


Mass percentage of solute, A 2 , is given by 


mass, 

A 2 = - 1 -x 100 

mass, + mass 2 

If we take a solution containing 1000 g of solvent, then mass 2 = mM 2 and mass, = 1000 g-kg -1 , 
so 


mM 2 

A 2 1000 g-kg -1 + mM, 


x 100 


Solve for m to get 


(1000 g-kg -1 )A 


m = 


(100-A 2 )M 2 

For an aqueous sucrose solution that is 18% sucrose by mass, 

(1000 g-kg -1 )(18) 


m = 


(100- 18)(342.3 g-mol -1 ) 


= 0.73 mol-kg 


25-8. Derive a relation between the mole fraction of the solvent and the molality of a solution. 


Start with 


»i + n i 

Now take a solution containing 1000 g of solvent, so that n 2 = m and n, = (1000 g)/M,, where 
M, is the molar mass of the solvent. Therefore, 

m mM l 

X% 1000 g-kg -1 1000 g-kg -1 + mM. 

- 1 - m 

M, 
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and 

_ _ 1000 g-kg -1 

X '~ * 2 “ 1000 g-kg -1 +mM, 


25-9. The volume of an aqueous sodium chloride solution at 25°C can be expressed as 
V/mL = 1001.70 + (17.298 kg-mol -1 )m + (0.9777 kg 2 -mol -2 )m 2 

- (0.0569 kg 3 -mol -3 )™ 3 
0 < m < 6 mol-kg -1 

where m is the molality. Calculate the molarity of a solution that is 3.00 molal in sodium chloride. 


The volume of the solution at a 3.00 mol-kg 1 concentration is 

V/mL = 1060.86 

The mass of a 3.00 mol-kg -1 NaCl(aq) solution that contains 1000 g of solvent is 

mass = 1000 g-kg -1 + (3.00 mol-kg -1 )(58.444 g-mol -1 ) 

= 1175.33 g 


The density of the solution is 

= 1175.33 g 
P 1060.86 mL 


1.108 g-mL -1 


and so the molarity is (see Problem 25-5) 

(1000 mL-L~‘)jom 
1000 g-kg -1 + mM 2 

_ (1000 mL L -1 )(1.108 g-mL -1 )(3.00 mol-kg -1 ) 
1000 g-kg -1 + (3.00 mol-kg -1 )(58.444 g-mol -1 ) 
= 2.83 mol-L -1 


25-10. If m°°, and c°° are the mole fraction, molality, and molarity, respectively, of a solute at 
infinite dilution, show that 


c co M l 

1000 g-kg -1 “ (1000 mL-L -1 )p, 


where M, is the molar mass (g-mol ') and p x is the density (g-mL ’) of the solvent. Note that mole 
fraction, molality, and molarity are all directly proportional to each other at low concentrations. 


Start with x 2 = nj(n. + n 2 ). At infinite dilution, n 2 -* 0, and so 


n \ + n i 


— as 
n. 


0 
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Consider a solution containing 1000 g of solvent. In this case, n 2 = m and n, = (1000 g-kg 1 )/M X , 
where M x is the molar mass of the solvent. Then 

^ m°° m°°M x 

* 2 1000 g-kg -1 1000 g-kg -1 

According to Problem 25-5, c°° -* (mL-L -1 )pm°°/(g-kg -1 ), so 

c 00 c°°M. 

x°° = -=-1- 

2 /1000 mL-L -1 \ (1000 mL-L -1 )p 

) p 


25-11. Consider two solutions whose solute activities are a 2 and a 2 , referred to the same standard 
state. Show that the difference in the chemical potentials of these two solutions is independent of 
the standard state and depends only upon the ratio a 2 /a 2 . Now choose one of these solutions to 
be at an arbitrary concentration and the other at a very dilute concentration (essentially infinitely 
dilute) and argue that 

< = = hnH = 

v.00 m oo „oo 


Let 

/x' =(iM° 2 )' + RT\na ' 2 

/x" = (/x»)" + RT In a" = (m°)' + RT In a" 

Therefore, 

A/x = (m 2 - ix 2 = RT In 

a 2 

If the solution denoted by the double prime is very dilute, then a 2 = x%°, m°°, or c°°. Therefore, 


y^ X 2 _ _ Y2c C 


m 


25-12. Use Equations 25.4, 25.11, and the results of the previous two problems to show that 

/ mM, \ / p c[M x — M 2 ] \ 

Yix = Y 2m [1 + jooog-kg -1 / = K2c + p t [1000 mL-L -1 ]/ 

where p is the density of the solution. Thus, we see that the three different activity coefficients are 
related to one another. 


Using the result of the previous problem, 


Y2x m°°; c/ 2m 


Using the result of Equation 25.4 and Problem 25-10, we have 


Ylx = Ylm 


M , 


1000 g-kg 


-l 


1000 g-kg 

K 


-i 


+ m = Y 2m 1 + 


mM, 


1000 g-kg 


-l 
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Similarly, Problem 25-11 gives us 

r°° C 

Vix = 7 zc 7^7 

C -* 2 

Using Equation 25.11 and the result of Problem 25-11, we have 


72* 


|~ I ' 

^LoOOOmL-L-^pJ _ 

[ P , c(M x - M 2 ) 

= H 7 


(1000 mL-L _1 )p + c(M, - M 2 )' 


M, 


(1000 mL-L _ )p. 


] 


25-13. Use Equations 25.4, 25.11, and the results of Problem 25-12 to derive 

(p c_M 2 \ 

K2m y2c VPi p,[1000 mL-L -1 ]/ 

Given that the density of an aqueous citric acid ( M 2 = 192.12 g • mol -1 ) solution at 20°C is given by 

p/g-mL -1 = 0.99823 + (0.077102 L-mol -I )c 
0 < c < 1.772 mol-L -1 

plot V lm !y lc versus c. Up to what concentration do and y^ differ by 2%? 


From Problem 25-11, 


Ylm V2c c°° m 


Using the results from Problems 25-5 and 25-10, 


72m = 72c 


Pi L 


(1000 mL-L )p — cM. 


1000 mL-L 


-l 


=r Ay- 


cM' 


p,(1000 mL-L -1 ) J 


The ratio y^/Yic is plotted below. 
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25-14. The CRC Handbook of Chemistry and Physics gives a table of mass percent of sucrose in an 
aqueous solution and its corresponding molarity at 25°C. Use these data to plot molality versus 
molarity for an aqueous sucrose solution. 


Use the relation between mass percentage and molality that is derived in Problem 25-7 to calculate 
the molality at each mass percentage. Some representative values of A, c, and m and the plot of m 
against c are given below. 


A c/mol-L 1 m/mol-kg 1 


1.00 

0.029 

0.030 

2.00 

0.059 

0.060 

3.00 

0.089 

0.090 

4.00 

0.118 

0.122 

5.00 

0.149 

0.154 

6.00 

0.179 

0.186 

7.00 

0.210 

0.220 

8.00 

0.241 

0.254 

9.00 

0.272 

0.289 

10.00 

0.303 

0.325 

12.00 

0.367 

0.398 

14.00 

0.431 

0.476 

16.00 

0.497 

0.556 

18.00 

0.564 

0.641 

20.00 

0.632 

0.730 


A c/mol-L 1 m/mol-kg 1 


24.00 

0.771 

0.923 

28.00 

0.914 

1.136 

32.00 

1.063 

1.375 

36.00 

1.216 

1.643 

40.00 

1.375 

1.948 

44.00 

1.539 

2.295 

48.00 

1.709 

2.697 

52.00 

1.885 

3.165 

56.00 

2.067 

3.718 

60.00 

2.255 

4.382 

64.00 

2.450 

5.194 

68.00 

2.652 

6.208 

72.00 

2.860 

7.512 

76.00 

3.076 

9.251 

80.00 

3.299 

11.686 



25-15. Using the data in Table 25.2, calculate the activity coefficient of water (on a mole fraction 
basis) at a sucrose concentration of 3.00 molal. 


We use the equation y l = a l /x v The relation between molality and mole fraction is given by 
Equation 25.4: 

1 _ 1000 g-kg- 1 

X ' X * mM l 1000 g-kg -1 +mM, 

+ 1000 g-kg- 1 
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At m — 3.00 mol-kg 1 (with M, = 18.02 g-mol '), we have jc, = 0.9487. Therefore, 


_ 0.93276 
V> ~ 0.9487 


0.983 


25-16. Using the data in Table 25.2, plot the activity coefficient of water (on a mole fraction basis) 
against the mole fraction of water. 


Calculate the mole fraction from the molality according to Problem 25-15, use the relation 
y, = a x /x v and plot the results to get 



25-17. Using the data in Table 25.2, calculate <j> at each value of m and reproduce Figure 25.2. 


Use Equation 25.13, 


In a, = 


m<p 

55.506 mol-kg _1 


25-1 8 . Fit the data for the osmotic coefficient of sucrose in Table 25.2 to a fourth-degree polynomial 
and calculate y 2m for a 1.00-molal solution. Compare your result with the one obtained in 
Example 25-5. 


Suppressing the units of the coefficients, we get 

<p = l+ 0.075329 m + 0.016554m 2 - 0.0039647m 3 + 0.00024694m 4 
Use Equation 25.15 to write 

ln K2m =$- 
and so y 2m = 1.186. 


1 + 


fl.OO 

Jo 


0-1 


m 


dm = 0.08816 + 0.08235 = 0.1705 
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25-19. Using the data for sucrose given in Table 25.2, determine In at 3.00 molal by plotting (0 — 
1 )/m versus m and determining the area under the curve by numerical integration (Mathchapter G) 
rather than by curve fitting 0 first. Compare your result with the value given in Table 25.2. 


Using Kaleidagraph, we obtain 



0 - 1 

-- dm = 0.272 

m 


From Table 25.2, 0 — 1 = 0.2879, and so In y ^ = 0.560, and y 2m = 1.75. 


25-20. Equation 25.18 can be used to determine the activity of the solvent at its freezing point. 
Assuming that AC£ is independent of temperature, show that 


A fus tf(D = A (US H(T* S ) + A r p (T - r f ; s ) 

where A fus #(T f * s ) is the molar enthalpy of fusion at the freezing point of the pure solvent (T f * s ) and 
AC P is the difference in the molar heat capacities of liquid and solid solvent. Using Equation 25.18, 
show that 


— In a, = 




9 + 


1 




A fus H(T* s ) AC 


‘fus 


0 2 + 


where 9 = T f * s - T (us . 


Use 


9A fus // 

dT 


= AC r 


to derive 


A f H(T) - A f H(D = AC P (T - T*) 


Using Equation 25.18 


f T tm 

Ina, = / 

JtL 


a fus #co 

RT 2 


dT 


_ ac, r T * 

R J T • T 2 R Jr 


dT(T - T*) 


R 


( T fas + T*) 


+ 


AC, 


1 fus fus 

A fa MTL) (T {ai - T ( 


R 


T T* T* 

1 ^ us | 1 fus 1 f° s 


1 fus 


fus 

( T Sas - T; \ ac; / T fus r f ; s -r fu \ 
V T (as ) R V T* s T (us ) 


1 fus 


RT, 


fus 


Now let T. = T* s - 9 and use 1/(1 - x) = l + x + x 2 -\ -to get 


1 


fus 


1 


1 


TL-9 


1 fus L 


, + W + 

A fus 


9 2 


TO 2 


+ 
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and use ln(l — x) = — x — x 2 /2 + 

T, 


to get 


Finally, then 


In 


— In a, = — 


fus 


fus 


/ e \ _ e 1 e 2 ^ 

V tJ ~ T* s 2 (T*f + 


A rJHTZl 




1 fus 


„ e 2 

n / 

e 

\ 

0 + • 

• +e[ 

1 + —h * ■ 

•) 

2 T* 

L jL1 fus 

\ 

T* 

* fus 

. 


\jjm 9 1 


Km 2 


A fus H(r f ; s ) 


‘fus 


AC, 


e 2 + ■ ■ ■ 


25-21. Take A fus //(7 f * s ) = 6.01 kJ-mol c' p = 75.2 J-K '-mol \ and C^, = 37.6 J-K '-mol 'to 
show that the equation for - In a x in the previous problem becomes 

- In a, = (0.00969 K"')0 + (5.2 x 10“ 6 K ~ 2 )G 2 + ■ • • 

for an aqueous solution. The freezing point depression of a 1.95-molal aqueous sucrose solution 
is 4.45°C. Calculate the value of a, at this concentration. Compare your result with the value in 
Table 25.2. The value you calculated in this problem is for 0°C, whereas the value in Table 25.2 
is for 25°C, but the difference is fairly small because a, does not vary greatly with temperature 
(Problem 25-61). 


Using the final equation in Problem 25-20, we have 
(6.01 kJ-mol -, )0 

“ nQ ' ” (8.314 J-mol -1 -K _1 )(273.2K) z 

1 / 6.01 kJ-mol -1 

+ (8.314 J-mol -1 -K _1 )(273.2 K) 2 V 273.2 K 
= (0.00969 K"')0 + (5.2 x 10“ 6 K" 2 )6I 2 + • • • 

If 6 = 4.45 K, then 

In a, = -(0.00969 K"')(4.45 K) - (5.2 x lO” 6 K" 2 )(4.45 K) 2 
= -0.0432 


- 18.8 J-mol -1 K" 


') 


and so a, = 0.958. 


25-22. The freezing point of a 5.0-molal aqueous glycerol (1,2,3-propanetriol) solution is — 10.6°C. 
Calculate the activity of water at 0°C in this solution. (See Problems 25-20 and 25-21.) 


Use the equation derived in Problem 25-21 


In a, = -(0.00969 K -1 )0 - (5.2 x 10 -6 K -2 )0 2 
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with 6 = 10.6 K to get 

In a, = -(0.00969 K-')(10.6 K) - (5.2 x 1(T 6 K" 2 )(10.6 K) 2 
= -0.103 


and so = 0.902. 


25-23. Show that replacing T [us by T ( * ns in the denominator of (T tm - r f * s )/7’ f * s 7’ fus (see Equation 25.20) 
gives -e/(T f lf - e 2 /(T?J + ••• where 9 = - T (as . 


Tto - = -e = e 

T (as TL T f ’JT* s -e) (TL)1 ^ 

Now use the expansion 1/(1 — x) = x + x 2 H-to write 


T — T* 

1 fus 1 fus _ 

T T* 

1 fus 1 fus 


eyee 2 

m 2 L t* s + + 


e e 2 

OZf + '" 


25-24. Calculate the value of the freezing point depression constant for nitrobenzene, whose freezing 
point is 5.7°C and whose molar enthalpy of fusion is 11.59 kJ-mol -1 . 


Using Equation 25.23, we write 

K = ( M ' \ R(T(: A 2 

f VlOOOg-kg-'/ A {as H 

/123.11 g-mor'N T(8.314 J-mor 1 -K- 1 )(278.9 K) 2 ' 
V lOOOg-kg" 1 )[ 11.59 x 10 3 Jmor’ 

= 6.87 K-kg-mor 1 


25-25. Use an argument similar to the one we used to derive Equations 25.22 and 25.23 to derive 
Equations 25.24 and 25.25. 


The condition for equilibrium at a temperature T is 

/t,?(7\ P ) = /if(7\ P ) = tx\(T, P) + RT In a, = A + RT In a, 
Solving for In a x gives 


_ __ 

dT ) p RT 2 RT 2 


Inaj = 


iA ~ fA 

RT 


Use the Gibbs-Helmholtz equation (Example 24-1) to get 

/ 3 In a, \ ~h\ -JA 
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This equation is similar to Equation 25.17 except for the negative sign, which occurs because boiling 
points of solutions are elevated whereas freezing points are lowered. The rest of the derivation 
follows Equations 25.18 through 25.23. 


25-26. Calculate the boiling point elevation constant for cyclohexane given that T ap = 354 K and that 
A vap 77 = 29.97 kJ-mor 1 . 


Using the analog of Equation 25.23, we have 

(84.161 g-mor’)(8.314 J-mol -1 -K _1 )(354 K) 2 
Kb ~ (1000 g-kg~‘)(29.97 x 10 3 J-mol -1 ) 

= 2.93 K-kg-mol" 1 


25-27. A solution containing 1.470 g of dichlorobenzene in 50.00 g of benzene boils at 80.60°C at 
a pressure of 1.00 bar. The boiling point of pure benzene is 80.09°C and the molar enthalpy of 
vaporization of pure benzene is 32.0 kJ-mol" 1 . Determine the molecular mass of dichlorobenzene 
from these data. 


The value of A vap T is 

A vap r = 80.60°C - 80.09°C = 0.51°C = 0.51 K 

Using the analog of Equation 25.23, we have 

(78.108 g-mol _1 )(8.314 J-mol" 1 -K-')(353.2 K) 2 
“ (1000 g-kg" 1 )(32.0 x 10 3 J-mol" 1 ) 

= 2.53 IC-kg-mol" 1 


The molality is given by 


m = 


A T 

vap 

z 


0.51 K 

2.53 K-kg" 1 -mol" 1 


0.20 mol-kg 1 


Therefore, 


1.470 gC 6 H 4 Cl 2 ► 50.0 g C 6 H 6 
29.4 g C 6 H 4 C1 2 <—► 1000 g C 6 H 6 0.20 mol 


and so the molecular mass is 147. 


25-28. Consider the following phase diagram for a typical pure substance. Label the region 
corresponding to each phase. Illustrate how this diagram changes for a dilute solution of a 
nonvolatile solute. 
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Now demonstrate that the boiling point increases and the freezing point decreases as a result of the 
dissolution of the solute. 


Use the following figure for water, which is self-explanatory 



7YK 


Tf — Tf= freezing point depression 


boiling point elevation 


25-29. A solution containing 0.80 grams of a protein in 100 mL of a solution has an osmotic pressure 
of 2.06 torr at 25.0°C. What is the molecular mass of the protein? 


We use Equation 25.31, 

n (2.06 torr)/(760 torr-atm" 1 ) 

C = ~RT = (0.08206 Latm-mol -1 -K _1 )(298.2 K) 

= 1.11 x 10“ 4 mol-L -1 = 1.11 x 10“ 5 mol/100 mL 
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Therefore, 1.11 x 10 5 mol corresponds to 0.80 g protein, and so the molecular mass of the protein 
is 72 000. 


25-30. Show that the osmotic pressure of an aqueous solution can be written as 

n-Sf- - -tV 

V \55.506 mol-kg / 


Simply substitute Equation 25.13 into Equation 25.30. 


25-31. According to Table 25.2, the activity of the water in a 2.00 molal sucrose solution is 0.95807. 
What external pressure must be applied to the solution at 25.0°C to make the activity of the water 
in the solution the same as that in pure water at 25.0°C and 1 atm? Take the density of water to be 
0.997 g-mL _I . 


Using Equation 25.30, we have 

RT In a x _ (0.08206 L-atm-mol" 1 •K" 1 )(298.2 K)(ln0.95807) 

0 “ “ 0.01807 L-mol" 1 

= 58.0 atm 


25-32. Show that a 2 = a± = m 2 y| for a 2-2 salt such as CuS0 4 and that a 2 — a± = 27m 4 y± for a 1-3 
salt such as LaCl 3 . 


Equation 25.40 gives us a 2 = = m v ± y± . For a 2-2 salt, such as MgS0 4 , v + = 1, v_ = 1, 

m + = m, and m_ = m, and so a 2 = a 2 ± = m 2 yl, or a ± = my ± . 

For a 1-3 salt, such as LaCl 3 , v + = 1, v_ = 3, m + = m, and m_ = 3m, and so a 2 = a± = 
[m 1 (3m) 3 ]y±, or a ± = 27 1/4 my ± . 


25-33. Verify the following table: 


Type of salt 

Example 

L 

i -1 

KCl 

m 

1-2 

CaCl 2 

3 m 

2- 1 

k,so 4 

3 m 

2-2 

MgS0 4 

4 m 

1 - 3 

LaCl 3 

6m 

3-1 

Na^O, 

6m 


Show that the general result for I m is |z + z_|(v, + v 2 )m/ 2. 


We use Equation 25.52 in terms of molality. 

r m = = \^ m + + z - m -> 


( 1 ) 
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for a binary salt. Therefore, we have the following table. 

type_ L _ 

1-1 |(lm + + lm_) = \{2m) = m 

1- 2 i(4m + + 1 m_) = j(4m + 2m) = 3m 

2- 1 i(m + + 4m_) = i(2m + 4m) = 3m 

2- 2 ^(4m + + 4m_) = 5 (8m) = 4m 

1-3 j(9m + + lm_) = |(9m + 3m) = 6m 

3- 1 i(m + + 9m_) = j(3m + 9m) = 6m 

To prove the general result, substitute m + = v + m and m_ = v_m into Equation 1 to get 

L = ^(4 v + + z- v -) m 

Now use the electroneutrality condition z + v + = |z_|v_ to get 


I m = -jiz + \z_\v_ + |z_| 2 v_)m 


Z+|Z_I ( , lz_I v _\ IZ-Z+I, , N 

= - V V - + — I” = + - 


25-34. Show that the inclusion of the factor v in Equation 25.41 allows 0 —»■ 1 as m 0 for solutions 
of electrolytes as well as nonelectrolytes. Hint : Realize that x 2 involves the total number of moles 
of solute particles (see Equation 25.44). 


For a nonelectrolyte, In a x -*■ In*, -»■ ln(l - x 2 ) ->■ -x 2 as x 2 0. According to Equation 25.21, 
x 2 -* Af,m/( 1000 g-kg -1 ) as m ->■ 0, so 0 defined by In a, = -M,m0/( 1000 g-kg -1 ) (Equa¬ 
tion 25.13) becomes 0 = (In <a,)/jc 2 = 1 as x 2 0 or m ->• 0. For an electrolyte, x 2 
vM,m/(1000g-kg -1 )as;c 2 -> Oorm -> 0. Therefore, 0 defined by In a, = -vM 1 m/(1000g-kg _1 ) 
(Equation 25.41) becomes 0 = (In a x )/x 2 = 1 as x 2 -» 0 or m 0. 


25-35. Use Equation 25.41 and the Gibbs-Duhem equation to derive Equation 25.42. 


Consider an aqueous solution consisting of 1000 g of water. The Gibbs-Duhem equation is 

Zimina, + n 2 \na 2 = 0 


or 


(55.506 mol-kg ')d\na x +md\na 2 = Q 
Use Equation 25.41 to obtain 

— vd(m(p) + md lna 2 = 0 

Equation 25.37 gives a 2 = a± = m v ± yj., and so we have 


—vd{m(p) + mvd In m ± y ± = 0 



808 


Chapter 25 


But generally m ± = cm , where c is a constant whose value depends upon the type of electrolyte 
(see Table 25.3), and so 


vd{m<j)) = mvdln(cmy ± ) 
= mvd \n(my ± ) 


Thus 


d(m<p) = md In (my ± ) 


or 


md<p + (j)dm — m(d In y ± 4- d In m) 


Division by m gives 


dm ,, dm 

d(j> + (p — = d In y, H- 

m m 


or 


<j> - 1 

d\ny, = dtp H- dm 

m 

Now integrate from m — 0 (where y ± = <p = 1) to m to obtain Equation 25.42. 


25-36. The osmotic coefficient of CaCl 2 (aq) solutions can be expressed as 

<i> = 1.0000 - (1.2083 kg 1/2 -mor 1/2 )m 1/2 + (3.2215 kg-mor , )m 
- (3.6991 kg 3/2 -mol" 3/2 )m 3/2 + (2.3355 kg 2 -mol _2 )m 2 
- (0.67218kg 5/2 -mor 5/2 )m 5/2 + (0.069749kg 3 -mol _3 )m 3 

0 < m < 5.00 mol-kg -1 

Use this expression to calculate and plot In y ± as a function of m l/z . 

Substitute the expression for <p given in the problem into Equation 25.42. The result is shown in the 
following figure. 



0.50 


2.00 
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25-37. Use Equation 25.43 to calculate In y ± for NaCl(aq) at 25°C as a function of molality and plot 
it versus m 1/2 . Compare your results with those in Table 25.4. 


Substitute Equation 25.43 into Equation 25.42. The result is shown in the following figure. The 
calculated and experimental values are indistinguishable on the graph. 



m' /2 l mol' /2 *kg 1/2 


25-38. In Problem 25-19, you determined In y ^ for sucrose by calculating the area under the curve 
of 0 - 1 versus m. When dealing with solutions of electrolytes, it is better numerically to plot 
(,<p — \)/m l/2 versus m' /2 because of the natural dependence of 0 on m 1/2 . Show that 


In y ± = 0 - 1 + 2 / ^-Tjrdm 
Jo m 


Start with Equation 25.42, and let x = m' /2 and dx = dm/2m' /2 = dm/2x to obtain 

/ ~rr,'r dm = f 2x ' dx ' 

=2 r 1 ^- 1 

Jo f 


■ dm 1 ' 2 


The full expression for In y ± is 


In y ± = <p - 1 + 



0-1 


m 


1/2 


dm x ' 2 


25-39. Use the data in Table 25.4 to calculate In y ± for NaCl(aq) at 25°C by plotting (0 - l)/m 1/2 
against m 1/2 and determine the area under the curve by numerical integration (Mathchapter G). 
Compare your values of In y ± with those you obtained in Problem 25-37, where you calculate In y ± 
from a curve-fit expression of 0 as a polynomial in m 1/2 . 
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The plot is essentially identical to the one obtained in Problem 25-37. 


25-40. Don Juan Pond in the Wright Valley of Antarctica freezes at -57°C. The major solute in the 
pond is CaCl 2 . Estimate the concentration of CaCl 2 in the pond water. 


We say “estimate” because the concentration will be too large for Equation 25.45 to be quantitative. 
Nevertheless, we can “estimate” the molality to be 


57 IC 

m ~ (3)(1.84 K-kg-mor 1 ) 


10 mol-kg 1 


where the factor of 3 in the denominator results because v — 3 for CaCl 2 . 


25-41 . A solution of mercury(II) chloride is a poor conductor of electricity. A 40.7-g sample of HgCl 2 
is dissolved in 100.0 g of water, and the freezing point of the solution is found to be -2.83°C. 
Explain why HgCl 2 in solution is a poor conductor of electricity. 


Because 40.7 g HgCl 2 corresponds to 0.150 mol HgCl 2 , the molality of the solution is 1.50 mol • kg -1 . 
Using Equation 25.45, we find v to be 


AT r 


v = 


fus 


2.83 K 


K f m 


(1.84K-kg-mol" 1 )(1.50 mol-kg" 1 ) 


= 1.02 


This result indicates that HgCl 2 is not dissociated under these conditions, and so is a poor conductor 
of electricity. 


25-42. The freezing point of a 0.25-molal aqueous solution of Mayer’s reagent, K^Hgl^ is found to 
be — 1.41°C. Suggest a possible dissociation reaction that takes place when KjHg^ is dissolved in 
water. 


Use Equation 25.45 to obtain v = 3. The equation for the dissociation reaction is 

KjKgl/aq) —► 2 K + (aq) + HglJ-(aq) 


25-43. Given the following freezing-point depression data, determine the number of ions produced per 
formula unit when the indicated substance is dissolved in water to produce a 1.00-molal solution. 


Formula 

AT/K 

PtCl 2 -4NH 3 

5.58 

PtCl 2 • 3NH 3 

3.72 

PtCl 2 -2NH 3 

1.86 

KPtCl 3 -NH 3 

3.72 

KjPtCl, 

5.58 


Interpret your results. 
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Use Equation 25.45 to obtain 


formula v ions 


PtCl 2 -4NH3 3 
PtCl 2 -3NH 3 2 
PtCl 2 -2NH 3 1 
KPtCl 3 -NH 3 2 
K^PtC^ 3 


Pt(NH 3 ) 2+ 2 cr 
Pt(NH 3 ) 3 Cl + Cl 
Pt(NH 3 ) 2 Cl 2 
K + Pt(NH 3 )Cl 3 " 
2 K + PtCl 2- 


25-44. An aqueous solution of NaCl has an ionic strength of 0.315 mol-L '. At what concentration 
will an aqueous solution of K^SO., have the same ionic strength? 


The ionic strength, I c , equals c for a 1-1 electrolyte and 3c for a 2-1 electrolyte. Therefore, 
a solution of i^SO^aq) would have an ionic strength of 0.315 mol-L -1 when its molarity is 
0.105 mol-L -1 . 


25-45. Derive the “practical” formula for k 2 given by Equation 25.53. 


Start with 


Now 


1 ' N. N.e 2 ^ 


n. 


= (1000L-m -3 )c. 


V 

because V, being in SI units, has units of m 3 . Therefore, 

2c 2 /V.(1000 L-m -3 ) 




e 0 sk B T 


(/./mol-L -1 ) 


25-46. Some authors define ionic strength in terms of molality rather than molarity, in which case 

/ =lyv*m. 

m 9 ‘•J j 

z ;■=1 

Show that this definition modifies Equation 25.53 for dilute solutions to be 

2e 2 /V.(1000L-m -3 )p 


k 2 = 


£ 0 skT 


■(/-/mol-kg ') 


where p is the density of the solvent (in g-mL ’). 


For dilute solutions, c = pm (see Problem 25-5), and so I c = pl m . Therefore, 

2e 2 AL(1000L-m -3 )p 


k 2 = 


e 0 ekT 


-(/ m /mol-kg ') 
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25-47. Show that 

lny ± = —1.171 |z + zJ(/ m /mol-kg -l ) 1/2 

for an aqueous solution at 25.0°C, where I m is the ionic strength expressed in terms of molality. 
Take e r to be 78.54 and the density of water to be 0.99707 g mL -1 . 


We use the equation for k 2 that is derived in Problem 25-46. 


2 _ (2)(1.6022 x 10~ 19 C) 2 (6.0221 x 10 23 mor')(1000 L-m" 3 )(0.99707 g-mlT 1 ) 
(8.8542 x 10 -12 C 2 -s 2 -kg“‘ ■m _3 )(78.54)(1.3806 x 10 -23 J-K _1 )(298.2 K) 
x(/ m /mol.kg-‘) 

= (1.077 x 10 19 g-L-mL -1 J -1 -s -2 )(/ m /mol-kg -1 ) 


(1.077 x l0 19 g.L-mL- 1 ) T ^^ [ ^(J- 1 .s- 2 )(/ m /mol.kg- 1 ) 


= (1.077 x 10 19 m _2 )(/ m /mol-kg -1 ) 


The expression for In y ± is 


In Y± 


— Iz + z_|—- — 

+ Sne 0 e r kT 

(1.6022 x 10 -19 C) 2 (1.077 x 10 19 m -2 ) 1/2 (/ m /mol-kg -1 ) 1/2 
_ Z+Z " 8 tt(8.8542 x 10" 12 C 2 -s 2 -kg _1 -m“ 3 )(78.54)(1.3806 x 10“ 23 J-K _1 )(298.2 K) 
-1.171|z + zJ(/ m /mol-kg- , ) 1/2 


25-48. Use the Debye-Huckel theory to calculate In y ± for a 0.010-molar NaCl(aq) solution at 25.0°C. 
Take s r = 78.54 for H 2 0(1) at 25.0°C. The experimental value of In y ± is —0.103. 

We can use Equation 25.56 directly. 

In y ± = -1.173(0.010) 1/2 = -0.1173 

and so y ± = 0.889. 

25-49. Derive the general equation 

(Hint: See the derivation in Problem 25 

for the Debye-Huckel theory. 

Start with (see Problem 25-35) 

d(m(j)) = md In (my ± ) = m(d\nm + d In y ± ) 

~ dm + md In y ± 
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and integrate from m = 0 to arbitrary m to obtain 

rm 

m(f) = m + / md In y ± 
Jo 

or 

i r 

(j) = 1 H-/ m'd In y, 

/w Jo 


Now use Equation 25.49 to write In y ± as 


lny ± = ~\q + q_\ 


$7ie Q s r k B T 


m 


1/2 


where /c/m 1/2 is independent of m. Then 


d\ny ± = -19+9.1 


(K/m' /2 ) dm 
$7t£ 0 £ r k B T 2m 1/2 


lny± 

2m 


dm 


and 


1, , (Ac/m 1/2 ) 1/2 I* 1 y± 


dm 


Substitute these results into Equation 1 to obtain 

1 /”" 

<p — 1 = — / m'd In y. 
wr Jo 


1 {Kim} 1 ) 1 f .,,2 . 

= _ xl94.9_l7r-;—=•— / m l,2 dm 

2 $7te 0 e k B T m J 0 


In Y± 


( 1 ) 


25-50. In the Debye-Hiickel theory, the ions are modeled as point ions and the solvent is modeled as a 
continuous medium (no structure) with a relative permittivity s r . Consider an ion of type i (i — a 
cation or an anion) situated at the origin of a spherical coordinate system. The presence of this ion 
at the origin will attract ions of opposite charge and repel ions of the same charge. Let AL (r) be the 
number of ions of type j (j = a cation or an anion) situated at a distance r from the central ion of 
type i (a cation or anion). We can use a Boltzmann factor to say that 

N..(r) = N.e- w ‘> (r)/k * T 

where N./V is the bulk number density of j ions and u» y (r) is the interaction energy of an i ion 
with a j ion. This interaction energy will be electrostatic in origin, so let w. tj {r) = q^^r), where 
q. is the charge on the j ion and i/r(r) is the electrostatic potential due to the central i ion. 

A fundamental equation from physics that relates a spherically symmetric electrostatic 
potential if Jr) to a spherically symmetric charge density p.Jr) is Poisson’s equation 

J_d_ \ 2 dJfJrY 

r 2 dr _ dr 

where s r is the relative permittivity of the solvent. In our case, p ( (r) is the charge density around 
the central ion (of type i). First, show that 


Pjr) 


( 1 ) 
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where C. is the bulk number density of species j (C. = N./ V). Linearize the exponential term and 
use the condition of electroneutrality to show that 




rv 


Now substitute p^r) into Poisson’s equation to get 


1 d f 2 dty (r)] 2 

r 2 — j— =kV, 0 -) 
r <ir [_ dr J 


where 


2 ?/ C J 

K =z2t7Tt 

j b O b r K b 1 


rwU / 


Show that Equation 3 can be written as 


-^lr1r i (r)] = K 2 [r}t, 9 (r)] 

Now show that the only solution for -ft. (r) that is finite for large values of r is 


where A is a constant. Use the fact that if the concentration is very small, then ^ t (r) is just 
Coulomb’s law and so A = q i /^7te 0 e r and 


V'-(r) = 


47 T£ 0 £ r r 


Equation 6 is a central result of the Debye-Hiickel theory. The factor of e Kr modulates the resulting 
Coulombic potential, so Equation 6 is called a screened Coulombic potential . 

The number of ions of type j situated at a distance r from the central ion of type i is given by 

N tJ (r) = N j e~ q iW k * T 

The charge about a central ion of type i due to ions of type j is given by qjN.j(r) and the net charge 
is given by ^ The charge density at a distance r from the central ion of type i is given by 


Pt(r) = ^'E,*j N uW = T,*j c j e 


-«]*&)/h T 


Now expand the exponential using the expansion e x = 1 — x -to obtain 

*>,«•> = E 

j B j 

\I/.(r) x ^ . _ 

= 0 (by electroneutrality) — 7 — 9 /C 7 + • • ■ 

K* j 

Now substitute p ( (r) into Poisson’s equation to get 


1 d [ 2 <ty,(r) 1 2 

7Tr l.’ = * *'< 
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where 


k — 


S 0 S r k B T 


T,iJ c i 


Now 


and 


so 


1 d r 2 df i : (r)] d 2 rjr.(r) 2 dxfr.(r) 

7Tr[ r ~~d7~ J ” ~~d?~ + 


d 2 [rxfr,(r)] d^jr) d^r) 

dr 2 dr 2 dr 


_1_ d_ r 2 #j(f) ‘ 
r 2 dr dr 


1 d 2 [ri/r.(r)] 
r dr 2 


Therefore, Equation 3 can be written as 


d 2 [r^,.(r)] 
dr 2 = 

This differential equation has the general solution 


K 2 [rVr(r)] 


rVr(r) = Be Kr + Ae~ Kr 


or 


B A 

ir.ir) = + -e 

r r 


But B must be zero for ^(r) to be finite as r -¥ oo. Therefore, we have simply 


ir.(r) = -e- 
r 


If the concentration is very small, then k -> 0 and V r ,(^') -► 4,/47 xe 0 s r r. Therefore, 






r Ans 0 e r r 


and we see that A = q i /Ane 0 e r . Finally then, we have 

4i e ~ 


fj(r) = 


A7ts Q s r r 


25-51. Use Equations 2 and 6 of the previous problem to show that the net charge in a spherical shell 
of radius r surrounding a central ion of type i is 

p t (r)dr = p,.(r)47rr 2 dr = -q t K 2 re~"dr 

Pj(r)dr = -q t 



as in Equation 25.54. Why is 
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Start with 

Pi(r)dr = p.(r)4jtr 2 dr 
Equations 2 and 4 of Problem 25-50 show that 

P ; (0 2 , , v 

— ! — =K 2 f i {r) 

£ 0 £ r 

so that 

p t {r)dr = -e 0 e r K 2 i/ i (r)4nr 2 dr 
Using Equation 6 of Problem 25-50, we have 

p^dr = —q.K 2 re~ Kr dr 

Therefore, 

/* OO POO 

/ P,(r)dr = -^./c 2 / = -<7 f 

Jo Jo 

which it must be because of electroneutrality. 


25-52. Use the result of the previous problem to show that the most probable value of r is 1/k. 


Problem 25-51 shows that p.(r ) & re Kr . Therefore, the most probable value of r is given by 

dp. 

- e -*r _ Kre ^r _ 0 
dr 

or '- mp = !/«• 


25-53. Show that 

1 304 pm 

r,np= K = (c/mol-L" 1 ) 1/2 

where c is the molarity of an aqueous solution of a 1-1 electrolyte at 25°C. Take s r = 78.54 for 
HjOO) at 25°C. 


Use Equation 25.53 

2(1.602 x 10" 19 C) 2 (6.022 x 10 23 mol^XlOOO LnT^/mol-L- 1 ) 


k 2 = 


(8.8542 x 10“ 12 C-s 2 -kg _1 -m -3 )(78.54)(1.3806 x 10~ 23 J.K _, )(298.15 K) 
= (1.080 x 10 19 g L-mL _1 s -2 J _1 )(/ : /mol-L -1 ) 


= (1.080 xlO' 9 g.L.mL->) i0()0g 
= (1.080 x 10 19 m _2 )(/ /mol-L -1 ) 


1 kg 1000 mL 


1 L 


(s- 2 -r')(//moMT 1 ) 


k = (3.29 x 10 9 m -1 )(/./mol-L -1 ) ,/2 
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For a 1-1 electrolyte, /. = c, and so 

1. _ 3.04 x 10~ 10 m _ 304 pm 

k (c/mol-L -1 ) 1/2 (c/mol-L -1 ) 1/2 

25-54. Show that 

r = — = 430 pm 
m P K V 

for a 0.50-molar aqueous solution of a 1-1 electrolyte at 25°C. Take e r = 78.54 for H^Ofl) at 25°C. 

Use Equation 25.55 and the result of Problem 25-52: 

1 304 pm 304 pm 

r ^ = ^ = (c/mol-L -1 ) 1/2 = (0.50) ,/2 Pm 

25-55. How does the thickness of the ionic atmosphere compare for a 1-1 electrolyte and a 2-2 
electrolyte? 

Equation 25.50 shows that fc\-2 ~ ^ K l-V or K 2-2 = ^1-1* Because 1 /k is a measure of 
the thickness of an ionic atmosphere, we see that the thickness of the ionic atmosphere of a 2-2 
electrolyte is one half that of a 1-1 electrolyte. 


25-56. In this problem, we will calculate the total electrostatic energy of an electrolyte solution in 
the Debye-Hiickel theory. Use the equations in Problem 25-50 to show that the number of ions of 
type j in a spherical shell of radii r and r + dr about a central ion of type i is 

*nr 2 dr = « C. (l - ^r 2 dr (1) 

The total Coulombic interaction between the central ion of type i and the ions of type j in 
the spherical shell is N^i^u^^An^dr/V where u iJ (r) = q.fl.jAm^er. To determine the 
electrostatic interaction energy of all the ions in the solution with the central ion (of type 
sum N i .{r)u..(r)/V over all types of ions in a spherical shell and then integrate over all spherical 
shells to get 
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Now argue that the total electrostatic energy is 


u* = \Y, n f? = - 


VKTk 3 


2Y ' ' 8tt 

Why is there a factor of 1/2 in this equation? Wouldn’t you be overcounting the energy otherwise? 


According to Problem 25-50, the number of ions of type j in a spherical shell of radii r and r + dr 
about a central ion of type i is given by 

N..(r)4nr 2 dr 

- = Cje-'WVAnr'dr 


Linearize the exponential term to obtain 

' qjfjirY 


N.. (r)4nr 2 dr- 


= c Yi-WC) 

J \ k B T ) 


\nr 2 dr 


The Coulombic interaction between the ions in the spherical shell and the central ion (of type i) is 
u ij (r)N ij (r)47tr 2 dr/V, where u.j(r) = q.qj/A7te 0 e r r. The interaction of all ions with the central 
ion is given by 




fXr)rdr 


/ q 2 C. 

= 0 (by electroneutrality) - q, I 2_, V T , , 

\ J S O e rB 1 J JO 

poo 

= / t,(.r)rdr 

Jo 

Using Equation 6 of Problem 25-50, 

r 

‘ 4; rs 0 e r Jo 

The total electrostatic energy is given by 

r re! 1 ^ V^Tk^ qfC, _ VkJ K * 

9 £—• ' 1 Rtt o p h T R -w 


e~ Kr dr = - 


47ts 0 e r 


%7t e o s r k z T 


&7T 


The factor of 1/2 is needed in the second term in the above equation because in the summation 
over i , each ion occurs both as a central ion and as an ion in the spherical shell. 


25-57. We derived an expression for t/ el in the previous problem. Use the Gibbs-Helmholtz equation 
for A (Problem 22-23) to show that 


A el = — 


VkjK 3 

127T 


Use the Gibbs-Helmholtz equation for A written in the form 
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with (see Problem 25-56) 



Substitute this result into the Gibbs-Helmholtz equation and integrate from 0 to /3 to obtain 

127T yy 1 s 0 e r j 1 2tt 


or 


A el 


Vk B Ti c 3 
12?r 


25-58. If we assume that the electrostatic interactions are the sole cause of the nonideality of an 
electrolyte solution, then we can say that 


or that 


= 




9A e \ 

~dn~ ) 

< J / T.V 


3A el \ 

BN.) 

< J / t,v 


= RT In yf 


= kj\nyf 


Use the result you got for A el in the previous problem to show that 


k B T\nyf = - 


%ne 0 e r 


Use the formula 


U v + u - 

y± = y+y- 


to show that 




N V + + ) Sns Q ek B T 

Use the electroneutrality condition v + q + + v_q_ = 0 to rewrite In y ± as 

K 


lny. = -| q.q 


+ Z* e 0 £ r k S T 


in agreement with Equation 25.49. 



820 


Chapter 25 


Using the final result from Problem 25-57, 
'aA e '\ 




dN / 

k J / ft,v 

vp l/2 a 


£ 


«} c , 


3/2 


127T dN. s 0 sV / 


vp l/2 3 /^ 9 /c. 


1/2 


9j 


\2n 2 


j £ 0 £ r 


£ 0 £ r V 


&ne Q e r 


= k B T Iny* 


Now, take the logarithm of the equation y± = Y+ + Y- and the previous result to obtain 


In Y± = 


v + In Y+ + v _ In y_ 


v + + v_ 


(8ne 0 s r k B T) ( + 


q\ + v_q 2 _ 


v + + v_ 


But 


v + q 2 + + v_ql = q + (v + q + ) + v_q 2 _ = q + (\v_q_\) + v_\q_\ 2 


= q+\q. 


( v - +v -t:) = 


\q+qJ(.v_ + v + ) 


where we have used the electroneutrality condition, v + q + = v_\q_\, and so finally 

K 


in y± = -\q+q- 


+ 87 TS 0 6 r k B T 


25-59. Derive Equation 25.56 from Equation 25.49. 


See the solution to Problem 25-47, but do not include the factor p = 0.99707 g-mL 


-1 


25-60. Show that Equation 25.59 reduces to Equation 25.49 for small concentrations. 


We want to show that Equation 25.59 reduces to Equation 25.49 as p -»■ 0 or as k 0. Let’s 
consider In y± first. Use the fact that (1 + x) x/2 = 1 + x/2 — x 2 /8 + ,x 3 /16 + • • • to write 


jc (1 + 2 ;t ) 1/2 — x — x 2 = x 




— x — X 


Using the fact that x = xd, Equation 25.60 becomes 


In y± = — 

For a 1-1 electrolyte, x 2 — p/s Q s r k B T, so we have 


In y± = - 


%TZp 


Sns 0 £ r k B T 
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in agreement with Equation 25.49 for a 1-1 electrolyte. The In y HS contribution to Equation 25.59 
is negligible when p 0 because y = 7tpd 3 /6. 


25-61. In this problem, we will investigate the temperature dependence of activities. Starting with the 
equation jjl 1 = fi\ + RT In a,, show that 

/a InaA 77^-77, 

)p, { “ RT 2 

where is the molar enthalpy of the pure solvent (at one bar) and H x is its partial molar enthalpy 
in the solution. The difference between H x and H x is small for dilute solutions, so a { is fairly 
independent of temperature. 


Starting with fi x = ijl\ + RT In a x , differentiate (i x /T with respect to T to obtain 

( d JhlL\ _ ( W T \ = R 
V 9 T ) P ' X{ V dT ) P V 3 T ) PXi 

Now use the equation (see Example 24-1) 



to write 

/3 In a,\ 

V"3 T~ /p.,, " RT 2 


25-62. Henry’s law says that the pressure of a gas in equilibrium with a non-electrolyte solution of 
the gas in a liquid is proportional to the molality of the gas in the solution for sufficiently dilute 
solutions. What form do you think Henry’s law takes on for a gas such as HCl(g) dissolved in 
water? Use the following data for HCl(g) at 25°C to test your prediction. 

P H d/10 -11 atm m HC1 /10 -3 mol-kg -1 


0.147 

1.81 

0.238 

2.32 

0.443 

3.19 

0.663 

3.93 

0.851 

4.47 

1.080 

5.06 

1.622 

6.25 

1.929 

6.84 

2.083 

7.12 


A plot of pressure against molality is not a straight line, but a plot of pressure against molality 
squared is almost a straight line. This is due to the fact that HCl(aq) dissociates into H + (aq) and 
Cl-(aq). 
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25-63. When the pressures in Problem 25-62 are plotted against molality squared, the result is almost 
a straight line. Curve fit the data to polynomials of the form 

P = & K m 2 ( 1 + Cjm 1/2 + c 2 m + c 3 m 3/2 + * • •) 

of increasing degree and evaluate k H . 


If the data are fitted to P = k H m 2 , k H turns out to be (in units of atm-kg 2 -mol 2 ) 4.15 x 10 7 . The 
subsequent fits are (suppressing the units) 


__ 

4.83 x 1CT 7 

4.92 x 1(T 7 

4.93 x 10" 7 

4.93 x 1CT 7 


-1.77 

-2.24 3.48 

-2.33 4.75 

-2.34 5.07 


- 6.21 

-9.45 10.3 


Thus we see thatfc H = 4.93 x 10 7 atm-kg 2 -mol 2 . 


25-64. When the data in Problem 25-62 are plotted in the form of P/m 2 against m 1/2 , the result 
is essentially a straight line with a negative slope. Why is this so? Use Debye-Hiickel theory to 
calculate the slope of this line and compare your result with the final value of c x in Problem 25-63 


The activity of the HCl(aq) is given by a HC] = P/k H . Using the fact that a HCl = a 2 ± = ra 2 y 2 , we 
have 


P = k H m 2 y± 

Note that as m 0, y ± 1, and P k H m 2 , as expected. The Debye-Hiickel expression for y ± 
in this case is 


In y ± = -1.171m I/2 

Substitute this expression for y ± into P — k H m 2 y± and linearize the exponential according to 
e~ x = 1 — x H-to obtain 

P = k n m 2 (\ — 2.342m 1/2 + - • •) 

Thus, we predict that c } in Problem 25-63 is equal to —2.34, in excellent agreement. 
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Chemical Equilibrium 

PROBLEMS AND SOLUTIONS 


26-1. Express the concentrations of each species in the following chemical equations in terms of the 
extent of reaction, £. The initial conditions are given under each equation. 


a. 


S0 2 Cl 2 (g) 

^ S0 2 (g) 

+ Cl 2 (g) 

(1) 

n o 

0 

0 


(2) 

n o 


0 

b. 


2S0 3 (g) 

^ 2 S0 2 (g) 

+ 0 2 (g) 

(1) 

n o 

0 

0 


(2) 

n o 

0 

n l 

c. 


N 2 (g) + 

20 2 (g) ^ 

N 2 0 4 (g) 

(1) 

n o 

2n 0 

0 


(2) 

n o 

n o 

0 

We can use Equation 26.1 

in all cases to express the concentrations of each 

a. 


S0 2 Cl 2 (g) 

^ S0 2 (g) 

+ ci 2 (g) 

a) 

n o ~ % 

£ 



(2) 


«i +1 


b. 


2S0 3 (g) 

- 2 S0 2 (g) 

+ o 2 (g) 

(1) 

"o~2f 

2? 



(2) 

n 0 ~^ 

2| 


c. 


N 2 (g) + 

2 0 2 (g) ^ N 2 0 4 (g) 

(1) 


2» 0 - 2* 

5 


(2) 

n o~% 

n o — 2| 



26-2. Write out the equilibrium-constant expression for the reaction that is described by the equation 

2S0 2 (g) + 0 2 (g)^2S0 3 (g) 

Compare your result to what you get if the reaction is represented by 


S0 2 (g) + io 2 (g)^S0 3 (g) 


Using Equation 26.12, we write K p for the first chemical equation as 


K P (T) = 


p 2 


p p 2 

r o 2 r so 2 
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For the second chemical equation, we again use Equation 26.12 to find 


K'(T) = 


SO, 


Pn /2 P< 


SOL 


which is the square root of K p . 


26-3. Consider the dissociation of N 2 0 4 (g) into N0 2 (g) described by 

N 2 0 4 (g) ^ 2N0 2 (g) 


Assuming that we start with n Q moles of N 2 0 4 (g) and no N0 2 (g), show that the extent of reaction, 
£ , at equilibrium is given by 



Plot against P given that K p = 6.1 at 100°C. Is your result in accord with Le Chatelier’s 
principle? 


At equilibrium, n N 0 = n 0 — £ and « N0 = 2£ . The partial pressures of the species are then 

2 4 ™ 2 ^ 


P = 

N,0, 


”o ^ p _ ^0 _ q p 


and 


74 n 0 - ?eq + 2 Seq "o + ^eq 


„ -i P -A_P 

^NO, ~~ ' r ~ ' r 


n 0 + §eq "o + $eq 


Substituting into the expression for A",,, we find 


„ p k 4 fiK + «,> 

K p — 


f- 


Solving this expression for we find that 

^-^(teq/« 0 ) 2 =4/ > (t eq /"o) 2 
(4P + K p)^^/n Q ) 2 = K p 


»o Up+4P; 


1/2 


A plot of £ /n 0 against P is shown below. 



0 


20 


25 
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This is in accord with Le Chatelier’s principle: as the pressure increases, the reaction occurs to a 
lesser extent and § decreases. 


26-4. In Problem 26-3 you plotted the extent of reaction at equilibrium against the total pressure for 
the dissociation of N 2 0 4 (g) to N0 2 (g). You found that £ cq decreases as P increases, in accord with 
Le Chatelier’s principle. Now let’s introduce n. mn moles of an inert gas into the system. Assuming 
that we start with n 0 moles of N 2 0 4 (g) and no N0 2 (g), derive an expression for ^/n 0 in terms 
of P and the ratio r = n. mai /n 0 . As in Problem 26-3, let K p = 6.1 and plot ^/n 0 versus P for 
r = 0 (Problem 26-3), r = 0.50, r = 1.0, and r — 2.0. Show that introducing an inert gas into 
the reaction mixture at constant pressure has the same effect as lowering the pressure. What is the 
effect of introducing an inert gas into a reaction system at constant volume? 


At equilibrium, as before, n N 0 =n Q -$ eq and n N0 = 2§ eq . However, the total number of moles 
present has changed to n 0 +| V n jnert . The partial pressures of the species are then 


p — 

1 m 


"o ^eq 


N2 ° 4 " 0 + £eq+"inert 

Substituting into the expression for K p , we find 

-2 


and 


p — 


2£ 


eq 


p 2 

V - NQ 2 
K P~ p 

1 \t o 


4 


«0 + ^+"in 


4(l a ,/"o ) 2 8 


K “ feqH"0 + « iner , + feq) 0 “ K + ^eq/"o) 


Solving for ^/n Q gives 


K p r 


1 


^eq _ _ 

n n 2(K p + AP) 2(K p + AP) 


[Ky+ AK p (\+r)(K p + AP)} 


1/2 


"O P 

where we have let r = n. Jn 0 . When r = 0, as in Problem 26-3, this expression becomes 


^ = ± [AK p (K p + AP)] 


1/2 


2(K p + AP) 


= ± 


K d 


l(K p +AP) 


1/2 


For f to be positive, we take the positive root. Now we can plot this expression for various values 
of r: 



PI bar 


We see that introducing an inert gas into a constant-pressure reaction system increases the value of ^ 
and so has the same effect as lowering the pressure. Introducing an inert gas into a constant-volume 
reaction system has no effect on the value of ^ eq . 
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26-5. Re-do Problem 26-3 with n 0 moles of N 2 0 4 (g) and m, moles of N0 2 (g) initially. Letn,/rc 0 = 0.50 
and 2.0. 


Now, at equilibrium, n N 0 = n 0 - and n NO = n l + 2£ eq . The total number of moles of gas 
present will be n 0 + n x + | . The partial pressures of the species are then, letting s = n x /n Q , 


and 


- «0+ "!+$., 

Substituting into the expression for K p , we find 


P — n ° p _ 1 n 

Nj ° 4 % + n { + £ eq 1 + j + ^//lo 


p ^ _ ”l + p _ ■ y + 2 ^eq/ n 0 p 


NO, 


1 + 5 + $«,/"<> 


p2 

K p = N °’ 


( 5 + 2t M /n 0 ) 2 


( 1 +S+ leq/"o )( 1 “ teq/ W q) 


and solving for ^/n Q gives 


n n 2 2 


5 2 -4( 


Ps 2 -K p s-K p ' 
K p +4P „ 


1/2 


When 5 = 0, as in Problem 26-3, this expression becomes 




= ±- 


a: 


1/2 


2(/C,+4P) 


1/2 


= ± 


K c 


n >/2 


(^+4P)J 


For | to be positive, we take the positive root. Now we can plot this expression for various values 
of s: 



26-6. Consider the ammonia-synthesis reaction, which can be described by 

N 2 (g) + 3H 2 (g)^2NH 3 (g) 

Suppose initially there are n 0 moles of N 2 (g) and 3 n Q moles of H 2 (g) and no NFL^g). Derive 
an expression for K p {T) in terms of the equilibrium value of the extent of reaction, f , and the 
pressure, P. Use this expression to discuss how | varies with P and relate your conclusions to 
Le Chatelier’s principle. 
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At equilibrium, there will be n 0 — £ moles of N 2 (g), 3« 0 — 3£ eq moles of H 2 (g), and 2^ moles of 
NHL^g), yielding a total of 4 n 0 - 2£ eq moles of gas. Then 


= n o ^ 
N > 4n 0 -2£ eq 


We then express as 


K 


p 


3”o -3^ 

4« 0 -2| 


and 


p — 
1 NH 


2$, 


eq 


4"o " 2^ 


n 2 1N 2 

4^(4/z 0 -2| eq ) 2 

( 3 « o - 3 ^) 3 K -^)^ 2 

16(^/» 0 ) 2 (2 - 

27(2-^ eq /« 0 ) 2 (l-^/« 0 ) 4 /’ 2 
16(| eq /^ 0 ) 2 (2-^/n 0 ) 2 
27(1 ~^/n 0 ) 4 P 2 


The following plot of ^/n 0 against P shows that ^/Wq increases as P increases, as Le Chatelier’s 
principle would dictate. 



26-7. Nitrosyl chloride, NOC1, decomposes according to 

2NOCl(g)^2NO(g) + Cl 2 (g) 

Assuming that we start with n 0 moles of NOCl(g) and no NO(g) or Cl 2 (g), derive an expression 
for K p in terms of the equilibrium value of the extent of reaction, £ , and the pressure, P. Given 
that K p = 2.00 x 10 -4 , calculate when P = 0.080 bar. What is the new value of n 0 at 
equilibrium when P = 0.160 bar? Is this result in accord with Le Chatelier’s principle? 


At equilibrium, there will be n 0 - 2£ moles of NOCl(g), 2£ eq moles of NO(g), and £ moles of 
Cl 2 (g), making a total of n Q + £ moles of gas present. Then 


p _ n o 2^ 
N0C1_ "0 + fe, 


P — 
1 NO 


2?, 


eq 


’eq 


"o + ^eq 


and 


= 


^eq 


"0 + ^eq 
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We then write K p as 


K p = 


P P 2 

r Cl 2 r N0 


! N0C1 


<P 


K + ^eq)(' I 0 - 2 ?J 


«T 


A plot of against P looks like 


4(^/^ 0 ) 3 8 

(l+V B o)0-^/"o) 2 



We see that decreases as P increases, as Le Chatelier’s principle would dictate. Letting K p = 
2.00 x 10"\ we find ^/n Q = 0.0783 at P = 0.080 bar and = 0.0633 at P = 0.160 bar, 
again in accord with Le Chatelier’s principle. 


26-8. The value of K p at 1000°C for the decomposition of carbonyl dichloride (phosgene) according 
to 


COCl 2 (g)^CO(g) + Cl 2 (g) 

is 34.8 if the standard state is taken to be one bar. What would the value of K p be if for some reason 
the standard state were taken to be 0.500 bar? What does this result say about the numerical values 
of equilibrium constants? 


Use the definition of K p to find the value of K p (0.500 bar) at the new standard state: 

(P co /l bar)(P cl /I bar) 

KJl bar) =-—--= 34.8 


K JO.500 bar) = 


(^coci 2 ! 1 bar) 

(P co /0.500 bar)(P c| /0.500 bar) 


(P cocl2 /0.500bar) 

= 0.500^(1 bar) = 17.4 

The numerical values of equilibrium constants are dependent on the standard states chosen. 


26-9. Most gas-phase equilibrium constants in the recent chemical literature were calculated assuming 
a standard state pressure of one atmosphere. Show that the corresponding equilibrium constant for 
a standard state pressure of one bar is given by 

K p { bar) = ^ /) (atm)(1.01325) Au 

where Av is the sum of the stoichiometric coefficients of the products minus that of the reactants. 
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Consider the reaction described by 

v A A(g) + v B B(g) ^ v Y Y(g) + v z Z(g) 

(We can extend this case to include as many reactants and products as we desire.) Now write K p : 


K p (bar) = 


(P z /1 bar)MV 1 bar )‘' Y 
(P B /1 bar) Y a(P A /l bar )“a 
P z z P y y (1 bar) y A +y B 
(1 bar) 1 ^ 


P^B D A 

r B r A 


P?P? / 1 1.01325 barV 

“ P b ” b P> VTb^J l, 1 atm ) 


(PJ 1 atm) v z(P Y /l atm) u v 


(P B /1 atm) v B(P A /l atm )“a 
= K„(atm)(l.01325 bar) Au 


— (1.01325 bar) 


Av 


26-10. Using the data in Table 26.1, calculate A r G°(T) and K P (T ) at 25°C for 

(a) N 2 0 4 (g)^2N0 2 (g) 

(b) H 2 (g)+I 2 (g)^2HI(g) 

(c) 3H 2 (g) + N 2 (g)^2NH 3 (g) 


Use Equations 26.19 and 26.11 to find A r G° and K p . 

a. A t G° = 2(51.258 kJ-mol" 1 ) -97.787 kJ-mol" 1 

= 4.729 kJ-mol" 1 
K p = e ~*' G ° /RT =0.148 

b. A r G° = 2(1.560 kJ-mol" 1 ) - 19.325 kJ-mol" 1 

=-16.205 kJ-mol" 1 
K p = e ~*' G ° /RT = 690 

c - A r G° = 2(—16.637 kJ-mol" 1 ) = -33.274 kJ-mol" 1 

*K P = e~*' G ° /RT = 6.80 x 10 5 


26-11. Calculate the value of K C (T) based upon a one mol-L 1 standard state for each of the equations 
in Problem 26-10. 


Use Equation 26.17, recalling that R must be in units of L-bar-K 1 -mol 1 because c° is 1 mol-L 1 
and P° is 1 bar: 

a. K c = K p (RT)-* v = (0.148)[(298.15K)(0.083145 L-bar-K" 1 -mol" 1 )]" 1 = 5.97 x 10" 3 

b. K c = K p (RTy Av = (690)[(298.15K)(0.083145 L-bar-K" 1 -mol" 1 )] 0 = 690 

c. K c = K p (RT )" Aw = (6.80 x 10 5 )[(298.15 K)(0.083145 L-bar-K" 1 -mol" 1 )] 2 = 4.17 x 10 8 


26-12. Derive a relation between K p and K c for the following: 

a. CO(g) + Cl 2 (g)^COCl 2 (g) 

b. CO(g) + 3 H^g) ^ CH 4 (g) + H 2 0(g) 

c. 2BrCl(g)^Br 2 (g) + Cl 2 (g) 
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Again, use Equation 26.17. 

a. K r = K c (^)~ l 

b. K f = KA^Y* 

c. K r = K'(£pf = K, 


26-13. Consider the dissociation reaction of I 2 (g) described by 

21 (g) 

The total pressure and the partial pressure of I 2 (g) at 1400°C have been measured to be 36.0 torr 
and 28.1 torr, respectively. Use these data to calculate K p (one bar standard state) and K (one 
mol-L -1 standard state) at 1400°C. 


First we express P, and P, in bars: 


P. = 28.1 torr 

2 


/ 1.01325 bar \ _ 
V 760 torr ) 


0375 bar 


r> n n „ /1.01325bar\ 

Pr = P , - p, = 7.9 torr ——- 

^ \ 760 torr / 


= 0.0105 bar 


Now use the definitions of K p and K c to write 


K p = -± = 2.94 x 10" 3 


K -={■£?) 


= (2.94 x 10" 3 ) 
= 2.11 x 10“ 5 


1 bar 


L(1 mol-L" )(1673 K)(0.083145 L-bar-mol 


K-')j 


26-14. Show that 


for a reaction involving ideal gases. 


dlnK c A r U° 
dT ~ RT 2 


We know that 



Now begin with Equation 26.29: 


A H° 
RT~ 2 


dlnK p d 
dT ~dT 
d\nK c | Av 
dT + ~T 


lnKc +Av In (^Pj 


(26.17) 
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d\nK 


A r H° - A vRT A r H° - A (PV) 


because U = H + PV. 


26-15. Consider the gas-phase reaction for the synthesis of methanol from CO(g) and H^g) 

CO(g) + 2H 2 (g) ^CH 3 OH(g) 

The value of the equilibrium constant K p at 500 K is 6.23 x 10 -3 . Initially equimolar amounts 
of CO(g) and H 2 (g) are introduced into the reaction vessel. Determine the value of £ e /« at 
equilibrium at 500 K and 30 bar. 

At equilibrium, the number of moles of CO(g) will be n 0 - £ the number of moles of H^g) will 
be n 0 - 2^, and the number of moles of CH 3 OH(g) will be £ eq . The total moles of gas present will 
therefore be 2 n 0 - 2£ . We can now find the partial pressures of each of the components of the 
mixture: 


n o~^ 


p _ d p _ _p p _ 

C °-2(« 0 -U “2 


»0 ~ 24, 

2K-U' 


2(»0 - U 


We then express K p as 


_ ^CH 3 OH _ 4 ^eq( n 0“^eq) __ 4*(1 “ *) 

' “ P K P co ~ ^*0 - 2^ eq ) 2 “ P 2 ( 1 - 2x) 2 


where x = £ eq /n 0 . The value of K p is 6.23 x 10 3 , so 


4*(1 — jc) - - 

' ( T -^ 2 = ( 30bar ) ( 6 - 23 X ) 


which we can solve numerically (using the Newton-Raphson method) to find 

x = 0.305 or x = 0.695 

Since x < 0.50 (otherwise the amount of H 2 present will be a negative quantity), ^/n Q = 0.31. 

26-16. Consider the two equations 

(1) CO(g) + H 2 0(g) ^ C0 2 (g) + H 2 (g) K x 

(2) CH 4 (g) + H 2 0(g) ^ CO(g) + 3 H 2 (g) K 2 
Show that K 3 = K ] K 2 for the sum of these two equations 

(3) CH 4 (g) + 2 H 2 0(g) ^ C0 2 (g) + 4 H 2 (g) K 3 

How do you explain the fact that you would add the values of A r G° but multiply the equilibrium 
constants when adding Equations 1 and 2 to get Equation 3? 


Use Equation 26.12 to express K., K 2 , and K 3 . 


P P 

K _ co 2 r H 2 

i p p 

1 H,0' CO 


p3 p 

_ r GO 

2 p p 

1 H 2 O r CH 4 
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K , = 9 

3 P 2 P 

1 h n 1 / 


P 4 p 

r w 2 r co 2 


' p p N 

C0 2 H 2 

7> p - 

, HjO 1 CO , 


p3 p 

r H 2 'cO 

P P 
/ h 2 o 1 ch 4 


= *1*2 


We multiply the equilibrium constants because of their logarithmic relationship with A r G°. 
Recall that (Equation 26.11) A r G° = — RT In K p . Adding A r G° and A r G 2 would give 


-R71n K x - RT In K 2 = —RT In K ] K 2 


26-17. Given: 


2BrCl(g) ^ Cl 2 (g) + Br 2 (g) K p = 0.169 
2 IBr(g) ^ Br 2 (g) + I 2 (g) K p = 0.0149 

Determine K p for the reaction 

BrCl(g) + i I 2 (g) ^ IBr(g) + \ Cl 2 (g) 


We number the equations in order of appearance. Equation 3 can be expressed by 

Equation 3 = ^Equation 1 - ^Equation 2 


This means that 


A r G“ = iA r G?-iA r G= 

K\' 2 (0.169) 1/2 „ 

3 ~W~ (0.0149) ,/2 “ 3 ' 37 


26—18. Consider the reaction described by 


Cl 2 (g) + Br 2 (g)^2BrCl(g) 


at 500 K and a total pressure of one bar. Suppose that we start with one mole each of Cl 2 (g) and 
Br 2 (g) and no BrCl(g). Show that 

G(f) = (1 - |)G“, 2 + (1 - $)G° Bh + 2 f G^, + 2(1 - f )RT In ^ + 21; RT Inf 


where £ is the extent of reaction. Given that G^, = —3.694 kJ-mol" 1 at 500 K, plot G(£) 
versus £. Differentiate G(£) with respect to % and show that the minimum value of G(£) occurs at 
£ = 0.549. Also show that 

‘’eq 


9G 


— = A G° + RT In 


BrCl 


T.P 


P P 

1 CL 1 Br. 


and that K p = 4f 2 q /(l — f eq ) 2 = 5.9. 


As the reaction progresses, the amount of Cl 2 (g) and Br 2 (g) can be expressed as 1 - f and the 
amount of BrCl(g) will be 2%. We can then write the Gibbs energy of the reaction mixture as 
(Equation 26.20) 

G(f) = (1 - % )G c , 2 + (1 - %)G Bi2 + 2 f G BrC1 
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Since the reaction is carried out at a total pressure of 1 bar, we can write 


p — p = 

1 n\ — 1 — 


1-t 


and 


' C1 2 Bf 2 “ 2 BrC1 2 


P 

1 BrCl “ ^ — b 


We can use these expressions and Equation 22.59 to write G(£) as 

G(|) = (1 - ?) [C°, 2 + PT In P C J + (1 - ?) [g^ + RT In P Br J 

+ 2 ? [G^ + RT In P BtCl ] 

= (l-f)G° l2 + (l-£)G° r2 + 2£G° BrCI 

+2(1 — |)/?T In + 2? PP In? 

Substituting the value given in the problem for Gg^ and zero for G^ and Gg^ gives 

G(?) = 2?(—3694 J-mol" 1 ) + 2(1 - ?)(8.3145 J-mol" 1 -K^^OO K) In ^ 


4-2^(8.3145 J-mol" 1 -K^XSOO K) In ? 


= (-7388 J-mol" 1 )? + (8314.5 J-mol" 1 ) | (1 - ?) In + ? In? 


1-1 


A plot of G(?) against ? is shown below. 



( 1 ) 


( 2 ) 


At equilibrium, 0 = (3G/3?) r p . We use Equation 2 to express G(?) and find that, at equilibrium, 
0 = -7388 J-mol" 1 + (8314.5 J-mol" 1 ) 


-ln-^-l+ln^ + 1 


2f, 




2? 

0 = -7388 J-mol" 1 + (8314.5 J-mol" 1 ) In 
2- = 2.432 


eq 


Solving for ? eq gives ? = 0.549. 
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Differentiating Equation 1 for G(£) explicitly, we find that 

1-* 

= ~ U a, - ^Br, + ^^BiCI in 

T.P 


(^?) = " G ^ “ G k + 2G °™ ~ 2RT ln 

te)H) 


+2(1 -$)RT 


= A G° + RT ln 


+ 2RT ln? + 


2 $RT 


(1-fV 


-2RT + RT\n^ 2 + 2RT 


= A r G° + f?rin('- 3 - N ) = A r G° + RT ln ( 

V 1 “ w \ °CI 2 °Br 2 


Note that 


so, at equilibrium, 


P 2 

A" — ^ BrC1 


4£ 2 


Po/b, 


4(0.549) 2 

' ” (1 - 0.549) 2 “ 


26-19. Consider the reaction described by 


2H 2 0(g)^2H 2 (g) + 0 2 (g) 


at 4000 K and a total pressure of one bar. Suppose that we start with two moles of HjCKg) and no 
H^g) or 0 2 (g). Show that 

G($) = 2(1 - S)G° 20 + 2f G“ 2 + 1 G° 2 + 2(1 - $)J?r ln 

+ 2 f*nn 5 H_ + {*nn i i ? 


where £ is the extent of reaction. Given that A f G°[H 2 0(g)] = —18.334 kJ-mol -1 at 4000 K, plot 
G(£) against £. Differentiate G(£) with respect to £ and show that the minimum value of G(§) 
occurs at £ = 0.553. Also show that 



AG° + fif ln Ph \° 2 

r p 2 

r u n 


and that K p = £/(2 + | eq )(l - Q 2 = 0.333 at one bar. 


The amount of H 2 0 can be expressed by 2 - 2%, the amount of H 2 as 2|, and the amount of 0 2 as 
f. We can then write the Gibbs energy of the reaction mixture as (Equation 26.20) 

G(§) = (2 — 2f)G H2 Q + 2^G H2 + ?Gq 2 

Since the reaction is carried out at a total pressure of one bar, we can write 

2(1—1) _Ji_ and „ _ I 

V“ 2-f «. 2 f 2 + 5 
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We can use these expressions and Equation 8.59 to write G(!) as 

G(t) = 2(1 - I) [g; ;0 + RT In P Hj0 ] + 2! [g^ + RT In P H J 

+$ [G^ + PrinP 0 J 

= 2(1 - f)G° 20 + 2§G“ 2 + + 2(1 - !)PP In 

+2 IRT In + |PP In -r—— 

2 + ! 2 + | 

Substituting the value given in the problem for G^ 0 and zero for Gq and G^ gives 

G(!) = 2(1 — !)(—18 334 J-mol" 1 ) 

+2(1 - !)(8.3145 J-mol" 1 -K" 1 ) (4000 K) In 2(1 ~ ^ 

2 + f 

+2f (8.3145 J-mol" 1 ■K" 1 )(4000 K) In 

+f (8.3145 J-mol" 1 -K"')(4000 K) In 

= (-36668 J-mor'Kl - !) + (66516 J-mol" 1 )(l - !) In 2( * 

2 + ! 

+(66516 J-mol -1 )! In + (33 258 J-mol" 1 )! In 

v ^ 2+! 2+! 

A plot of G(!) against! is shown below. 



We now differentiate G(!) with respect to ! and find 


= 

\dU T .P 


(36 668 J-mol" 1 ) 


—(66516 J-mol" 1 ) 


In 


2 (1-!) (l-f)(2 + !) 


2 + S 


+(66516 J-mol" 1 ) In 


2 ( 1 -!) 

2 ! , !(2 + !) 


2 + ! 


+ 


2 ! 


2 2 ( 1 -!) 

L 2 + ! (2 + !) 2 J 

2 2 ! 


+(33 258 J-mol" 1 ) { In -2— + (2 + !) 

2- i s 


2 + ! (2 + !) 2 
i i 




= (36668 J-mol" 1 ) - (66516 J-mol" 1 ) In 


2 ( 1 -!) 
2 + ! 


+1 + 


L2 + ! (2 + !) 2 

1-f 


]) 


2 + !j 


+(66516 J-mol" 1 ) 


, 2 ? $ 
In ——;—— + 1 - 


2 + ! 


2 + !j 
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+ (33 258J.mol-)[ln^ + l-^ ? j 
= 36668 J-mol" 1 + (33 258 J-mol" 1 ) - 2( J ~P +2In 


2 ( 1 -£) 2 + £ 
+ In 


2 + £ 2 + £ 


2 + £ 

+ 1 - 


2 + f 


= 36668 J-mol" 1 + (33 258 J-mol"') In 


(1 — £) 2 (2 + £) 


( 1 ) 


At equilibrium, (dG/ 9£) r „ = 0, so 


’eq 


(l-£ eq ) 2 (2 + £ eq ) 


/—36668 J-mol -1 \ 

= exp (- 7- ) = 0.332 

F V 33 258 J-mol" 1 J 


Solving for ^ gives ^ = 0.553. 

Note that substituting for A f G°[H 2 0(g)], R, T , P H , P Q ^, and P H 0 in Equation 1 gives 

r)<7\ /*H 

— ) = 2A f G°[H 2 0(g)] + RT In = A r G° + RT In 

/ T.P “h 2 0 M^O 


Now 


P H P 0 

k d = H2 ° 2 




p Plo a -^) 2 (2 + u 




SO 


(0.553) 3 

15 (1 - 0.553) 2 (2 +0.553) 


= 0.332 


26-20. Consider the reaction described by 

3H 2 (g) + N 2 (g)^2NH 3 (g) 


at 500 K and a total pressure of one bar. Suppose that we start with three moles of H 2 (g), one mole 
of N 2 (g), and no NH 3 (g). Show that 


G(£) = (3 - 3£)G° 2 + (1 - £)G° 2 + 2 £G° Hj 

+(3 - 3£)/?T In + (1 - £)PT In 1=1 + 2£ P7 In 


where £ is the extent of reaction. Given that G£, H = 4.800 kJ-mol" 1 at 500 K (see Table 26.4), 
plot G(£) versus £. Differentiate G(£) with respect to £ and show that the minimum value of G(£) 
occurs at £ = 0.158. Also show that 



A G° + RT In 


PhA 


and that K p = 16£ 2 (2 - £ eq ) 2 /27(l - £ eq ) 4 = 0.10. 
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The amount of H 2 can be expressed by 3 — 3?, the amount of N 2 as 1 — ?, and the amount of NH 3 
as 2?. We can then write the Gibbs energy of the reaction mixture as 

G(f) = (3 - 3£)G„ 2 + (1 - £)G N2 + 2 £G NHi 

Since the reaction is carried out at a total pressure of one bar, we can write 

3d-?) „ 1-? „ ? 


P u = 


P M = 


and 


p — 
r NH. 


2(2-?) " n 2 2(2-?) nh 3 (2-?) 

We can use these expressions and Equation 8.59 to write G(?) as (Equation 26.20) 

G(?) = 3(1 - ?) [G^ + RT In P H J + (1 - ?) [g^ + RT In P N J 

+2 ? [Gnh 3 + PP In Pnh 3 ] 

= 3(1 - t)G° + (1-?)G° + 2?G° 


3(1 - f) 1 - ? 

+3(1-f)PP In .:. ! +(l-|)PTln : 


2 ( 2 -|) 


2 ( 2 -?) 


+2? RT In 


I 


2-f 


Substituting the appropriate values of G° gives 

G(?) = ?(9600 J-mol" 1 ) + 3(1 — ?)(4157.2 J-mol" 1 ) In 


+(4157.2 J-mol" 1 ) 


(1-|) In 


1~? 

2(2 — ?) 


3(1-1) 
2(2 - ?) 

+ 2? In * 


2-1 


A plot of G(?) against ? is shown below. 



4 

Now we differentiate G(?) with respect to ?: 



9600 J-mol" 1 


+(4157.2 J-mol" 1 ) 
+ 2 ( 2 - 1 ) 


—3 In r^r—|^ + 2(2-?) 


2(2 - ?) 


+ 


6 ( 1 -?) 


L 2(2 - ?) 4(2 - ?) 


In 


a-?) 


2 ( 2 -|) 


1 


+ 


2 ( 1 -?) 


L 2(2-?) 4(2 — ?) 2 J 


+ 2 In 


2 -? 


+ 2 ( 2 -?) 


1 


L2-? + (2 


h?]\ 


= 9600 J-mol" 1 + (4157.2 J-mol" 1 ) 


, 16(2 -?) 2 ? 2 3-3? 

, n 27(1-|) 4 2 — ? 

1 -? 


+ 


2-? 


+ 2 + 


2 ? 
2-?J 


= 9600 J-mol" 1 


+ (4157.2 J-mol" 1 ) In 


16(2 -?) 2 ? 2 
27(1 - f) 4 


( 1 ) 
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At equilibrium, (dG/d^) T p = 0, so 


16(2- / -9600 J • mor 1 \ 

27(1-£ eq ) 4 _ 6XP \4157.2 J mor 1 / 


0.09934 


Solving for £ eq gives £ eq = 0.158. 

Note that substituting for Gji^, R, T, P NH , P N , and P N in Equation 1 gives 


dG 

9£ 


) = 2 Gnh, + RT In = A r G°RT In 

' T,P r H 9 r N, r H, r N 


Now 


* p = o3 


P n 2 „ 16&(2 -U 2 




P^P 27(1 — £ eq ) 4 


SO 


26 ( 0158 ^ 2 - 0 ^ 

p 27(1 — 0.158) 4 


26-21. Suppose that we have a mixture of the gases H 2 (g), C0 2 (g), CO(g), and ELjCKg) at 1260 K, with 
P H = 0.55 bar, P CQ = 0.20 bar, P co = 1.25 bar, and P HO = 0.10 bar. Is the reaction described by 
the equation 

H 2 (g) + C0 2 (g) ^ CO(g) + K p = 1.59 

at equilibrium under these conditions? If not, in what direction will the reaction proceed to attain 
equilibrium? 


Use Equation 26.25 to find Q p and Equation 26.26 to find out which way the reaction will proceed. 



P P 

1 CO 

p p 

r u 2 r co 2 


(0.10)(1.25) 

(0.55)(0.20) 


A ' G = RTh 'T r = RT "'TT9 

A r G < 0 

The reaction as written will proceed to the right. 


26-22. Given that K p = 2.21 x 10 4 at 25°C for the equation 

2H 2 (g) + CO(g)^CH 3 OH(g) 

predict the direction in which a reaction mixture for which P CH 0H = 10.0 bar, P H = 0.10 bar, and 
P Q0 = 0.0050 bar proceeds to attain equilibrium. 


This is done in the same way as the previous problem. 

n ^ch 3 oh 10 

Qp = P h 2 P co - (0.10) 2 (0.0050) 


= 2.00 x 10 5 
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AG 


RT In ^ = RT In 
K D 


2.00 x 10 5 
2.21 x 10 4 


A r G > 0 


Therefore, the reaction as written will proceed to the left. 


26-23. The value of K p for a gas-phase reaction doubles when the temperature is increased from 
300 K to 400 K at a fixed pressure. What is the value of A t H° for this reaction? 


Use Equation 26.31, since we assume that A r H° remains constant over this temperature range. 

K p (T 2 ) _ A r //° / 1 1 \ 

K p (T x ) R \T 2 Tj 

R1 " 2 = - A ' H ’(4ok-3ok) 

A r H° = 6.91 kJ-mol -1 


26-24. The value of A t H° is 34.78 kJ-mol 1 at 1000 K for the reaction described by 

H 2 (g) + C0 2 (g) ^ CO(g) + H 2 0(g) 

Given that the value of K p is 0.236 at 800 K, estimate the value of K p at 1200 K, assuming that 
A H° is independent of temperature. 


Again, use Equation 26.31: 

K p (T 2 ) _ A r //° / 1 1 \ 

K p (T x ) R \T 2 TJ 

*,(1200 K) _ 34 780 J-mol -1 / 1 1 \ _ 

0 0.236 “ 8.3145 J-mol" 1 -K- 1 V1200 K 800kJ 

* p (1200K) = 1.35 


26-25. The value of A r H° is —12.93 kJ-mol 1 at 800 K for 

H 2 (g) + I 2 (g)^2HI(g) 

Assuming that A r H° is independent of temperature, calculate K p at 700 K given that K p = 29.1 
at 1000 K. 


We do this as we did Problem 26-24, using Equation 26.31. 

* P (r 2 ) _ a r i/° / i l \ 

K p {T x ) R \T 2 T x ) 

29.1 _ 12 930 J-mol- 1 / 1_L_\ 0 666 

* P (700K) 8.3145 J-mor'-K- 1 V1000 K 700 Kj 

K p (700 K) = 14.9 
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26-26. The equilibrium constant for the reaction described by 

2HBr(g)^H 2 (g) + Br 2 (g) 
can be expressed by the empirical formula 

11790 K 

In K = -6.375 + 0.6415 ln(7/K)--- 

Use this formula to determine A t H° as a function of temperature. Calculate A r H° at 25°C and 
compare your result to the one you obtain from Table 19.2. 


Use Equation 26.29: 

dlnK A t H° 

dT ~ RT 2 
0.6415 11790 K A t H° 

T + T 1 “ RT 2 
0.6145A7 + (11790 K )R = A f H° 


At25°C,A r H° = 99.6kJmol ‘.ThevaluegiveninTable 19.2forA f //°[HBr(g)]is —36.3kJ-mol -1 
and that given for A f //°[Br 2 (g)] is 30.907 kJ-mor 1 . We can write A r H° (using these values) as 

A r H° = A f //°[Br 2 (g)] - 2(A f tf°[HBr(g)]) = 103.5 kJ-moU 1 

in fairly good agreement with the value of A r H° found from the equilibrium constant. 


26-27. Use the following data for the reaction described by 


to obtain A t H° at 400°C. 


2HI(g)^H 2 (g) + I 2 (g) 


7/K 

500 

600 

700 

800 

K p / IQ” 2 

0.78 

1.24 

1.76 

2.31 


We wish to express K p in terms of 1/7 and use Equation 26.29 to find A t H°. 


A linear fit gives 


1000K/7 

2 

1.67 

1.43 

1.25 

In K p 

-4.85 

-4.39 

-4.04 

-3.77 


In K p = —1.9695 — 


1445.73 K 


d In K r 


1445.73 K 


dT T 2 

A H° = R{ 1445.73 K) = 12.02 kJ-mol 


-l 


and a fit of the form a+b/T + c In 7 gives 

1020.3 K 

In K p = -2.33966- - -+ 0.6833 ln(7/K) 

d\nK p 1020.3 K 0.6833 
dT T 2 + 7 

A H° = fl(1020.3 + 0.68337) = 12.31 kJ-moU 1 
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26-28. Consider the reaction described by 

C0 2 (g) + H 2 (g) ^ CO(g) + H 2 0(g) 

The molar heat capacitites of C0 2 (g), H 2 (g), CO(g), and H 2 0(g) can be expressed by 
C p [C0 2 (g)]//? = 3.127 + (5.231 x 10" 3 K ~')T - (1.784 x 1CT 6 K- 2 )T 2 
C^H-Xg)]/./? = 3.496- (1.006 x 10" 4 K ~')T + (2.419 x 10" 7 K- 2 )r 2 
C p [CO(g)]/7? = 3.191 + (9.239 x 10" 4 K ~ l )T - (1.41 x 10“ 7 K“ 2 )T 2 
C p [H 2 0(g)]/fl = 3.651 + (1.156 x 10" 3 K" 1 )! + (1.424 x 10" 7 K“ 2 )r 2 
over the temperature range 300 K to 1500 K. Given that 


substance 

C0 2 (g) 

Hj(g) 

CO(g) 

H.CXg) 

A f //°/kJ-mol -1 

-393.523 

0 

-110.516 

-241.844 


at 300 K and that K p = 0.695 at 1000 K, derive a general expression for the variation of K p (T) 
with temperature in the form of Equation 26.34. 


We first find the values of A r C° p and A r H°: 

A r C° = C° [H.OCg)] + Cp[CO(g)] - c;[H 2 (g)] - C° p [ co 2 (g)] 

A r C° p /R = 0.219 - (3.051 x 10" 3 K"')r + (1.544 x 10" 6 K~ 2 )T 2 
A r //°(300 K) = A f H°[H 2 0(g)] + A f //°[CO(g)] - A f //°[H 2 (g)] - A f /T[C0 2 (g)] 

= -241.844 kJ-mor 1 - (-110.516kJ-mol" 1 ) - (-393.523 kJ-moC 1 ) 

= 262.195 kJ- mor 1 

Now we use Equation 26.32 to find A 

A r H°(T) = A r tf°(300 K) + f A r C° P (T)dT 

J 300 

= 262.195 kJ-mor 1 + R I [0.219 - (3.051 x 10" 3 K ~')T 

J 300 

+(1.544 x 10" 6 K - 2 )T 2 ]dT 

= 262.195 kJ-mor 1 + R [0.219(T - 300) - (1.525 x 10“ 3 K-‘)(T 2 - 300 2 ) 

+(5.145 x 10‘ 7 K- 2 )(T 3 - 300 3 )] 

= 262.195 kJ-mol -1 + R [57.681 K + 0.219T 

-(1.525 x 10“ 3 K _1 )r 2 + (5.145 x 10“ 7 K“ 2 )r 3 ] 

= 262.675 kJ-mol" 1 + (1.821 x 10“ 3 kJ-mol" 1 •K-*)7' 

-(1.268 x 10“ 5 kJ-moC 1 • K“ 2 ) T 2 + (4.278 x 10“ 9 kJ-mor'•KT 3 )7’ 3 

This equation is in the form a + PT + yT 2 + ST 3 , as was expected (Equation 26.33). Substituting 
into Equation 26.34, we find that 

31592 

In K P (T) =-— +0.2190 ln(T/K) - (1.525 x 10“ 3 K ~ l )T 

+(2.573 x 10~ 7 K- 2 )T 2 + A 
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At T = 1000 K, we know that K p = 0.695, so 

In 0.695 = -31.592+ 1.513 - 1.526 + 0.2573 + A 
A = 30.984 


and so 


In KJT) = - 


31592 


+ 0.2190ln(T/K) - (1.525 x lO^K" 1 )?" + (2.573 x 10" 7 K" 2 )7 2 + 30.984 


26-29. The temperature dependence of the equilibrium constant K p for the reaction described by 

2C 3 H 6 (g)^C 2 H 4 (g) + C 4 H 8 (g) 

is given by the equation 


In KJT) = -2.395 - 


2505 K 3.477 x 10 6 K 2 


+ 


<-p\- / — ----- y, I y , 2 

Calculate the values of A r G°, A r //°, and A r 5° for this reaction at 525 K. 


300 K < T < 600 K 


Use Equation 26.11 to find A r G°, Equation 26.29 to find A r H°, and the relation A r G° = 
A r H° — T A r S° to find A r S°: 


A r G° = -RT In K p = -R(525 K) 


_ 2 395 - 2505 K + 3 ' 477 x 106 K2_l 


525 K 

2505 K 6.954 x 10 6 K 2 " 1 


(525 K) 2 


= -23.78 kJ-mol" 1 

A H 0 = RT 2 <fl ” Kp = RT 1 
r dT 

= -89.30 kJ-mol -1 

A H° - A G° , 

A S° = -i- _ r = —124.8 J'mol - -K - 


26-30. At 2000 K and one bar, water vapor is 0.53% dissociated. At 2100 K and one bar, it is 0.88% 
dissociated. Calculate the value of A r H° for the dissociation of water at one bar, assuming that the 
enthalpy of reaction is constant over the range from 2000 K to 2100 K. 


H 2 0(g)^H 2 (g) + i0 2 (g) 


At 2000 K and one bar, there will be 0.9947 n Q moles of H 2 0(g), 0.0053n 0 moles of H^g), and 
0.00265n 0 moles of 0 2 (g), for a total of 1.00265n 0 moles. The partial pressures of the various gases 
are then 


_ 0.9947 
H *° “ 1.00265 


P = 0.9921 P 




0.0053 

1.00265 


P = 5.286 x 10" 3 P 


and 



0.00265 

1.00265 


P = 2.643 x 10“ 3 P 
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and A" p (2000 K) at one bar is 


AT p (2000 K) 


(2.643 x 10 -3 ) 1/2 (5.286 x 10“ 3 )P 1/2 
0.9921 


= 2.74 x 10“ 4 


Likewise, at 2100 K and one bar, there will be 0.9912n 0 moles of H^Ofg), 0.0088n Q moles of H^g), 
and 0.0044n 0 moles of 0 2 (g), for a total of 1.0044n 0 moles. The partial pressures of the various 
gases are then 


P ur = ^^rr—:P = 0.9868P 


h 2° 1.0044' 


= = 8.761 x 10~ 3 P 

H : 1.0044 


and 



0.0044 
1.0044 ° 


= 4.381 x 10 _3 P 


and AT p (2000 K) at one bar is 


*,(2000 K) 


(4.381 x 10“ 3 ) 1/2 (8.761 x 10 _3 )F 1/2 
0.9868 


5.88 x 10 -4 


Now we can use Equation 26.31 to find A r H°: 

K p (2100 K)_ A r H° / 1 1 \ 

ln K p (2000K) “ R \2100 K 2000 K/ 
A t H° = 266.5 kJ-mol -1 


26-31. The following table gives the standard molar Gibbs energy of formation of Cl(g) at three 
different temperatures. 


77 K 

1000 

2000 

3000 

A f G7kJ-mor’ 

65.288 

5.081 

-56.297 


Use these data to determine the value of K p at each temperature for the reaction described by 

iCl 2 (g)^Cl(g) 

Assuming that A r H° is temperature independent, determine the value of A r H° from these data. 
Combine your results to determine A r S° at each temperature. Interpret your results. 


Use Equation 26.11 to find K p at each temperature, then find In K p for use in determining A r H°. 


77 K 

AfGVkJ-mol" 1 

K p 

In K p 

1000 

65.288 

3.889 x 10“ 4 

-7.852 

2000 

5.081 

0.7367 

-0.3056 

3000 

-56.297 

9.554 

2.257 


The best-fit line to a plot of In K p vs. l/T is In K p = 7.290 - 15148/F. The slope of this line is 
-A H°/R, so A t H° = 125.9 kJ-mol -1 . We can use the expression A r G° = A r H° - T A r S° to find 
A r S° at each temperature. These values are tabulated below. 


T /K 

1000 2000 3000 

A 571-mor 1 

60.61 60.41 60.73 
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26-32. The following experimental data were determined for the reaction described by 

S0 3 (g)^S0 2 (g) + I0 2 (g) 


7/K 

800 

825 

900 953 

1000 

In K p 

-3.263 

-3.007 

-1.899 -1.173 

-0.591 


Calculate A r G°, A t H°, and A r S° for this reaction at 900 K. State any assumptions that you make. 


This is done in the same way as the previous problem. We assume that A r H° does not 
vary significantly over the temperature range given. A best-fit line to to In in 1/7 is 
ln/f^, = 10.216- (10851 K)/T, which gives A r H° = 90.2 kJ-moI -1 . Using Equation 26.11 
and the relation A r G° = A r H° - 7A r S°, we find that at 900 K A r G° = 14.21 kJ-mol -1 and 
A r S° = 84.5 J- mol" 1 K~\ 


26-33. Show that 


if 


H = —RT In 


qjV, T) 
N 


Q(N, V, T ) = 


[g(v, Df 

AM 


Begin with Equation 23.27 and use Stirling’s approximation for N In AM: 

-_p r( dXn Q\ 

M (3^ ) T ' V 


= -RT 

= -RT 


■— (N\nq - N In N\) 


J 7\V 


\nq - —(~N\nN + N) 
oN 


= -RT [\nq - In N - 1 + 1] = -RT In — 

N 


26-34. Use Equation 26.40 to calculate K (7) at 750 K for the reaction described by H^g) + I 2 (g) ^ 
2HI(g). Use the molecular parameters given in Table 18.2. Compare your value to the one given in 
Table 26.2 and the experimental value shown in Figure 26.5. 


We can use Equation 26.40 to calculate K(T), substituting from Equation 18.39 for the partition 
functions of H 2 ,1 2 , and HI. 


K = g »» 


/ 2 \ 3/2 

/ m m \ 

4@ H 2 0 I 2 
^^rot^rot 

(1 — e 0v >h /:r )(l — e 0 vin /r ) 

\ W H 

. (eO 2 _ 

(i _ e-07 


eX P 


2P 0 H1 - D? - 
RT 
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(127.9) 2 

3/2 

'4(85.3 K)(0.0537 K)' 

(1 _ e - 6215 / 750 )(l - £-308/750) 

_(2.016)(253.8)_ 


(9.25 K) 2 
2(8.500 kJ-mol" 1 ) 

(1 _ £-3266/750^2 


X 6XP (8.3145 x IQ" 3 kJ-mol" 1 .K-')(750 K) 


= 52.29 

This is in good agreement with the values in the text. 


26-35. Use the statistical thermodynamic formulas of Section 26-8 to calculate K p (T) at 900 K, 
1000 K, 1100 K, and 1200 K for the association of Na(g) to form dimers, Na 2 (g) according to the 
equation 


2Na(g) ^ Na^g) 


Use your result at 1000 K to calculate the fraction of sodium atoms that form dimers at a total 
pressure of one bar. The experimental values of K P (T ) are 


7/K 

900 

1000 

1100 

1200 

K p 

1.32 

0.47 

0.21 

0.10 


Plot In K p against 1/7 to determine the value of A r 17°. 


We can calculate the partition function of Na using Equation 18.13 (for a monatomic ideal gas) and 
that of Na 2 using Equation 18.39 (for a diatomic ideal gas): 


^Na _ 

~2nmk^T~ 

3/2 

'2tt( 0.022991 kg-mor')i?7‘ 

V 

h 2 J 

^elec 

N 2 K h 2 \ 


t3/2 


~v~ 


= 2 [7.543 x 10 18 m 2 -K-'7] 3/2 

|3/2 j | 


2nMk B T 

~h 2 


CT0 rot 1 — e 


e W 


= [1.508 x 10 19 m 2 -K ‘7] ' Q 442 K j _ e - 229 K/r 


8707.7 K/r 


( 2 ) 


Using the procedure on page 1070 (where we calculate K p for H 2 0), we have 


K P (T) 


(<?Na/ V ) [ (6.022 x 10 23 mol~ 1 )(10 5 Pa) ' 
(? Na /V) 2 L(1 m- 3 )(8.3145 J-K- 1 -mor')7. 


We can substitute into the above expressions to find K p at 900 K, 1000 K, 1100 K, and 1200 K: 


7/K 

900 

1000 

1100 

1200 

K p 

1.47 

0.52 

0.22 

0.11 


Given that K p = 0.52 at 1000 K, let us assume that we begin with n 0 moles of Na and no moles of 
the dimer. Then at equilibrium we will have n 0 - 2£ moles of Na and | moles of the dimer, so that 
for a total pressure of 1 bar. 


p — 

1 Na 


n o n _ 1 2£/n 0 


n 0 -t 


■P = 


1 -?/«o 
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and 


Then 



$/"o p 

1 - f/«„ 


* ^ g/n 0 (l - g/» 0 ) 

' P 2 a (l-2f/« 0 ) 2 P 

0.52(1 — 2x) 2 = x — x 2 


where x = |/« 0 . Solving for jc gives a: = 0.21 or jc = 0.78, but x < 0.50, so we find that 21% of 
the sodium atoms will form dimers at 1000 K. 



Plotting the experimental values, we find that In K p = -9.987 + (9240 K)/7\ Therefore, 
A r H° = -R (9240 K) = -76.8 kJ-mol -1 . 


26-36. Using the data in Table 18.2, calculate K p at 2000 K for the reaction described by the equation 

C0 2 (g)^C0(g) + ±0 2 (g) 

The experimental value is 1.3 x 10“ 3 . 


We can use Equation 18.39 to express the partition functions of 0 2 and CO, and Equation 18.57 to 
express the partition function of C0 2 . At 2000 K, 


ffco 

V 


2nMk B T~\ V2 T 


h 2 


1 


ct© 1 — e ®vii7 r 




2tt( 0.02801 kg-mol” )(8.3145 J-mol"' -K -1 )(2000 K) 
(6.022 x 10 23 mol -1 ) 2 (6.626 x 10 -34 J-s) 2 
2000 K 1 


*13/2 


2.77 K 1 - e - 3103 / 2 ooo 
= 2.27 x 10 64 m -3 


<fo. 


T 2nMk B Tl v2 


1 


L' 


cr 0 1 — e 0 vtb/ 7 


g 1072000/(8.3145) (2000) 


3eW 


A 


2tt( 0.03200 kg-mol -1 )(8.3145 J-mol -1 -K -1 )(2000 K) 
(6.022 x 10 23 mol -l ) 2 (6.626 x 10 -34 J-s) 2 
2000 K 1 


-i 3/2 


2(2.07 K) 1 - e -2256 ' 2000 
= 5.23 x 10 49 m -3 


3^494100/(8.3145) (2000) 
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#co. 


2nMk B T 

W~ 


“ 3/2 rp 
- CT0 ro. 


no- 

U =1 




e w 


2tt( 0.04401 kg • mol” 1 )(8.3145 J • mol" 1 • K~ 1 )(2000 K) 
(6.022 x 10 23 mor') 2 (6.626 x 10" 34 J-s) 2 
2000 K 


-,3/2 


2(0.561 K) 
= 5.88 x 10 79 nT 3 


^ _ ^-3360/2000^-1 ^ _ e -954/2000^-2^ _ ^-1890/2000^-1^1596x107(8.3145)(2000) 


We can now use Equation 26.39 to write (as we did in Section 26-8 for the reaction involving E^O) 


KAT) = 


rt r /2 ^co/ v )(%jvy /2 


LA.(10 5 Pa). 


(<lco/V) 


(8.3145 J mor 1 - K~ l )(2000 K) 

L (6.022 x 10 23 mol"')(10 5 Pa) J 
= 1.46 x 10" 3 


-i 1/2 


(2.27 x 10 64 m _3 )(5.23 x 10 49 nT 3 ) 1/2 


5.88 x 10 79 m 


,79 m -3 


26-37. Using the data in Tables 18.2 and 18.4, calculate the equilibrium constant for the water gas 
reaction 


C0 2 (g) + Hjfe) ^ CO(g) + H 2 0(g) 

at 900 K and 1200 K. The experimental values at these two temperatures are 0.43 and 1.37, 
respectively. 


We have expressed the partition functions for C0 2 and CO in Problem 26-36, and those for HLj and 
HjO in Section 26-8. At a temperature T, these partition functions are 


gc °2 ^ r 

V 


2n Mk„T~\ 3/2 T 

H? 1 - *~ 


n<>- 




U=i 






~2n (0.04401 kg-mol )(8.3145 J-mol K )T 
(6.022 x 10 23 mol _1 ) 2 (6.626 x 10~ 34 J-s) 


2(0.561 K) 


(1 


_ g -3360K/r^-I 


fi = r 
v 


_ ^-954K/7^-2q _ e -1890K/7^-l ^1596x 10 3 K/8.3I45T 

_I_ e w 

L h 2 J a0 rot l-e-^ e 

2tt (2.016 x 10" 3 kg • mol -1 ) (8.3145 J • mol" :1 • K" 1 ) T 
(6.022 x 10 23 mol _1 ) 2 (6.626 x 10“ 34 J-s) 2 


3/2 


1 


_431800 K/8.31457" 


2(85.3 K) 1 - e~ 6215/T 


ffco _ 
V 


2n Mk B T 


3/2 


1 


a© . 1 — e ®vii> /r 


e W 


"2^(0.02801 kg-mol -1 )(8.3145 J-mor 1 -K ~ l )T 

(6.022 x 10 23 mor 1 ) 2 (6.626 x 10“ 34 J-s) 2 

1/2 


K TP -13/2 


1 


9h,o \2nMk B T'\ vl n 1 ' 1 


2 

V 


2.77 K 1 — e~ 3m K/T 
JK T 


9 1072000 K/8.3145T 


®rot,A®rot,B®rot,C 


) (l!, , , 


i 3/2 jji/2 r 


L h 2 j c 

"2jr(0.01801 kg-mol _1 )(8.3145 J-mor 1 ■K- 1 )7’ 

(6.022 x 10 23 mor 1 ) 2 (6.626 x 10 -34 J-s) 2 J 2 [(40.1 K)(20.9 K)(13.4 K) 

_ e -H60K/Ty\y _ e ~5l60K/Tyl^ _ £ -2290 K/ Ty \^917600 K/8.3145r 


, 1/2 
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Using Equation 26.39, we can write K p in terms of the partition functions: 

Jq^ 0 IV)(q CQ /V) 

Below are tabulated values for each partition function and K p at 900 K and 1200 K. 



900 K 

1200 K 

q C o 2 /V/m- 2 

1.38 x 10 129 

3.22 x 10 106 

q» 2 /V/m-> 

9.17 x 10 56 

1.02 x 10 51 

9c o/V/m- 3 

4.15 x 10 97 

2.49 x 10 82 

v /v/m-3 

1.72 x 10 88 

2.18 x 10 75 

K p 

0.56 

1.66 


26-38. Using the data in Tables 18.2 and 18.4, calculate the equilibrium constant for the reaction 

3H 2 (g)+N 2 (g)^2NH 3 (g) 

at 700 K. The accepted value is 8.75 x 1CT 5 (see Table 26.4). 


We have expressed the partition function of in Problem 26-37, and we can use Equation 18.39 
to express the partition function of N 2 and Equation 18.60 to express that of NH 3 . At 700 K, these 
partition functions are 


V 


2nMk B T 


3/2 


1 


<7© , 1 — e 


e W 


2tt(2.016x It )" 3 kg-mor')(8.3145 J-mol -1 -K _1 )(700 K) 
(6.022 x 10 23 mol -1 ) 2 (6.626 x 10 “ 34 J-s ) 2 
700 K 1 


-|3/2 


X- 


.431800/(8.3145)(700) 


2(85.3 K) 1 - e - 62l5/m 
= 7.15 x 10 63 m -3 


V 


27TM& B ri 3/2 T 


h 2 


1 


o-©„. 1 - e @ ^ /T 




In (0.02802 kg • mol" 1 )(8.3145 J• mol " 1 • K" 1 )(700 K) 


(6.022 x 10 23 mol-’) 2 (6.626 x 10 ~ 34 J-s ) 2 
700 K 1 


3/2 


2(2.88 K) 1 - g - 3374 / 700 
= 1.08 x 10 105 m -3 


,941200/(8.3145X700) 


?NH, 

V 


2nMk s T 


I 3 ' 2 n m 


1/2 


.®rot,A®rot.B®rot,C / 


Y\( 1 - e - e ^ /T r i e D ° /k b ? 


2?r(0.03104 kg• mor 1 )(8.3145 J■ mol ” 1 • K“')(700 K)' 

3/2 7T *' 2 

(700 K ) 3 

(6.022 x 10 23 mol -I ) 2 (6.626 x 10 “ 34 J-s ) 2 

3 

(13.6 K) 2 (8.92 K)_ 


x (1 — e -4800/70 O) -i (1 _ e -imnoo r i (l _ e - 

= 2.13 x 10 121 m -3 


1/2 


-2 


(l- e 


-2330, 


i/700^—2^1I58000/(8.3145)C700) 
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Using Equations 26.39 and 26.17, we can express K p as 


K P (T) 


kj y (< 7 N „/ V ) 2 

io 5 p a ; (? N2 /v)(?„ 2 /u ) 3 


~k B (700 K)"| 2 (2.13 x 10 121 m- 3 ) 2 

. 10 5 Pa J (1.08 x 10 105 m _3 )(7.15 x 10 63 m" 3 ) 3 
1.23 x 10 -4 = 12.3 x 10" 5 


The discrepancy between the calculated value and the experimental value (about 40%) is due to the 
use of the rigid rotator-harmonic oscillator approximation. 


26-39. Calculate the equilibrium constant K p for the reaction 

I 2 (g)^ 21(g) 

using the data in Table 18.2 and the fact that the degeneracy of the ground electronic state of an 
iodine atom is 4 and that the degeneracy of the first excited electronic state is 2 and that its energy 
is 7580 cm -1 . The experimental values of K p are 


77 K 

800 

900 

1000 

1100 1200 

K p 

3.05 x 10“ 5 

3.94 x 10“ 4 

3.08 x 10“ 3 

1.66 xlO- 2 6.79 xlO" 2 


Plot In K p against 1/T to determine the value of A r H°. The experimental value is 153.8 kJ-mol -1 . 


The degeneracy of the ground electronic state of an iodine atom is 4. The first excited state is 
90.677 kJ-mol -1 above that and its degeneracy is 2, so (using Equations 18.13 and 18.39) 


V 


% 


2nmk n T~\ i/2 , .. 

—(4 + 2e~ s 'i /k * T ) 

2rr(ai269 kg • mol" 1 ) (8.3145 J • mol" 1 ■ K” 1 ) T T 3/2 


L (6.022 x 10 23 mol _, ) 2 (6.626 x 10~ 34 J-s) 


(4 + 2e 


■90677 K/8.31457*\ 


2 nMk B T 


3/2 


1 


cr© 1 — e @ «> /T 


e W 


27r(0.2538 kg-mol -, )(8.3145 J-mol -1 •K -1 )T"| 3/2 


L (6.022 x 10 23 mol" 1 ) 2 (6.626 x 10" 34 J-s) 2 J 


1 


2(0.0537 K) 1 - e~ 30S K/T 


g 148800 K/8.31457- 


Using Equations 26.39 and 26.17, we can write K p as 


K 


p ~ 



V v) 


The calculated values of K p using the partition functions above are 


77 K 

800 

900 

1000 

1100 1200 

K p 

3.14 x 10" 5 

4.08 x 10“ 4 

3.19 x 10" 3 

1.72 x 10~ 2 7.07 x 10“ 2 
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8 10 12 
10 4 K/T 


Plotting the calculated values, we find that In K p = 12.785 — (18498 K )/T. Therefore, A t H° = 
— /?(—18498 K) = 154.0 kJ-mol -1 . 

26-40. Consider the reaction given by 

H 2 (g) + D 2 (g)^2HD(g) 

Using the Bom-Oppenheimer approximation and the molecular parameters in Table 18.2, show that 

K(T) = 4.24<T 77 ' 7 K/T 

Compare your predictions using this equation to the data in the JANAF tables. 

We have an expression for K p from Equation 26.39: 

K 

P (% 2 /V)(q D JV) 

The relevant partition functions are (Equation 18.39) 



Substituting into K p gives 



Xe (2 D^-D^-D^yRT 


( 1 ) 
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Under the Bom-Oppenheimer approximation, £> ( HD = D° 2 = D^ 2 , so the last exponential term 
becomes 1. Also, k and R e are the same for HD, Hj, and D 2 . Then, since v = (k/ix)' /2 /2n and 
I = /xR 2 , we can write © vib and © rot as 


hv hk' /2 n _ i/2 
©..». = — = ——/x ' oc ix 12 


vib 


2K 


and 


e t = — 

r0 ‘ lit 


B 


2R 2 X 


■/X 1 OC /X 1 


Recall that m ab = (w A m B )/(m A + m B ). Applying this formula, we find that /x H = 0.5 amu, 
M H d = 2/3 amu, and fx D = 1 amu. We can now write 


4®rot®rot 

(©S ’) 2 


4 ^H 2 Vd‘ 

MSd 


4(2/3 amu) 2 
(0.5 amu)(l amu) 


We can also express 0® and @° b in terms of ©” b : 


32 

T 



Then 




H 2 

vib 


20 ® - ©"{, - ©^ = (3 ‘/ 2 - 1 - 2 -l/2 ) ©”■ 


2 

vib 


where © vi 2 b = 6332 K. Substituting into Equation 1, we find 


155.0 K 


/ 9\ 3/2 / 32 \ 

~(l - e- @ ™' T )(l - e- 9 % fT )~ 

\8 / vv 

(1 _ e -^ITf 


= 4.24e -77,7 K/r 


where we have neglected factors such as 1 - e ®^ /T , since they do not contribute significantly to 
K for T < 1000 K. The table below compares calculated values of K with values from the JANAF 
tables. 


T/K 

Alcaic.) 

K p (JANAF) 

200 

2.88 

2.90 

400 

3.49 

3.48 

600 

3.73 

3.72 

800 

3.85 

3.84 

1000 

3.92 

3.91 


26-41. Using the harmonic oscillator-rigid rotator approximation, show that 


K(T) = 



(1 _ e - O r )2 


( 1 - 


-QviS/r 


)(1 — e 




. e (D 0 H2 +o 0 Brj -2D 0 HBr )/«r 
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for the reaction described by 


2HBr(g)^H 2 (g) + Br 2 (g) 

Using the values of © ro[ , © vib , and D Q given in Table 18.2, calculate K at 500 K, 1000 K, 1500 K, 
and 2000 K. Plot In K against l/T and determine the value of A r H°. 


We have an expression for K p from Equation 26.39: 

(qu/VXqUV) 


Kp = 


The relevant partition functions are 





1 

a H ©” 2 t 1 - e~ e > 
2 


1 


<r Br O% 1 - e - 9 %' T 


1 


_ /n\HBr 1 _0 HBr /T 

^HBr 0 ^ 1 - e °vi- /T 




e °o *! RT 


g D™'/RT 


so we write K p as 


/m„ m B \ 3 / 2 / CT 2 
K(T ) = (-\^-) — 
V m HBr / \ °H,°Br 




(1 _ e O r ) 2 


L®" 2 ,©^] (i - e 0 >)o - e ®>) 


e (D" 2 +D 0 Br2 -2D 0 HB ')/«r 


Using the values from Table 18.2, we find that 


77 K 

500 

1000 

1500 

2000 

K P 

8.96 x 10“ 12 

1.20 x 10“ 6 

6.63 x 10“ 5 

4.97 x 10" 4 


We can use these values to create a graph of In K p vs. 1/ T and curve-fit the points linearly to obtain 
the equation In K p = —1.70367 — (11876 K )/T. 



Therefore, A r H° = —/?(—11876 K) = 98.8 kJ-mol 1 for the reaction (compared to an experimental 
value of 106.0 kJ-mol -1 ). 


26-42. Use Equation 26.496 to calculate H°(T) - H° for NH 3 (g) from 300 K to 6000 K and compare 
your values to those given in Table 26.4 by plotting them on the same graph. 
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/tfc) 

H°(T) - H° =4 RT + Y e ;; b ' ; (26.4%) 

We use Table 18.4 for the appropriate values of © vib; to produce the graph below. The data points 
are from the JANAF tables, and the line is the function represented by Equation 26.49b. 



This is a very good fit to the JANAF data. 


26—43. Use the JANAF tables to calculate K p at 1000 K for the reaction described by 

H 2 (g)+I 2 (g)^2HI(g) 

Compare your results to the value given in Table 26.2. 


The JANAF tables give log K f = 0.732 for HI(g) at 1000 K. The equation given represents the 
formation of two moles of HI(g) from its consituent elements, and so log K = 2 log K f = 1.464 
and In K = 3.37. The value of In K in Table 26.2 is 3.55. 


26-44. Use the JANAF tables to plot In versus l/T from 900 K to 1200 K for the reaction described 
by 


2Na(g) ^ Na 2 (g) 

and compare your results to those obtained in Problem 26-35. 


We can use Equation 26-11 to find K p from the values given in the JANAF tables. From the JANAF 
tables, 


77 K 900 1000 1100 

A f G°[Na 2 (g)]/kJ-mol- 1 43.601 34.740 26.068 

A f G°[Na(g)]/kJ-mor‘ 43.601 34.740 26.068 

A r G°/kJ-mol _1 -1.819 6.248 14.338 

AT,, (JANAF) 1.28 0.472 0.208 

compared to Af p (900 K) = 1.47, AT P (1000 K) = 0.52, and 1^(1100 K) = 0.22 from Problem 
26-35. 
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26-45. In Problem 26-36 we calculated K p for the decomposition of C0 2 (g) to CO(g) and 0 2 (g) 
at 2000 K. Use the JANAF tables to calculate K p and compare your result to the one that you 
obtained in Problem 26-36. 


C0 2 (g) ^ CO(g) + l - 0 2 (g) 

From the JANAF tables, 


CO(g) 0 2 (g) C0 2 (g) 

AfGVkJmol" 1 -286.034 0 -396.333 

These values give a A r G° = 110.299 kJ-mol _I , and (Equation 26.11) 

K p = e~ A ' G ° /RT = 1.32 x 10" 3 
compared to K p = 1.46 x 10 -3 from Problem 26-36. 


26-46. You calculated K p at 700 K for the ammonia synthesis reaction in Problem 26-38. Use 
the data in Table 26.4 to calculate K p and compare your result to the one that you obtained in 
Problem 26-38. 


3H 2 (g) + N 2 (g)^2NH 3 (g) 

From the JANAF tables, we know that at 700 K A f G°[NH 3 (g)] = 27.190 kJ-mol -1 . Therefore, for 
the reaction above, A r G° = 2(27.190 kJ-mol -1 ) = 54.380 kJ-mol -1 , and (Equation 26.11) 

K p = e~*' G ° /RT = 8.75 x 10" 5 

compared to K p = 12.3 x 10 -5 from Problem 26—38. 


26-47. The JANAF tables give the following data for 1(g) at one bar: 


77 K 

800 

900 

1000 

1100 

1200 

AfGVkJ-mor 1 

34.580 

29.039 

24.039 

18.741 

13.428 


Calculate K p for the reaction described by 

I 2 (g)^ 21(g) 

and compare your results to the values given in Problem 26-39. 


The energy of the reaction above will be twice the energy of formation of iodine, or A G° = 
2A f G°[I(g)]. Then, using Equation 26.11, we can calculate K p at each temperature above: 


77 K 

800 900 1000 

1100 

1200 

K p (JANAF) 
K p (calc) 

3.05 x 10" 5 4.26 x 10“ 4 3.08 x 10~ 3 
3.14 x 10“ 5 4.08 x 10“ 4 3.19 xl0“ 3 

1.66 x 10" 2 
1.72 x 10“ 2 

6.78 x 10“ 2 
7.07 x 10" 2 


where we calculated the values of K p in Problem 26-39. 
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26-48. Use Equation 18.60 to calculate the value of q°(V, T)/V given in the text (page 1076) for 
NH 3 (g) at 500 K. 


We can write Equation 18.60 in terms of D 0 as 
flnMKT\ vl tt 1/2 / 


( 2nMk n T\ tt 1/2 

v - 


1/2 r 


^roi.A^rot.B^rot.C/ Ly=l 


]^[(l - e ~ & ^ /T )-' 




We can ignore the last exponential term when we look at q°, since q° is the energy relative to the 
ground-state energy. For NH 3 (g), this becomes 


£ 

V 


’2nr(0.01709 kg-mor')(8.3145 J-moU 1 -K^XSOO K)' 

3/2 7T 1/2 

(500 K) 3 

(6.022 x 10 23 mol _1 ) 2 (6.626 x 10“ 34 J-s) 2 

3 

_ (13.6 K) 2 (8.92 K). 


. 1/2 


X (1 - <r 48/5 )-'(l - g-‘ 36 /50)-l(i _ e -488/50 ) -2 (1 _ g-233/50-,-2 

= 2.59 x 10 34 nT 3 


26-49. The JANAF tables give the following data for Ar(g) at 298.15 K and one bar: 

G° - //°(298.15 K) --- 


and 


= 154.845 J-mol^-K 


H °(0 K) - tf°(298.15 K) = -6.197 kJ-mor 


Use these data to calculate q°(V, T)/V and compare your result to what you obtain using 
Equation 18.13. 


Use Equation 26.52 b to find the exponential term in Equation 26.52a: 

(G° - //°) _ [G° — //°(298.15 K)] + [JT - //°(298.15 K)] 


= 154.845 J-mor'.K- 1 - 


= 134.06 J-mol -1 -K _l 


6197 Jmor 
298.15 K 


Now substitute into Equation 26.52a: 

g°(y. n _ n * p \-(c<-h, 


V RT 

(6.022 x 10 23 mol _1 )(10 5 Pa) 

“ (8.3145 J-mol -1 •K"')(298.15 K)‘ 
= 2.443 x 10 32 m -3 


? 134 . 06 / 8.3145 


Using Equation 18.13 and looking at q° as we did in Section 23-5, we find that 

; y 


q° _ f2jtMk B T\ vl 

~ V h 2 


V 


2n (0.039948 kg • mol -1 )(8.3145 J • moU 1 • KT 1 )(298.15 K) 
(6.022 x 10 23 mol _1 ) 2 (6.626 x 10“ 34 J-s) 2 
= 2.443 x 10 32 m~ 3 


- 13/2 
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26-50. Use the JANAF tables to calculate q°(V, T)/V for C0 2 (g) at 500 K and one bar and compare 
your result to what you obtain using Equation 18.57 (with the ground state energy taken to be zero). 


Using Equation 26.52 b, 

(G° - // 0 °) 
T 


218.290 J-mol"'-K"' + 
199.562 J-mor'-K" 1 


-9364 J-mol ' 
500 K 


Now substitute into Equation 26.52a: 

g°(V , » T) _ (V A P e -(G“-H°)/RT 
V ~ RT 

= (6.022 x 10 23 mol-'KIO 5 Pa) mjsa/t3l45 

(8.3145 J-mol"' -K"')(298.15 K)* 

= 3.84 x 10 35 m" 3 


Using Equation 18.57 and looking at q° as we did in Section 23-5, we find that 


V 


/ 2nMk B T 


n=y n—>- 


In (0.04400 kg ■ mol" 1 ) (8.3145 J • mol" 1 • K" 1 ) (500 K)' 

3/2 

' 500 K " 

(6.022 x 10 23 mol"') 2 (6.626 x 10" 34 J-s) 2 


.2(0.561 K). 


X (1 _ g 336 / 500 )"^! - e -954/500^-2^| _ g -189/500)-l 


= 3.86 x 10 35 m" 3 


26-51. Use the JANAF tables to calculate q°(V, T)/V for CH 4 (g) at 1000 K and one bar and compare 
your result to what you obtain using Equation 18.60 (with the ground state energy taken to be zero). 


Using Equation 26.52 b, 

(G° ~ ff 0 o ) 

T 


209.370 J-mol-'-K -1 + 
199.35 J-mol-'-K" 1 


-10024 J-mol"' 
1000 K 


Now substitute into Equation 26.52 a: 

g°(V, T) _ N a P -ig°_hz)irt 
V RT 

= (6.022 x 10 23 mol"')(10 5 Pa) 199 . 33/g314i 

(8.3145 J-mol"'-K"')(298.15K) e 
= 1.87 x 10 35 m" 3 
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Using Equation 18.60 and looking at q° as we did in Section 23-5, we find that 

1/2 9 

| pj(i _ e -<W r )-i 


<f_ _ / 2jrMk B r \ 3/2 7T 1/2 


V 


)"?( 


©00 

w rot,A w rot,B w rol,C, 


j =I 


2jr(0.01604kg-mol )(8.3145 J-mol - -K -1 )(1000 K) 
(6.022 x 10 23 mol -1 )(6.626 x 10 -34 J-s) 2 


-| 3 / V ' 2 


3 "11/2 


(1000K) 

L (7.54 K) 3 J 
= 1.91 x 10 35 m -3 


(1 _ - g” 2 lH/100) _ 2^| _ e -432/100)-3(j _ g -187/100)-3 


26-52. Use the JANAF tables to calculate q°(V, T)/V for H 2 0(g) at 1500 K and one bar and compare 
your result to what you obtain using Equation 26.45. Why do you think there is some discrepancy? 


Using Equation 26.52 b. 


(G° ~ HS) 

T 


218.520 J-mor’-K -1 + 


-9904 J-mol -1 
1500 K 


211.9 Jmol -1 K -1 


Now substitute into Equation 26.52a: 


q°(V, T ) N.P° 


-(G V -H~)/RT 


RT 

(6.022 x 10 23 mol -1 )(10 5 Pa) 

“ (8.3145 J-mol -1 •K -, )(298.15 K) 
= 5.66 x 10 35 m -3 


211.9/8.3145 


Using Equation 18.60 and looking at q° as we did in Section 23-5, we find that 


£ 

V 


/2tt MkJ\ vl n' /2 


1/2 




V 


0 0 0 
, vy rot.A w rot,B W rot,C , 


f](l - e- @ ^ /T y 
j =1 


■[ 


27r(0.018015kg-mol -I )(8.3145 J-mol -1 -K -i )(1500K)1 3/2 tt 1/2 


X 


(6.022 x 10 23 mor , ) 2 (6.626 x 10" 34 J*s) 2 

3 “l 1/2 

(1 _ e -536/150)—l(j _ g -516/150)-!() _ g -229/150)-! 


.(40.1 


(1500 K) 3 


K)(20.9K)(13.4K)J 
= 5.51 x 10 35 m -3 


The small discrepancy between these two results is probably due to the use of the harmonic-oscillator 
approximation in obtaining Equation 18.60. 


26-53. The JANAF tables give the following data: 



H(g) 

Cl(g) HCl(g) 

A f //°(0 K)/kJ-mol -1 

216.035 

119.621 -92.127 
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Use these data to calculate D 0 for HCl(g) and compare your value to the one in Table 18.2. 



A r //7kJmol" 

1 

iH 2 (g) ^ H(g) 

216.035 

(1) 

iCl 2 (g) ^ Cl(g) 

119.621 

(2) 

^(g) + §C1 2 (g) ^ HCl(g) 

-92.127 

(3) 


We can obtain the reaction HCl(g) H(g) + Cl(g) by subtracting Equation 3 from the sum of 
Equations 1 and 2, to find 

D 0 = A H° = (216.035 + 119.621 + 92.127) kJ-moP 1 = 427.8 kJ-moP 1 
compared to a value of 427.8 kJ-moP 1 in Table 18.2. 


26-54. The JANAF tables give the following data: 



C(g) 

H(g) CH 4 (g) 

A f H°(0 K)/kJ-mol -1 

711.19 

216.035 -66.911 


Use these data to calculate D 0 for CH 4 (g) and compare your value to the one in Table 18.4. 



A r //7kJmor 

1 

C(s) ^ C(g) 

711.19 

(1) 

iH^g^HCg) 

216.035 

(2) 

C(s) + 2H 2 (g) ^ CH 4 (g) 

-66.911 

(3) 


We can obtain the reaction CH 4 (g) ^ 4H(g) + C(g) by subtracting Equation 3 from the sum of 
Equations 1 and four times Equation 2, to find 

D 0 = A H° = [66.911 +711.19+ 4(216.035)] kJ-mol" 1 = 1642 kJ-moP 1 

compared to a value of 1642 kJ-moP 1 from Table 18.4. 


26-55. Use the JANAF tables to calculate D 0 for C0 2 (g) and compare your result to the one given in 
Table 18.4. 



A r //°/kJ-mor 

1 

C(s) ^ C(g) 

711.19 

0) 

|o 2 (g) ^ O(g) 

246.790 

(2) 

C(s) + 0 2 (g)^C0 2 (g) 

-393.115 

(3) 


We can obtain the reaction C0 2 (g) ^ 20(g) + C(g) by subtracting Equation 3 from the sum of 
Equations 1 and two times Equation 2, to find 

D Q = A r H° = [393.115 + 711.19 + 2(246.790)] kJ-moP 1 = 1598 kJ-mol" 1 

compared to a value of 1596 kJ-mol -1 in Table 18.4. 
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26-56. A determination of K y (see Example 26-11) requires a knowledge of the fugacity of each gas 
in the equilibrium mixture. These data are not usually available, but a useful approximation is to 
take the fugacity coefficient of a gaseous constituent of a mixture to be equal to the value for the 
pure gas at the total pressure of the mixture. Using this approximation, we can use Figure 22.11 to 
determine y for each gas and then calculate K y . In this problem we shall apply this approximation 
to the data in Table 26.5. First use Figure 22.11 to estimate that y H = 1.05, y N = 1.05, and that 
y MH = 0.95 at a total pressure of 100 bar and a temperature of 450°C. In this case K — 0.86, in 
fairly good agreement with the value given in Example 26-11. Now calculate K y at 600 bar and 
compare your result with the value given in Example 26-11. 


First, we must find the reduced temperatures and reduced pressures of each species at a pressure of 
100 bar and a temperature of 450°C (we can use Table 16.5 for critical values): 


p R (N 2 ) = 


W) = 


100 bar 
34.0 bar 
100 bar 
12.838 bar 


P R ( nh 3 ) 


100 bar 
111.30 bar 


2.94 

7.79 

0.898 


W) = 


W) = 


t r (nh 3 ) = 


723 K 
126.2 K 
723 K 
32.938 K 
723 K 
405.30 K 


5.73 

22.0 

1.78 


Using Figure 22.11, it looks as if y H = 1.05, y N = 1.05, and y NH = 0.95. At 600 bar, P R (N 2 ) = 
17.6, = 46.7, and P R (NH 3 ) = 5.4, so y H * = 1.3, y Nj = 1.3’, and y NH ^ = 0.9. Then 


K 


y 


r NH , 


y^ 2 y ^ 2 


0.53 


as compared to the value in Example 26-11 of 0.496. This is within the margin of error created by 
estimating the values of y from Figure 22.11. 


26-57. Recall from general chemistry that Le Chatelier’s principle says that pressure has no effect on 
a gaseous equilibrium system such as 

CO(g) + H^g) ^ Hj(g) + C0 2 (g) 

in which the total number of moles of reactants is equal to the total number of moles of product in 
the chemical equation. The thermodynamic equilibrium constant in this case is 

r, _ -4 o 2 /h 2 yco/H 2 P C0 2 P H 2 _ ^ ^ 

K f~ f f ~ v v p p ~ K y Kp 

j CO j H 2 0 Jxo y h 2 o r CO r h 2 o 

If the four gases behaved ideally, then pressure would have no effect on the position of equilibrium. 
However, because of deviations from ideal behavior, a shift in the equilibrium composition will 
occur when the pressure is changed. To see this, use the approximation introduced in Problem 26-56 
to estimate K y at 900 K and 500 bar. Note that K y under these conditions is greater than K y at one 
bar, where K y ~ 1 (ideal behavior). Consequently, argue that an increase in pressure causes the 
equilibrium to shift to the left in this case. 
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At 900 K and 500 bar. 


500 bar 

^ CO) =3l935b= = 14 - 3 
500 bar 

P ‘ (H >°>= 220 ^ = 2 - 27 
500 bar 

W> = 7z838ta = 38 ' 9 

500 bar 

P - <C0 ^73l43to= 6 - 77 

and so y co & 1.3, y H 0 « 0.8, y H & 1.15, and y co & 1.1. Then 


T’r(CO) = 

900 K 

= 6.77 

132.85 K 

T R ( h 2 0) = 

900 K 

= 1.39 

647.126 K 

^(H.) = 

900 K 

= 27.3 

32.938 K 

P r (C0 2 ) = 

900 K 

= 2.96 

304.14 K 


K M = 1J 

^HjO^CO 

Since K f must remain constant, K p at 500 bar must be smaller than K p at one bar and so the 
equilibrium will shift to the left. 


26-58. Calculate the activity of H 2 0(1) as a function of pressure from one bar to 100 bar at 20.0°C. 
Take the density of 1^0(1) to be 0.9982 g-mL -1 and assume that it is incompressible. 


Use Equation 26.69, 


lnc = — (P- 1) 
RT 


/I x 10" 3 dm 3 \ 

/18.015 g\ 

1 

V 0.9982 g ) 

V 1 mol / 

.(0.083145 dm 3 -bar-mol-'-K- , )(293.15K). 


(P-1) 


= (7.40 x 10“ 4 bar _1 )(P - 1) 

Below are some values of In a and a at representative temperatures through the range 1 to 100 bar. 


P/bar 

In a 

a 

1 

0 

1.00 

10 

6.67 x 10“ 3 

1.01 

50 

3.63 x 10" 2 

1.04 

100 

7.33 x 10‘ 2 

1.08 


26-59. Consider the dissociation of HgO(s,red) to Hg(g) and 0 2 (g) according to 

HgO(s, red) ^ Hg(g) + \ 0 2 (g) 

If we start with only HgO(s,red), then assuming ideal behavior, show that 

K = — P*' 2 

1V P ^ 3/2 1 
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where P is the total pressure. Given the following “dissociation pressure” of HgO(s,red) at various 
temperatures, plot In K p versus 1/7. 


t/° c 

7/atm 

t/° c 

P /atm 

360 

0.1185 

430 

0.6550 

370 

0.1422 

440 

0.8450 

380 

0.1858 

450 

1.067 

390 

0.2370 

460 

1.339 

400 

0.3040 

470 

1.674 

410 

0.3990 

480 

2.081 

420 

0.5095 




An excellent curve fit to the plot of In K p against 1 / 7 is given by 

4.0222 x 10 5 K 2.9839 x 10 8 K 2 7.0527 x 10 10 K 3 
In K p = -172.94 H- - - ^ - 1 - p, - 

630 K < T < 750 K 


Use this expression to determine A r H° as a function of temperature in the interval 630 K < 7 < 
750 K. Given that 


C° p [0 2 (g)]/R = 4.8919 - - 29 - p i K 
C° P [Ug(g)]/R = 2.500 


127962K 2 
T 2 


C° p [HgO(s, red )]/R = 5.2995 

in the interval 298 K < 7 < 750 K, calculate A t H°, A r S°, and A r G° at 298 K. 


We can write K p in terms of the partial pressures of mercury and oxygen (assuming an activity of 
unity for the solid): 


(lllpY 1 

<11 \ 

\3/2 / 1 

>3/2 J 


Below is a plot of the experimental values of In K p against 1/7. 


0 

- 1 


a. 



-3 


14 15 

10 4 K IT 


We can now use the equation given in the problem for In K p in Equation 26.29 to find A r H°: 
d\nK D 


dT 


4.0222 x 10 5 K 5.9678 x 10 8 K 2 2.1158 x 10" K 3 


~.d In K D 
A H° = RT 2 ——^ 
r dT 

A H° = R ( -4.022 x 10 5 K + 


5.9678 x 10 8 K 2 2.1158 x 10 v K : 


i9 V 3 ' 
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Likewise, we can use Equation 26.11 to find A r G°: 
A G° = -RT In K d 


= R ^ 172. 


947 - 4.0222 x 10 5 K + 


2.9839 x 10 8 K 2 7.0527 x 10 10 K 3 ' 


We can also find an empirical expression for A r S° using the equation 

A H° - A G° 


A 5° = 


The expression for In K p used in the above equalities holds for temperatures ranging from 630 K 
to 750 K. To find the values of A r //°, A r G°, and A r S° at 298 K, we can use the equation 


/•700 K 

A r //°(298 K) = A r //°(700 K) - / A C° p (T)dT (19.57) 

J 298 K 


and the similar equation 


r /UU I 

A r S°(298 K) = A r 5°(700 K) - / 

J 298 K 


700 K AC =( r) 


dT 


Substituting into the high-temperature expressions for A r G° and A t H° at 700 K, we find 
that A r G°(700 K) = 9.78 kJ-mol -1 , A r 7/°(700 K) = 154.0 kJ-mol -1 , and A r S°(700 K) = 
206.1 J-mor'-K" 1 . Then 


= 206.1 J-mor'-K- 1 


/•700 K 

-R 

7 298 K 

'1 / 4.8919 

829.931 K 

2 \ T 

T 2 

= 206.1 J-mor'-K"' 


plOO K 

-R 1 

J 298 K 

( 0.35355 

414.966 K 

l T 

1 

to 


+ 


dT 


I dT 


= 206.1 J-mor’-K -1 + 11.6 J-mor'-K- 1 = 217.7 J-mor'-K -1 
A r /T(298K) = 154.0 kJ-mor 1 

829.931 K 127962 K 2 


/»700 K ri / 

- R 2 r 

7298 K L Z \ 


8919 — 


+ 2.500- 5.2995 


dT 


= 154.0 kJ-mol 


-l 


/>700 K 

-R 

J 298 K 


-0.35355 - 


414.966 K 63981 K 2 ' 


T T 2 

= 154.0 kJ-mol" 1 + 5.15 kJ-mol" 1 = 159.2 kJ-mol -1 
A r G°(298 K) = A r //°(298 K) - (298 K)A f S°(298 K) 

= 159.2 kJ-mol" 1 - (298 K)(217.7 J-mol _I -K -1 ) 

= 94.3 kJ-mol -1 


dT 


26-60. Consider the dissociation of Ag 2 0(s) to Ag(s) and 0 2 (g) according to 

Ag 2 0(s)^2Ag(s) + lo 2 (g) 
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Given the following “dissociation pressure” data: 


r/°C 

173 

178 

183 

188 

7/torr 

422 

509 

605 

717 


Express K p in terms of P (in torr) and plot In K p versus 1/7. An excelllent curve fit to these data 
is given by 

, ^ 5612.7 K 2.0953 x 10 6 K 2 

In K p = 0.9692 + —- — 2 - 

Use this expression to derive an equation for A r H° from 445 K < T < 460 K. Now use the 
following heat capacity data: 

C° P [0 2 (g)]/R = 3.27 + (5.03 x 10“ 4 K-')7 

C£[Ag(s )]/R = 2.82 + (7.55 x 10" 4 K“‘)7 

C°[Ag 2 0(s)]/7 = 6.98 + (4.48 x 10“ 3 K~')7 

to calculate A r H°, A r 5°, and A r G° at 298 K. 


We can write K p in terms of the partial pressure of oxygen (assuming an activity of unity for the 
solids): 


K p = 7of = 7 1/2 

Below is a plot of the experimental In K p versus 1/7 for this reaction. 

Or 


G 


-0.1 b 


-0.2 b 


- 0.3 


_L 


_L 


21.9 22.1 22.3 

10 4 K/7 


We can now use the equation given in the problem for In K p in Equation 26.29 to find A r H° and in 
Equation 26.11 to find A r G° (as in the previous problem): 


d In K p 5612.7 K 4.1906 x 10 6 K 2 


+ 


dT T 

A H ° = RT *^IjL 

r dT 

( 4.1906 x 10 6 K 2 

A t H° = R l -5612.7 K +--- 

A r G° = —RT In K p 

= R (—0.96927 - 5612.7 K + 


2.0953 x 10 6 K' 


A H° - A G° 

A S° = 
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The expression for In K p used in the above equalities holds for temperatures ranging from 445 K 
to 460 K. To find the values of A r H°, A r G°, and A r 5° at 298 K, we can use the equation 

/>450 K 

A r //°(298 K) = A r //°(450 K) - / AC° p (T)dT (19.57) 

J 298 K 


and the similar equation 


/»<OU 

A r 5°(298 K) = A r S°(450 K) - / 

J 298 K 


450 K A CUT) 


Substituting into the high-temperature expressions for A T S° and A r H° at 450 K, we find that 
A r S°(450K) = 94.09 J-mol - '-K - ' and A r tf°(450 K) = 30.76 kJ-mol -1 . Then 


A S°(298 K) = 94.09 J-mol -1 -K -1 - R 


nw 

J 298 K L Z V 


+ 7.55 x 10 -4 K - ' 


= 94.09 J-mor'-K -1 - R 


r* 50K /a: 

J 298 K V 


+ 5.03 x 10 -4 K" 


+ 4.48 x 10 -3 K -1 \dT 


+ 1.31 x 10 -3 K -1 1 dT 


= 94.09 J-mor'-K -1 +2.42 J-mor'-K -1 = 96.51 J-mol - '-K -1 

/■450 K f i 

A r 7/°(298 K) = 30.76 kJ-mol -1 -R - [3.27 + (5.03 x 10 -4 K"')r] 

J 298 K [ 2 

2 [2.82 + (7.55 x 10 -4 K -1 )T] - [6.98 + (4.48 x 10 -3 K ~')T]}dT 

/•450 K 

= 30.76kJ-mol - ' -R / [0.295 + (1.31 x 10 -3 Kr')T]dT 

J 298 K 

= 30.76 kJ-mol -1 +0.912 kJ-mol - ' = 31.67 kJ-mol -1 
A r G°(298 K) = A r //°(298 K) - (298 K)A r S°(298 K) 

= 31.67 kJ-mol -1 - (298 K)(96.51 J-mol -1 -K -1 ) 

= 2.910 kJ-mol"' 


26-61. Calcium carbonate occurs as two crystalline forms, calcite and aragonite. The value of A r G° 
for the transition 

CaC0 3 (calcite) += CaC0 3 (aragonite) 

is +1.04 kJ-mol - ' at 25°C. The density of calcite at 25°C is 2.710 g-cm -3 and that of aragonite is 
2.930 g-cm -3 . At what pressure will these two forms of CaC0 3 be at equilbrium at 25°C. 


The molar volume of aragonite is 

1 x 10 -3 dm 3 /100.09 g\ 
2.930 g V 1 mol ) 

and the molar volume of calcite is 

1 x 10 -3 dm 3 /100.09 g\ 
2.710 g V 1 mol ) 


0.0342 dm 3 -mol -1 


0.0369 dm 3 -mol 1 
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We can use Equation 26.65 for A r G° and Equation 26.69 to express the logarithmic terms. Note 
that when the forms are in equilibrium, the pressures will be equal. 


A r G° = -RT In K a = -RT In -SSSSlS. 

^calcite 

^3 


1040 Jmol- 1 = -RT 


(0.0342dm -mol )(P—1) 
RT 


= (0.0027 dm 3 -mol ')(P — 1) 


(0.0369 dm 3 -mol ')(P — 1)' 
RT 


Solving this equation for P gives 

p j _ ( 1040J-mol -1 \ /0.083145dm 3 -bar\ 

“ V0.0027dm 3 mol-'y V 8.3145J J 
P = 3800 bar 


26-62. The decomposition of ammonium carbamate, NHjCOONE^ takes place according to 

NH 2 COONH 4 (s) ^ 2NH 3 (g) + C0 2 (g) 

Show that if all the NH 3 (g) and C0 2 (g) result from the decomposition of ammonium carbamate, 
then K p = (4/27) P 3 , where P is the total pressure at equilibrium. 


We can assume that the activity of the ammonium carbamate is unity, which means it makes no 
contribution to the equilibrium constant expression. We can write the number of moles of carbon 
dioxide present at equilibrium as § and the number of moles of ammonia present at equilibrium 
as 2^, for a total of 3$ moles. (Since the ammonium carbamate is in solid phase and we have 
assumed that its activity is unity, it does not contribute to the total number of moles of gas present.) 
Then 


Then 


at equilibrium. 


NH, 




and 




26-63. Calculate the solubility of LiF(aq) in water at 25°C. Compare your result to the one you obtain 
by using concentrations instead of activities. Take K sf> = 1.7 x 10 -3 . 


The equation for the dissolution of LiF(s) is 

LiF(s) ^ Li + (aq) + F _ (aq) 
and the equilibrium-constant expression is 


a u+ a F- = c u+ c f -Yl = * sp = l- 7 x 10 3 
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or 


*sp 

C Li+ C F- = ~2 

y± 


Let the solubility of LiF(s) be 5 , then c u+ = c F _ =5. Therefore, we have 


s 


2 


£2 

y! 


(i) 


Set y± = 1 and solve Equation 1 for s to obtain 5 = (1.7 x 10 - 3 ) 1 / 2 mol-L -1 = 0.0412 mol-L -1 . 
Now substitute this result into Equation 26.56 (with I c = s) to calculate lny ± = -0.198, or 
y = 0.820. Substitute this value into Equation 1 to obtain s = 0.0503 mol-L -1 . The next iteration 
gives y ± = 0.807, and then s = 0.0511 mol-L -1 . Once more gives y ± = 0.806, so the final result 
is then s = 0.0512 mol-L -1 . Thus, s = 0.051 mol-L -1 to two significant figures. 


26-64. Calculate the solubility of CaF 2 (aq) in a solution that is 0.0150 molar in MgS0 4 (aq). Take 
K sp = 3.9 x 10 -11 for CaF 2 (aq). 


The equation for the dissolution of CaF 2 (s) is 

CaF 2 (s) ^ Ca 2+ (aq) + 2 F - (aq) 
and the equilibrium-constant expression is 

C Ca 2+C F-Y± = K sp = 3.9 X 10 -11 

Let the solubility of CaF 2 (s) be s, then Ca 2+ (aq) = s and F - (aq) = 2s. Therefore, we have 

s(2s) 2 = 4s 3 = ^f (1) 

Y± 

Set y ± = 1 to obtain s = 2.14 x 10 -4 mol-L -1 . This value of s gives 

I c = i [4s + 2s + (4)(0.0150 mol-L -1 ) + (4)(0.0150 mol-L -1 )] 

= 0.000641 mol-L -1 + 0.0600 mol-L -1 = 0.0606 mol-L -1 

Substituting this result into Equation 26.56 gives y ± = 0.629. Substitute this value into Equation 1 
to obtain 5 = 3.40 x 10 -4 mol-L -1 . Now I c - 0.0610 mol-L -1 , and y ± = 0.628. Now use this 
result in Equation 1 to get s = 3.40 x 10 -4 mol-L -1 . Another iteration gives y ± = 0.628 and 
s = 3.40 x 10 -4 mol-L -1 . So, to two significant figures, s = 3.4 x 10 -4 mol-L -1 . 


26-65. Calculate the solubility of CaF 2 (aq) in a solution that is 0.050 molar in NaF(aq). Compare your 
result to the one you obtain by using concentrations instead of activities. Take K sp = 3.9 x 10 -11 
forCaF 2 (aq). 


The equation for the dissolution of CaF 2 (s) is 

CaF 2 (s) ^ Ca 2+ (aq) + 2 F - (aq) 
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and the equilibrium-constant expression is (Problem 26-64) 

4s 3 = % (1) 

y± 

Set y ± = 1 to obtain s = 2.14 x 10” 4 mol-L” 1 . This value of s gives 

I C = i [45 + 25 + (1)(0.050 mol-L" 1 ) + (1)(0.050 mol-L" 1 )] = 35 + 0.050 mol-L" 1 

Because 5 is much smaller than 0.050 mol-L" 1 , we initially let /. = 0.050 mol-L" 1 . Substituting 
this value into Equation 26.56 gives y ± = 0.651. Substitute this result into Equation 1 to obtain 
5 = 3.28 x 10" 4 mol-L" 1 . Now 7. = 0.0510 mol-L” 1 , y ± = 0.649, and 5 = 3.29 x 10” 4 mol-L" 1 . 
Thus, 5 = 3.3 x 10 " 4 mol-L ” 1 to two significant figures. 
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The Kinetic Theory of Gases 


PROBLEMS AND SOLUTIONS 


27-1. Calculate the average translational energy of one mole of ethane at 400 K, assuming ideal 
behavior. Compare your result to U * for ethane at 400 K given in Figure 22.3. 


From Section 18-1, for an ideal molecule 

£ = \rT =4.99kJ-mor' 

trans n 

At P = 0 bar (ideal conditions), U & 14.6 kJ-mol -1 from Figure 22.3. Therefore, E ttms accounts 
for a third of the total energy. 


27-2. Calculate the root-mean-square speed of a nitrogen molecule at 200 K, 300 K, 500 K, and 
1000 K. 


Using Equation 27.14, we find that 


u 


rms 



'3(8.3145 J-mol- 1 -K“ 1 )r] 1/2 
0.02802 kg-mor 1 


Substituting for 7\ we find the values below. 


77 K 

u / m- 

rms' 

200 

421.9 

300 

516.8 

500 

667.2 

1000 

943.5 


27-3. If the temperature of a gas is doubled, by how much is the root-mean-square speed of the 
molecules increased? 


Let the original temperature of the gas be T and the original root-mean-square speed be 
Then (Equation 27.14) 


«™(2 T) = 


3R(2T) 


1/2 


= 2 1/2 « ( 7 ) 


M 
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The root-mean-square speed is increased by a factor of a/2. 


27-b. The speed of sound in air at sea level at 20°C is about 770 mph. Compare this value with the 
root-mean-square speed of nitrogen and oxygen molecules at 20°C. 


Using Equation 27.14, we write 

'3(8.31451 J-mol -1 -K -1 )(293 K) nl/2 


u 


rms,N_ 


rms,0~ 


-1 


0.02802 kg'mol 
3(8.31451 J’mol -1 -K _1 )(293 K) 
0.03200 kg-mol -1 


= 511 m-s 1 


-11/2 


= 478 m • s -1 


The speed of sound is 


770 mph = 1239 km-h 1 = 344 m-s 1 

Nitrogen and oxygen molecules travel significantly faster (33% and 28% faster, respectively) than 
sound in air at 20°C. 


27-5. Arrange the following gases in order of increasing root-mean-square speed at the same 
temperature: 0 2 , N 2 , H.O, C0 2 , N0 2 , 235 UF 6 , and 238 UF 6 . 


The heavier the gas, the slower it will travel. (In Equation 27.14, the denominator of the root- 
mean-square speed increases with increasing mass.) Thus, the arrangement of gases requested 
is 


238 UF 6 < 235 UF 6 < N0 2 < C0 2 <O 2 <N 2 <H 2 O 


27-6. Consider a mixture of H 2 (g) and I 2 (g). Calculate the ratio of the root-mean-square speed of 
H,(g) and I 2 (g) molecules in the reaction mixture. 


In the mixture, the two components have the same temperature, so (using Equation 27.14) 

^ = / 3R7yAf H \ 1/2 _ mV" = ,253^ = 

«_j, \3R7'/M,J («„_/ \2.0\f,} 


27-7. The speed of sound in an ideal monatomic gas is given by 

__ /5 RT\ 1 ' 2 

“sound - J 

Derive an equation for the ratio « ms /w sound . Calculate the root-mean-square speed for an argon atom 
at 20°C and compare your answer to the speed of sound in argon. 


Using Equation 27.14 and the definition of M sound above, we find 

“rms = { 3R77M_ \ 1/2 = /9V /2 = 

“sound \5RT/3m) \5j V5 



The Kinetic Theory of Gases 


871 


The root-mean square speed of an argon atom at 20°C is 


(3 RT' 1/2 


“nrn \ M J 


Y- 


428 m-s 


-l 


and, using the relation between u ms and K sound given above, the speed of sound in argon is 319 m-s 


-i 


27-8. Calculate the speed of sound in argon at 25°C. 


The speed of sound in argon at 25°C is (using the equivalence given in Problem 27-7) 


(5 RT 


Uims V 3M 


y/2 


321 m-s 


-l 


27-9. The speed of sound in an ideal polyatomic gas is given by 

_ /yRT \ 1/2 

“sound - ) 

where y = C p /C v . Calculate the speed of sound in nitrogen at 25°C. 


Recall from Chapter 17 that _C v = 5R/2 for a diatomic ideal gas (neglecting the vibrational 
contribution), and that C p -C v = R (Equation 19.43). Then 


/ C p RT\ l/2 

'7(8.3145 J-mol" 1 -K _, )(298.15 K)' 

\ CyM J 

5(0.02802 kg-moC 1 ) 


352 m-s -1 


27-10. Use Equation 27.17 to prove that du/du x = uju. 


Begin with Equation 27.17: 


H 2 = M 2 + M 2 + I / 2 

_L„ ! = _i_ K + „; + „ D 

_ du 

2 u = 2 u 

du x 

du_ = u ± 

3 u x u 


27-11. Give a physical argument why y in Equation 27.24 must be a positive quantity. 


Recall that /(« .) represents the probability distribution of the j th component of the velocity. As 
u. increases, the probability of finding any molecule moving with speed u j decreases, so that as 
(/ 0G) f( u ,) _> 0. If y were negative /(«p in Equation 27.24 would diverge as u j -> oo, so y 

must be positive. 
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27-12. We can use Equation 27.33 to calculate the probability that the x -component of the velocity of 
a molecule lies within some range. For example, show that the probability that — u x0 < u x < u x0 is 
given by 


Prob{— 



- mu i/ 2k B T du x 

e -mul/2k B T du * 


Now let mu 2 x /2k B T = w 2 to get the cleaner-looking expression 


p rob{-K, 0 <u x < m x0 } = — f °e- a2 dw 

7V Jo 

where w 0 = (m/2k h T) x/2 u xQ . 

It so happens that the above integral cannot be evaluated in terms of any function that we have 
encountered up to now. It is customary to express the integral in terms of a new function called the 
error function , which is defined by 


erf(z) = -fn f e X 'dx (1) 

7t Jo 

The error function can be evaluated as a function of z by evaluating its defining integral numerically. 
Some values of erf(z) are 


Now show that 


z 

erf(z) 

z 

erf(z) 

0.20 

0.22270 

1.20 

0.91031 

0.40 

0.42839 

1.40 

0.95229 

0.60 

0.60386 

1.60 

0.97635 

0.80 

0.74210 

1.80 

0.98909 

1.00 

0.84270 

2.00 

0.99532 


Prob {-u x0 <u x < uj 

= erf( 

Wo) 


Calculate the probability that — (2k B T /m) 1/2 < u x < (2k B T 


/O 


■>-(*) 


1/2 




Since f(u x ) is the probability that a molecule has velocity u x . 


Prob {~u i0 <u x < « x0 } = 


m 


2nk B T 


rs: 


e T du 


xO 

= 2 (-^-V /2 r°e-^ T d Ux 

\2nkTj J 0 


Now let mu x /2k B T = w 2 . Then 


mu du 

— 7 s — 1 = 2wdw 
k B T 

, 2k B T wdw (2k n T\ l/2 
du . = -= ( —) dw 


m u 


m 


(27.33) 
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Letting w 0 = ( m/2k B T) l/2 u x0 and substituting into the probability expression above, 

p rob{—», 0 < «, < «, 0 } = f o ° e ~ wl dw 

From the definition of an error function, it is easy to see that 

2 [ w ° _ 2 

?rob{-u x0 <u x < U x0 } = / e x dx = erf(u; 0 ) 

7T J o 


To find the probability that — (2k B T / m ) 1/2 < u x < ( Ik^Tjm)' 1 2 , we first find w Q : 

• 2 _' 1/2 _ r m (2 fc B 7’)'] ,/2 
,, f I ~ I 




/ 2 \ 1/2 

= f 

V2 Jc b TJ 


[m(2k B T)j 


= 1 


Since Prob{— u x0 < u x < u x0 } = erf(u; 0 ), from the table of values of erf(z) we find that 
Prob{-(2^ B 7/m) 1/2 < u x < (2 k B T/m)' /2 } = erf(l) = 0.84270 


27-13. Use the result of Problem 27-12 to show that 

Prob{|K_J > u x0 } = 1 - erf(iu 0 ) 


Prob^Mj > u x0 ] = 1 - Prob{|K_J < u x0 ) 

= 1 - Prob{— <u x < u x0 } 

In Problem 27-12 we found that Prob{— u x0 <u x < k.^} = erf(iu 0 ), so 

Prob{|nJ > uj = 1 -erf(u; 0 ) 

Notice that Prob{« x > u x0 ] — j[l — erf(io 0 )] (see Problem 27-14). 

27-14. Use the result of Problem 27-12 to calculate Probfu^. > +(k B T /m) l/2 } and Probfw^ > 
+(2* B 77m)'' 2 }. 


We can write 


?rob{u x > +(k B T/m) ' } = 1 - Probfn, < +(fc B T/m) 1/2 } 
Following the procedure used in Problem 27-12, this becomes 

Prob{n, > +(k B T/m) i/2 } = 1 - J e~ mu ‘ /2k * T du x 

Letting w = (m/2k B T) l,2 u x and w Q = (m/2k B T)' /2 u x0 , this becomes 


Prob^ > +(k B T/ m) 1/2 } = 1 - 

= 0.159 




e w dw 
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Likewise, 


Prob [u x > +(2 k B T/m)'' 2 } = 1 - [-L f° e ~^dw + -L f 

.X J -oo 7T Jo 

' 1 / 7 T \'/2 1 1 

L^(j) + 2 erf<I) J 


e - " dw 


= 0.0786 


27-15. Use the result of Problem 27-12 to plot the probability that —u Q <u < u 0 against 
uJQkJ/m ) 1/2 . 


We found in Problem 27-12 that the above probability is given by erf(iu 0 ), where w Q = 
u x0 /(2k B T/my 12 . The required plot will be a plot of erf(iu 0 ) against w Q and thus identical to the 
plot in the following problem. 


27-16. Use Simpson’s rule or any other numerical integration routine to verify the values of erf(z) 
given in Problem 27-12. Plot erf (z) against z - 



27-17. Derive an expression for the average value of the positive values of u x . 



As in Equation 27.34, we can write the average value of the positive u x as 

fOO / \ 1/2 n oo 

<*,+>=/ I *-*«'*. 

( m \ l/2 2t,r (k,TV n 

\2nk B T) 2m \27vm) 
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27-18. This problem deals with the idea of the escape velocity of a particle from a body such as the 
Earth’s surface. Recall from your course in physics that the potential energy of two masses, m y and 
m 2 , separated by a distance r is given by 


V(r) = - 


Gm y m 2 

r 


(note the similarity with Coulomb’s law) where G = 6.67 x 10” n J-m-kg -1 is called the gravitional 
constant. Suppose a particle of mass m has a velocity u perpendicular to the Earth’s surface. Show 
that the minimum velocity that the particle must have in order to escape the Earth’s surface (its 
escape velocity) is given by 



Given that M earth = 5.98 x 10 24 kg is the mass of the Earth and R earth = 6.36 x 10 6 m is its mean 
radius, calculate the escape velocity of a hydrogen molecule and a nitrogen molecule. What 
temperature would each of these molecules have to have so that their average speed exceeds their 
escape velocity? 


The kinetic energy of the particle is equal and opposite to the potential energy between the two 
bodies when the particle has the minimum velocity required to escape the Earth’s surface, so 



where we can consider the distance between the particle and the circumference of the earth 
negligible compared with the distance between the circumference of the earth and its center of 
mass. Since the escape velocity is independent of particle size, for both hydrogen and nitrogen 


escape 


- r 


2(6.67 x 10- 11 J-m-kg _1 )(5.98 x 10 24 kg) 
6.36 x 10 6 m 


l ‘/2 


= 11 200 m-s 


-l 


From Equation 27.42, 


L escape, H 


1 escape, N 2 


7 xMv 


2 

escape 


8 R 


7r(0.002016kg-mor')(ll 200 m-s -1 ) 2 
8(8.3145 J-K -1 -mol -1 ) 


= 11.9 x 10 3 K 


7 iMv 


2 

escape 


SR 


;r(0.02802 kg-mol -1 ) (11 200 m-s -1 ) 2 
8(8.3145 J-K -1 -mol -1 ) 


= 16.6 x 10 4 K 


27-19. Repeat the calculation in the previous problem for the moon’s surface. Take the mass of the 
moon to be 7.35 x 10 22 kg and its radius to be 1.74 x 10 6 m. 


Now 


(l CAT, 

\ R 

\ /V mooi 


1/2 


2370 m-s -1 
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Again, from Equation 27.42, 


T _ nMv lc^ 

1 escape. H 2 g 


7r(0.002016 kg-mol 1 )(2370m-s ‘) 2 


8(8.3145 J-K- 1 -mor 1 ) 


= 537 K 


T _ ^ ^escape 

1 escape,N 2 g 


n(0.02S02 kg-mol ')(2370m-s ') 2 
8(8.3145 J-K" 1 -mol- 1 ) 


= 7460 K 


27-20. Show that the variance of Equation 27.37 is given by a 2 = vlk^T/mc 2 . Calcuate a for the 
3p 2 P 3/2 to 35 2 S ]/2 transition in atomic sodium vapor (see Figure 8.4) at 500 K. 


Equation 27.37 gives I (v) as 


I(v) = K exp 


mc 2 (u - v 0 ) 2 ' 
. 2 v 2 k B T . 


(27.37) 


Compare this equation to that of a general Gaussian curve (Example B-4), with variance cr 2 = a 2 : 


p(x)dx = cexp 


-(x - x 0 ) 2 ~ 

2 a 2 


Since we know that / (v) has the shape of a Gaussian curve (by comparing the equations), the 
variance for /(v) is given by 

2 v 0 RT 

a =-=— =-=- 

me Me 

The wavelength of the 3 p 2 P 3/2 to 35 2 S 1/2 transition is (from Figure 8.4) 5889.9 x 10 -I ° m. Since 
A.v = c, v = 5.090 x 10 14 s" 1 . Substituting, we find 

2 (5.090 x 10 14 s _1 ) 2 (8.3145 J-mor‘-K _1 )(500 K) , 7 , 

<j L =-— 5 21 x lO 17 s 2 

(0.02299 kg -mor 1 ) (2.998 x 10 8 m-s” 1 ) 2 

ora = 7.22 x 10 8 s" 1 . 


27-21. Show that the distribution of speeds for a two-dimensional gas is given by 

YYl 1 

F(u)du — - — ue~ mu /2k * T du 
k^T 

(Recall that the area element in plane polar coordinates is rdrdO .) 


The two-dimensional version of Equation 27.39 is 

F{u)du = e ~ m ^ Wy) ' 2VdU x dU y 
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Using a two-dimensional velocity space, we replace u x + u y by u and du x du y with 2nudu to 
obtain 


FWdu = [kj) ue 


-mu 2 /2k-. T 


27-22. Use the formula in the previous problem to derive formulas for (u) and ( u 2 ) for a two- 


dimensional gas. Compare your result for (u ) to {u x ) + (u y ). 


Because u is an intrinsically positive quantity, we can write our integrals over a positive range only. 
Then, using Equations B.12 and B.13 and Table 27.2 to evaluate the integrals, 

(u) = f uF(u)du = f u 1 e~ mul,2k * T du 


(u) = f uF{u)du = -^~ f u 2 e- mu ' /2k * T du 

Jo J 0 

= /_«_\ (2kj\ V /2 = l\ 1/2 _ f*RT\ in 

\k B T) V 4 m )\ m ) \ 2 m 

(iu 2 ) = r u 2 F(u)du = -- 7 — r u 3 e- mu ' ,2k * T du. 

Jo ^3 T Jo 


m \ 1 (IkjY _ 2k B T _ 2RT 


kJJ 2\ m 


From Equations 27.5 and 27.6, 


, , PV RT k-T 

(u 2 x ) = (u 2 ) = —— = — =- 

y Nm Nm m 


So ( u 2 ) = ( u] ) + (u 2 y ). 


27-23. Use the formula in Problem 27-21 to calculate the probability that u > u Q for a two-dimensional 


The probability that u > u 0 for a two-dimensional gas is given by 


poo 

Prob{« >u 0 ) = I F(u)du 
J U n 


-mu 2 /2k B T du 


Let x = ( m/2k B T) 1/2 u , so 


m [°° (TJkJY' 1 

Prob{« > wJ — —— / (-) xe 

k B T J( m /2k h T) l/2 u {) V m ) 


dx = 2 — - I e 


— e -mu5/2i B T 


H) 


■<'(%£) jx 




27-24. Show that the probability that a molecule has a speed less than or equal to u Q is given by 


4 [ x ° _ 2 

W < M ol = ~Yj 2 / x e x dx 
n Jo 
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where x 0 = ( m/2k B T) l/2 u Q . This integral cannot be expressed in closed form and must be integrated 
numerically. Use S i mp son’s rule or any other integration routine to evaluate Prob{« < (2 k B T/m) l/2 }. 


We use Equation 27.40 for F(u)du : 

( X 3/2 

- m ) u 2 e~ mu2/2k * T du 
2tvIc b t J 

The probability that u < u Q is given by / 0 W ° F(u)du , so 


Prob{« < u Q } = 47r 


/ m x 3/2 /, “ n 

— 71 tt I _ 


\2fflL7’ 


) T“ 




■M 


x e x dx 


where we have let x 2 — mu 2 /2k E T and x Q = (m/2k B T) l/1 u Q . To evaluate Prob{« < (2k B T / m) l/2 }, 
we let x 0 = 1, so 

Prob {u < (2 k B T/m)' /2 } = / x 2 e~ x dx = 0.4276 

TT ' 7o 


27-25. Using Simpson’s rule or any other integration routine, plot Prob{« < u 0 ] against u 0 /(m/2k B Ty /2 . 
(see Problem 27-24.) 


We use the numerical integration package in Mathematica to plot Prob{w < u Q ] against 
u 0 /(m/2k B T) w2 . 



{2k 7\ 1/2 

Note that Prob{« < u 0 ] goes to unity as I —-— ) u Q goes to infinity. 


27-26. What is the most probable kinetic energy for a molecule in the gas phase? 
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The most probable kinetic energy for a molecule can be found by setting the derivative of F(e) 
equal to zero. Using Equation 27.44, we find 


dF 2n |"e l/2 e e/k * T e e / k B T £ l/2 ~ 

He = (t r/fe B T) 3/2 L 2 k^T _ 

2ne~ e/k * T [" 1 e 1/2 ' 

~~ (7tk B T) 3/2 [2 



27-27 . Derive an expression for a] = <e 2 ) — (s ) 2 from Equation 27.44. Now form the ratio oJ{e). 
What does this say about the fluctuations in el 


F(s)de = 


2 7t 


(jrk B T) 3/2 


e' /2 e- £/k * T de 


Using Equations B.12 and B.13, 


(£) = 


2n 


(nk B T) 2 ' 2 

2n 


(nk B T) V2 1(2 /kj) 


f 

[(2/TTj 1 ] = 2 


e 2 ' 2 e-' /k * T de 
3 


(e 2 > = 


(nk B T) 3 ' 2 


f C e 5/2 e- £ ' k * T de 

Jo 


2 7T 1/2 . 


15 


(k B T) V2 n l/2 1(2/k B T) 3 ] 


k B T 


15 


(nk B T) 1 ' 2 = ~(k B T) 2 


a 2 = (e 2 ) - (e) 2 = 


<k B T) 2 = ~(k B T) 2 


a e = 

5. = 

<«> 


(!) 

(!) 


1/2 


kj 


1/2 


This says that the fluctuations in e are large compared to s. 


(27.44) 


27-28. Compare the most probable speed of a molecule that collides with a small surface area with 
the most probable speed of a molecule in the bulk of the gas phase. 


From Figure 27.6, we can see that the most probable speed of a molecule that collides with a small 
surface area is greater than the most probable speed of a molecule in the bulk of the gas. We have 
found (Equation 27.43) that u mp for a molecule in the bulk of a gas is (2 k B T/m) l/2 . For a molecule 
colliding with a small surface area, we must find the u for which the probability of the molecule 
hitting the surface area is at a maximum, which is the u for which d[uF(u)]/du — 0. 
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uF(u) = u 3 e 


d[uF(u)] 

du 


3u 2 — 2 


mu 

2V\ 




—mu 2 /2k„T 


2 mu A 

_^ — 3 W 2 

2fc B T mp 



The ratio of the most probable speeds is 

« mp (buik> _y 2 V /2 

M mp (small area) \ 3 / 


27-29. Use Equation 27.48 to calculate the collision frequency per unit area for helium at 100 K and 
10 -6 torr. 


This is much like Example 27-6. The number density is 

N a P (6.022 x 10 23 mor')(10 -6 torr/760 atm-torr" 1 ) 
P ~ "rF ~ (0.082058 dm 3 -atm-mor‘-K- 1 )(100K) 

= 9.656 x 10’ 3 dm“ 3 = 9.656 x 10 16 m" 3 


and ( u) is (Equation 27.42) 
(u) = 

Then, from Equation 27.48, 


/8 RT\' /2 

'8(8.314 J-K-'-mor'XlOO K)' 

\nM ) 

727 m-s" 1 

tt( 4.0026 x 10~ 3 kg) 


n 1/2 


(«> 


z coii = P^T = 1-76 x 10 19 m -2 -s -1 


^coll I- ^ 


27-30. Calculate the average speed of a molecule that strikes a small surface area. How does this value 
compare to the average speed of all the molecules? 


The distribution of the speed of molecules that strike a small surface area goes as u 3 e~ mu2/2k * T . This 
is not necessarily normalized, so to find the average speed of all the molecules we must divide the 
integral / u A e~ mu /2k * T du by the integral over all space of the speed of molecules that strike a small 
surface area: 
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This is larger than the average speed of the molecules in the bulk of the gas, given in Equation 27.42 
as ( &k B T/nm) 1 * 2 . The ratio is 

_ /9tT 2 \ 1/2 _ 3tT 
<«>b», k V 64 ) 8 


27-31. How long will it take for an initially clean surface to become 1.0% covered if it is bathed by 
an atmosphere of nitrogen at 77 K and one bar? Assume that every nitrogen molecule that strikes 
the surface sticks and that a nitrogen molecule covers an area of 1.1 x 10 5 pm 2 . 


As in Example 27-6, 


P = 


10 5 Pa 


k B T (1.3806 x 10" 23 J-K~ )(77 K) 


= 9.406 x 10 25 m" 3 


/8 RT\' n 

{u) = \jw) 


-i 1/2 


= 241.2 m-s" 


Then 


8(8.314 J-mol-'-K~‘)(77 K) 

7t( 0.02802 kg-mol -1 ) 

z co „ = p^- = 5.67 x 10 27 m -2 -s -1 

This is the rate at which particles hit a surface of one square meter. For 1.0 % of the surface to be 
covered, 0.010 square meter must be covered. Since each molecule covers an area of 1.1 x 10 5 pm 2 , 


0.010 m 2 


1.1 x 10- 19 m 2 


= 9.09 x 10 16 molecules 


must collide within the square meter. 

9.09 x 10 16 molecules 


5.67 x 10 27 molecule-s 


= 1.60 x 10" n s 


or 1.60 x 10 s for 1.0% of each square meter of surface to be covered. 


27-32. Calculate the number of methane molecules at 25°C and one torr that strike a 1.0 cm 2 surface 
in one millisecond. 


First find z 


coll * 


p = 


P (1 torr) (101325 Pa/760 torr) 
k B T ~ (1.3806 x 10" 23 J-K-')(298.15K) 


/8 RT\ l/2 

"8(8.314 J-mor 1 -K" , )(298.15 K)' 

\nM) 

tt( 0.01604 kg) 


= 3.24 x 10 22 m- 3 


= 627 m-s 1 


Zcoii = p^- = 5.°8 x 10 24 m 


- 2 -s-' 


The number of methane molecules striking a 1 cm 2 surface in 1 ms is given by 
zJ 1 x 10~ 4 m _2 )(1.0 x 10~ 3 s- 1 ) = 5.08 x 10 17 molecules 
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27-33. Consider the velocity selector shown in Figure 27.9. Let the distance between successive disks 
be /z, the rotational frequency be v (in units of Hz), and the angle between the slits of successive 
disks be 0 (in degrees). Derive the following condition for a molecule traveling with speed u to 
pass through successive slits: 

360v/z 
w “ 0 

Typical values of h and 0 are 2 cm and 2°, respectively, so u = 3.6v. By varying v from 0 to about 
500 Hz, you can select speeds from 0 to over 1500 m*s _1 . 


Let h — ut , so that t is the time it takes for the molecule to travel between two disks. In order for 
the molecule to pass through both slits, the disks must have rotated by 6 in time t. Since v measures 
the number of revolutions per second of the disks, and there are 360° in one revolution, we can 
write 0 = 360vf, where 0 is measured in degrees. Then 


h _ 0 

u 360v 


J 360 vh 

and so u =- 

0 


27-34. The figure below illustrates another method that has been used to determine the distribution of 
molecular speeds. A pulse of molecules collimated from a hot oven enter a rotating hollow drum. 
Let R be the radius of the drum, v be its rotational frequency, and s be the distance through which 
the drum rotates during the time it takes for a molecule to travel from the entrance slit to the inner 
surface of the drum. Show that 


4tt R 2 v 

s = - 

u 

where u is the speed of the molecule. 



Use Equation 27.46 to show that the distribution of molecular speeds emerging from the oven 
is proportional to u 3 e~ mu /lk * T du. Now show that the distribution of molecules striking the inner 
surface of the cylinder is given by 

l(s)ds = L-^^ds 
s 

where A is simply a proportionality constant. Plot I versus s for various values of 47T R 2 v/(2k B T/m) l/2 9 
say 0.1, 1, and 3. Experimental data are quantitatively described by the above equation. 
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The molecule travels the length of the drum, 2R , in time r, so 2R = ut. The distance s that the 
drum rotates in time t is given by RO , where 6 is the degree to which the drum has been rotated. 
Since v measures the number of revolutions per second of the disks, and there are 2n radians in 
one revolution, we can write 0 = 2nvt y where 6 is measured in degrees. Then 


s = RO — 2Rnvt = 2Rnv 



4t tR 2 v 
u 


Equation 27.46 gives an expression for the number of collisions per time per unit area for molecules 
having speeds ranging from u to u + du. Therefore it is proportional to the distribution of molecular 
speeds in a pulse of molecules hitting a small unit area, and (defining this distribution as I(u)du) 

l(u)du oc u 3 e~ mu2/2k * T du 


Using the expression found for s , we can write 


, An R 2 v j 
ds =- =—du 


Now we can express I(u)du in terms of s , as 


I(s)ds oc — 


_“_ 2k R T 


AnR 2 v 


* ds 


I(s)ds oc - f_L _e-^RW/^ ds 
\ s ) AtcR 2 v 

I(s)ds = T ' 2 ds 


where A is a proportionality constant. 



Note the different scales on the x and y-axes needed for different values of AnR 2 v/(2k B T/m) l/1 . 


27-35. Use Equation 27.49 to calculate the collision frequency of a single hydrogen molecule at 25°C 
and (a) one torr and (b) one bar. 


Use Equation 27.49, substituting a = 0.230 x 10 18 m 2 from Table 27.3: 

1/2 


/8 RT\ 
^ = pa [^M 


= p (0.230 x 10“ 18 m 2 ) 


8(8.3145 J-mol" 1 •K" 1 )(298.15 K) 
jr(0.00202 kg-mol _1 ) 


t '/2 


= p(4.070 x 10“ 16 m 3 -s _1 ) 
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At 1 torr, 


P (1 torr) /101325 Pa \ „ „„ _ _ 3 

p — -=-=--( ——-) = 3.24 x 10 22 m 3 

H k h T (1.3806 x 10 -23 J-K -1 )(298.15 K) \ 760torr / 

z A = p (4.070 x 10" 16 m 3 -s _1 ) = 1.32 x 10 7 s" 1 
At 1 bar, 


P (1 bar) 

P = k~T = (1.3806 x 10" 23 J-K"')(298.15K) 
z A - p(4.070 x 10" 16 m 3 -s _1 ) = 9.89 x 10 9 s _1 


( 


1 x 10 5 Pa \ 
1 bar ) 


= 2.43 x 10 25 m” 3 


27-36. On the average, what is the time between collisions of a xenon atom at 300 K and (a) one torr 
and (b) one bar. 


Use Equation 27.49, substituting a = 0.750 x 10 m from Table 27.3: 

1/2 


/8 RTY 

Z ^ = pa (jM 


= p(0.750 x 10" 18 m 2 ) 


T 8(8.3145 J • 
[ jt(0.13 


mol -K -1 )(300 K) 


- 11/2 


13130 kg-mol" 1 ) 


At 1 torr, 


P = 


= p(1.650 x 10 16 m 3 -s ') 

(1 torr) 

23 T xr-K 


( 


101325 Pa 


k,T (1.3806 x 10" 23 J-K-')(300K) V 760torr 


)= 3 ' 


22 x 10 22 m 


,22 m -3 


,6 „-l 


Z A = p(1.650 x 10 16 m 3 -s ) = 5.31 x 10 s 
z" 1 = 1.88 x 10 -7 s 

(Recall that z^ ! is the measure of the average time between collisions.) At 1 bar, 


P = 


(1 bar) 


k^T (1.3806 x 10- 23 J-K )(300 K) 
z A = p(1.650 x 10 -16 m 3 -s -1 ) = 3.98 x 10 9 s' 
z" 1 =2.51 x 10 -10 s 


/I x 10 5 Pa\ _ 
V 1 bar / “ 


2.41 x 10 m 


,25 m -3 


27-37. What is the probability that an oxygen molecule at 25°C and one bar will travel (a) 1.00 x 
10 -5 mm, (b) 1.00 x 10 -3 mm, and (c) 1.00 mm without undergoing a collision? 


f 


p(x)dx 



e-* /l dx = 1 - e~ d/t 


p(x) = 1 - e- dn 


Use Equation 27.55: 
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The probability of the oxygen molecule not colliding is 1 — p(x ), since p(x) is the probability of 
collision. We can use Equation 27.51 for /: 

RT 

~ Wn^p 

(8.3145 J-K _l -mol _1 )(300K) 

” 2 1/2 (6.022 x 10 23 mol-')(0.410 x 10" 18 m 2 )(1.00 x 10 5 Pa) 

= 7.143 x 10" 8 m = 7.143 x 10" 5 mm 


a. 


b. 


c. 


Prob = exp 
Prob = exp 
Prob = exp 


/-1.00 x 10- 5 \ 

V 7.143 x 10~ 5 / 
/-1.00 x 10" 3 \ 

V 7.143 x 1CT 5 ) 


( 


- 1.00 \ 
7.143 x 10 "V 


= 0.869 


= 8.32 x 10" 7 
^ 0 


27-38. Repeat the calculation in the previous problem for a pressure of one torr. 


Again, we can use Equation 27.51 for /: 
RT 


l = 


2 l/2 N A a P 


(8.3145 J-K -mol) (300 K) 


/ 760 torr N 

~ 2 1/2 (6.022 x 10 23 mor‘)(0.410 x 10“ 18 m 2 )(1.00 torr) \ 101325 Pa, 
= 5.36 x 10 -5 m = 5.36 x 10 -2 mm 

-5> 

/ — i .mi x. ii/ 

a. Prob = exp I 

\ 3.jo x 1U 

V-3' 


-1.00 x 10" 5 \ 1 

-z- ) ^ 1.00 

5.36 x 10" 2 ) 

, „ /-1.00 x 10 -3 \ 

b. Prob = exp ( ——— —r- ) = 0.982 

* \ 5.36 x 10“ 2 ) 

( - 1.00 \ 

c. Prob = exp ( -r ) = 7.84 x 10 

V \5.36 x 10 ~ 2 J 


27-39. At an altitude of 150 km, the pressure is about 2 x 10 -6 torr and the temperature is about 
500 K. Assuming for simplicity that the air consists entirely of nitrogen, calculate the mean free 
path under these conditions. What is the average collision frequency? 


Using Equation 27.51, 

RT 

Wn^p 

(8.3145 J-mol -1 -K -1 )(500 K) / 760 torr \ 

“ 2 1/2 (6.022 x 10 23 mor‘)(0.450 x 10“ 18 m 2 )(2 x 10“ 6 torr) \ 101325 PaJ 
= 40.7 m 


Then 

(u) fSRT\ 1/2 1 615 m-s" 1 _ , 

z ^T = {^m) T = ^07^ = 151s ' 
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27—40. The following table gives the pressure and temperature of the Earth’s upper atmosphere as a 
function of altitude: 


altitude/km 

P / mbar 

77 K 

20.0 

56 

220 

40.0 

3.2 

260 

60.0 

0.28 

260 

80.0 

0.013 

180 


Assuming for simplicity that air consists entirely of nitrogen, calculate the mean free path at each 
of these conditions. 

Again, use Equation 27.51 to express / in terms of T and P: 

1 = Wn^{j) 

8.3145 J-mor'-K" 1 / 1 Pa WT\ 

” 2 1/2 (6.022 x 10 23 mor‘)(0.450 x 10" 18 m 2 ) \ 100 mbar ) \ Pj 

= (2.1699 x lO-’K-mbar 1 )^ 

We can substitute the values given in the table to calculate the mean free path for each altitude: 

altitude/km l/m 

20.0 8.52 x 10" 7 

40.0 1.76 x 10 -5 

60.0 2.01 x 10~ 4 

80.0 3.00 x 10“ 3 


27-41. Interstellar space has an average temperature of about 10 K and an average density of hydrogen 
atoms of about one hydrogen atom per cubic meter. Compute the mean free path of a hydrogen 
atom in interstellar space. Take the diameter of a hydrogen atom to be 100 pm. 

We defined a = nd 2 in Section 27-6, so a = ;r(100 x 10 -12 m) 2 = 3.142 x 10 -20 m 2 . The density 
of hydrogen atoms is 1 m -3 , so, from the equations directly preceding Equation 27.51, 

l = —-J— = -Cr—-r- = 2 x 10 19 m 

2 1/2 ap 2 i/ 2 (3.14 x 10- 20 m 2 )(l m" 3 ) 

27-42. Calculate the pressures at which the mean free path of a hydrogen molecule will be 100 /zm, 
1.00 mm, and 1.00 m at 20°C. 
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l/m 

P /Pa 

P/bar 

1.00 x 10“ 

124 

1.24 x 10“ 

1.00 x 10“ 

12.4 

1.24 x 10“ 

1.00 

0.0124 

1.24 x 10“ 


27-43. Derive an expression for the distance, d , at which a fraction / of the molecules will have been 
scattered from a beam consisting initially of n Q molecules. Plot d against /. 


The probability of one of the n 0 molecules colliding between 0 and d is (Equation 27.55) 
Prob 

Solving for d in terms of / gives 


= / = f p(x)dx = f je X/I dx = 1 — e d/l 

Jo Jo * 


d — —l ln(l -/) 


Below is a plot of d versus /. 



27-44. Calculate the frequency of nitrogen-oxygen collisions per dm 3 in air at the conditions given in 
Problem 27^0. Assume in this case that 80% of the molecules are nitrogen molecules. 


We use Equations 27.58 to find cr N 0 , p N , and p Q in terms of P and T: 


' d K + 4>, 




■’( 

<«r> = ( 


380 x 10“ 12 m + 360 x 10“" m 




8 k B T\ l/2 


TTfJL 


30 x 10" 19 m 2 

1/2 


8(8.3145 J-K- 1 -mor‘)(0.06002 kg)r‘ 
^•(0.02802 kg)(0.03200 kg) 



= 37.65r ,/2 




N P 

A N 2 

(6.022 x 10 23 mol" 

-')(0.80P) 

P n 2 

RT 

(8.3145 J-mor 1 

•K“)T 

P °2 

N,P n 

A N 2 

(6.022 x 10 23 mol' 

■’)(0.20P) 

RT 

(8.3145 J-mor' 

•K“)r 


= 5.79 x 10 22 - 


= 1.44 x 10 22 




888 


Chapter 27 


where P is measured in Pa and T is measured in K. Substituting into Equation 27.57, we find 
Z n 2 .o 2 = Vo 2 <“>n 2 /°o 2 = ( 4 - 30 X 10 "‘ 9 m 2 )(37.65r'' 2 )(5.79 x 10 22 )(1.44 x 10 22 ) (0 


altitude/km 

P/100 Pa 

T/K 

Z n 2 .o 2 / s 

20.0 

56 

220 

1.31 x 10 32 

40.0 

3.2 

260 

3.32 x 10 29 

60.0 

0.28 

260 

2.54 x 10 27 

80.0 

0.013 

180 

9.51 x 10 24 


27-45. Use Equation 27.58 to show that 


( u r ) = ({« a ) 2 + <« b ) 2 ) 1/2 


Begin with Equation 27.58 and write /jl as rn A m B /{m A + m B ): 


(u T ) = 



~Snk B T /m A + m B 
. 7T V m A m B 


1/2 


[&nk n T &nk D T~\' /2 


7 xm u 


+ 


irm 


A J 




211/2 


27-46. Modify the derivation of Equation 27.49 to consider the collision frequency of a molecule of 
type A with B molecules in a mixture of A and B. Derive Equation 27.57 directly from your answer. 


The molecule of type A will sweep out a cylinder of diameter 2 d A . Since the type B molecules 
have a radius d B , the effective target radius is given by (d A +d B )/ 2. The number density of 
the B molecules is given by p B and we replace m by /x, so the average speed is given by (« r ). 
Equation 27.49 then becomes 

{d.+d-V 

z A = P B K) ?r ^—2— ) =p BK)° r A B 

Since Z AB = p A z A , we find 


Z AB — a Mi 1 ' 11 ! 1 P ,\P’& 


(27.57) 


27-47. Consider a mixture of methane and nitrogen in a 10.0 dm 3 container at 300 K with partial 
pressures P CH = 65.0 mbar and P N = 30.0 mbar. Use the equation that you derived in the previous 
problem to calculate the collision frequency of a methane molecule with nitrogen molecules. Also 
calculate the frequency of methane-nitrogen collisions per dm 3 . 


First find the necessary values of p, a, and (« r ): 


p ch„ 6500 Pa 

Pch 4 “ k B T - (1.3806 x 10“ 23 J-K-’)(300K) 

P ch 4 _ 3000 Pa 

Pn 2 “ I^T ~ (1.3806 x 10“ 23 J-K-')(300K) 


= 1.57 x 10 24 m -3 


= 7.24 x 10 23 m -3 
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CH 




410 x 10~ 12 m + 380 x 10" 12 m 


<«,> = [ 


|"8 RT(m. + m 2 ) 


_jr(0. 


= 4.90 x 10“ 19 m 2 
1/2 


8/?(300 K)(0.044062 kg) 


.02802 kg)(0.016042 kg) 
Now, using the equations from the previous problem, 


- 


789 m s 


Z CH 4 — — ^-80 X ^ S 

^ch 4 ,n. = ^ch 4 z ch 4 = 4-40 x 10 m s 


27-48. Calculate the average relative kinetic energy with which the molecules in a gas collide. 


We know that the normalized average kinetic energy is given by 

f ef(e)de 

fmde 

where f(e)de is the distribution of kinetic energy. We can substitute e r e~ e ' lk * T for /(e) to write 

fe 2 r e~ e ' /k * T de r 2(k B T) 3 ^ 

(£k) “ fe r e-Wde r ~ {kjf 

The following four problems deal with molecular effusion. 


27-49. Equation 27.48 gives us the frequency of collisions that the molecules of a gas make with a 
surface area of the walls of the container. Suppose now we make a very small hole in the wall. If 
the mean free path of the gas is much larger than the width of the hole, any molecule that strikes 
the hole will leave the container without undergoing any collisions along the way. In this case, the 
molecules leave the container individually, independently of the others. The rate of flow through 
the hole will be small enough that the remaining gas is unaffected, and remains essentially in 
equilibrium. This process is called molecular effusion. Equation 27.48 can be applied to calculate 
the rate of molecular effusion. Show that Equation 27.48 can be expressed as 


effusion flux = 


P _ 

(2nmk B T) i/2 (2 nMRT) l/2 


( 1 ) 


where P is the pressure of the gas. Calculate the number of nitrogen molecules that effuse per 
second through a round hole of 0.010 mm diameter if the gas is at 25°C and one bar. 


We begin with Equation 27.48: 



P W 

(2n mk B T) i/2 (2 7 tMRT) l/2 


(6.022 x 10 23 mor') 1/2 (10 5 Pa) 

“ [27r(0.02802kg-mor 1 )(1.38 x 10~ 23 J-K _1 )(298 K)] 1/2 
= 2.88 x 10 27 m~ 2 -s -1 
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This will be the effusion flux of the gas. For a round hole of 0.010 mm diameter, 
molecules per second = z col ,[7r(0.005 x 10" 3 m) 2 ] = 2.26 x 10 17 s -1 


27-50. Equation 1 of the previous problem can be used to determine vapor pressures of substances 
with very low vapor pressures. This was done by Irving Langmuir to measure the vapor pressure of 
tungsten at various temperatures in his investigation of tungsten filaments in light bulbs and vacuum 
tubes. (Langmuir, who was awarded the Nobel Prize in chemistry in 1932, worked for General 
Electric.) He estimated the rate of effusion by weighing the tungsten filament at the beginning 
and the end of each experimental run. Langmuir did these experiments around 1913, but his data 
appear in the CRC Handbook of Chemistry and Physics to this day. Use the following data to 
determine the vapor pressure of tungsten at each temperature and then determine the molar enthalpy 
of vaporization of tungsten. 

T /K effusion flux/g • m" 2 • s~ 1 


1200 

3.21 x 10 -23 

1600 

1.25 x 10“ 14 

2000 

1.76 x 10“ 9 

2400 

4.26 x 10“ 6 

2800 

1.10 x 10 -3 

3200 

6.38 x 10' 3 


Note that the flux is given in units of g-m 2 s \ so we divide the flux by 1000 to have units of 
kg-m _2 -s _1 . Using Equation 1 of Problem 27-49 gives 


P = (2tt mk„T)' /2 x 


effusion flux 


B ' ~ 1000 g-kg” 1 

= AT 1/2 x effusion flux 


Because we are going to plot In P against 1/T, we can write the above equation as 

In P = In A + In T 1/2 + ln(effusion flux) 

and, because A is a constant, we do not need to evaluate it. Thus we form the table of values 

T /K T 1/2 x effusion flux 


1200 

1.11 x 10" 21 

1600 

5.00 x 10" 13 

2000 

7.87 x 10" 8 

2400 

2.08 x 10" 4 

2800 

5.89 x 10~ 2 

3200 

0.361 


Since P a 7 1/2 x effusion flux, the slope of the best-fit line to In P versus 1/T will be equal to the 
slope of the best-fit line to ln(T 1/2 x effusion flux) versus 1/T. Recall (Chapter 23) that 

A va H 

In P = -—-1- constant 

RT 

Therefore, the slope of the best-fit line to either plot described above will be equal to — A vap H/R. 
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The slope of this plot is -92830, and so A vap tf = 92830/? = 772 kJ-mol 


27-51, The vapor pressure of mercury can be determined by the effusion technique described in the 
previous problem. Given that 0.126 mg of mercury passed through a small hole of area 1.65 mm 2 
in 2.25 hours at 0°C, calculate the vapor pressure of mercury in torr. 


effUSi0 " = ( 200.6g• mol~0 (6 '° 22 * 10 ” m ° 1 “" le ' mo1 ") (,.65 x 10" 6 nv 


= 2.83 x 10 19 molecule-m 2 -s 1 
P = effusion x (2nmk B T) X12 


= (2.83 x 10 19 molecule-m 2 -s ') 


2 n 


( —- 
V6.022 x 


.2006 kg-mol 


-l 


10 23 molecule-mol 




x(1.38 x 10“ 23 J-K-’)(273.15K)] ,/2 

= 251><10 " ,pa (M!^) = 1 - 89><10 ' !tolr 


27-52. We can use Equation 1 of Problem 27^49 to derive an expression for the pressure as a function 
of time for an ideal gas that is effusing from its container. First show that 

* „ . dN PA 

rate of effusion =-— = —- , _ xl/2 

dt (2nmk B Ty /2 

where N is the number of molecules effusing and A is the area of the hole. At constant T and V, 

_d_N _ d_ (PV \ _ V dP 
dt dt \& b T/ k B T dt 

Now show that 


P(t) = P(0)e~ a ' 

where a = (k B T/2nm) i/2 A / V. Note that the pressure of the gas decreases exponentially with time. 


The rate of effusion is given by dN/dt, since this represents how many molecules effuse per unit 
time. From Problem 21-49, we know the rate of effusion per unit area (effusion flux), so multiplying 
by the area of the hole from which effusion occurs will give the rate of effusion and 

dN PA 

rate of effusion =-— = — , —th 

dt (2nmk h T) 1/2 
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For an ideal gas, nN K = PV/k B T and so N = PV/k B T. If T and V are held constant, we find 

dN d [PV_\ _ V dP 
dt dt \k B T) k B T dt 

Use the first equation for rate of effusion to write 

V dP _ PA 
~kj~dt ~ (2jrmfc B 7’) 1/2 

_d_p = (!^_y 2 A p=a p 
dt \2 j xm) V 

The solution to this equation is (as in the derivation of Equation 27.53) 

P(t) = P(0)e~ at 

27-53. How would you interpret the velocity distribution 

( v 3/2 f 

2 t^t) exp [-^f r- - o)!+(v » - b?+ ~ c) ’l_ 

This is the velocity distribution relative to an overall translational motion of the system with velocity 
a\ + b} + ck. 



CHAPTER 


Chemical Kinetics I: Rate Laws 

PROBLEMS AND SOLUTIONS 


28-1. For each of the following chemical reactions, calculate the equilibrium extent of reaction at 
298.15 K and one bar. (See Section 26-4.) 

a. H 2 (g) + Cl 2 (g)^2HCl(g) A r G° = -190.54 kJ-mor 1 

Initial amounts: one mole of Hj(g) and Cl 2 (g) and no HCl(g). 

b. N 2 (g) + 0 2 (g) ^ 2NO(g) A r G° = 173.22 kJ-mol" 1 

Initial amounts: one mole of N 2 (g) and 0 2 (g) and no NO(g). 


a. At equilibrium, there will be (1 - moles of H^g) and Cl 2 (g), and 2^ moles of HCl(g). 
We can write the partial pressures of each species at equilibrium as 

\ = ^ci 2 = and ^ HC1 = ~2~ P = 

where P is the total pressure. We can then write K p , by definition, as 

P h 2 c, _ 

' \p c . 2 a-U 2 

Equating In K p to - A t G°/RT (Equation 26.11) allows us to write 

190.54kJ-mol" 1 „ 

In K B =-;-:-:-= 76.862 

p (8.3145 x 10" 3 kJ-mol -1 -K“ )(298.15 K) 

K p = 2.40 x 10 33 

( 2 $ ) 2 

- T = 2.40 x 10 33 

a-W 

Solving this equation for ^ gives a value of £ eq = 1 mol. 

b. At equilibrium, there will be (1 - ? eq ) moles of N 2 (g) and 0 2 (g), and 2^ moles of NO(g). We 
can write the partial pressures of each species at equilibrium as 

P — p — L!_ p and P = p = £ p 

r N 2 - r o 2 — 2 no 2 ?eq 
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where P is the total pressure. We can then write K p , by definition, as 


P n 2 0 _ ( 2^) 2 

' V* 0-W 2 

Equating In K p to - A r G°/RT (Equation 26.11) allows us to write 


-173.22 kJ-mol" 1 

n p ~ (8.3145 x 10 -3 kJ-mol -1 •K -1 )(298.15 K) 
K p = 4.50 x 1CT 31 

(2 ^ eq) = 4.50 x 10" 31 

( l-£ eq ) 2 

Solving this equation for gives a value of ^ = 3.3 x 10 -16 mol. 


28-2. Dinitrogen oxide, N 2 0, decomposes according to the equation 

2N 2 0(g) —> 2N 2 (g) + 0 2 (g) 

Under certain conditions at 900 K, the rate of reaction is 6.16 x 10 -6 mol-dm“ 3 -s _1 . Calculate the 
values ofd[N 2 Q]/dt, d[N 2 ]/dt, and d[0 2 ]/dt. 


Using Equation 28-7, we see that for this reaction, 
6.16 x 10" 6 mol-dm" 3 -s _1 = 

2 dt 


1 J[N 2 Q] = d[ 0 2 ] 

2 dt dt 


We find that d[N 2 0 ]/dt = —1.23 x 10 5 mol-dm 3 -s \d[N 2 ]/dt = 1.23 x 10 5 mol-dm 3 -s \ 
and d[0 2 ]/dt = 6.16 x 10" 6 mol-dm -3 -s'* 1 . 


28-3. Suppose the reaction in Problem 28-2 is carried out in a 2.67 dm 3 container. Calculate the value 
of d^/dt corresponding to the rate of reaction of 6.16 x 10 -6 mol-dm -3 ^" 1 . 


From Problem 28-2, we know that d[0 2 ]/dt = 6.16 x 10 6 mol-dm 3 -s \ Using Equation 28.5 
gives 

1 d% _ d[ P 2 ] 

V dt dt 

= (6.16 x 10 -6 mol-dm~ 3 -s _1 )(2.67 dm 3 ) = 1.64 x 10 -5 mol-s _1 


28-4. The oxidation of hydrogen peroxide by permanganate occurs according to the equation 
2KMn0 4 (aq) + 31^0^) + 5H 2 0 2 (aq) —> 2MnS0 4 (aq) 

+ 8 H 2 0(1) + 5 0 2 (g) + K^SO^aq) 

Define v , the rate of reaction, in terms of each of the reactants and products. 
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Using Equation 28.6, we write 

__ 1 4KMn0 4 ] _ 1 ^SOJ _ 1 d[ H 2 0 2 ] 1 </[MnS0 4 ] 

V ~ 2 dt ~ 3 dt ~ 5 dt ~ 2 dt 

_ 1 d[U 2 0] _ 1 d[ 0 2 ] _ d\¥^ S0 4 ] 

8 dt 5 dt ~ dt 


28-5. The second-order rate constant for the reaction 

O(g) + 0 3 (g) —» 20 2 (g) 

is 1.26 x 10“ 15 cm 3 • molecule" 1 ■ s“ 1 . Determine the value of the rate constant in units of 
dm 3 -mol -1 •s~ 1 . 


1.26 x 10 15 cm 3 \ ( 6.022 x 10 23 molecule \ ( 1 dm 


molecule-s 


mol 


10 cm 


= 7.59 x 10 5 dm 3 mol ^s 1 


28-6. The definition of the rate of reaction in terms of molar concentration (Equation 28.5) assumes 
that the volume remains constant during the course of the reaction. Derive an expression for the 
rate of reaction in terms of the molar concentration of a reactant A for the case in which the volume 
changes during the course of the reaction. 


From the definition of molar concentration, we know that n A = [A]V, and so 

dn A =Vd[A] + [A]dV (1) 

The rate of reaction is defined as 

1 dn 

v = -- 

v A V dt 

and substituting dn h from Equation 1 gives 

- __L^1 _ dV 

v A dt v A V dt 


28-7. Derive the integrated rate law for a reaction that is zero order in reactant concentration. 


The rate law for a zero-order reaction is v(t) = k, or -d[A]/dt = k. Integrating gives the integrated 
rate law 


/ 


-4A] = 


/ 


kdt 


[A] - [A] 0 = -kt 


28-8. Determine the rate law for the reaction described by 

NO(g) + H 2 (g) —> products 
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from the initial rate data tabulated below. 


P 0 (H 2 )/torr 

P 0 (NO)/torr 

v 0 /torr*s 1 

400 

159 

34 

400 

300 

125 

289 

400 

160 

205 

400 

110 

147 

400 

79 


Calculate the rate constant for this reaction. 


We do this problem in the same way as Example 28-2. The rate law has the form 

v = £[NOrMH 2 ] mH 2 

To determine m N0 , we use Equation 28.19 and the first two entries in the data table to find 

_ ln(34/125) 
mN0 ln( 159/300) 

Likewise, using the third and fourth entries in the data table, we find that 

ln(160/l 10) 




ln(289/205) 


= 1.09 « 1 


Assuming the orders are integer valued gives the rate law 

v = ^[NO] 2 [Hj] 


We can substitute each set of data given in the table into the rate law to calculate the average rate 
constant. Below is a table of the rate constant found for each v 0 in the table. 


i/ 0 /torr-s 1 

34 

125 

160 

110 

79 

&/torr -2 -s _1 

3.36 x 10“ 6 

3.47 x 10" 6 

3.46 x 10' 6 

3.35 x 10" 6 

3.36 x 10" 6 


The average value of k is 3.40 x 10 6 torr 2 s '. 


28-9. Sulfuryl chloride decomposes according to the equation 

S0 2 Cl 2 (g) —* S0 2 (g) + Cl 2 (g) 

Determine the order of the reaction with respect to S0 2 Cl 2 (g) from the following initial-rate data 
collected at 298.15 K. 


[SO 2 Cl 2 ] 0 /mol-dnr 3 

0.10 0.37 

0.76 1.22 

u 0 /mol-dm -3 s -1 

2.24 x 10" 6 8.29 x 10" 6 

1.71 x 10“ 5 2.75 x 10“ 5 


Calculate the rate constant for this reaction at 298.15 K. 

We do this problem in the same way as Example 28-2. The rate law has the form 

v = jfe[S0 2 Cl 2 f “A 
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To determine m 
find 


so,ci. 


, we use Equation 28.19 and the second and third entries in the data table to 


m „ 


ln(8.29 x IO- 7 I. 7 I x 10 -5 ) 
ln(0.37/0.76) 


= 1.01 « 1 


Assuming the order is integer valued gives the rate law 


v = £[S0 2 C1 2 ] 

We can substitute the data given in the table into the rate law to calculate the average rate constant. 
Below is a table of the rate constant found for each tabulated v Q . 


u 0 /mol-dm 3 -s 1 

2.24 x 10“ 6 

8.29 x 10" 6 

1.71 x 10" 5 

2.75 x 10 -5 

£/s -1 

2.24 x 10“ 5 

2.24 x 10" 5 

2.25 x 10" 5 

2.25 x IQ -5 


The average value of £ is 2.25 x 10 5 s 


28-10. Consider the reaction described by 

Cr(H 2 0)^ + (aq) + SCN"(aq) —► Cr(H 2 0) 5 (SCN) 2+ (aq) + 1^0(1) 
for which the following initial rate data were obtained at 298.15 K. 


[Cr(H 2 O)g + ] 0 /mol • dm -3 

[SCN - ] 0 /mol • dm -3 

u 0 /mol-dm 3 -s 

1.21 x 10" 4 

1.05 x 10 -5 

2.11 x 10 -u 

1.46 x 10" 4 

2.28 x 10 -5 

5.53 x 10 -u 

1.66 x 10 -4 

1.02 x 10 -5 

2.82 x 10 -11 

1.83 x 10" 4 

3.11 x 10 -5 

9.44 x 10 -n 


Determine the rate law for the reaction and the rate constant at 298.15 K. Assume the orders are 
integers. 


The rate law has the form 

v = fc[Cr(H 2 0)j + ] mct<H2 ° ) « + [SCN - ] m scN- 

The first and third entries in the data table are for an essentially constant concentration of [SCN - ], 
so, proceeding as in Example 28-2, 

In(2.82xl0- 11 /2.11xl0-") 
m cr(H 2 o) 2+ in(l.66 x 10 - 71.21 x 10 -4 ) 

Using this result and the first two entries of the data table, we have the rate equations 

2.11 x KT 11 mol-dm -3 -s -1 = £(1.21 x 10~ 4 mol-dm -3 )(1.05 x 10 -5 rnoldrn -3 ) m scN- 
5.53 x 10 -11 mol-dm -3 -s -1 = £(1.46 x 10 -4 mol-dm -3 )(2.28 x 10" 5 mol-dm -3 ) m scN- 

Taking the ratio of these two equations gives 

0.460 = (0.460) m scN- 

from which we find m SCN _ = 1. The rate law is first order in each reagent and second order overall: 

v = £[Cr(H 2 0) 3+ ][SCN-] 
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We can substitute the data given in the table into the rate law to calculate the average rate constant. 
The four sets of data give rate constants of 


v 0 /mol-dm 3 -s 1 

2.11 x 10 -11 

5.53 x 10 _n 

2.82 x 10“" 

9.44 x 10-" 

fc/dm 3 -mor' s _1 

1.66 x 10" 2 

1.66 x 10" 2 

1.67 x 10“ 2 

1.66 x IQ' 2 


and the average value of k is 1.66 x 10 2 dm 3 -mol 1 - s 1 


28-11. Consider the base-catalyzed reaction 

OCr(aq) + I”(aq) —► 01" (aq) + Cl"(aq) 


Use the following initial-rate data to determine the rate law and the corresponding rate constant for 
the reaction. 


[OCr]/mol-dm" 3 

[I ]/mol-dm 3 

[OH - ]/mol-dm" 3 

u 0 /mol-dm 3 -s 1 

1.62 x 10" 3 

1.62 x 10" 3 

0.52 

3.06 x lO -4 

1.62 x lO -3 

2.88 x 10" 3 

0.52 

5.44 x 10" 4 

2.71 x 10 -3 

1.62 x 10 -3 

0.84 

3.16 x lO" 4 

1.62 x 10" 3 

2.88 x lO” 3 

0.91 

3.11 x lO -4 

Because the reaction is base-catalyzed, the rate will depend on the basicity of the solution, or on 
the concentration of OH" present. Therefore, the rate law has the form 


v = fc[ocr] m ocr[r] m| - [oht°h- 

The first two entries in the data table hold [OC1 - ] and [OH - ] constant, so we write (as in 
Example 28-2) 

ln(3.06 x 10- 4 /5.44 x 10~ 4 ) 


m,_ = 


= 1 


r ln(1.62 x 10 _3 /2.88 x 10 -3 ) 

The second and fourth entries in the data table hold [0C1“] and [I“] constant, so we write 

_ ln(5.44 x lQ- 4 /3.11 x 10~ 4 ) _ „ 

0H ln(0.52/0.91) 

Using these results and the first and third entries of the data table, we have the rate equations 

(1.62 x 10" 3 mol-drn" 3 ) m ocr(i.62 x 10 -3 mol-dm -3 ) 


3.06 x 10 4 mol-dm 3 -s 1 = k 
3.16 x 10 -4 mol-dm -3 -s _1 = k 


0.52 mol-dm 3 

(2.71 x 10“ 3 mol•dm" 3 ) m oci-(1.62 x 10 -3 mol-dm -3 ) 


0.84 mol-dm 3 

Taking the ratio of these two equations gives 

0.599 = (0.598) m ocr 

from which we find m ocr = 1. The rate law is therefore 

, [ocnn 

v = k - 


[OH"] 
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We can substitute the data given in the table into the rate law to calculate the average rate constant. 
The four sets of data give rate constants of 


v 0 /mol-dm 3 -s 1 

3.06 x 10" 4 

5.44 x 10“ 4 

3.16 xlO- 4 3.11 xlO" 4 

k/ s" 1 

60.6 

60.6 

60.5 60.7 


and the average value of k is 60.6 s 1 


28-12. The reaction 


S0 2 Cl 2 (g) —> S0 2 (g) + Cl 2 (g) 

is first order and has a rate constant of 2.24 x 10 -5 s -1 at 320°C. Calculate the half-life of the 
reaction. What fraction of a sample of S0 2 Cl 2 (g) remains after being heated for 5.00 hours 
at 320°C? How long will a sample of S0 2 Cl 2 (g) need to be maintained at 320°C to decompose 
92.0% of the initial amount present? 


The integrated rate law for a first order reaction is 


lni so£y 


[so,cy 0 

At t = t l/2 , [S0 2 C1 2 ] = “[SO 2 Cl 2 ] 0 , and substituting into Equation 28.22 gives 


(28.22) 


In ^ = —(2.24 x 10“ 5 s ~ l )t 


1/2 


3.09 x 10 4 s = t 


1/2 


After being heated for 5.00 hours at 320°C, the amount of S0 2 C1 2 present can be found by solving 
the equation 

rso Cl 1 

ln cnni = -(2.24 x 10 ” 5 s _1 )(5.00 hr) (3600 s ■ hr 1 ) 

[SO2CI2J0 

[S0 2 C1 2 ] = 0.668[SO 2 Cl 2 ] 0 


In other words, 68.8% of the sample will remain. The time it takes to decompose 92.0% of S0 2 C1 2 
can be found by solving 


ln [so 2 ci 2 ] 

[SO 2 Cl 2 ] 0 


= -(2.24 x 10“ 5 


ln(l - 0.920) = -(2.24 x 10" 5 


s ')r 
s”')r 


1.13 x 10 5 s = t 


It takes 31.3 hours to decompose 92.0% of the intial amount of S0 2 C1 2 present. 


28-13. The half-life for the following gas-phase decomposition reaction 


H 2 C-CHCH 2 CH 2 CH 3 

I I 

h 2 c — ch 2 


h 2 c = chch 2 ch 2 ch 3 4 - h 2 c = ch 2 


is found to be independent of the initial concentration of the reactant. Determine the rate law and 
integrated rate law for this reaction. 
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This is a first-order reaction, because the half-life is independent of the initial reactant concentration. 
The rate law and integrated rate law for the reaction are v = k[A] and [A] = [A] 0 e~ k \ respectively, 
where A represents the reactant. 


28-14. Hydrogen peroxide, H 2 0 2 , decomposes in water by a first-order kinetic process. 

A 0.156-mol dm" 3 solution of in water has an initial rate of 1.14 x 

10 -5 mol-dm _3 -s _1 . Calculate the rate constant for the decomposition reaction and the half- 
life of the decomposition reaction. 


We can find the rate constant by substituting into the first-order rate law (Equation 28.21): 


V 0 = 

1.14 x KT 5 mol-dm -3 -s -1 
k = 


= 7.31 x 10 -5 s 


5 o-l 


0.156 mol-dm 3 

For a first-order reaction, we can use Equation 28.25 to determine the half-life of the reaction: 

In 9 

t... = — = 9.48 x 10 3 s = 2.63 hr 
'' k 


28-15. A first-order reaction is 24.0% complete in 19.7 minutes. How long will the reaction take to be 
85.5% complete? Calculate the rate constant for the reaction. 


To find the rate constant of the reaction, we can write (from Equation 28.22) 

In = —*(19.7 min) 

[A ] 0 

ln(l - 0.24) = —*(19.7 min) 

1.39 x 10 -2 min -1 =k 


To find the time it takes for the reaction to be 85.5% complete, we solve the equation 

In — = -(1.39 x 10 -2 min -1 )r 

[A ] 0 

ln(l - 0.855) = -(1.39 x 10 -2 min -1 )r 
139 min = t 


28-16. The nucleophilic substitution reaction 

PhS0 2 S0 2 Ph(sln) + N 2 H 4 (sln) PhS0 2 NHNH 2 (sln) + PhS0 2 H(sln) 

was studied in cyclohexane solution at 300 K. The rate law was found to be first order in 
PhS0 2 S0 2 Ph. For an initial concentration of [PhSO 2 SO 2 Ph] 0 = 3.15 x 10 -5 mol-dm -3 , the 
following rate data were observed. Determine the rate law and the rate constant for this reaction 


[N 2 H 4 ] 0 /10 -2 mol-dm" 3 

0.5 

1.0 

2.4 

5.6 

u/mol-dm^-s -1 

0.085 

0.17 

0.41 

0.95 
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We know that the rate law is first order in PhS0 2 S0 2 Ph T so we can write the rate law as 

v = £[PhS0 2 S0 2 Ph][N 2 H 2 f N 2 H 2 

To determine m N H , we use Equation 28.19 and the first two sets of data in the table to find 

ln(0.085/0.17) 

“ ln(0.5/1.0) " 1 

This gives the rate law 

v = A:[PhS0 2 S0 2 Ph][N 2 H 2 ] 

We can substitute each set of data given in the table into the rate law to calculate the average rate 
constant: 


u/mol-dm 3 -s 1 

0.085 

0.17 

0.41 

0.95 

/:/dm 3 -s -, -mor 1 

5.4 x 10 5 

5.4 x 10 5 

5.4 x 10 5 

5.4 x 10 5 


The average value of k is 5.4 x 10 5 dm 3 -s 1 mol 1 


28-17. Show that if A reacts to form either B or C according to 

it. k , 

A -4- B or A -A- C 


then 


[A] = [A] 0< r ( W' 

Now show that f 1/2 , the half-life of A, is given by 

0.693 
h ' 2 ~ k^T 2 

Show that [B]/[C] = k t /k 2 for all times t. For the set of initial conditions [A] = [A] 0 , 
[B] 0 = [C] 0 = 0, and k 2 = 4 k v plot [A], [B], and [C] as a function of time on the same 
graph. 


If A simultaneously reacts to form B and C, we can write 

= -*,[A] - A: 2 [A] 
^ = ~{k x +k 2 )dt 

[A] = [A] 0 e -(i > + *2 )f 

Now, at the half life of the reaction (t — f 1/2 ), we have 

ln 2 = “(*i +^) f i /2 
0.693 

k x +k 2 ~ t[/2 
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We can write 

^ = k x [A] = k t [A] 0 e~W 

and 

= * 2 [A] = k 2 [ A] 0 e-W 

Because [B] 0 = [C] 0 = 0, we integrate the above expressions to get 

[B] = [i _ e -(*,+* 2 )'] 

*i + k 2 L 

[C] = ^^2. [1 _ e-W] 

k t +k 2 l J 

from which we see that [B]/[C] = k x /k 2 for all times t. The plot below shows [A], [B], and [C] as 
functions of time. 



The following six problems deal with the decay of radioactive isotopes , which is a first-order 
process. Therefore , if N(t) is the number of a radioactive isotope at time t } then N(t) = N(0)£ - ^. 
In dealing with radioactive decay\ the half-life , t {/2 = 0.693 /k, is almost exclusively used to 
describe the rate of decay (the kinetics of decay). 


28-18. You order a sample of Na^C^ containing the radioisotope phosphorus-32 (t [f2 = 14.3 days). 
If the shipment is delayed in transit for two weeks, how much of the original activity will remain 
when you receive the sample? 


The rate constant for this reaction is 


k = 


0.693 


1/2 


Then 


0.693 
14.3 days 


= 4.85 x 10" 2 days" 1 


N(t) = N( 0)e~ kt 

_ —(0.485x 10 -2 days -1 )(14 days) _ n <r n7 

N( 0) “ “ a:5U/ 

50.7% of the original activity will remain when you receive the sample. 
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28 - 19 . Copper-64 (t l/2 = 12.8 h) is used in brain scans for tumors and in studies of Wilson’s disease 
(a genetic disorder characterized by the inability to metabolize copper). Calculate the number of 
days required for an administered dose of copper-64 to drop to 0.10% of the initial value injected. 
Assume no loss of copper-64 except by radioactive decay. 


To find the time required, we solve the equation 


o.ooio= e -°- 693 ' /i2 - 8h 

N( 0) 


to find t = 128 hour = 5.32 days. 


28 - 20 . Sulfur-38 can be incorporated into proteins to follow certain aspects of protein metabolism. If a 
protein sample initially has an activity of 10 000 disintegrations-min -1 , calculate the activity 6.00 h 
later. The half-life of sulfur-38 is 2.84 h. Hint: Use the fact that the rate of decay is proportional to 
N(t) for a first-order process. 


Because the rate of decay is proportional to N(t), we can write 

6.00 h) _ rate of decay (6.00 h) _ e _ (0 . 69 3 )( 6 .oo h)/ 2.84 
N (0 h) rate of decay (0 h) 

decay rate (6.00 h) = (10 000 disintintegrations-min _1 )(0.231) 
= 2310 disintegrations-min -1 


28-21 . The radioisotope phosphorus-32 can be incorporated into nucleic acids to follow certain aspects 
of their metabolism. If a nucleic acid sample initially has an activity of 40000 disintegrations 
•min -1 , calculate the activity 220 h later. The half-life of phosphorus-32 is 14.28 d. Hint: Use the 
fact that the rate of decay is proportional to N(t ) for a first-order process. 


As in Problem 28-20, we can write 

rate of decay (220 h) _ ^_(o. 693 )( 22 o h)/( 342.72 h) 
rate of decay (0 h) 

decay rate (220 h) = (40000 disintegrations-min _1 )(0.64) 
= 26000 disintegrations-min -1 


28 - 22 . Uranium-238 decays to lead-206 with a half-life of 4.51 x 10 9 y. A sample of ocean sediment 
is found to contain 1.50 mg of uranium-238 and 0.460 mg of lead-206. Estimate the age of the 
sediment assuming that lead-206 is formed only by the decay of uranium and that lead-206 does 
not itself decay. 


The amount of U-238 which must have decayed to form 0.460 mg of Pb-206 is 


(0.460mg Pb) 


1 mol Pb\ / 1 mol U \ /238gU 


206 g Pb / V 1 mol Pb / V 1 mol U 


= 0.531 mg U 
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At t = 0, therefore, there are 1.50 mg + 0.531 mg = 2.03 mg of uranium in the sediment. Then 

^ 1.50 mg In 2 

" 2.03 mg “ 4.51 x 10 9 y ? 

1.97 x 10 9 y = r 


28-23. Potassium-argon dating is used in geology and archeology to date sedimentary rocks. 
Potassium-40 decays by two different paths 

f g K —* 4 2 °Ca + _ 0 ,e (89.3%) 

?°K —► ?°Ar + °e (10.7%) 

The overall half-life for the decay of potassium-40 is 1.3 x 10 9 y. Estimate the age of sedimentary 
rocks with an argon-40 to potassium^) ratio of 0.0102. (See Problem 28-17.) 


From Problem 28-17, we have the expressions 

[K] = [K] 0 e~W and t ]/2 = 

We can substitute the overall half-life of potassium^-0 into the second equation to find k y + k 2 : 

k l +k 2 = — = 5.33x lO-'V 1 
^ 1/2 

For every mole of potassium which decays, 0.107 moles of argon are formed. Assuming that the 
only source of argon is potassium decay, we can find the ratio of potassium present at time t to 
potassium orginally present: 

/0.0102 mol Ar at t \ / 1 mol K decayed \ 0.0953 mol K decayed 

\ 1 mol K at t ) \0.107 mol Ar at t) 1 mol K at t 


There were 1.0953 mol of potassium originally present for every mole present at time t. Now 
subsitute this value into Equation 1: 


[K] = [K] 0 e -(5 ' 33x10 " 10 y-1) ' 


ln 1.0953 
1.71 x 10 8 y = 


-(5.33 x 10 _1 ° y _1 )r 
t 


28-24. In this problem, we will derive Equation 28.32 from the rate law (Equation 28.31) 


d[ A] 
dt 


= *[A][B] 


( 1 ) 


Use the reaction stoichiometry of Equation 28.30 to show that [B] = [B] 0 — [A] 0 + [A]. Use this 
result to show that Equation 1 can be written as 

-^l=fc[A]{[B] 0 -[A] 0 + [A]} 
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Now separate the variables and then integrate the resulting equation subject to its initial conditions 
to obtain the desired result. Equation 28.32: 


kt = 


1 [A][B] 0 

[A] 0 - [B] 0 n [B][A] 0 


The amount of [B] present is equal to the amount of B reacted subtracted from [B] 0 . Because one 
mole of A reacts with one mole of B, we can express the amount of B reacted as [A] 0 — [A], so 
[B] = [B] 0 - ([A] 0 - [A]) = [B] 0 - [A] 0 + [A]. Substituting into Equation 1 gives 


d[A] 
' dt 


= *[A]{[B] 0 - [A] 0 + [A]} 


d[ A] 


1 


[A]{[B] 0 - [A] 0 + [A]} 

[A) 


= kdt 


In 


[A] 


[B] 0 - [A] 0 [B] 0 - [A] 0 + [A] 

1 


= kt 


[A]„ 




[A]„ - [B] 0 [A]„[BJ 


28-25. Equation 28.32 is indeterminate if [A] 0 = [B] 0 . Use L’Hopital’s rule to show that Equation 28.32 
reduces to Equation 28.33 when [A] 0 = [B] 0 . (Hint: Let [A] = [B] + x and [A] 0 = [B] 0 + x.). 


We begin with Equation 28.32, 


1 In [A][B] ° 

[A] 0 - [B] 0 n [B][A] 0 

Let [A] = [B] + x and [A] 0 = [B] 0 + x. Then we can write Equation 28.32 as 

1 ([B] + *)[B] 0 1 ([B] + x)[B] 0 

1 [B] 0 + x — [B 0 ] n [B]([B] 0 + *) x n [B]([B] 0 + x) 


Now, as x -»• 0, 


,. r l, ([B] + x)[B] 0 
lim kt = lim - In ^ 

x-*o x [B]([B] 0 + x) 


= lim 


ln([B] + x)~ ln[B] + ln[B p ] - ln([B 0 ] + x) 


This fraction is indeterminate, so we use L’Hopital’s rule to write 


limfct = lim 

x-+0 x-*0 

_ _ 1 _ 
“[B] 


([B] 

_ 1 

~w 0 


1 


[B] 0 + x 


28-26. Uranyl nitrate decomposes according to 

U0 2 (N0 3 ) 2 (aq) —> U0 3 (s) + 2N0 2 (g) + 0 2 (g) 
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The rate law for this reaction is first order in the concentration of uranyl nitrate. The following data 
were recorded for the reaction at 25.0°C. 


t/ min 

0 20.0 

60.0 

180.0 

360.0 

[U0 2 (N0 3 ) 2 ]/mol • dm -3 

0.01413 0.01096 

0.00758 

0.00302 

0.00055 


Calculate the rate constant for this reaction at 25.0°C. 


Because the reaction is first-order, a plot of ln[U0 2 (N0 3 ) 2 ] versus time should give a straight line 
of slope —k. 



The slope of the best-fit line is -8.82 x 10 3 min \ so k = 8.82 x 10 3 min *. 


28-27. The data for the decomposition of uranyl nitrate (Problem 28-26) at 350°C are tabulated below 


t/ min 

0 6.0 

10.0 

17.0 

30.0 

60.0 

[U0 2 (N0 3 ) 2 ]/mol-dm -3 

0.03802 0.02951 

0.02089 

0.01259 

0.00631 

0.00191 


Calculate the rate constant for this reaction at 350°C. 


Again, because the reaction is first-order, a plot of ln[U0 2 (N0 3 ) 2 ] versus time should give a straight 
line of slope — k. 



The slope of the best fit line is —0.0505 min \ so k = 5.05 x 10 2 min l . 


28-28. The following data are obtained for the reaction 


2N 2 0(g) > 2N 2 (g) + 0 2 (g) 
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at 900 K. 


t/s 

0 3146 

6494 

13933 

[N 2 0]/moldm -3 

0.521 0.416 

0.343 

0.246 


The rate law for this reaction is second order in N 2 0 concentration. Calculate the rate constant for 
this decomposition reaction. 


Because the reaction is second-order in N 2 0, a plot of 1 /[N 2 0] versus time should give a straight 
line of slope k. 



The slope of the best-fit line is 1.54 x 10 4 mol*dm 3 *s \ so this is the value of k for the 
decomposition reaction. 


28-29. Consider a chemical reaction 


A—> products 


that obeys the rate law 


d[ A] 
dt 


= k[ A]" 


where n, the reaction order, can be any number except n = 1. Separate the concentration and time 
variables and then integrate the resulting expression assuming the concentration of A is [A] 0 at time 
t = 0 and is [A] at time t to show that 


kt = 


1 


n — 1 


( 


i 

[AP 


1 

[Air 1 


n ^ 1 


(1) 


Use Equation 1 to show that the half-life of a reaction of order n is 


kt 


1/2 “ 


1 2"’ 1 - 1 

«-l [Air 1 


n ■=[■ 1 


Show that this result reduces to Equation 28.29 when n = 2. 


( 2 ) 


Separating the variables in the rate law and integrating gives 


d[ A] 


1 


1 


[A]" 

| [A] 


n — 1 [A] 


n -1 


[Ain 


_L_p_L_ 

n - 1 VlAy 1 [Ay 1 


kdt 

kt 

kt 


(1) 
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where n =/ 1 (if n = 1, the integration is incorrect). At t = f 1/2 , [A] = [A] 0 /2, so Equation 1 
becomes 


kt — 


“ n - 1 


Ir 


(j[A]> 


[AC 


n—1 


1 2"" 1 - 1 
“«-l [A]q -1 

where, again, n 1. When n = 2, this result becomes 

1 


^ = [A] 0 


(2) 


(28.29) 


28-30. Show that Equation 1 of Problem 28-29 can be written in the form 



= k[A) x 0 t 


where x = n — 1. Now use L’Hopital’s rule to show that 


_[A] 

[A] 


for n = 1. (Remember that da x /dx = a x In a.) 


Starting with Equation 1 of Problem 28-29, we can write 

kt = _l_ r_i_ l_\ 

n - 1 VtA]"" 1 [AirV 


(,n - 1 )kt = ^ 


n-1 


[A] 


n-1 


[A]- 1 [AC 
TA1 71-1 

(n-mw 0 -'t = y?-r-l 


n-1 


[A] 


n-1 


If we let x = n — 1, then we have the desired result. We can now use L’HopitaTs rule to find the 
value of kt as * 0 (n 1): 


lim kt = lim 

jc —>0 x ^-0 



x 


lim kt = lim 

jc->0 jc-»0 




— In 


[Alo 

[A] 


—kt = In 


_[A]_ 

[A] 0 


as n 1. 


28-31. The following data were obtained for the reaction 

N 2 0(g)-*N 2 (g) + lo 2 (g) 
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[N 2 O] 0 /mol-dm 3 

1.674 x 10“ 3 

4.458 x 10" 3 

9.300 x 10“ 3 

1.155 x 10" 2 

V s 

1200 

470 

230 

190 


Assume the rate law for this reaction is 


d[N 2 0] 

It 


= k[ N 2 or 


and use Equation 2 of Problem 28-29 to determine the reaction order of N 2 0 by plotting In t l/2 
against ln[A] 0 . Calculate the rate constant for this decomposition reaction. 


We can take the natural logarithm of both sides of Equation 2 of Problem 28-29 to write the 
equation as 


Ink + lnf 1/2 = (1 - n) ln[A] 0 + In 


— ( 2"- 1 - 1 ) 
n - 1 v ’ 


The slope of a plot of lnt 1/2 versus ln[A] 0 will be (1 - n). The data provided are plotted in this 
form in the following graph. 



The slope of the plot of In r 1/2 versus ln[N 2 O] 0 is -1, so n = 2 and the reaction is second-order in 
[N 2 0]. We use Equation 28.29 and the data provided to find the value of the rate constant: 


[N 2 O] 0 /mol-dm -3 

1.674 x 10" 3 

4.458 x 10“ 3 

9.300 x 10~ 3 

1.155 x 10“ 2 

k/dm 3 -mor'-s _1 

0.50 

0.48 

0.47 

0.46 


The average value of the rate constant is k = 0.47 dm 3 - mol 1 - s 1 


28-32. We will derive Equation 28.39 from Equation 28.38 in this problem. Rearrange Equation 28.38 
to become 


<*[A] 

(k 1 +k_ 1 )[A]-k_,[A] 0 


= —dt 


and integrate to obtain 

ln{(k, + k_j)[A] - k_][A] 0 } = -(k, + k_,)f + constant 


or 

(k, + k_,)[A] — k_j[A] 0 = ce -( *' + *-d' 
where c is a constant. Show that c = k { [A] 0 and that 


(k, + k_,)[A] - k_,[A] 0 = k,[A] 0 e-<*.+*-,>' 


(1) 
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Now let t -> oo and show that 


[A] 0 = 


+fc_ 1 )[A] eq 


and 


-i 


[A] 0 — [A] eq = 


k\ [A] 0 


v -i 


^1 + &_i 


Use these results in Equation 1 to obtain Equation 28.39. 


We begin by separating the variables in Equation 28.38: 

d[ A] 


dt 


d[ A] 


+ &_j)[A] — k_ x [A] 0 

We then integrate to find 

d[A] 


= (* 1 +t„ 1 )[A]-*_ 1 [A] 0 


= —dt 


/ 


(*,+*_,)!*]-*_,[A] 0 
ln{(^+^,)[A]-fc_,[A] 0 } 


-/ 


dr 


= — r + constant 


ln{(^ 1 +/c_,)[A] — fc_][A] 0 } = — (&, + &_,); + constant 
(^i + ^_j)[A] — &_,[A] 0 = ce -( *' + *-i)' 

where c is a constant. At t = 0, [A] = [A] 0 , so Equation a becomes 

(*i + fc_, -fc_,)[A] 0 = c 
k i [A] 0 = c 

Substituting this result back into Equation a gives Equation 1: 

(*, +k_ l )[A]-k_ l [A] 0 = *,[. AV" ( *. 


(a) 


(1) 


Now let t oo, in which case [A] -» [A]^. The exponential term in Equation 1 then goes to zero, 
and so 


(*,+*_,)[ A] eq -*_ 1 [A] 0 = 0 


[A] 0 = 


(fe,+^ 1 )[A] eq 


-1 


Subtracting [A]^ from both sides gives 


[A] 0 — [A] eq = 


(k1 + *_I - ^[AJe, *, [A] eq k t [A] 0 


V -1 


V -1 


/c, + 


Substituting into Equation 1 gives 

(*, +*_,)[A] - t.,[A] 0 = t,[A] 0 <r«.-“-.» 

[A] = ^2. + 

k x +k_ l k x +k_ x 

[A] = [A] eq + ([A] 0 - [A] eq )<r<*.+*-.>' 


which is Equation 28.39. 
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28-33. Consider the general chemical reaction 

A + B ^ P 

k -i 

If we assume that both the forward and reverse reactions are first order in their respective reactants, 
the rate law is given by (Equation 28.52) 

d[ P] 

( 1 ) 

Now consider the response of this chemical reaction to a temperature jump. Let [A] = [A] 2eq + 
A[A], [B] = [B] 2 ^ + A[B], and [P] = [P] 2 eq + A[P], where the subscript “2,eq” refers to the new 
equilibrium state. Now use the fact that A[A] = A[B] = — A[P] to show that Equation 1 becomes 

dA[P] 

= fc|[A] 2 eq [B] 2 eq — *_] [P] 2 ,eq 

— {*,([A] 2eq + [B] 2eq ) + *_,} A[P] + 0(A[P] 2 ) 

Show that the first terms on the right side of this equation cancel and that Equations 28.53 and 
28.54 result. 


After the temperature jump to the new equilibrium state, we can write Equation 1 in terms of the 
new equilibrium state and the changes in concentration: 


<i([P] 2 + A[P]) 

-^-= *.«A] 2iBq + A[A])([B] 2eq + A[B]) - *_,([P] 2-eq + A[P]) 

Because [P] 2eq does not vary with time and A [A] = A[B] = — A[P], we can simplify the above 
expression to 

dA[P] 

= ^([A] 2ieq - A[P])([B] 2 eq - A[P]) - *_,([P] 2 , eq + A[P]) 

= MA] 2eq [B] 2eq - *_,[P] 2ieq - {^([A]^ + [B] 2eq ) + k_J A[P] + 0{(A[P]) 2 } 


At equilibrium, d[P]/dt = 0, so &_,[P] 2eq = ^i[A] 2eq [B] 2eq and the first terms on the right hand 
side of the equation cancel. Then (disregarding second-order and higher terms in A[P]) 


dA[P] 


dt 


In 


<*A[P] 

A[P] 

A[P] 

A[P] 0 


— {&,([A] 2eq + [B] 2eq ) + &_,}A[P] 2eq 
-^{*,([A] 2eq + [B] 2eq ) + fc_,} 
-M*,([A] 2 . eq + [B] 2 ^) + *_ I } 


A[P] = A[P] 0 e -,/t 


where 


1 

MiAj~KBi^)Tr; 


28-34. The equilibrium constant for the reaction 

H + (aq) + OH-(aq) ^ H 2 0(1) 
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at 25°C is K c = [H 2 0]/[H + ][0H _ ] = 5.49 x 10 15 mol -1 -dm 3 . The time-dependent conductivity of 
the solution following a temperature jump to a final temperature of 25°C shows a relaxation time 
of r = 3.7 x 10 -5 s. Determine the values of the rate constants and k_ v At 25°C, the density of 
water is p — 0.997 g*cm -3 . 


The concentration of water at 25°C is 

0.997 g-cm -3 /10 cm\ 3 
18.015 g-mol -1 V 1 dm ) 


55.3 mol-dm 3 


Let a: be the number of moles of water that dissociate per liter. Then, at equilibrium, [F^O] = 
55.3 mol-dm -3 — x , and [H + ] = [OH - ] = *. We can use the K c given in the problem and these 
values to write 


K = 


[H.O] 


55.3 mol-dm 3 — x 


[H + ][OH“] a: 2 


5.49 x 10 15 mol -1 -dm 3 = 


-l 


55.3 mol-dm 3 — x 


x = 1.00 x 10 7 dm 3 -mol 


where we have taken the positive root as x. Then [OH ] = [H + ] = 1.00 x 10 7 mol-dm 3 . We also 
note that K c = k x / k _ x , so 

k x = 5.49 x 10 15 mol“ 1 -dm 3 ^_ 1 (1) 

We can use Equation 28.54 to write 

*_ 1 +M[h + ] + [oh-]) = 1 

1 1 r 

Substituting for [H + ], [OH - ], and k v we find 

1 

i = ___ 

(3.7 x 10" 5 s)[l + (5.49 x 10 15 mol -1 -dm 3 )(2.00 x 10“ 7 mol-dm -3 )] 

= 2.5 x 10 -5 s -1 

and (substituting back into Equation 1)A:, = 1.4 x 10 11 mol -1 -dm 3 -s -1 . 


28-35. The equilibrium constant for the reaction 

D + (aq) + OD“(aq) ^ D 2 0(1) 

at 25°C is K c = 4.08 x 10 16 mol -1 -dm 3 . The rate constant k_ x is independently found to be 
2.52 x 10 -6 s -1 . What do you predict for the observed relaxation time for a temperature-jump 
experiment to a final temperature of 25°C? The density of D 2 0 is p = 1.104 g-cm -3 at 25°C. 


The concentration of D 2 0 at 25°C is 


1.104 g-cm 3 
20.027 g-mol -T 


10 cm 


55.13 mol-dm 3 


1 dm 
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Let x be the number of moles of D z O that dissociate per liter. Then, at equilibrium, [D z O] = 
55.13 mol-dm -3 — x, and [D + ] = [OD - ] = x. We can use the K c given in the problem and these 
values to write 


K = 


[H 2 0] 


55.13 mol-dm 3 — x 


[H + ][OH~] * 2 


4.08 x 10 16 mol -1 -dm 3 = 


55.13 mol-dm 3 — x 


x = 3.68 x 10 8 dm 3 -mol 


where we have taken the positive root as x. Then [OD ] = [D + ] = 3.68 x 10 8 mol-dm -3 . We can 
also write K c as k x /k_ v so (using the given value of k_ } ) 

k, = K c = (2.52 x 10 -6 s -1 )(4.08 x 10 16 mol -1 -dm 3 ) = 1.03 x 10 11 mol -1 •dm 3 -s- 1 

We can now use Equation 28.54 to write 

1 

T_ *_,+* 1 ([D + ] + [OD-]) 

__1_ 

2.52 x 10 -6 s -1 + (1.03 x 10" mol -1 -dm 3 -s _1 )(7.36 x 10 -8 mol-dm -3 ) 

= 1.32 x 10 -4 s 


28-36. Consider the chemical reaction described by 

2A(aq) ^ D(aq) 

If we assume the forward reaction is second order and the reverse reaction is first order, the rate law 
is given by 

d[ D] 

-~ = k d a] 2 -MD] (l) 

Now consider the response of this chemical reaction to a temperature jump. Let [A] = [A] 2eq + A[A] 
and [D] = [D] 2 + A[D], where the subscript “2,eq” refers to the new equilibrium state. Now use 

the fact that A[A] = —2A[D] to show that Equation 1 becomes 

rfA[Dl 

= —(4&,[A] 2eq +&_j)A[D] + 0(A[D] 2 ) 

Show that if we ignore the 0(A[D] 2 ) term, then 

A[D] = A[D] 0 e -,/t 


where r = l/(4fcj[A] 2e() + 


We let [A] = [A] 2eq + A [A] and [D] = [D] 2eq + A[D] in Equation 1: 

d[ D] 


dt 

J([D] 2eq + A[D]) 


= k ] [A] 2 — k_ t [D] 


dt 


= *i([ A ] 2 ,e q + A [ A D 2 - + A[D]) 


1 J 2.eq 
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Now use the relation A[A] = —2A[D] to write 
dA[D] 

- 2A[D]) 2 - ^_j([D] 2eq + A[D]) 

= - 4*,[A] 2eq A[D] - k_ t [ D] 2eq - A[D] + 0{(A[D]) 2 } 

At equilibrium, d[D]/dt = 0, so (from Equation 1) ^_,[D] 2eq = fc,[A] 2eq . Then 
dAfDl 

—jf 2 = —(4*,[A] 2eq + *_,)A[D] + 0{(A[D]) 2 } 

Ignoring second-order and higher terms in A[D] and integrating gives 

JA[D1 

= (4A:, [ A] 2 eq +^_j)A[D] 


= -dt(4k l [A] 2 + k_ { ) 


JA[D] 

A[D] 

A[D] 

ln ^ = f(4 *. [A ^ + /c -. ) 

A[D] = A[D] 0 e -f/r 


where r = l/(4fc,[A] 2eq + 


28-37. In Problem 28-36, you showed that the relaxation time for the dimerization reaction 


2 A(aq) A D(aq) 


is given by r = 1 /(4 k x [A] 2 + k _ { ). Show that this equation can be rewritten as 


^=C,+8^_ 1 [S] 0 


where [S] 0 = 2[D] + [A] = 2[D] 2eq + [A] 2eq . 


We write the equilibrium constant in terms of the rate constants and the concentrations of D and A: 

[D] 2 


K = 


[D] 2eq = 


J 2,eq _ 

[A]U " 

[Aft,,*, 


( 1 ) 


Because [S] 0 is a constant, [S] 0 = [A] 2eq + 2[D] 2eq . Substituting for [D] 2eq from Equation 1 gives 

2[A] 2 jfe, 

[S] 0 = [A] 2 . eq + —^ 

^_,[S] 0 = 2^j[A] 2eq + /c_j[A] 2eq 

From Problem 28-36, we can write 1 /r 2 as 


7 = (4*i [A ] 2lCq + *-t) 2 

= l6k 2 1 [A]\ eq + ik l k_ l [A] 2eq + k 2 _ l 
= 8^ (2/: 1 [A] 2 eq + ^ 1 [A] 2eq )+fc 2 _ 1 


(2) 
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Substituting from Equation 2, we obtain 

— = S/Cj/cJSJq + k 2 _ x 


28-38. The first step in the assembly of the protein yeast phosphoglycerate mutase is a reversible 
dimerization of a polypeptide. 


2 A(aq) ^ D(aq) 

fe -l 

where A is the polypeptide and D is the dimer. Suppose that a 1.43 x 10" 5 mol-dm -3 solution 
of A is prepared and allowed to come to equilibrium at 280 K. Once equilibrium is achieved, the 
temperature of the solution is jumped to 293 K. The rate constants jfc, and k ^ for the dimerization 
reaction at 293 K are 6.25 x 10 3 dm 3 -mor 1 -s _1 and 6.00 x 10“ 3 s _I , respectively. Calculate the 
value of the relaxation time observed in the experiment. (Hint: See Problem 28-37.) 


From Problem 28-37, we have 

^ = 8^_,[S ]„ + £, 

We are given [A] 0 = 1.43 x 10 -5 mol-dm -3 . Because [D] 0 = 0, [A] 0 = [A] 2eq + 2[D] 2eq , so 
[S] 0 = 1.43 x 1(T 5 mol-dm- 3 . Then 

\ = 8(6.25 x 10 3 dn^-mol -1 -s -1 )(6.00 x 10“ 3 s _1 )(l.43 x 10 -5 mol-dm -3 ) + (6.00 x 10 -3 s -1 ) 2 

—r = 4.33 x 10 -3 s -2 
r 2 

t = 15.2 s 


28-39. Does the Arrhenius A factor always have the same units as the reaction rate constant? 


Yes. The Arrhenius equation is 


k = Ae~ E ‘ /RT (28.57) 

Because the exponential term is unitless, k and A have the same units. 


28-40. Use the results of Problems 28-26 and 28-27 to calculate the values of E and A for the 

a 

decomposition of uranyl nitrate. 


We can use the expression from Example 28-8, 


E 3 = R 



In 


k(T { ) 

k{T 2 ) 
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In Problems 28-26 and 28-27, we found that k = 8.82 x 10 -3 min -1 at 298 K and that 
k = 0.0505 min -1 at 623 K for the decomposition of uranyl nitrate. Substituting into the above 
equation, we find 


(8.315 JK' 1 -mol- 1 ) 


(298 K)(623 K)' 
298 K - 623 K 


8.82 x 10~ 3 min" 1 
0.05050 min -1 


8290 J-mor 1 


The value of A is given by Equation 28.57. Using the values at 298 K, we find that 


A = ke E * /RT = (8.82 x 10“ 3 min -1 ) exp 


8290 J-mol -1 

(8.315 J-mor 1 -K-')(298K) 


0.250 min 1 


28-41. The experimental rate constants for the reaction described by 

OH(g) + ClCH 2 CH 2 Cl(g) —► H,0(g) + CICHCELjCKg) 
at various temperatures are tabulated below. 


r/K 

292 

296 321 

333 

343 

363 

k/ 10 8 dm 3 -mol -1 -s -1 

1.24 

1.32 1.81 

2.08 

2.29 

2.75 


Determine the values of the Arrhenius parameters A and £ a for this reaction. 


We can write the Arrhenius equation as 

E 1 

In k = In A —-f — 
R T 


(28.56) 



The best-fit line to a plot of In /c versus 1/7' will have an intercept of In A and a slope of 
—EJR. Here, the best fit of the experimental data gives A = 7.37 x 10 9 dm 3 -mol -1 -s -1 and 
E = 9.90 kJ-mol -1 . 

a 


28-42. The Arrhenius parameters for the reaction described by 

H0 2 (g) + OH(g) —> H 2 0(g) + 0 2 (g) 

are A = 5.01 x 10 10 dn/mor'-s -1 and E a = 4.18 kJ-mor 1 . Determine the value of the rate 
constant for this reaction at 298 K. 
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We can use Equation 28.57: 


k = Ae~ E > /RT 

= (5.01 x 10 10 dm 3 -mol -1 -s -1 ) exp 
= 9.27 x 10 9 dm 3 mol -1 -s _l 


4180 J mor 1 

(8.315 J-K- 1 mol" 1 )(298K) 


28-43. At what temperature will the reaction described in Problem 28=12 have a rate constant that is 
twice that at 298 K? 


Again, use Equation 28.57: 


R In (k/A) 

-4180 J-mol -1 1 

“ 8.3145 J-mol-'-K" 1 ln[2(9.27 x 10 9 )/5.01 x 10 10 ] 
= 506 K 


28-44. The rate constants for the reaction 

CHCl 2 (g) + Cl 2 (g) CHClj (g) + Cl(g) 
at different temperatures are tabulated below 


T/K 

357 

400 

458 

524 

533 

615 

kj 10 7 dm 3 -mor 1 -s -1 

1.72 

2.53 

3.82 

5.20 

5.61 

7.65 


Calculate the values of the Arrhenius parameters A and £ a for this reaction. 


We can write the Arrhenius equation as 

E 

In k = In A-*- (28.56) 



The best-fit line to a plot of In k versus 1 / T will have an intercept of In A and a slope of 
— EJR. Here, the best fit of the experimental data gives A = 5.93 x 10 8 dm 3 -mor 1 -s _1 and 
E = 10.5kJmor'. 

a 
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28-45. The rate constant for the chemical reaction 

2N 2 0 5 (g) —> 4N0 2 (g) + 0 2 (g) 

doubles from 22.50°C to 27.47°C. Determine the activation energy of the reaction. Assume the 
pre-exponential factor is independent of temperature. 


We can use the expression for £ a derived in Example 28-8: 

k{T x ) 


E=R 


T T 
1 1*2 


In 


k(T 2 ) 


= (8.3145 J-mor'-K- 1 ) 


(295.65 K)(300.62 K) 

L (295.65 - 300.62) K J 


In 


= 103.1 kJ-mol 


-i 


28-46. Show that if A reacts to form either B or C according to 

A -^4- B or A C 

then £ a , the observed activation energy for the disappearance of A, is given by 

= k x E x +k 2 £ 2 
a k,+k 2 

where E { is the activation energy for the first reaction and E 2 is the activation energy for the second 
reaction. 


The Arrhenius equations for each reaction are (Equation 28.57) 

fej = A x e~ E i /RT and k 2 = A 2 e~ E * /RT 


The observed rate constant for the disappearance of A is going to be the sum of k x and k 2 . Therefore, 
the Arrhenius equation for the net effect of both reactions can be written as (Equation 28.55) 


d In (k x + k 2 ) _ 

dT ~ RT 2 

Substituting for k { and k 2 and taking the derivative gives 


1 d 
k x + k 2 dT 

i (Mi 

k { + k 2 V RT 2 


(A { e- E <' RT + A 2 e~ E * IRT ) 


e~ E J RT + 


A~E. 


2^2 C -EJRT 


RT z 


+ A 2 E 2 e-°>'*T) 


Ej/c, + E 2 k 2 
k x + k 2 



28-47. Cyclohexane interconverts between a “chair” and a “boat” structure. The activation parameters 
for the reaction from the chair to the boat form of the molecule are A *H° = 31.38 kJ-mol -1 and 



Chemical Kinetics I: Rate Laws 


919 


A*5° = 16.74 J-K Calculate the standard Gibbs energy of activation and the rate constant for 
this reaction at 325 K. 


We can use Equation 28.73 to find A*G°: 


A*G° = A t H° - TA*S° 

= 31.38 kJ-moP 1 - (325 K)(16.74 J-moP 1 ) 
= 25.94 kJ-moP 1 

The rate constant is given by Equation 28.72 (c° = 1): 

£ _ W^_ e -h*G°/RT 


= (6.77 x 10 12 s ') exp 
= 4.59 x 10 8 s“‘ 


-25 940 J-moP 1 
(8.315 J-K" 1 •mol" 1 )(325 K) 


28-48. The gas-phase rearrangement reaction 

vinyl allyl ether —> allyl acetone 

has a rate constant of 6.015 x 10 -5 s _l at 420 K and a rate constant of 2.971 x 10“ 3 s _1 at 470 K. 
Calculate the values of the Arrhenius parameters A and £ a . Calculate the values of A*H° and A*S° 
at 420 K. (Assume ideal-gas behavior.) 


We can use the expression derived in Example 28-8 to find £ a : 

k(T x ) 


-*G&) 


In 


k(T 2 ) 


= (8.315 J-K-'-moP 1 ) 
= 128.0 kJmoP 1 


(420 K)(470 K) 
420 K - 470 K 


6.015 x 10" 5 s _1 
2.971 x 10" 3 s' 1 


In 


Using this value in the Arrhenius equation with the rate constant at 420 K gives 

128 OOOJ-moP 1 


6.015 x 10 5 s 1 = A exp 
We can write (Equation 28.55) 


(8.315 J-K" 1 •moP‘)(420K)J 


A = 5.01 x 10" s" 


dink £ a 

Jt ~ W 1 

and, for an ideal-gas system, we also have (Equation 28.76) 


dink _ 1 A*t/° 

li ~T + RT 2 

For a unimolecular reaction, A X H° = A* U°, and so equating these two expressions gives 


E 1 A % H° 

- — —- 1 - 

RT 2 T RT 2 
E a = RT + A *H° 
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We can solve this equation for A *H° at 420 K: 

A X H° = 128.0 kJ-moP 1 - (8.315 x 10“ 3 kJ-mol“ 1 )(420 K) = 124.5 kJ-moP 1 


Because E a = A X H° + RT for a reaction of type A P, Equation 28.80 becomes 

pk T 

A _ g/C B J C A*S°/R 

h 

Solving for A*S° gives 


A*S° = R In 


Ah 

- ek * T - 


= (8.315 J*K _1 -mol -1 ) In 


'(4.98 x 10 11 s“ 1 )(6.626 x 10" 34 J-s)~ 
^(1.381 x 10“ 23 J*K- 1 )(420K) 


= —32.1 J moP^KT 1 


28-49. The kinetics of a chemical reaction can be followed by a variety of experimental techniques, 
including optical spectroscopy, NMR spectroscopy, conductivity, resistivity, pressure changes, and 
volume changes. When using these techniques, we do not measure the concentration itself but 
we know that the observed signal is proportional to the concentration; the exact proportionality 
constant depends on the experimental technique and the species present in the chemical system. 
Consider the general reaction given by 


v A A + v B B —> v Y Y + v z Z 


where we assume that A is the limiting reagent so that [A] -> 0 as t -> oo. Let p. be the 
proportionality constant for the contribution of species i to 5, the measured signal from the 
instrument. Explain why at any time t during the reaction, S is given by 

S(t) = p A [ A] + p B [ B] + p Y [ Y] + p z [Z) (1) 

Show that the initial and final readings from the instrument are given by 


S(0) = /? a [A] 0 + p B [ B] 0 + p Y [Y] 0 + p z [ Z] 0 


and 

5(oo) = p B ([B] 0 - ^[A] 0 ) + p Y ([Y] 0 + ^[A] 0 ) + p z ([Z] 0 + ^[A] 0 ) 
Combine Equations 1 through 3 to show that 


[A] = [A], 


5(0 - 5(oo) 


°5(0) - 5(oo) 

(Hint: Be sure to express [B], [Y], and [Z] in terms of their initial values, [A] and [A] 0 .) 


( 2 ) 

(3) 


Equation 1 holds because the total measured signal is the sum of the signals from each species. 
Because p.[i] is the amount of signal that species i contributes, we have Equation 1. Initially, 
therefore, we have 


5(0) = p a [A] 0 + p B [B] 0 + p Y [Y] 0 + p z [Z] 0 


(2) 
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As f ->■ oo (at the time of the final reading), [A] ->• 0. From the stoichiometry of the reaction, 
we know that at t = oo, v E [A] 0 /v A moles of B have reacted, v y [A] 0 /v a moles of Y have been 
produced, and v z [A] 0 /v a moles of Z have been produced. We then have 

5(oo) = p B ([B] 0 - ^[A] 0 ) + p Y ([Y] 0 + ^[A] 0 ) + p z ([Z] 0 + ^[A] 0 ) (3) 

At time t, when the concentration of A is [A], 

[B] = [B] + —[A] 

[Y] = [Y] 00 -^[A] 

V A 

[Z] = [Z] - —[A] 

U A 

We can combine these equations with Equations 1 and 3 to find 
5(f) = p A [A] + p B ([B] 0 - — [A] 0 + — [Aj'j 

V V A V A / 

+Py (m, + "~[A] 0 - ^[A]) + H ([Z] 0 + ^[A] 0 - ji[A]) 

Then 

5(f) - 5(oo) = p A [A] + % B [A] - ~F y [A] - V fp z [ A] 

^A ^A 

5(0) - 5(oo) = p A [A] 0 + —/> b [A] 0 - — p Y [A] 0 - ^p z [ A] 0 

V A V A V A 

and 

5(f) - 5(oo) _ [A] 

5(0) - 5(oo) [A] 0 


28-50. Use the result of Problem 28-49 to show that for the first-order rate law, v = k[A], the 
time-dependent signal is given by 

5(f) = 5(oo) + [5(0) - 5 (oo)]£T*' 


For the first-order rate law 


[A] = [A] 0 e - *' (28.23) 

We can use the final result of Problem 28-49 to write this as 

5(Q - 5(oo) _ [A] = _ b 
5(0) - 5(oo) [A] 0 ^ 

or 

5(0 = 5(oo) + [5(0) - 5(oo)]e _ *' 
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28-51. Use the result of Problem 28^9 to show that for the second-order rate law, v = k[ A] 2 , the 
time-dependent signal is given by 


5(f) — 5(oo) -f- 


5 ( 0 ) - 5 ( 00 ) 
1 + [AJ 0 *f 


For the second order rate law 

iAi = iAi; +/cf 

We can write this equation in terms of [A]/[A] 0 : 

_[al 

l + [A] 0 *r 
[A] _ 1 

[A] 0 1 + [A yet 

and then use the final result of Problem 28-49 to write 

S(t ) - 5(oo) [A] 1 

5(0) - 5(oo) ” [A] 0 ” 1 + [A] 0 *r 


or 


5(0 = 5(oo) + 


5(0) - 5(oo) 
1 + [A] 0 kt 


(28.33) 


28-52. Because there is a substantial increase in the volume of the solution as the reaction proceeds, 
the decomposition of diacetone alcohol can be followed by a dilatometer, a device that measures 
the volume of a sample as a function of time. The instrument readings at various times are tabulated 
below. 


Time/s 

0 

24.4 

35.0 

48.0 

64.8 

75.8 

133.4 

oo 

5/arbitrary units 

8.0 

20.0 

24.0 

28.0 

32.0 

34.0 

40.0 

43.3 


Use the expressions derived in Problems 28-50 and 28-51 to determine if the decomposition 
reaction is a first- or second-order process. 


If the decomposition reaction is a first-order process, then 


5(r) - 5(oo) 
5(0) - 5(oo) ~ 


and a plot of ln[5(r) — 5(oo)]/[5(0) - 5(oo)] versus t will be linear. If the decomposition reaction 
is a second-order process, then 


1 + [A] 0 fcr — 


5(0-5(oo)' 
5(0) - 5(oo). 


-l 


and a plot of [5(0) - 5(oo)]/[5(0 — 5(oo)] versus t will be linear. 
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This is a first-order process. 


28-54. In Problem 28-49, we assumed that A reacted completely so that [A] 0 as t -*■ oo. Show 

that if the reaction does not go to completion but establishes an equilibrium instead, then 

5(r) - S(oo) 

[A] = [A],„ + ltA1 ,-[A W s ( 0) - S(^j 

where [A] 2 is the equilibrium concentration of A. 


Because 5(r) and 5(0) are the same as in Problem 28-49, we can still use Equations 1 and 2 from 
that problem. If the reaction establishes an equilibrium, Equation 3 becomes 

5(oo) = P A [A] 2eq + p B ([B] 0 - -®-[A] 0 + - 5 -[A] 2 _ eq 'j + p y f[Y] 0 + -*[A] 0 - 

\ V A V A / \ U A 

,) 


Then 


and 


+P z [[Z ] 0 + ^[A] 0 -^[Al 


50) - 5(oo) = p A ([A] - [A] 2 eq ) + p B (^[A] - ^[A] 2eq ) 

-Py (^ [A] “ ^ [A L.«i) 

= (p A +%B-^Y-^z)([A]-[Ag 
5(0) - 5(oo) = p A ([A] 0 - [A] ) + p B (^[A] 0 - ^[A] 2eq 

V 7 \ V A V A / 


-Py - Pz (^[AIo - %A],.„) 

= (p» + VP* - - ^Pz) ([Alo - [At,) 
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Dividing the first equation by the second gives 

5(0 - 5(00) [A] - [A] 2 eq 

S(0) - 5(oo) “ [A] 0 - [A] 2 eq 


or 


[A] = [A] 2eq 


+ ([A ] 0 - [A ] 2 eq ) 


5(0 - 5(oo) 
5(0) - 5(oo) 
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Chemical Kinetics II: Reaction Mechanisms 

PROBLEMS AND SOLUTIONS 


29-1. Give the units of the rate constant for a unimolecular, bimolecular, and termolecular reaction. 


Since v is in units of mol-dm 3 -s \ the units of k are 

fc uni m ol KU .ar : ( m0l - dm ' 3 - S_1 )( dm ; m0r ') = S "' , , 

^bimoiecuiar* (mol ■ dm" 3 -s" 1 ) (dm 3 -mol- 1 ) 2 = dm 3 -mol -s“ 
^termoiecuiar* (mol-dm" 3 ■ s-'Xdm 3 -mor 1 ) 3 = dm 6 -mol- 2 • s- 1 


29-2. Determine the rate law for the following reaction 

F(g)+D 2 (g)=4FD(g) + D(g) 
Give the units of k. Determine the molecularity of this reaction. 

Because this is an elementary reaction, the rate law is 

v = k[ F][D 2 ] 

This is a bimolecular reaction, so the units of k are dm 3 -mor' -s _1 


29-3. Determine the rate law for the reaction 

Kg) + Kg) + M(g) =4 I 2 (g) + M(g) 

where M is any molecule present in the reaction container. Give the units of k. Determine the 
molecularity of this reaction. Is this reaction identical to 

1(g) + Kg) =4 I 2 (g) 


Explain. 


Because this is an elementary reaction, the rate law is 

v = k[M][l) 2 
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This is a termolecular reaction, so the units of k are dm 6 - mol 2 - s 1 . There is a difference between 
the molecularity of the two reactions (the second one is bimolecular), so they are not identical. 


29-4. For T < 500 K, the reaction 


has the rate law 


N0 2 (g) + CO(g) C0 2 (g) + NO(g) 
d[ C0 2 ] 


dt 


= *o bs [N0 2 ] 2 


Show that the following mechanism is consistent with the observed rate law 

N0 2 (g) + N0 2 (g) ^ N0 3 (g) + NO(g) (rate determining) 

N0 3 (g) + CO(g) C0 2 (g) + N0 2 (g) 

Express k Qbs in terms of k x and k v 


If the first step of the mechanism is the rate-determining step, then the rate law is 

d[C0 2 ] 


dt 


= MN0 2 ] 2 


and k ohs — k x . The rate constant k 2 does not affect k Qbs . 


29-5. Solve Equation 29.21 to obtain [A] = [A] 0 e and substitute this result into Equation 29.22 to 


obtain 


dt 


+ k 2 [I]=k { [A] 0 e 


-k.t 


This equation is of the form (see the CRC Handbook of Standard Mathematical Tables , for example) 

dy(x ) 


dx 


+ p(x)y(x) = q(x) 


a linear, first-order differential equation whose general solution is 

J’(xV« = / 4 W^+C 

where h(x) = / p(x)dx and c is a constant. Show that this solution leads to Equation 29.25. 


The solution to Equation 29.21 (letting the concentration of (A] at t = 0 be [A] 0 ) is [A] = [A] 0 e *>'. 
Substituting into Equation 29.22 gives 

f = MA]-* 2 m 

= fc,[AVrV-* 2 [i] 

^ + * 1 [I]=i 1 [A] 0 «^ 
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The solution to this differential equation is 

[I]eV =£,[A ] 0 J e ( Wdt + c 

[I] = *i [A] o e -*,« + ce- k *' 

K>2 ^V| 

At t = 0, [I] = 0, so 

. *,[Ajp 

k — k 

K 2 

and we obtain 

[I] = _ e "V) (29.25) 

k~ — k. 


29-6. Verify that Equation 29.32 is obtained if Equation 29.30 is substituted into Equation 29.23 and 
the resulting expression is integrated. 


Start with Equations 29.23 and 29.30: 

dm 


dt = * 2 [I] and [1] = ^%-*'' 


Substituting Equation 29.30 into Equation 29.23 gives 

d[ P] 


dt 


= *,[AV 


and integrating gives 


[P] = -[A ] 0 e-V+ c 


At t = 0, [P] = 0, and so c = [A] 0 . Thus 

[P] = -[A] 0 e-V + [A] 0 = [A] 0 (l - e-V) 

which is Equation 29.32. 


29-7. Consider the reaction mechanism 


A 



I 



P 


where [A] = [A] 0 and [I] 0 =[P] 0 = 0 at time t = 0. Use the exact solution to this kinetic scheme 
(Equations 29.24 through 29.26) to plot the time dependence of [A]/[A] 0 , [I]/[A] 0 , and [P]/[A] 0 
versus log k x t for the case k 2 = 2k y On the same graph, plot the time dependence of [A]/[A] 0 , 
[I]/[A] 0 , and [P]/[A] 0 using the expressions for [A], [I], and [P] obtained assuming the steady-state 
approximation for [I]. Based on your results, can you use the steady-state approximation to model 
the kinetics of this reaction mechanism when k 2 = 2k l ? 
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Letting x = k,t and k 2 = 2 k ,, Equations 29.24 through 29.26 become 

[A] 

[A] 0 

[I] 


= e 


[A] 0 2k, - k 


(e~ x - e- 2 *) = e- x - e 


—lx 


[P] 

[A] 0 


= 1 _i^I_ra =1 _ 2e 

[A] 0 [I] 0 


—x „-lx 


Likewise, letting x —k x t and k 2 = 2 k v the steady-state approximations for [A], [I], and [P] 
(Equations 29.24, 29.30, and 29.32) become 


_[A]_ _ _jc w_ = h_ e -* = e _l i£L = 1 _^ 

[A] 0 6 [A] 0 2k, 6 2 [A] 0 ^ 

In the plot, the dashed lines represent the steady state approximations and the solid lines represent 
the exact values. Both give the same values for [A]/[A] 0 , but the steady-state approximations 
of [I]/[A] 0 and [P]/[A] 0 differ significantly from the exact solutions. We can conclude that the 
steady-state approximation is not a good model for the kinetics of a reaction mechanism for which 
k 2 = 2k x . 



In k x t 


29-8. Consider the mechanism for the decomposition of ozone presented in Example 29-5. Explain 
why either (a) » v 2 and v_ x » v x or (b) v 2 v_ { and v 2 » v x must be true for the steady-state 

approximation to apply. The rate law for the decomposition reaction is found to be 

dJ 2T = 

Is this rate law consistent with the conditions given by either (a) or (b) or both? 


The mechanism presented in Example 29-5 is 


M(g) + 0 3 (g) 



0 2 (g) + 0(g) + M(g) 


0(g) + 0 3 (g) 20 2 (g) 
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For the steady state approximation to apply, the concentration of O must be negligible. This means 
that the rates of reaction of [O] must be greater than the rates of formation of [O]. We examine each 
of the proposed conditions to determine whether this is true. 

a. If u_, » v 2 and u_, » u,, then very little 0(g) can accumulate. When 0(g) is generated, it 
reacts quickly back to reactants, and less often to the products. 

b. If v 2 » v_, and v 2 » u,, then when 0(g) is formed it quickly goes to product, and (once again) 
very little is accumulated. 

For the steady state in O, we have (Example 29-5) 

rf[0 3 ] _ 2k { k 2 [0 3 ] 2 [M] 

dt *_,[0 2 ][M] + * 2 [0 3 ] 

Because all these reactions are elementary, we can write 

v 2 = k 2 [0][0 3 ] and u_, = A_, [0 2 ][0][M] 

Under the conditions given by (a). 


M° 2 ][0)[M]»* 2 [°][0 3 ] 

*_,[o 2 ][m] »* 2 [o 3 ] 

Then 

d[ 0 3 ) _ 2^k 2 [0 3 ] 2 [M] _ 2k^ 2 [0 3 ] 2 [M] _ 2 k,k 2 [0 3 ] 2 

dt *_,[0 2 ][M]+* 2 [0 3 ] ~ *_,[0 2 ][M] [0 2 ] 

which is not consistent with the observed rate law. Under the conditions given by (b), 


* 2 [0][0 3 ]» ^_,[0 2 ][0][M] 
* 2 [0 3 ] » *_,[0 2 ][M] 


Then 

d[ 0 3 ] _ 2k 1 k 2 [0 3 ] 2 [M] _ 2/Cjk 2 [0 3 ] 2 [M] 

dt fc_,[0 2 ][M] + ^ 2 [0 3 ] * *j[0 3 ] 

which is consistent with the observed rate law. 


2*,[0 3 ](M] 


29-9. Consider the reaction mechanism 


A + B C (1) 

C P (2) 

Write the expression for d[P]/dt, the rate of product formation. Assume equilibrium is established 
in the first reaction before any appreciable amount of product is formed, and thereby show that 

drp] 

~=W A][B] 

where K c is the equilibrium constant for step (1) of the reaction mechanism. This assumption is 
called the fast-equilibrium approximation. 
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Product is formed only in step (2) of the reaction mechanism, so the rate of product formation can 
be written as 

d[ P] 


dt 


= * 2 [C] 


If equilibrium is established in the first reaction before any appreciable amount of product is 
formed, then 


[CI 


-1 


[A] [B] 


Solving for [C] and substituting gives 


d[ P] 

dt 


LK c [A][B] 


29-10. The rate law for the reaction of para-hydrogen to ortho -hydrogen 


is 


para-H^g) ortho- H^g) 

d[ortho- H,] 


dt 


= *obs [para-Krf 12 


Show that the following mechanism is consistent with this rate law. 


para-HjCg) ^0= 2 H(g) (fast equilibrium) 

k , 


( 1 ) 


H(g) + para-H 2 (g) =k> ortho- H 2 (g) + H(g) 

Express k obs in terms of the rate constants for the individual steps of the reaction mechanism. 


( 2 ) 


The rate law is 


d[ortho- H 2 ] 


= L\para-n 2 ][U] 


d '^2 2 j 

Because the first step achieves a fast equilibrium,we can write 

K [H]2 
c [ para- H 2 ] 

where K c is the equilibrium constant for step (1) of the reaction mechanism. Solving this equation 
for [H] gives 

[H] = K' c /2 [para- H 2 ] 1/2 

Substituting into the observed rate law, 

dlonko-H,} =kK ,n [para . lhr 
dt 2 

and therefore 


k*, = KK l ' = h[j\ 


112 
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29-11. Consider the decomposition reaction of N 2 0 5 (g) 

2N 2 0 5 (g)-H4N0 2 (g) + 0 2 (g) 

A proposed mechanism for this reaction is 

N 2 0 5 (g)^N0 2 (g) + N0 3 (g) 

N0 2 (g) + N0 3 (g) NO(g) + N0 2 (g) + 0 2 (g) 

N0 3 (g) + NO(g) =>■ 2N0 2 (g) 

Assume that the steady-state approximation applies to both the NO(g) and N0 3 (g) reaction 
intermediates to show that this mechanism is consistent with the experimentally observed rate law 


d[ 0 2 ] 


= CJN,OJ 


dt obs L 2 5 J 

Express k obs in terms of the rate constants for the individual steps of the reaction mechanism. 


Under the steady state approximation for NO, we can write 

= * 2 [N0 2 ][N0 3 ] - * 3 [N0][N0 3 ] = 0 
at 

Solving this equation for [NO] gives 

UNO,] 

[NO] = 21 , 2 - 
k 3 

Using the steady state approximation for N0 3 , we can also write 
<i[N0 3 ] 


0 ) 


dt 


= u n 2 0 5 ] - ^_,[N0 2 ][N0 3 ] - * 2 [N0 2 ][N0 3 ] - ^ 3 [N0 3 ][N0] = 0 


Solving this equation for [N0 3 ] gives 

[N0 3 ](U[N0 2 ] + * 2 [N0 2 ] + k 3 [NO]) = ^[N 2 0 5 ] 
or 

fc.[N,03 

fNO 1 =- 125 - 

L 3J U[N0 2 ] + UN0 2 ] + UN0] 

Substituting for [NO] from Equation 1, we find 

k. [N,0,] 

1 3J k^NOJ + k^NOJ + k^NOJ 
Now, from step (2) of the reaction mechanism, we can express d[0 2 ]/dt as 

^1 = UN0 2 ][N0 3 ] 

Substituting for [N0 3 ] from Equation 2, we find 


( 2 ) 


= fe 2 [N0 2 ]- 


dt ' 2L 2J L[NO,] + UNO,] + k, [no 2 ] 


k,k. 


2 k 2 + 


2 [N,OJ 
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and * obs = *, fc 2 /( 2A: 2 + *-!>- 


29-12. The rate law for the reaction between CO(g) and Cl 2 (g) to form phosgene (CLCO) 


is 


Cl 2 (g) + CO(g) 
d[ CL£0] 


CLCO(g) 


= *„JC1J 3/2 [C0] 


dt 

Show that the following mechanism is consistent with this rate law. 


CL(g) + M(g) ^ 2Cl(g) + M(g) 


(fast equilibrium) 


Cl(g) + CO(g) + M(g) ClCO(g) + M(g) (fast equilibrium) 


ClCO(g) + Cl 2 (g) CI 2 CO(g) + Cl(g) 


(slow) 


where M is any gas molecule present in the reaction container. Express k obs in terms of the rate 
constants for the individual steps of the reaction mechanism. 


For the first two steps, the fast equilibrium allows us to write 

_ [M][C1] 2 = [Cl] 2 
C|1 [C1 2 ][M] [Cl 2 ] 


and 


K 


C, 2 


From these equations, we can write 


[C1C0][M] _ [C1CO] 
[Cl][CO][M] “ [Cl][CO] 


[Cl] = K' c ?[Cl 2 ]' /2 


( 1 ) 


and 


[C1CO] = K c2 [C1][CO] 


( 2 ) 


Using the third step of the reaction mechanism to write d[Cl 2 CO]/dt and Equations 1 and 2, we 
have 


d[Cl 2 CO] 

Jt 


= Jk 3 [ClCO][Cl 2 ] 

= * J ^ Ci2 [Cl][CO][Cl 2 ] 

= k 3 K c2 K%[ Cl 2 ] 3/2 [CO] 


Using the principle of detailed balance (Equation 29.6), we find that 


_ k 3 k 2 k\ /2 
k -2 k '-\ 
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29-13. Nitramide (C^NNHy decomposes in water according to the chemical equation 

0 2 NNH 2 (aq) N 2 0(g) + H 2 0(1) 

The experimentally determined rate law for this reaction is 

d\N 2 0] = , [Q 2 NNH 2 ] 
dt obs [H + ] 

A proposed mechanism for this reaction is 

Ju 

OjNNHjfaq) J— 0 2 NNH (aq) + H + (aq) (fast equilibrium) 

0 2 NNH" (aq) N 2 0(g) + OH" (aq) (slow) 

H + (aq) + OH" (aq) =^> HjOfl) (fast) 

Is this mechanism consistent with the observed rate law? If so, what is the relationship between k obs 
and the rate constants for the individual steps of the mechanism? 


From step (1) of the reaction mechanism, the fast equilibrium allows us to write 

[0 2 NNH-][H + ] 
c [OjNNHJ 

and so the rate equation for the second step of the reaction mechanism becomes 

*lN a O] _ ,, r „ __ _ ,, „ [O.NNH,] 


dt 


= & 2 [0 2 NNH“] = k 2 K c 


[H + ] 


This is consistent with the observed rate law, and 


**. = t 2*' = y 1 


29-14. What would you predict for the rate law for the reaction mechanism in Problem 29-13 if, instead 
of a fast equilibrium followed by a slow step, you assumed that the concentration of 0 2 NNH - (aq) 
was such that the steady-state approximation could be applied to this reaction intermediate? 


The rate equation for the second step of the reaction mechanism is still 


4N 2 0] 

dt 


£ 2 [0 2 NNH - ] 


Applying the steady-state approximation to find [0 2 NNH ], we find that 


d[0 2 NNIT] 

It 


= 0 = k l [0 2 NNH 2 ] - k_ ] [0 2 NNH~][H + ] - /t 2 [0 2 NNH“] 


This gives 


[0 2 NNH-](jk_,[H + ] + k 2 ) = k t [ 0 2 NNH 2 ] 

k { [0 2 NNH 2 ] 


[0 2 NNH“] = 


k,[R + ] + L 
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Then 

d[N 2 0] k 2 k y [ 0 2 NNH 2 ] 
dt “ 

which differs from the experimentally observed rate law. Note that if k 2 &_,[H + ], the first step 
essentially achieves a fast equilibrium and we find the rate law given in the previous problem. 


29-15. The rate law for the hydrolysis of ethyl acetate by aqueous sodium hydroxide at 298 K 

CH 3 COOCH 2 CH 3 (aq) + OH"(aq) CH 3 CO“(aq) + C^CI^OHCaq) 
is 

rf [CH 3CH 2 QH] = ^ bs[0 H-][CH 3 COOCH 2 CH 3 ] 

Despite the form of this rate law, this reaction is not an elementary reaction but is believed to occur 
by the following mechanism 

*i . 

CH 3 COOCH 2 CH 3 (aq) + OH“(aq) ^ CHjCO-CO^OCB^CH^aq) 
CHjCO'CO^OCHjCHjCaq) CH 3 C0 2 H(aq) + CH 3 CH 2 0-(aq) 

CH 3 C0 2 H(aq) + CH^H^-faq) =^> CH 3 C0 2 (aq) + CH 3 CH 2 OH(aq) 

Under what conditions does this mechanism give the observed rate law? For those conditions, 
express k obs in terms of the rate constants for the individual steps of the reaction mechanism. 


From step (3) of the reaction mechanism, we can write 

4[CH 3 CH 2 OH] 


= L[CH 3 C0 2 H][CH 3 CH 2 0-] 


( 1 ) 


dt i i i it 

If we assume that equilibrium is quickly reached in step (1) of the reaction mechanism, we find that 

R _ k^_ _ [ CH 3 C Q-(0H)0CH 2 CH 3 ] 


c,l 


[OH"][CH 3 COOCH 2 CH 3 ] 
k , 


[CH 3 CO-(OH)OCH 2 CH 3 ] = - l [OH-][CH 3 COOCH 2 CH 3 ] 


V -1 


We now use the steady-state approximation for CH 3 C0 2 H to write 
d[CH 3 C0 2 H] 


dt 


= [CH, CO “ (OH) OCH,CH, ] - A: 3 [CH 3 C0,H][CH 3 CH-0"] = 0 


Then 


£ 3 [CH 3 C0 2 H][CH 3 CH 2 0-] = k 2 [CH 3 CO~ (OHjOQ^CR, ] 

and the rate law becomes 

^[CHjCI^OH] 


dt 


= fc 2 [CH 3 CO-(OH)OCH 2 CH 3 ] 

= [OH - ] [CH 3 CHOOCHjCHj ] 


( 2 ) 


(3) 
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where we have substituted Equations 2 and 3 into Equation 1. This will give the observed rate law, 

with *obs =K k \l k -V 


29-16. The decomposition of perbenzoic acid in water 

2C 6 H 5 C0 3 H(aq) ^ 2 C 6 H 5 C0 2 H(aq) + 0 2 (g) 
is proposed to occur by the following mechanism 

*■ ■ 

C 6 H 5 C0 3 H(aq)^ C 6 H 5 C0 3 -(aq) + H + (aq) 

C 6 H 5 C0 3 H(aq) + C 6 H 5 CO"(aq) C 6 H 5 C0 2 H(aq) 

+C 6 H 5 COj(aq) + 0 2 (g) 


C 6 H 5 C0 2 "(aq) + H + (aq) C fi H 5 C0 2 H(aq) 

Derive an expression for the rate of formation of 0 2 in terms of the reactant concentration and [H + ], 


From step (2) of the reaction mechanism, we write 

=A 2 [C 6 H 5 C0 3 H][C 6 H 5 C0 3 -] 

Assuming that the first step reaches equilibrium rapidly, we have 



[C 6 H 5 C0 3 -] 


[H + ][C 6 H 5 CQ 3 -] 

[C 6 H 5 C0 3 H] 

*, [C 6 H 5 C0 3 H] 
[H + ] 


Substituting into the above rate law gives 


d[ 0 2 ] _ kjc, [C 6 H 5 CQ 3 H] 2 
dt k_ x [H + ] 


29-17. The rate law for the reaction described by 

2H 2 (g) + 2NO(g) N 2 (g) + 2H 2 0(g) 
is 

® =/: obs [H 2 ][NO] 2 

Below is a proposed mechanism for this reaction 

H 2 (g) + NO(g) + NO(g) N 2 0 + H 2 0(g) 

H 2 (g) + N 2 0(g) Jb N 2 (g) + H 2 0(g) 

Under what conditions does this mechanism give the observed rate law? Express /c obs in terms of 
the rate constants for the individual steps of the mechanism. 
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From step (2) of the reaction mechanism, 

d[ N,] 

= ^ 2 [H 2 ][N 2 0] 

We assume we can use the steady-state approximation for N 2 0. Then 

d[ N,0] 

-—- 1 = *,[H 2 ][NO] 2 - * 2 [H 2 ][N 2 0] = 0 


or 

[N 2 0] = ^-[NO] 2 

K i 

Substituting into Equation 1, we find that 


d[ N 2 ] 
dt 


^[H 2 ][NO] 2 


If this mechanism is followed, then k obs = k v 


( 1 ) 


29-18. A second proposed mechanism for the reaction discussed in Problem 27-17 is 

k \ t 

N0(g) + N0(g)^N 2 0 2 (g) 

HjCg) + N 2 0 2 (g) =4*. N 2 0(g) + HjOCg) 

Hj(g) + N 2 0(g) =4- N 2 (g) + HjOCg) 

Under what conditions does this mechanism give the observed rate law? Express k ohs in terms of 
the rate constants for the individual steps of the mechanism. Do you favor this mechanism or that 
given in Problem 27-17? Explain your reasoning. 


From step (3) of the reaction mechanism, we can write (as in the previous problem) 

d[ NJ 

= MH 2 ][N 2 0] (l) 

If we use the steady-state approximation for N 2 0, 

d[ N,0] 

= o = * 2 [H 2 ][N 2 0 2 ] - * 3 [H 2 ][N 2 0] 

[N 2 0] = ^[N 2 o 2 ] 

K 3 

and Equation 1 becomes 

d[ NJ 

= ^ 2 [H 2 ][N 2 0 2 ] 

Now, if we assume that the first step establishes a fast equilibrium, we can write 

*, [N 2 o 2 ] 

c, ‘ [NO] 2 

^[NO] 2 = [N 2 0 2 ] 


(2) 
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Substituting into Equation 2 then gives 


d[ N 2 ] 
dt 


k n k i ^ 

-^-[H^NO] 2 

K -\ 


which would give an observed rate constant of k 2 k } /k_ x . It seems more probable that this mechanism 
is followed, because each step of this mechanism is a bimolecular reaction. The mechanism of 
Problem 29-17 requires a termolecular reaction to occur. 


29-19. An alternative mechanism for the chemical reaction 

Cl 2 (g) + CO(g)^Cl 2 CO(g) 

(see Problem 29-12) is 

Cl 2 (g) + M(g) 2 Cl(g) + M(g) (fast equilibrium) 

k j 

Cl (g) + Cl 2 (g) Cl 3 (g) (fast equilibrium) 

k -2 

Cl 3 (g) + CO(g) ^ Cl 2 CO(g) + Cl(g) 

where M is any molecule present in the reaction chamber. Show that this mechanism also gives the 
observed rate law. How would you go about determining whether this mechanism or the one given 
in Problem 29-12 is correct? 


The observed rate law is (from Problem 29-12) 


d[ Cl 2 CO] 
dt 


*ob S [Cl 2 ] 3/2 [CO] 


From step (3) of the reaction mechanism, we write 


d[Cl 2 CO] 

Jt 


* 3 [C1 3 ][C0] 


Because steps (2) and (1) establish fast equilibria, we write 

_ fc 2 _ [Cl 3 ] 

c2 k_ 2 [C1][C1 2 ] 


which gives 


Also, 


and so 


[C1 3 1 = t-MC1][C1 2 ] 


—2 


K [Ci] 2 [M] 


K., = -^ = 


c '‘ k. [CL][M] 


V*_I / 


1/2 


[Cl 2 ] 1/2 


( 1 ) 


(2) 


[Cl] = 



938 


Chapter 29 


Substituting this expression for [Cl] into Equation 2 gives 




[C1 2 ] 3/2 


and substituting this expression into Equation 1 gives 


<i[CI 2 CO] 

Jt 


k 3 k 2 k\ fl 

k_ 2 k'J? 


[Cl 2 ] 3/2 [CO] 


which corresponds to the observed rate law. To determine whether this mechanism occurs or that 
in Problem 29-12, we might check to see whether Cl 3 is produced during the reaction. 


29-20. The Lindemann reaction mechanism for the isomerization reaction 

CH 3 NC(g) —> CH 3 CN(g) 


is 


CH 3 NC(g) + M(g) ^ CH 3 NC*(g) + M(g) 


CH.NC’Cg) =b CH 3 CN(g) 


Under what conditions does the steady-state approximation apply to CE^NC*? 


The steady-state approximation will apply if d[CH 3 NC*]/dt & 0. This will be true if v_ x v v 
when jk.JCHjNC*] » k { [CU 3 NC], or if u 2 » v v when k 2 [C H 3 NC*] » JfcJCB^NCM. In both 
cases, the CH 3 NC* is slowly formed and quickly reacted, and the concentration of CH^NC* at any 
given time is very small. 


29-21. In Section 29-6 we examined the unimolecular reaction 

CH 3 NC(g) => CH 3 CN(g) 

Consider this reaction carried out in the presence of a helium buffer gas. The collision of a CH 3 NC 
molecule with either another CH 3 NC molecule or a helium atom can energize the molecule, thereby 
leading to reaction. If the energizing reactions involving a CH 3 NC molecule and a He atom occur 
with different rates, the reaction mechanism would be given by 

CH 3 NC(g) + CH 3 NC(g) ^ CH 3 NC*(g) + CH 3 NC(g) 

k 2 

CH 3 NC(g) + He(g) ^ CH 3 NC*(g) + He(g) 
k -2 

CH 3 NC*(g) CH 3 CN 

Apply the steady-state approximation to the intermediate species, CH 3 NC*(g), to show that 

4CH 3 CN] _ fc 3 (^[CH 3 NC] 2 + jt 2 [CH 3 NC][He]) 

It ~ fc_ 1 [CH 3 NC] + £_ 2 [He] + A: 3 

Show that this equation is equivalent to Equation 29.55 when [He] = 0. 
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Applying the steady-state approximation gives 
4CH 3 NC*] 


dt 


= 0 = A:,[CH 3 NCf - fc_,[CH 3 NC*][CH 3 NC] + * 2 [CH 3 NC][He] 
—£ ,[CH 3 NC*][He] - £ 3 [CH 3 NC*] 


Then 


()fc_ 2 [He] + *3 + *_JCH 3 NC])[CH 3 NC*] - k^CH, NC ] 2 + * 2 [CH 3 NC][He] 


and 


From step (3), we have 


= MCH 3 NC ] 2 + fc 2 [CH 3 NC][He] 
L 3 J k_ 2 [He] + k 3 + k_ t [CH 3 NC] 


<*[CH 3 CN] 

It 


= /t 3 [CH 3 NC*] 


fc 3 (fc,[CH 3 NC ] 2 + fe 2 [CH 3 NC][He]) 


ik_ 2 [He] + /t 3 +*_, [CKjNC] 


If [He] = 0, then 


d[CH 3 CN] ^[CHjNC ] 2 


dt L + k, [CH 3 NC] 


= * obs [CH 3 NC] 


which is Equation 29.55. 


29-22. Consider the reaction and mechanism given in Problem 29-10. The activation energy for the 
dissociation of H 2 (g) [step (1)] is given by D 0 , the dissociation energy. If the activation energy of 
step (2) of the mechanism is E v show that £ a obs , the experimentally determined activation energy, 
is given by 

ZX. 

^a.obs ~ 

Also show that A obs , the experimentally determined Arrhenius pre-exponential factor, is given by 



where A. is the Arrhenius pre-exponential factor corresponding to the rate constant k.. 


From Problem 29-10, k obs = k 2 k\ /2 /k l J 2 . If each step of the reaction mechanism shows Arrhenius 
behavior, we can write (as in Example 29-7) 

k — a e~ D ^ RT k = A k = A e~ E ^ RT 


(Note that the activation energy for the formation of H 2 is 0.) Substituting into an Arrhenius 
equation for the reaction rate constant gives 


k k l/2 

k = 2 l - = A e~ E ^ /RT 

obs £1/2 obs^ 

a a x/2 

21 e ~^/RT -DJ2RT A -E^JRT 
p\!2 e e obs e 
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SO 


A \ ,/2 

^ ( T-J e~«W" = 


E ,.«, = E 1+-J alld A m 




1/2 


29-23. The thermal decomposition of ethylene oxide occurs by the mechanism 

HjCOCHjte) ^b H 2 COCH(g) + H(g) 

H.COCHfg) =^b CH 3 (g) + CO(g) 

CH 3 (g) + H 2 COCH 2 (g) =^b HjCOCHfg) + CH 4 (g) 

CH 3 (g) + H 2 COCH(g) ^b products 

Which of these reaction(s) are the initiation, propagation, and termination step(s) of the reaction 
mechanism? Show that if the intermediates CHj and H 2 COCH are treated by the steady-state 
approximation, the rate law, d [products] /dt, is first order in ethylene oxide concentration. 


Initiation step: (1) 

Propagation steps: (2), (3) 

Termination step: (4) 

From the termination step we have 

^^=t )[ CH,][H 1 COCHI 

Treating CH 3 and HjCOCH by the steady-state approximation gives 

= 0 = fc 2 [H 2 COCH] - ^[CH^HjCOCHJ - ^[CHjHHjCOCH] 

and 

J^COCH] = Q = _ k m cqch] + LtCH^COCiy - fcJCH^I^COOH] + ^[HjCOCHj] 
dt 

Adding these two expressions together gives 


0 = -2£ 4 [CH 3 ][H 2 COCH] + k^COCHJ 


[CH 3 ][H 2 COCH] = -f [H 2 COCH 2 ] 


2k 2 


so 


‘' lp j° d ; clsl = |[H,COCH,] 


which is first-order in [f^COCHJ. 


The next six problems examine the kinetics of the thermal decomposition of acetaldehyde. 


29-24. A proposed mechanism for the thermal decomposition of acetaldehyde 

CH 3 CHO(g) CH 4 (g) + CO(g) 
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CHjCHO(g) CH 3 (g) + CHO(g) (1) 

CH 3 (g) + CH 3 CHO(g) =^> CH 4 (g) + CH 3 CO(g) (2) 

CH 3 CO(g) CH 3 (g) + CO(g) (3) 

2CH 3 (g)^C 2 H 6 (4) 


Is this reaction a chain reaction? If so, identify the initiation, propagation, inhibition, and termination 
step(s). Determine the rate laws for CH 4 (g), CH 3 (g), and CH 3 CO(g). Show that if you assume the 
steady-state approximation for the intermediate species, CH 3 (g) and CH 3 CO(g), the rate law for 
methane formation is given by 


d[ CH 4 ] 
dt 


k \ 1/2 

-±j fc 2 [CH 3 CHO] 3/2 


This is a chain reaction. 

Initiation step: (1) 

Propagation steps: (2), (3) 

Termination step: (4) 

The rate laws for CH 4 (g), CH^g), and CH 3 CO(g) are 
= /c 2 [CH 3 ][CH 3 CHO] 

= [CH 3 CHO] - k 2 [CH 3 ][CH 3 CHO] + A: 3 [CH 3 CO] - * 4 [CH 3 ] 2 

= k 2 [CH 3 ] [CH 3 CHO] - fcjtCHjCO] 

Assuming the steady-state approximation for the appropriate intermediates, we find 
4[CH,CO] 

——-2-- = 0 = £,[CH 3 ][CH,CHO] - L[CH 3 CO] 

dt Lit t t 

[CH 3 CO] = ^[CH 3 ][CH 3 CHO] 
k 3 

and (using Equation 1 to express [CH 3 CO]) 


4[CH 4 ] 

dt 

4CH 3 ] 

dt 

4[CHjCO] 


d[C H 3 ] 
Jt 

0 

[CH 3 ] 
Substituting this 


= AJCH 3 CHO] - k 2 [CH 3 ][CH 3 CHO] + ^[CH 3 CO] - £ 4 [CH 3 ] 2 
= [CH 3 CHO] - k 2 [CH 3 ][CH 3 CHO] + ^[CH^CHjCHO] - £ 4 [CH 3 ] 2 




1/2 


[CELCHO] 


1/2 


expression into the rate law for methane gives 
4[CHJ /t\’/ 2 


dt 


/k V /z 

= k i[f) tCH 3 CHO] 3/2 


( 1 ) 


29-25. Suppose that we replace the termination step (Equation 4) of the mechanism in Problem 29-24 
with the termination reaction 


2 CH 3 CO(g) CH3COCOCH3 
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Determine the rate laws for CO(g), CH 3 (g), and CH 3 CO(g). Once again, assume that the steady-state 
approximation can be applied to the intermediates CH 3 (g) and CH 3 CO(g), and show that in this 
case the rate of formation of CO is given by 


<i[CO] 

dt 


fk \ 1/2 

A: 3 [CH 3 CHO] 1/2 


The rate laws are 


rf[CO] 

dt 


= £ 3 [CH 3 CO] 


d[CHJ 

— =k i [CH 3 CHO] - k 2 [CH 3 ] [CH 3 CHO] + ^[CHjCO] 


dt 

d[CH 3 CO] 

dt 


= [CH 3 ][CH 3 CHO] - k 3 [CHjCO] - * 4 [CH 3 CHO] 2 


Using the steady-state approximation gives 

0 = k ] [CH 3 CHO] -k 2 [ CH 3 ][CH 3 CHO] +Jk 3 [CH 3 CO] 

+ 0 = +k 2 [CH 3 ][CH 3 CHO] -* 3 [CH 3 CO] -* 4 [CH 3 CHO] 2 


0 = it, [CH 3 CHO] 

We can then write 

UCHLCHO] 2 = k. [CH 3 CHO] 


-k. [CH,CHO] 2 


[CH 3 CHO] 




3 

1/2 


[CH 3 CHO] 


1/2 


Finally, substituting into the rate law for CO gives 


d[C O] 
dt 


(k \ 1/2 

= * 3 [CH 3 CHO] 


1/2 


29 - 26 . The chain length y of a chain reaction is defined as the rate of the overall reaction divided by 
the rate of the initiation step. Give a physical interpretation of the chain length. Show that y for the 
reaction mechanism and rate law given in Problem 29-25 is 

/ j xi/2 

y = k AW i ch 3 ch °i-' 2 


The chain length y is the average number of times the propagation steps are repeated before a 
termination step occurs. For a decomposition reaction, it is the number of molecules decomposed by 
a single carrier molecule. (A carrier molecule is an intermediate responsible for chain propagation.) 
For the reaction mechanism given in Problem 29-25, 

1/2 

k 3 [CH 3 CHO] 1/2 
k l [CH 3 CHO] 


( 4 ) 
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29-27. Show that the chain length y (see Problem 29-26) for the reaction mechanism and the rate law 
given in Problem 29-24 is 

/ 1 \ 1/2 

^Hm:) [CH ’ CH01 


For the reaction mechanism given in Problem 29-24, 


Y = 


k V 

-!• ) & 2 [CH 3 CHO] 3/2 

^4 / _ 

tt,[CH 3 CHO] 



tt 2 [CH 3 CHO] 1/2 


29-28. Consider the mechanism for the thermal decomposition of acetaldehyde given in Problem 29- 
24. Show that £ obs , the measured Arrhenius activation energy for the overall reaction, is given 
by 

^obs = ^2 + 2^1 _ ^ 4 ) 

where E. is the activation energy of the f th step of the reaction mechanism. How is A obs , the 
measured Arrhenius pre-exponential factor for the overall reaction, related to the Arrhenius 
pre-exponential factors for the individual steps of the reaction mechanism? 


The rate law is 


4CHJ 

dt 



1/2 

jfc 2 [CH 3 CHO] 3/2 


so 



Using the Arrhenius equation, we can write 


k , = A x e~ E ' /RT 


k A = A A e~ E *' RT 


k 2 = A 2 e~ E ^ RT 


Then 


A 0 ^' RT 




1/2 


From this, we find 


obs 


-*(*) 


1/2 


e -(E r Et)/2RT-E 2 /RT 


1 


and £ obs = E 2 + -(£, - E a ) 


29-29. Consider the mechanism for the thermal decomposition of acetaldehyde given in Problem 29- 
25. Show that £ obs , the measured Arrhenius activation energy for the overall reaction, is given 


by 


^obs — -^3 + 2(^1 ^4) 
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where E. is the activation energy of the f th step of the reaction mechanism. How is A obs , the 
measured Arrhenius pre-exponential factor for the overall reaction, related to the Arrhenius 
pre-exponential factors for the individual steps of the reaction mechanism? 


The rate law is 


so 


d[ CO] 
dt 



1/2 


This is identical to k ohs in the previous problem, except that k 2 has been replaced by k y Thus 


A 


obs 



and 


^obs — + 2^1 


£4) 


29 - 30 . Consider the reaction between H^g) and Br 2 (g) discussed in Section 29-7. Justify why we 
ignored the Hjfg) dissociation reaction in favor of the Br 2 (g) dissociation reaction as being the 
initiating step of the reaction mechanism. 


The bond strength of the bond is much greater than that of the Br 2 bond. From Table 18.2, we 
can see that D 0 for Hj is 432 kJ-mol -1 , while D 0 forBr 2 is only 190 kJ-mol -1 . It is therefore more 
likely that the Br 2 bond will dissociate than that the Hj bond will dissociate. 


29 - 31 . In Section 29-7, we considered the chain reaction between Hjfg) and Br 2 (g). Consider the 
related chain reaction between H 2 (g) and Cl 2 (g). 


Cl 2 (g) + Hjfg) —> 2HCl(g) 

The mechanism for this reaction is 

Cl 2 (g) + M(g) Jb 2 Cl(g) + M(g) (1) 

Cl(g) + Hjfg) =^> HCl(g) + H(g) (2) 

H(g) + Cl 2 (g) HCl(g) + Cl(g) (3) 

2 Cl(g) + M(g) Cl 2 (g) + M(g) (4) 


Label the initiation, propagation, and termination step(s). Use the following bond dissociation data 
to explain why it is reasonable not to include the analogous inhibition steps in this mechanism that 
are included in the mechanism for the chain reaction involving Br 2 (g). 

Molecule D 0 /kJ-mor' 


H 2 

432 

HBr 

363 

HC1 

428 

Br 2 

190 

a 2 

239 
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Initiation step: (1) 

Propagation steps: (2), (3) 

Termination step: (4) 

The inhibition steps for the chain reaction between H 2 (g) and Br 2 (g) are (Section 29-7) 

HBr(g) + H(g) Br(g) + H 2 (g) (4a) 

HBr(g) + Br(g) ^ H(g) + Br 2 (g) (5a) 

These reaction steps have molar enthalpies of 

A r4 a 77 = -£> 0 (H 2 ) + £» 0 (HBr) = -69 kJ-mol" 1 
A tSa H = —D 0 (Bt 2 ) + D 0 (HBr) = 173 kJ-mol -1 

We neglected the contribution of step (5a) because this reaction is so much more endothermic than 
Reaction 4a. The corresponding inhibition steps for the chain reaction between H^g) and Cl 2 (g) 
would be 

HCl(g) + H(g) ^ Cl(g) + H 2 (g) (i) 

HCl(g) + Br(g) H(g) + Cl 2 (g) (ii) 

with corresponding molar enthalpies 

A r .77 = + £> 0 (HC1) = -4 kJ-mol" 1 

A r Ji = -D 0 (C 1 2 ) + D 0 (HC1) = 189 kJ-mol” 1 

Again, the contribution of the second step shown here is highly endothermic, and so we disregard 
this reaction. We also see that the first step shown is only slightly exothermic (in contrast with the 
corresponding step in the bromine reaction), so we can also neglect this step when describing the 
chain reaction involving Cl 2 . 


29 - 32 . Derive the rate law for v = (1 /2){d\KCX\/dt) for the mechanism of the 

Cl 2 (g) + H 2 (g) —^ 2HCl(g) 

reaction given in Problem 29-31. 


From steps (2) and (3), we write 


d[ HC1] 

-^ = /r 2 [Cl][H 2 ] + ^ 3 [H][Cl 2 ] 

Applying the steady-state approximation to Cl and H gives 

^ = 0 = 2*,[C1 2 ][M] -2& 4 [C1] 2 [M] —& 2 [C1][H 2 ] +* 3 [H][C1 2 ] 
+ = ° = +* 2 [C1][H 2 ] -* 3 [H][C1 2 ] 

0 = 2k t [C1 2 ][M] -2^ 4 [C1] 2 [M] 


so 



[Cl 2 ] 1/2 


(i) 


[Cl] = 
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Substituting this back into the steady-state approximation for H gives 

MC1HH,] *,/*,\ l/2 [C1,1'”[H,1 [H,] 

k, (Cl, I k, \kj [Cy k, ykj [cy l/: 

Then Equation 1 becomes 

= ^[ClJtH,] + k 3 [H][Cl 2 ] 

/'k\ x/1 /1\ 1/2 

= [C1 2 ] i/ 2 [H 2 ] + * 2 [H 2 ][C1 2 ] i/2 

/k \ 1/2 

= 2k 2{tJ t H 2HCl 2 ] 1/2 


1</[HC1] 
2 Jf 


= k 2 



[H 2 ][C1 2 ] 1/2 


29-33. It is possible to initiate chain reactions using photochemical reactions. For example, in place 
of the thermal initiation reaction for the Br 2 (g) + H^g) chain reaction 

Br 2 (g) + M=^> 2Br(g) + M 
we could have the photochemical initiation reaction 

Br 2 (g) +hv =» 2Br(g) 

If we assume that all the incident light is absorbed by the Br 2 molecules and that the quantum 
yield for photodissociation is 1.00, then how does the photochemical rate of dissociation of Br 2 
depend on 7 abs , the number of photons per unit time per unit volume? How does d[br]/dt, the rate 
of formation of Br, depend on / abs ? If you assume that the chain reaction is initiated only by the 
photochemical generation of Br, then how does 4[HBr]/4t depend on / abs ? 


The quantum yield is the number of Br 2 molecules that react for each photon absorbed. The quantity 
/ abs f is the concentration of photons available, so 


d[ Br 2 ] d(L*t) 


= /. 


dt dt abs 

The rate of formation of Br in this step would be twice the rate of dissociation of Br 2 , so 

4Br] 

dt abs 

The expressions for <i[HBr]/4t and d[H]/dt that were found in Section 29-7 (Equations 29.61 and 
29.62) still apply, but now applying the steady-state approximation to Br and H gives 

4rBrl 

= 0 = 2/ abs -* 2 [Br][H 2 ] +k_ 2 [HBr][H] -k_,[Br] 2 +fc 3 [H][Br 2 ] 


dt 

4H] 

dt 


= 0 = k 2 [Br][H 2 ] —k_JHBr][H] 


-k 3 [H][Br 2 ] 


0 = 2 / 


abs 


-M Br] 2 
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so 


[Br] = 


2 / \ 1/2 

Z, abs 


V -1 


Substituting this back into the steady-state approximation for H gives 


[H] = 


UBr][H 2 ] 


&_ 2 [HBr] + /r 3 [Br 2 ] 
Then Equation 29.61 becomes 
d[ HBr] 




1/2 


W 


fcJHBr] + * 3 [Br 2 ] 


dt 


= ^[BrJtH,] - &_ 2 [HBr][H] + * 3 [H][Br 2 ] 


/27 /2/ 

= [H 2 ] _ (^_ 2 [HBr] — fc 3 [Br 2 ]) 

<-t) 


2 / \ 1/2 

z/ abs ' 


AOiL 


') *_ 2 [HBr] + fc 3 [Br 2 ] 


[H,] 
1/2 r 


Jt 3 [Br 2 ] - k_ 2 [ HBr] 
*_ 2 [HBr] + * 3 [Br 2 ] J 
2[HJ 


L(*_ 2 /* 3 )[HBr]/[Br 2 ] + 1J 


29 - 34 . In Section 29-9, we derived the Michaelis-Menton rate law for enzyme catalysis. The derivation 
presented there is limited to the case in which only the rate of the initial reaction is measured so 
that [S] = [S] 0 and [P] = 0. We will now determine the Michaelis-Menton rate law by a different 
approach. Recall that the Michaelis-Menton mechanism is 

k j , 

E + S |=T ES 


ES ==» E + P 


The rate law for this reaction is v = & 2 [ES]. Write the rate expression for [ES], Show that if you 
apply the steady-state approximation to this intermediate, then 


[ES] = 


[E][S] 

K 


( 1 ) 


where K is the Michaelis constant. Now show that 


[E] n = [E] + 


[E][S] 

K 


( 2 ) 


{Hint. The enzyme is not consumed.) Solve Equation 2 for [E] and substitute the result into 
Equation 1 and thereby show that 


kj. E] 0 [S] 

K + [S] 


(3) 


If the rate is measured during a time period when only a small amount of substrate is consumed, 
then [S] = [S] 0 and Equation 3 reduces to the Michaelis-Menton rate law given by Equation 29.78. 
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Applying the steady-state approximation to the rate law for ES gives 

d[ ES] 


dt 


= 0 = k { [E][S] - k_ { [ ES] - JfcJES] 


[ES] = 


*,[E][S] _ [E][S] 


*-l + *2 


a: 


Now using Equation 29.74 gives 


[E][S] 

[E] 0 = [ES] + [E] = + [E] 


K_ 


= tEI ( 1 + f) 


[E] = [E] 0 


K 


* m + [S] 


Substituting into Equation 1 gives 


[ES] = 


v = k,[ES] = 


[E] 0 [S] 
+ [S] 
* 2 [E] 0 [S] 
K m + [S] 


If [S] = [S] 0 , this reduces to Equation 29.78. 


29-35. The ability of enzymes to catalyze reactions can be hindered by inhibitor molecules. One of 
the mechanisms by which an inhibitor molecule works is by competing with the substrate molecule 
for binding to the active site of the enzyme. We can include this inhibition reaction in a modified 
Michaelis-Menton mechanism for enzyme catalysis. 

*. . 

E + S^ES (1) 


E + I 



El 


( 2 ) 


ES ===► E + P 


(3) 


In Equation 2,1 is the inhibitor molecule and El is the enzyme-inhibitor complex. We will consider 
the case where reaction (2) is always in equilibrium. Determine the rate laws for [S], [ES], [El], 
and [P]. Show that if the steady-state assumption is applied to ES, then 


[ES] = 


[E][S] 


where K m is the Michaelis constant, K m = (£_, + k^)/k y Now show that material balance for the 
enzyme gives 

[E][S] 

[E] 0 = [E] + 4M + [E][I ]K t 
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where K { = [EI]/[E][I] is the equilibrium constant for step (2) of the above reaction mechanism. 
Use this result to show that the initial reaction rate is given by 

d[P] = * 3 [E]q[S] „ MgUSjo 

dt K m + [S] + K m K l [l}~ K' m + [S] 0 

where K' m = K n ( 1 + A^,[I]). Note that the second expression in Equation 4 has the same functional 
form as the Michaelis-Menton equation. Does Equation 4 reduce to the expected result when 

[I] 0? 


d[ S] 
dt 
d[ ES] 
dt 

d[ El] 
dt 

m 

dt 


= —[E][S] + [ES] 

= /Cj[E][S] — /c_,[ES] — fc 3 [ES] 
= fc 2 [E][I]-A:_ 2 [EI] 

= k 3 [ ES] 


Applying the steady-state assumption to ES gives 


0 = ik 1 [E][S]-(*_ 1 +* 3 )[ES] 


[ES] = 


k_ , + 


[E][S] 


[E][S] 

K 


Summing the concentrations of all components containing E gives 


[E] 0 = [E] + [ES] + [El] = [E] + 


[E][S] , [El] 


K 


+ 


[E][I] 


[E][I] 


[E][S] 

= [E] + + [E][I]*, 


= [E]( 


K m + [S] + m, 
K 


A ) 


and so 


[E] = 


*[E] 0 


K n + [S] + [l]K m K f 

The rate of formation of product (the reaction rate) is given by v = & 3 [ES], so 

d[P] , rron , [E][S] 
v = —;— = k 3 [ES] = k 3 - 


dt 


K 


= k. 


[E]JS] 


3 K m + [S] + ^ m /f,[I] 

^ 3 [E] 0 [S] 0 ~ fc 3 [E] 0 [S] 0 


K^l + K.l I]) + [S] 0 K m , + [S] 0 

If [I] 0, then K m , -> K m and so 

. k*m s ] 0 

^ m + [S]o 


as we would expect. 
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29-36. Antibiotic-resistant bacteria have an enzyme, penicillinase, that catalyzes the decomposition 
of the antibiotic. The molecular mass of penicillinase is 30000 g-mol” 1 . The turnover number of 
the enzyme at 28°C is 2000 s” 1 . If 6.4 /xg of penicillinase catalyzes the destruction of 3.11 mg of 
amoxicillin, an antibiotic with a molecular mass of 364 g-mol” 1 , in 20 seconds at 28°C, how many 
active sites does the enzyme have? 


— : -r = 2.13 x 10 10 mol penicillinase 

30 000 g-mol” 1 F 

3.11 x 10” 3 g 

—-r = 8.54 x 10" 6 mol amoxicillin 

364 g-mol” 1 

This is the amount of amoxicillin catalyzed in twenty seconds. Since the catalyst is not destroyed in 
the reaction, the same amount of penicillinase will destroy 2.56 x 10” 5 mol of amoxicillin in one 
minute. Now 


turnover number x # active sites = 
2000 s” 1 x # active sites = 
# active sites = 


2.56 x 10 5 mol-min 1 
2.13 x 10“ 10 mol 
1.20 x 10 5 min” 1 
2.00 x 10 3 s” 1 1 

2000 s” 1 


29-37. Show that the inverse of Equation 29.78 is 

1 1 K m 1 

- =-+ —^- ( 1 ) 

« «« «-[S]o 

This equation is called the Lineweaver-Burk equation . In Example 29-9, we examined the reaction 
for the hydration of C0 2 that is catalyzed by the enzyme carbonic anhydrase. For a total enzyme 
concentration of 2.32 x 10" 9 mol-dm” 3 , the following data were obtained. 


u/mol-dm 3 -s 1 [CO 2 ] 0 /10 3 mol-dm 3 


2.78 x 10“ 5 

1.25 

5.00 x 10“ 5 

2.50 

8.33 x 10" 5 

5.00 

1.66 x 10" 4 

20.00 


Plot these data according to Equation 1, and determine the values of K m , the Michaelis constant, 
and k 2 , the rate constant for product formation from the enzyme-substrate complex from the slope 
and intercept of the best-fit line to the plotted data. 


Recall that v max = k 2 [ E] 0 , so we find 


v 

l 

V 

l 

V 


*2[S]q[B]q 

^ + [S] 0 

K m 1 

* 2 [S] 0 [E] 0 + * 2 [E] 0 

K m 1 

---1- 

U ma x[ S ]o V max 
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We can now solve for u . and K m : 

max m 


-= 4020 dm 3 s-mol 1 

"max 

"max “ 2.49 x 10" 4 mol-dm _3 -s _1 
= 39.9 s 


K = 9.94 x 10" 3 mol-dm -3 

m 

Because we are given that [E] 0 = 2.32 x 10 -9 mol*dm“ 3 , we find 


b _ max 

2 IE] 0 


2.49 x 10" 4 mol-dm^-s" 1 
2.32 x 10“ 9 mol-dm -3 


= 1.07 x 10 5 s 


,5 e -\ 


29-38. Carbonic anhydrase catalyzes the reaction 

1^0(1)+ C0 2 (g)^H 2 C0 3 (aq) 

Data for the reverse dehydration reaction using a total enzyme concentration of 2.32 x 
10 -9 mol-dm“ 3 are given below 

v/mol-dm“ 3 *s _! [H 2 CO 3 ] 0 /10“ 3 mol-dm" 3 


1.05 x 10 -5 

2.00 

2.22 x 10" 5 

5.00 

3.45 x 10~ 5 

10.00 

4.17 x 10“ 5 

15.00 


Use the approach discussed in Problem 29-37 to determine the values of K m , the Michaelis 
constant, and k 2 , the rate of product formation from the enzyme substrate complex. 


We use the method developed in Problem 29-37, and plot l/v versus 1 /[H 2 CO 3 ] 0 : 
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As before, 


1 , 

-= 12 600 dm 3 -s-mol 


v _= 7.94 x 10 5 mol-dm 3 -s" 


K 


= 165 s 


K = 1.31 x 10 2 mol-dm 3 

m 

Because we are given [E] 0 = 2.32 x 10 -9 mol-dm -3 , we find 


k 2 = -^- = 3.43 x 10 4 s -1 


29-39. Show that the Michaelis-Menton mechanism for enzyme catalysis gives v = (\/2)v u 
[S ] 0 = *r 


when 


The Michaelis-Menton mechanism gives the rate expression 

„ ^[S]q[E]q 

+ [S] 0 

If [S] 0 = A r m , then this becomes 

„ _ WE] 0 fe 2 [E] 0 v max 

2K 2 2 

m 


(29.78) 


29 - 40 . The protein catalase catalyzes the reaction 

2H 2 0 2 (aq) —► 2H 2 0(1) + 0 2 (g) 

and has a Michaelis constant of K = 25 x 10 -3 mol-dm -3 and a turnover number of 4.0 x 10 7 s -1 . 

m 

Calculate the initial rate of this reaction if the total enzyme concentration is 0.016 x 10“ 6 mol-dm -3 
and the initial substrate concentration is 4.32 x 10 -6 mol-dm -3 . Calculate u max for this enzyme. 
Catalase has a single active site. 


The Michaelis-Menton equation is 

* 2 [S] 0 [E] 0 u m JS] 0 
K m + [S] 0 K m + [S] 0 

The turnover number for a single active site catalyst is equal to u max /[E] 0 , so 

v mm = (4.0 x 10 7 s -1 )(0.016 x 10 -6 mol-dm -3 ) 

= 0.64 mol-dm -3 -s -1 


(29.78) 


and 


(0.64 mol-dm 3 -s ’)(4.32 x 10 6 mol-dm 3 ) 
(25 x 10 -3 mol-dm -3 ) + (4.32 x 10 -6 mol-dm -3 ) 


= 1.11 x 10 -4 mol -dm -3 -s -1 
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29-41. The presence of 4.8 x 10 -6 mol-dm -3 of a competitive inhibitor decreases the initial rate 
calculated in Problem 29-40 by a factor of 3.6. Calculate K v the equilibrium constant for the 
binding reaction between the enzyme and the inhibitor. (Hint: See Problem 29-35.) 


The inital rate is now given by (from Problem 29-35) 


^[E] 0 [S]q _ ^aJSjp 

K m (l+ £,[!])+ [S] KJl + *,[!]) + [S] 


(recall that, in this case, fc 3 [E] 0 = u max ). The maximum rate is the same for this problem as the 
previous problem, and v can be found by dividing the initial rate found in Problem 29—4-0 by 3.6, so 


3.08 x 10" 5 


1 + AT,(4.8 x 10 6 mol-dm 3 ) 


(0.64)(4.32 x 10" 6 ) 

(25 x 10" 3 )[1 + K,( 4.8 x 10“ 6 mol-dm" 3 )] + 4.32 x 10" 6 
(0.64)(4.32 x 10" 6 ) - (4.32 x 10" 6 )(3.08 x 10" 5 ) 

(3.08 x 10“ 5 )(25 x 10" 3 ) 


Kj = 5.4 x 10 5 dm 3 -mol" 1 


29-42. The turnover number for acetylcholinesterase, an enzyme with a single active site that 
metabolizes acetylcholine, is 1.4 x 10 4 s -1 . How many grams of acetylcholine can 2.16 x 10“ 6 g 
of acetylcholinesterase metabolize in one hour? (Take the molecular mass of the enzyme to be 
4.2 x 10 4 g-mol -1 ; acetylcholine has the molecular formula C 7 N0 2 H+ 6 .) 

2.16 x 10" 6 g , . . , .. 

--r = 5.1 x 10 mol acetocholinesterase 

4.2 x 10 4 g-mol" 1 

The enzyme has a single active site, so 

u max = (turnover number) (mol acetocholinesterase) 

= (1.4 x 10 4 s"')(5.1 x 10" u mol) ^ ^00 hr _ 2.6 x 10“ 3 mol-hr" 1 

The molecular mass of acetylcholine is 146.21 g-mol -1 , so 0.38 g of acetylcholine are metabolized 
in one hour. 


29-43. Consider the following mechanism for the recombination of bromine atoms to form molecular 
bromine 

Aa. 

2Br(g)^Br’(g) 

Br*(g) + M(g) ^ Br 2 (g) + M(g) 

The first step results in formation of an energized bromine molecule. This excess energy is then 
removed by a collision with a molecule M in the sample. Show that if the steady-state approximation 
is applied to Br 2 (g), then 

d[ Br] _ 2&,fc 2 [Br] 2 [M] 

Jt ~ ~ k_ x + k 2 [M] 
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Determine the limiting expression for d[Br]/dr when v 2 » v_ t . Determine the limiting expression 
for d\Qr]/dt when v 2 4C u_,. 


We can write the rate laws for Br and Br 2 as 


4[Br] 

dt 

d[ Br*] 


= —2k x [Br] 2 + 2k_ x [Br 2 ] 

= *,[Br] 2 -*_ 1 [BrS]-* 2 [Bi$][M] 


dt ^IL^J ' v —] L ±jl 2j #v 2L aj1 2J 

Using the steady-state approximation for Br 2 gives 

ki [Br] 2 


[Br!] = 


Then 


rf[Br] 


= -2k, [Br] 2 + 


2k,k_,[ Br] 2 


dt -i— ■ + & 2 [M] 

-2k,k_,[Br] 2 - 2fc,[Br] 2 k 2 [M] + 2k_,k,[Br] 2 
“ *_,+* 2 [M] 

-2k,k 2 [Br] 2 [M] 

“ K x + k 2 [M] 

If v 2 » v _ x , then k 2 [Br 2 ][M] » k_,[Br 2 ] and so k 2 [M] » k _,. The rate equation then becomes 

d[Br] 


dt 


= —2k. [Br] 


If v 2 <$C v_ v then fc 2 [M] k _ } . The rate equation then becomes 


dm 

dt 


2k. L 9 
-r^[Br] 2 [M] 


29 - 44 . A mechanism for the recombination of bromine atoms to form molecular bromine is given 
in Problem 29-43. When this reaction occurs in the presence of a large excess of buffer gas, a 
negative activation energy is measured. Because M(g), the buffer gas molecule, is responsible for 
the deactivation of Br 2 (g) but is not consumed itself by the reaction, we can consider it to be 
a catalyst. Below are the measured rate constants for this reaction in the presence of the same 
concentration of excess Ne(g) and CCl 4 (g) buffer gases at several temperatures. Which gas is the 
better catalyst for this reaction? 


77 K 

Ne 

k o Jmor 2 -dm 6 -s-' 

CC1 4 

/: 0bs/ mol “ 2dm ' 5 ' 

367 

1.07 x 10 9 

1.01 x 10 10 

349 

1.15 x 10 9 

1.21 x 10 10 

322 

1.31 x 10 9 

1.64 x 10 10 

297 

1.50 x 10 9 

2.28 x 10 10 


Why do you think there is a difference in the “catalytic” behavior of these two buffer gases? 
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CC1 4 is the better catalyst for this reaction. There is a difference in the catalytic behavior of the 
gases because CC1 4 has vibrational and rotational energy levels, which make it more effective in 
absorbing energy from the excited bromine molecule. 


29-45. The standard Gibbs energy change of reaction for 

2 Hj(g) + 0 2 (g) —* 2H 2 0(g) 

is - 457.4 kJ at 298 K. At room temperature, however, this reaction does not occur and mixtures 
of gaseous hydrogen and oxygen are stable. Explain why this is so. Is such a mixture indefinitely 
stable? 


Although the reaction is spontaneous, it has a very high energy of activation, and so it is very 
unlikely that the reactants will have enough energy to create water vapor. This mixture will be 
indefinitely stable as long as no external catalysts are present to lower the activation energy and 
facilitate the reaction. (It will eventually react even in the absence of catalysts, however, as the 
reaction is spontaneous). 


29-46. The HF(g) chemical laser is based on the reaction 

HjCg) + F 2 (g) —* 2 HF(g) 
The mechanism for this reaction involves the elementary steps 




A r //°/kJ-mor'at 298K 

(1) 

F 2 (g) + M(g)^2F(g) + M(g) 

+159 

(2) 

k j 

F(g) + H 2 (g)^HF(g) + H(g) 

*- 2 

-134 

(3) 

H(g) + F 2 (g) =>■ HF(g) 4- F(g) 

-411 


Comment on why the reaction HjCg) + M(g) -> 2 H(g) + M(g) is not included in the mechanism 
of the HF(g) laser even though it produces a reactant that could participate in step (3) of the 
reaction mechanism. Derive the rate law for d[HF]/dr for the above mechanism assuming that the 
steady-state approximation can be applied to both intermediate species, F(g) and H(g). 


The reaction H 2 (g) + M(g) -> 2 H(g) + M(g) is not included in the mechanism of the laser because 
a very large energy would be needed to break the H 2 bond (»* 432 kJ-mol -1 ). Now we can write the 
rate laws for HF, F, and H: 


d[ HF] 
dt 

dm 

dt 

rf[H] 


= * 2 [F][H 2 ] - /c_ 2 [HF][H] + * 3 [H][F 2 ] 

= 2fej[F 2 ][M] - 2*_ 1 [F] 2 [M] - A 2 [F][H 2 ] + &_ 2 [HF][H] + A 3 [H][F 2 ] 
= * 2 [F][H 2 ] - *_ 2 [HF][H] - k 3 [ H][F 2 ] 


dt 
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Applying the steady-state approximation gives 

0 = 2*,[F 2 ][M] — 2&_,[F] 2 [M] -* 2 [F][H 2 ] +fc_ 2 [HF][H] +* 3 [H][F 2 ] 
+ 0 = +* 2 [F][H 2 ] -*_ 2 [HF][H] -* 3 [H][F 2 ) 

0 = 2*,[F 2 ][M] -2*_,[F] 2 [M] 


so 


[F] = 


*| /2 [F 2 ] i/2 


Substituting into the steady-state approximation for H gives 

*i I/2 [F 2 ] 1/2 [HJ 


0 = )L 


1/2 


*17 


- *_ 2 [HF][H] - uhhfj 


[H] = 


/ i. \ 1/2 

* 2 (jH [F.rtiy 


fc_ 2 [HF] + fc 3 [F 2 ] 
Finally, substitute into the rate equation for HF to get 
4HF] 


dt 


= * 2 [F][H-] - *_ 2 [HF][H] + kJK)[FJ 




1/2 


* 2 [F 2 ] 1/2 [H^] + (* 3 [F 2 ] - k_ 2 { HF]) 


( k \ 1/2 

* 2 (fj [F > ]1/2[i y 


*_ 2 [HF] + fc 3 [F 2 ] 


1 d[HF] 

2 Jt 


(k.Y^ / fc,[F,] — k ,[HF]\ 

\k_J 21 2i 2i \ k_ 2 [UF]+k 3 [F 2 ]J 

/u 1 

v*_l/ 

U_,/ 




* 2 [F 2 ] I/2 [H 2 ] 


*_ 2 [HF]+* 3 [F 2 ] 

1 

1 + (k_ 2 /k 3 )[HF][F 2 T' 


29-47. A mechanism for ozone creation and destruction in the stratosphere is 


0 2 (g) + hv =±> 0(g) + 0(g) 

0(g) + 0 2 (g) + M(g) 0 3 (g) + M(g) 
0 3 (g) + hv =>■ 0 2 (g) + 0(g) 

0(g) + o 3 (g) o 2 (g) + o 2 (g) 


where we have used the symbol j to indicate that the rate constant is for a photochemical reaction. 
Determine the rate expressions for d[0]/dt and d[0 3 ]/dt. Assume that both intermediate species, 
0(g) and 0 3 (g), can be treated by the steady-state approximation and thereby show that 


[01 = 

* 2 [0 2 ][M] + * 4 [0 3 ] 
and 


( 1 ) 


A: 2 [0][0 2 ][M] 

h + k 4 [0] 


( 2 ) 



Chemical Kinetics II: Reaction Mechanisms 


957 


Now substitute Equation 1 into Equation 2 and solve the resulting quadratic formula for [0 3 ] to 
obtain 

Typical values for these parameters at an altitude of 30 km are j x =2.51 x 10 -12 s" 1 , 
j 3 = 3.16 x 10 -4 s“\ k 2 = 1.99 x 10 -33 cm 6 -molecule -2 -s' 1 , k 4 = 1.26 x 10 -15 cm 3 - 
molecule -1 -s -1 , [0 2 ] = 3.16 x 10 17 molecule cm -3 , and [M] = 3.98 x 10 17 
molecule-cm -3 . Find [0 3 ] and [O] at an altitude of 30 km using Equations 1 and 2. Was the 
use of the steady-state assumption justified? 


The rate expressions for the intermediate species O and 0 3 are 
d[ O] 

= 2j ] [0 2 ] + j 3 [ 0 3 ] - /c 2 [0][0 2 ][M] - A: 4 [0][0 3 ] 

^ = * 2 [0][0 2 ][M] - ; 3 [0 3 ] - k A [ 0][0 3 ] 

Applying the steady-state approximation gives (Equation 1) 

* 4 [0][0 3 ] + * 2 [0][0 2 ][M] = 2y, [0 2 ] + ; 3 [0 3 ] 

2; 1 [0 2 ] + j 3 [Q 3 ] 
* 4 [0 3 ] + * 2 [0 2 ][M] 

and (Equation 2) 


7j0 3 ]+fc 4 [0][0 3 ] = * 2 [0][0 2 ][M] 
£ 2 [0][0 2 ][M] 
3 h + k 4 [0] 

Substituting Equation 1 into Equation 2 gives 


[0 3 ] {j 3 + k A [0]) = k 2 [0][0 2 ][M] 


7 3 [° 3 ] + * 4 [° 3 ] 


2JJOJ + j 3 [0 3 j 
& 4 [0 3 ] + /c 2 [0 2 ][M] 


= fc 2 [0 2 ][M] 


2j 1 [0 2 ] + y 3 [0 3 ] 

* 4 [0 3 ] + * 2 [0 2 ][M] 


; 3 ^ 2 [0 3 ][0 2 ][M] + * 4 ; 3 [0 3 ] 2 + 2, 1 * 4 [0 3 ][0 2 ] + * 4 y 3 [0 3 ] 2 = 2* 2 ;, [0 2 ] 2 [M] 

+j 3 k 2 [0 3 ] [0 2 ] [M] 

This equation can be written as 


0 = 2* 4 y 3 [0 3 ] 2 + 2;,* 4 [0 3 ][0 2 ] - 2fc 2 ./ 1 [0 2 ] 2 [M] 

K h , 

h ‘ ' Kh 


0 = [0 3 ] 2 + ^[0 2 ][0 3 ] - ^[0 2 ] 2 [M] 


h 


1 (i 1 


k 2 h , 


[0 3 ] = ± ^ [O 2 r + 4-iii[0.] i [M] 


2 j 


h 


J 3 , 


Kh 


2y 3 2 


A 

A, 


= -^-[OJ ± J I A I [OJ 2 + -2^[0 2 ] 2 [M] 


K h , 


Kh 


A 

2 h 


= -TT[OJ ± ^[OJ t /l + ^^[M] 


jKh, 

K h 
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We must have a positive value of [0 3 ], so we have 


[0 3 ] = “TT [0 2 ] + 4r[0 2 ]Jl + ^[M] 


2/ 

= [o 4 


2/ 


1 +4 


K h 

1/2 


- 

Ji k 4 / 


For the given parameters, 

2 51 x 10 -12 s" 1 

[OJ = (3.16 x 10 17 molecule-cm -3 )— : - 2 —r 

3 2(3.16 x 10- 4 s"') 

’ ^(3.16 x 10 -4 s _1 )(1.99 x 10 -33 cm 6 -molecule -2 ^ -1 ) 

(2.51 x 10 —12 s“')(1.26 x 10 15 cm 3 -molecule -1 ^ -1 ) 

x(3.98 x 10 17 molecule-cm -3 )] 1/2 — lj 
= (1.25 x 10 9 molecule*cm -3 ) (l .78 x 10 4 ) 

= 2.23 x 10 13 molecule-cm -3 


This value is about 10 4 less than the value of [M]. Using this value for [0 3 ] in Equation 1 gives (we 
drop the units for convenience) 

2(2.51 x 10 _12 )(3.16 x 10 17 ) + (3.16 x 10“ 4 )(2.23 x 10 13 ) 

“ (1.99 x 10 -33 )(3.16 x 10 17 )(3.98 x 10 17 ) + (1.26 x 10“ 15 )(2.23 x 10 13 ) 

= 2.82 x 10 7 molecules-cm -3 


so the use of the steady-state approximation is justified. 


In the next four problems we shall examine the explosive reaction 

2H 2 (g) + 0 2 (g)^2H 2 0(g) 


29-48. A simplified mechanism for this reaction is 


electric spark + H 2 (g) => 2H(g) 

(1) 

H(g) + 0 2 (g) ==*> OH(g) + 0(g) 

(2) 

0(g) + H 2 (g) =$ OH(g) + H(g) 

(3) 

^(g) + OH(g) H 2 0(g) + H(g) 

(4) 

H(g) + 0 2 (g) + M(g) H0 2 (g) + M(g) 

(5) 


A reaction that produces more molecules that can participate in chain-propagation steps than it 
consumes is called a branching chain reaction. Label the branching chain reaction(s), inititation 
reaction(s), propagation reaction(s), and termination reaction(s) for this mechanism. Use the 
following bond dissociation energies to evaluate the energy change for steps (2) and (3). 


Molecule DJ kJ • mol 1 


h 2 

432 

o 2 

493 

OH 

424 
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Branching chain: (2), (3) 

Initiation: (1) 

Propagation: (4) 

Termination: (5) 

Using the bond dissocation energies, we find that 

A 2 Energy = —D 0 (OH) + Z) 0 (O 2 ) = 69 kJ-mol" 1 
A 3 Energy = -D 0 (OH) + D 0 (H 2 ) = 8 kJ-mol" 1 


29-49. Using the mechanism given in Problem 29-48, determine the rate expression for [H] when the 
initiation step involves an electric spark that gives rise to a rate / 0 of the hydrogen atom production. 
Determine the rate expresions for [OH] and [O]. Assume that [O] & [OH] < [H], so now we can 
apply the steady-state approximation to the intermediate species, 0(g) and OH(g). Show that this 
use of the steady-state approximation gives 


[ 0 ] = 


MH][0 2 ] 

*2^] 


and 


_ 2*,[H][0 2 ] 

U 


Use these results and your rate expression for [H] to show that 

^ = /„ + (2k,[0 2 ] - * 4 [0 2 ][M])[H] 


We must add the rate I 0 to the rate expression for [H] we would find without the electric spark, so 
® = /„ - *,[H][0 2 ] + ^[OJtH,] + & 3 [OH][H 2 ] - * 4 [H][0 2 ][M] 

= fcj[H][0 2 ] + * 2 [0][H 2 ] - * 3 [OH][H 2 ] 

^ = fc,[H][0 2 ]-* 2 [0][H 2 ] 

Using the steady-state approximation for O and OH gives 


0 = *, 
k 

[O] = — 


[H][0 2 ] - k 2 [0](U 2 ] 
[H][0 2 ] 

* 2 [H 2 ] 


[OH] = 


0 = *,[H][0 2 ] + * 2 [0][H 2 ] - & 3 [OH][H 2 ] 

^[HHOJ + yOHH,] 


L[H 2 ] 


2*,[H][0 2 ] 

*3^] 


Substituting into the rate expression for [H] gives 


4H] 

dt 


/„ - *,[H][0 2 ] + kjowj + * 3 [OH][H 2 ] - * 4 [H][Q 2 ][M] 


/ n -C[H][OJ + 


*,C[H][HJ[OJ , 2CC[HJ[H][0 2 ] 


UHJ 


+ 


UHJ 


~ * 4 [H][0,][M] 


7 0 - *,[H][0 2 ] + k, [H][0 2 ] + 2k, [H][0 2 ] - * 4 [H][0 2 ][M] 
/ 0 (2fc,[O 2 ] - * 4 [0 2 ][M])[H] 
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29-50. Consider the result of Problem 29-49. The rate of hydrogen atom production has a functional 
dependence of 

d\U] 

= / 0 + (« - 0)[H] (1) 

Which step(s) of the chemical reaction are responsible for the magnitudes of a and pi We can 
envision two solutions to this rate law, one for a > p and one for a < p. For a < p show that the 
solution to Equation 1 becomes 

[H] = -2^(1 
P — a 

Plot [H] as a function of time. Determine the slope of the plot at short times. Determine the final 
steady-state value of [H]. 


Write the rate expression for [H] as 


d[ H] 
dt 


+ (P-a)[H] = I 0 


This is of the form discussed in Problem 29-5, so 


[H] = «-/»-«)* 

[P 


[) 



r e 

(fi-a)t 

= e 

- 

L 


IP-a u 

4 


4 

P — a 

P — a 


V' 


-«*-<*)» _ 4 n _ e -w- a )t-\ 

P-a 1 1 


We plot [H](y6 — a) versus t below. 



At short times the slope of the plot is I Q t and the final steady-state value of [H] is I 0 /(P - a). 


29-51 . We now consider the solution to the equation (Problem 29-50) 

^ = / 0 + (« - P)[ H] 

when a > p. Show that the solution to this differential equation is given by 

[H] = -k-(*<«-«' - 1) 
a — P 
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Plot [H] as a function of time. Describe the differences observed between this plot and that obtained 
in Problem 29-50. Which case do you think is characteristic of a chemical explosion? 


The solution is the same as in the previous problem, since the relative magnitudes of a and fi 
were not considered when solving the differential equation. However, since a > to make their 
difference positive we can express the solution above in terms of a - P, instead of - a. Then 


[H] = 


h 

/3 — a 

Zlo 

a — 

A) 

a — f) 


[1 - 
[1 - 

- 1] 


We plot [H](a - fi) versus t: 



In this case the concentration of H does not converge as t -»■ oo, and so this case is characteristic 
of a chemical explosion. 




CHAPTER 


Gas-Phase Reaction Dynamics 

PROBLEMS AND SOLUTIONS 


30-1. Calculate the hard-sphere collision theory rate constant for the reaction 

NO(g) + Cl 2 (g) => NOCl(g) + Cl(g) 

at 300 K. The collision diameters of NO and Cl 2 are 370 pm and 540 pm, respectively. The Arrhenius 
parameters for the reaction are A = 3.981 x 10 9 dm 3 -mor l *s _1 and# a = 84.9 kJ-mol -1 . Calculate 
the ratio of the hard-sphere collision theory rate constant to the experimental rate constant at 300 K. 


We can use the first of Equations 27.58 to determine <r AB : 


a AB — ^ab 


■'( 


370 pm + 540 pm 


6.50 x 10" 19 m 2 


and the second of Equations 27.58 to determine <w r ): 

1/2 


/8fc R 7 Y 


8(1.381 x 10“ 23 J-K-')(300K) 


7r 


(70.906 amu)(30.006 amu)“| 


(1.661 x 10 27 kg*amu l ) 


1/2 


(100.912 amu) 

= 549 m-s _l 

Now substitute into Equation 30.5 to find the rate constant, fc, for the hard-sphere collision theory. 
*theor = (1000dm 3 -m- 3 )/V A CT AB <K r ) 

= (1000 dm 3 -m -3 )(6.022 x 10 23 mor')(6.50 x 10" 19 m 2 )(549 m s -1 ) 

= 2.15 x 10 11 dm 3 -mol -1 -s -1 

We use Equation 28.57 to find the experimental value of k: 


= ^~ EJRT 


= (3.981 x 10 9 dm 3 -mol ’-s ’)exp 
= 6.58 x 10“ 6 dm 3 -mol -1 'S _1 


84900 J-mol 


-l 


(8.315 J-K- 1 -mor 1 )(300K)J 
The ratio of the theoretical rate constant to the experimental rate constant is 3.27 x 10 16 . 
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30-2. Compare a plot of cr T (E T )/nd1 B given by Equation 30.14 to the data shown in Figure 30.2. 



(30.14) 


We see that the function a T (E T )/ndl B is a fairly good approximation to the behavior of the data 
shown in Figure 30.2. 


30-3. Show that Equation 30.15, the rate constant for the line-of-centers model, is obtained 
by substituting Equation 30.14, the reaction cross section for the line-of-centers model, into 
Equation 30.11 and then integrating the resulting expression. 


Substituting a r (E r ) from Equation 30.14 into Equation 30.11 gives 

\ 3/2 / \ 1/2 


*-(£) y f>) 

( 9 \ 3/2 / 1 \ 1/2 ooo 

v) y 


2 

AB 


The first integral here is the same as that in the derivation of Equation 30.13 (Section 30-1), so 

* - 0 - + &) -- (£f {^) n [/ E ^- w ^ 

=(. + a ) - ( (±y\ 4 ,<- WEAT 

= KKB e “ V * Br (l + - (u r )a Ah e~ E ° /k * T ^ 

= ( M r> CT AB e_V * Br 


30-4. The Arrhenius parameters for the reaction 


NO(g) + 0 3 (g) =► N 0 2 (g) + 0 2 (g) 
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are A = 7.94 x 10 9 duT-mol -1 -s _1 and £ a = 10.5 kJ-mol -1 . Assuming the line-of-centers model, 
calculate the values of E 0 , the threshold energy, and ct ab , the hard-sphere reaction cross section, for 
this reaction at 1000 K. 


In Example 30-3, we found that, for the line-of-centers model, 

E^ = \k B T + E Q and A = (« r )a AB e l/2 (1) 

We can find E 0 using the first of these equations: 

E 0 = E^-\k B NJ = E a -{RT 

= 10500 J-mor 1 - 1(8.3145 J-mor'-K-'XIOOOK) 

= 6.34 kJ-mol -1 


We now use the second of Equations 27.58 to determine (w r ): 

8(1.381 x 10" 23 J-K-’)(1000K) 


(M r > = 


n 


(30.006 amu)(47.998 amu) 


(78.004 amu) 

Finally, we can solve the second of Equations 1 for cr AB . 

A (7.94 x 10 9 dm 3 -mol -1 -s _1 ) 


(1.661 x 10- 27 kg-amu" 1 ) 


1/2 


= 1070 m-s _1 


(M r )e 1/2 e 1/2 (1070 m-s- 1 )(6.022 x 10 23 mol 


— ( 77TT -N ) = 7 - 47 x 10-21 
-') \10dmy 


m 


30-5. Consider the following bimolecular reaction at 3000 K: 

CO(g) + 0 2 (g) =» C0 2 (g) + O(g) 

The experimentally determined Arrhenius pre-exponential factor is A = 3.5 x 
10 9 dm 3 -mol -1 -s -1 , and the activation energy is £ a = 213.4 kJ-mol -1 . The hard-sphere col¬ 
lision diameter of 0 2 is 360 pm and that for CO is 370 pm. Calculate the value of the hard sphere 
line-of-centers model rate constant at 3000 K and compare it with the experimental rate constant. 
Also compare the calculated and experimental A values. 


First, use Equation 28.57 to find the experimental value of k: 


k =Ae~ E >' RT 

exp 

= (3.5 x 10 9 dm 3 -mol -1 -s _1 ) exp 
= 6.7 x 10 5 dm 3 -mor' -s -1 
We can use the first of Equations 27.58 to find ct ab : 


213 400 J-mol -1 


(8.315 J-mor 1 • K" 1 )(3000 K)J 


°AB - n 


(360 x 10" 12 m + 370 x 10“ 12 m) 


->2 


= 4.19 x 10“ 19 m 2 


2 



966 


Chapter 30 


and the second of Equations 27.58 to find <w r ): 

8(1.381 x 1CT 23 J-K-‘)(3000K) 


(« r > = 


8*b£ 

71 JJL 


1/2 


7r 


(28.010 amu)(31.999 amu) 


(1.661 x 10 7 kg amu l ) 


(60.009 amu) 

We can also use the expression derived in Example 30-3 to find E Q : 

E 0 = E a -{k B NJ = E i -lRT 

= 213400 J-mol -1 - ^ (8.3145 J • mol -1 • K -1 )(3000 K) 
= 200.9 kJ-mol" 1 

Now substitute into Equation 30.15: 

Jc — (u )(J 

^theor \ W r/ U AB e 

= (2060 m-s -1 )(4.19 x 1(T 19 m 2 )exp 


1/2 


= 2060 m-s 1 


200 900 J-mol 


-l 


L (8.314 J-mol" 1 •K“ 1 )(3000K)J 
= 2.74 x 10" 19 m 3 -molecule -1 -s _1 = 1.65 x 10 8 dm 3 -mol -1 -s _1 


The ratio of the theoretical rate constant to the experimental rate constant is 250. The theoretical 
value of A is (Example 30-3) 

A = (w r )cr AB (1000A^ A )e 1/2 = 8.57 x 10 11 dm 3 -mol -1 -s -1 

which is 250 times greater than the experimental A. 


30-6. The threshold energy, E Q9 for the reaction 

H 2 + (g) + He(g) =► HeH + (g) + H(g) 

is 70.0 kJ-mol -1 . Determine the lowest vibrational level of H 2 (g) such that the internal vibrational 
energy of the reactants exceeds E 0 . The spectroscopic constants for are v g = 2321.7 cm -1 and 
v x = 66.2 cm” 1 . 

e e 


Recall from Chapter 13 that the vibrational energy of a molecule can be expressed by 

G(v) = v e (v + i) - x e v e (v + i) 2 (13.21) 


We want to determine the lowest vibrational quantum number such that the vibrational energy is 
greater than 70.0 kJ-mol" 1 . Converting this value to cm -1 gives 


(70.0 kJ-moC 1 ) 


/ 83.60 cm" 1 
\ kJ-mol -1 


= 5850 cm 1 


Now 


5850 cm" 1 < (2321.7 cm" 1 )^ + i) - (66.2 cm" 1 )^ + \f 

Solving this quadratic equation for v gives v > 2.2, so the lowest value of v such that the internal 
vibrational energy of the reactants is greater than E 0 is 3. 


30-7. Calculate the total kinetic energy of an F(g) atom moving at a speed of 2500 m s 1 toward a 
head-on collision with a stationary D 2 (g) molecule. (Assume the reactants are hard spheres.) 
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Use Equation 30.18: 

KE= \ m y A + {m B ul 

= ^(18.998 amu)(l.661 x 10 -27 kg*amu _1 )(2500 m-s" 1 ) 2 + 0 
= 9.86 x 1CT 20 J 


30-8. A F(g) atom and a D 2 (g) molecule are moving toward a head-on collision with one another. The 
F(g) atom has a speed of 1540 m-s" 1 . Calculate the speed of the D 2 (g) molecule so that the total 
kinetic energy is the same as that in Problem 30-7. (Assume the reactants are hard spheres.) 


Use Equation 30.18 again: 

KE = 5 m A M A + { m B u l 

9.86 x 10" 20 J = |(18.998 amu)(1.661 x 10“ 27 kg-amu-')(1540 m-s-') 2 
+ £(4.028 amu)(1.661 x 10 -27 kg-amu _1 )w 2 
6.12 x 10“ 20 J = |(4.028 amu)( 1.661 x 10" 27 kg-amu ~ l )u\ 
u B — 4280 m-s" 1 


30-9. In Problem 30-7, you calculated the total kinetic energy for a F(g) atom moving at a speed of 
2500 m-s" 1 toward a head-on collision with a stationary D 2 (i> = 0) molecule. Determine the ratio 
of the total kinetic energy to the zero-point vibrational energy of the D 2 (g) molecule given that 

v n = 2990 cm" 1 . 

U 2 


The total kinetic energy from Problem 30-7 is 9.86 x 10 20 J. Recall from Chapter 13 that 
G(v) = (v + £)v, so the zero-point vibrational energy is 


G(0) = £(3118.4 cm" 1 ) 


kJ-mol 


-l 


83.60 cm 


-i 


1000 

777 


= 3.10 x 10" 20 J 


The ratio of the total kinetic energy to the zero-point vibrational energy is 3.2. 


30-10. Consider the head-on collision between a F(g) atom and a stationary D 2 (g) molecule. Estimate 
the minimum speed of the F(g) atom so that its kinetic energy exceeds the bond dissociation energy 
of D 2 (g). (The value of D 0 for D 2 is 435.6 kJ-mol" 1 .) 


The dissociation energy of a D 2 (g) molecule is 


435.6 kJ-mol 

N\ 


-l 


= 7.23 x 10“ 19 J 


This is the minimum energy needed by the fluorine atom. We use Equation 30.18 again: 

KE = \m K u\ + |/n B M 2 

7.23 x KT 19 J < ^(18.998 amu)(1.661 x 10" 27 kg-armrV 2 + 0 
u F > 6770 m-s -1 
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The minimum speed is 6770 m-s \ 


30-11. Following Example 30-4, show that the equations 


m r m n 

u ™ = m u ‘ + a 7 u ° 


and 

U r 

= U C " U D 

lead to 

U„ 

m n 

— u H--u 


C 

cm M r 

and 

Up. 

m r 

= u-—u 


D 

cm M r 


( 1 ) 

( 2 ) 


Multiply u cm by M/m D and add the resulting expression to that for u r to obtain 

M 


m c + m D 

- U » + U r = —- ~ U C 

cm r ^ 

m D m D 


Solving this equation for u c gives 


M 


m r 


or (because m c + m D = M) 


u r =- u H--—u 

L m Q + m D cm m c + m D 


m 

Up = u m + —^u 

C cm fyf r 


( 1 ) 


Now multiply u cm by M/m c and subtract the resulting expression from that for u r to obtain 


M 


^ D + m c 


m c Ucm Uf m c D 


Solving this equation for u D gives 


M 


m r 


u„ = 


-u„ — 


which is 


D m c + m D _cm m c + m D 1 


m c 

U n = U m - -fu 

D cm r 


( 2 ) 


30-12. Derive Equation 30.22. 


Begin with the equation 


KEprod = 2 m C U C + 2 m D U D 


U r = U C - U D 


( 1 ) 


Recall that 
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m C U C + m D U D 


(30.21) 


Multiply u cm by M/m D and add the resulting expression to the equation for u' to obtain 


= u H--u 

c cm M r 


Next, multiply u cm by M/m c and subtract the resulting equation from that for u' to obtain 


C / 

u~ = u-—u 

D cm it r 


Finally, substitute Equations 2 and 3 into Equation 1 to find 


___ m c ( m n ,\ 2 m rs / 

KE . = —- (u H-~u ) -|-— (u 

prod 2 v cm M V 2 \ C1 


m c ,\ 2 


1 , » 1 (m r ml, m T ,m 1 r \ n 

= -(m c + m„K. + ) «, 

2 cm + 2V M ) \ M ) ' 


= iM« c 2 m + y«f 

where /u,' = m c m D /M. This is Equation 30.22. 


30-13. The speed of sound, u , in a fluid is given by 


where y = C p /C v , M is the molar mass, and k t = -(1/V)(9 V/dP) T is the isothermal 
compressibility of the fluid. Assuming ideal behavior, calculate the speed of sound in N 2 (g) at 
25°C. Take C„ = 1R/2. The measured value is 348 m-s _1 . 


For an ideal gas, C p - C v = R (Equation 19.43), so C v = 5R/2. Then y = C p /C v = 1.4. For 
an ideal gas k t = \/P (Problem H-l), so we substitute into Equation 1 to find 

u ’ = Lpv = Z?L 


We substitute into this expression to find u for nitrogen: 


U s = 


(1.4)(8.3145 J-mol -1 -K _1 )(298 K)" 
0.02802 kg-mor 1 


352 m-s 


30-14. The speed of sound, u s , in a fluid is given by Equation 1 of Problem 30-13. In addition, C p 
and C v are related by (Equation 22.27) 


- - a 2 TV 

C P -C V = - 

k t 
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where a = (1 /V)(dV/dT) p is the coefficient of thermal expansion. Given that C p = 
135.6 J K-' mor 1 , k t = 9.44 x 10 -, ° Pa" 1 , a = 1.237 x 10 -3 K -1 , and the density p = 
0.8765 g-mL -1 for benzene at one atm and 20°C, calculate the speed of sound in benzene. The 
measured value is 1320 m-s -1 . 


lm 3 


First, we find the molar volume of benzene: 

_ / 78.114 g \ / lmL \ /__ 

V 1 mol ) V0.8765 g) \ \ x 10 6 mL 

Now use the equation given in the problem to find C v : 


= 8.912 x 10 -5 m 3 -mol 


_ _ a 2 TV 

C v = C p - 

V r Kr 


= 135.6 J-K-'-mol"’ - 


(1.237 x 10 -3 K~') 2 (293 K)(8.912 x 10 5 m 3 -mol ') 


9.44 x 10“ 10 Pa -1 


= 135.6 J-K -1 -mol" 1 - 42.35 J-K“‘-mol 1 
= 93.25 J-K-'-mol -1 


Then 


C p 135.6J-K -1 -mol 1 , ... 

y = ,-—r = 1.454 

r C„ 93.25 J-K-'-mol -1 


Finally, we substitute into the equation for u s given in the previous problem. 


u = 


_ \ 1/2 

yV \ 




(1.454)(8.912 x IQ -5 m 3 -mol -1 ) 
L(0.078114 kg)(9.44 x 10 - ' 0 Pa - ') 


= 1330 m-s -1 


30-15. The peak speed of the molecules in a supersonic molecular beam of a earner gas is well 
approximated by 


Vk = 



where T is the temperature of the source chamber of the gas mixture, M is the molar mass of the 
carrier gas, and y is the ratio of the heat capacities, y = C p /C v , of the carrier gas. Determine the 
peak velocity for a benzene molecule in a supersonic neon beam in which the source chamber of 
the gas is maintained at 300 K. Repeat the calculation for a helium beam under the same conditions. 
Assume that He(g) and Ne(g) can be treated as ideal gases. 


For an ideal monatomic gas, 

C y = 2 Rn anc * C p = C v + nR = |Rn 


y = 



5 

3 


Then 
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For neon, 


/ 2RT\ i/2 / y V /2 _ 
Mpeak - V M ) - 1 ) 

For helium, 



"2(8.3145 J-K’ 1 -morOOOO K) 


~l ,/2 


0.02018 kg-mol 


-i 


(D- 


786 m-s 


-i 


2(8.3145 J-K - mol - )(300 K) 
0.004003 kg-mol -1 


'/2 1/2 


(!) - 


1770 m-s 


-l 


30-16. Estimate the temperature required so that the average speed of a benzene molecule in a gas cell 
is the same as that for a benzene molecule in a helium supersonic molecular beam generated under 
the conditions stated in Problem 30-15. 


In Problem 30-15, we found that the = 1770 m-s 1 for the heium beam. Setting m = (u r ), 
we use Equation 28.57 to write 


(« r > = 



1770 m-s -1 


"8(8.3145 J-mol -1 -K -1 )r 
. 7r(0.078114 kg-mol -1 ) 



T = 11500 K 


30-17. Show that for the general reaction 

A(g) + BC(g) =* AB(g) + C(g) 

Equation 30.28 can be written as 

+ FU) + G(v) + r 
= + F'(J) + G’(v) + T' 

within the harmonic oscillator-rigid rotator approximation where T e , G(v), and F(J) are the 
electronic, vibrational, and rotational terms of the diatomic reactant, BC(g), and T', G'(v), and 
F'(J ) are the corresponding terms for the diatomic product, AB(g). 


The total energy is 


E tot - £ trans + E ro, + E vib + £ elec 


Using the relationships in Chapter 13 for the harmonic oscillator-rigid rotator model, we can rewrite 
this sum as 


£,o< = + F(R) + G(v) + T 

Also, 

E lol = E L ns + E rot + Kib + Kite 
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We can use the relationships in Chapter 13 to write this as 


£ to t = |K 2 + + G 'W + 


30-18. Consider the reaction 


Cl(g) + H 2 (v = 0) => HCl(v) + H(g) 

where D CAJ - D e (HCl) = 12.4 kJ-mol -1 . Assume there is no activation barrier to the reaction. 
Model the reactants as hard spheres (no vibrational motion) and calculate the minimum value of 
the relative speed required for reaction to occur. If we model H^g) and HCl(g) as hard-sphere 
harmonic oscillators with v H = 4159 cm" 1 and v HC1 = 2886 cm” 1 , calculate the minimum value of 
the relative speed required for reaction to occur. 


For the minimum relative speed required for the reaction to occur, «' must equal zero. Therefore 
(Equation 30.24) 


£ prod,int - ^react,int = 2^“r 

Treating the reactants and products as hard spheres gives £ prod , int - £ react . inl = D t ( Hj) - £> e (HCl), 
so solving the above equation for u x gives 


u = 


2[D g (H 2 ) -D e (HCl)] l 1/2 


At 


2(12400 J-mol" 1 ) 




(35.453 g-mol~ 1 )(2.016 g-mol - ) 


(37.469 g-mol -1 ) 


(IQ" 3 kg-g" 1 ) 


1/2 


u = 3610 m-s 


-l 


Using the hard-sphere model, the minimum relative speed required is 3610 m-s -1 . Now let the 
molecules be hard sphere harmonic oscillators. The energy of the v = 0 vibrational state is given 
by (l/2)v, so for 


£ vib = 1(4159 cm ‘) 


kJ-mol 1 
83.60 cm -1 


) 


24.87 kJ-mol -1 


and for HC1 


£; ib = 1(2886 cm -1 ) 


/ kJ-mol 1 \ 
\83.60 cm -1 / 


17.26 kJ-mol -1 


Let E' aans = 0 (as we did above), and write (assuming the products are in their ground electronic 
and rotational states) 


e^ + e^-dw^e^-D'WCI) 
E = 17.26 kJ-mol -1 

trans 

= 4.79 kJ-mol -1 


24.87 kJ-mol -1 + 12.4 kJ-mol -1 


In order for the reaction to proceed, the translational energy of the reactants must be at least 
4.79 kJ-mol -1 . Therefore 


1/r.H 2 = 4.79 kJ-mol 1 
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and 


“' = h 


2(4790 J-mol -1 ) 


-i 1/2 


907 x 10 -3 kg-mol-'J 


2240 m s -1 


30-19. The reaction H(g) + F 2 (v = 0) => HF(g) + F(g) produces vibrationally excited HF 

molecules. Determine the minimum value of the relative kinetic energy such that HF(g) molecules 
in the v = 12 vibrational state are produced. The following are the vibrational spectroscopic 
constants forHF andF 2 : v,(HF) = 4138.32 cm -1 , v,(F 2 ) = 916.64 cm -1 , v e x e (HF) = 89.88 cm -1 , 
v e Jc e (F 2 ) = 11.24 cm -1 , D 0 (HF) = 566.2 kJ-mol -1 , and D 0 (F 2 ) = 154.6 kJ-mol -1 . 


The zero-point energy of F 2 is given by (Equation 13.21) 

£ vib = §(916.64 cm -1 ) - ±(11.24 cm -1 ) = 455.5 cm -1 = 5.45 kJ-mol -1 

To determine the relative kinetic energy needed to produce HF molecules in the v = 12 vibrational 
energy level, we first calculate the difference in energy between the v = 0 and v = 12 energy levels 
of HF (Equation 13.21): 

A E = [(4138.32 cm -1 )(12 + i) - (89.88 cm -1 )(12 + \) 2 ] 

- [(4138.32 cm -1 )(i) - (89.88 cm -1 )(|) 2 ] 

= 37 685 cm -1 - 2047 cm -1 = 35 639 cm -1 = 426.30 kJ-mol -1 

When the product molecules have zero relative velocity (at the minimum possible value of the 
relative kinetic energy), the kinetic energy of the products is zero, and we can write (Equation 30.24) 

E A . -E . =KE -KE . = KE 

prod.inl react,int react prod react 

The internal energy of the reactants is given by — £> 0 (F 2 ) (the zero-point vibrational energy) and 
that of the products is given by the sum of —D 0 (HF) and A E. We can, therefore, write 

KE^ ct = D 0 ( F 2 ) - D 0 (HF) + A E 

= 154.6 kJ-mol -1 - 566.2 kJ-mol -1 +426.30 kJ mol -1 
= +15.7 kJ-mol -1 


30-20. Consider the energetics of the reaction 

F(g) + H 2 (u = 0) =* HF(ii) 4- H(g) 

where the relative translational energy of the reactants is 7.62 kJ-mol" 1 , and D e { H 2 ) — D^(HF) = 
— 140 kJ-mol" 1 . Determine the range of possible vibrational states of the product HF(g) molecule. 
Assume the vibrational motion of both H 2 (g) and HF(g) is harmonic with u H = 4159 cm -1 and 
v hf = 3959 cm -1 . 


This problem is similar to Example 30-6. Assuming that the reactants and products are in the 
ground electronic and rotational states and using Equation 30.28 gives 

^trans + ib " *>.(«*) = + K* ~ °^F) 
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Because £ yib = = 24.88 kJmol ’, we can write the above equation as 

E' Ums = 7 62 kJ-mol -1 + 24.88 kJ-mol -1 + 140 kJmol -1 - £' ib 
= 170 kJ-mol - ' — £' ib 

Translational energy is an intrinsically positive quantity, so for the reaction to occur, £' ib < 
170 kJmol -1 . Using the harmonic oscillator approximation, we obtain 

E' vib = (v + j) hv HF < 170 kJmol -1 

, .. 170 kj-mol -1 

(v + ’ )< 47.35 kj-mol-' 
v < 3.6 

The possible vibrational states of the product are therefore v = 0, 1, 2, and 3. 

30-21, In Example 30-5 we calculated the speeds of the products relative to the center of mass, 
I u df ~ u cml and I“d ~ U J> for the reaction F(g) + D 2 (g) => DF(g) + D(g) assuming that the 
reactants and products could be treated as hard spheres. Now calculate these quantities taking into 
account the zero-point vibrational energies of D 2 (g) and DF(g). Assume that the vibrational motion 
of D 2 (g) and DF(g) is harmonic with v D = 2990 cm -1 and v DF = 2907 cm -1 , respectively. How 
different are your results from the hard-sphere calculations presented in Example 30-5? 


As in Example 30-5, n = 5.52 x 10 27 kg, u = 2.14 x 10 3 m-s -1 , KE = 
fji = 3.05 x 10 -27 kg. Using Equation 30.28, we have 

Kans = E a a„s + ^vib “ K lb ~ [^(D 2 ) - D,(DF)] 

= 7.62 kJ-mol -1 + £ vib — £' ib + 140 kJ^mol -1 

The quantities E yib and E' vib are given by 


= 7.62 kJ-mol 


. . 2990 cm -1 

/ kJ-mol 1 

2 v r> 2 “ 2 

\83.60 cm -1 

. . 2907 cm -1 

1 p — - 

/ kJ-mol -1 

2 df - 2 

V 83.60 cm -1 


Then Equation 1 becomes 

E' Uins = 7.62 kJ mol -1 + 17.88 kJ-mol -1 - 17. 


= 7.62 kJ-mol" 1 + 17.88 kJ-m 0 r ! - 17.39 kJ-mol" 1 + 140 kJ-mol" 1 
= 148 kJ mol -1 = 2.46 x 10 -19 J-molecule -1 


Because E' aans = \ix'uf, we now have 


i/x'«' r 2 = 2.46 x 10 -19 J 


K= ■ 


(2.46 x 10 -19 J)(2)‘ 
3.05 x 10 -27 kg 


This is the same value we found for h' in Example 30-5. For the case considered here, the 
zero-point vibrational energy does not affect the results for |u DF - u c J and |u D - u c J, which are 
1.11 x 10 3 m-s -1 and 1.16 x 10 4 m-s -1 , respectively. 
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The following four problems consider the reaction 

Cl(g) + HBr(i> = 0) =» HCl(u) + Br(g) 

where the relative translational energy of the reactants is 9.21 kJ-mol” 1 , the difference D,(HBr) — 
D e (HCl) = —67.2 kJ*mol _1 , and the activation energy for this reaction is ~ 6 kJ-mol” 1 . 


30-22. Determine the range of possible vibrational states of the product molecule, HCl(g). The 
spectroscopic constants for HBr(g) and HCl(g) are 

v e /cm _1 v e xjcm~ x 

HBr 2648.98 45.22 
HC1 2990.95 52.82 

Draw a diagram for this reaction that is similar to that shown in Figure 30.8 for the F(g) + D 2 (g) 
reaction. 


This problem is similar to Example 30-6. Using Equation 30.28 and assuming that the molecules 
are in their ground rotational and electronic states, we write 

EL, = + E,„ - EL - [0,<HBr) - D (HC1)] 

We can use Equation 13.21 to find the ground vibrational state of HBr: 

£ V ib = *,(« + 5) - + i ) 2 

= (2648.98 cm-‘)({) - (45.22 cnT 1 )^) 2 

= 1313.2 cm- 1 = 15.71 kJ-mol -1 


Then 

E ' ams = 9.21 kJ-mol" 1 + 15.71 kJ-mor 1 - E' vib + 67.2 kJ-mol" 1 
= 92.12 kJ-mol -1 - £' ib 

For the reaction to occur, E' ams > 0, so E' vi0 <92.12 kJ-mol -1 : 

E' vib = v e (v + i) - x e v e (v + ±) 2 < 92.12 kJ-mor 1 
(2990.95 cm -1 )(u + ±) - (52.82 cnr')(v + \) 2 < 92.12 kJ-mor 1 

Because v must be an integer, we find that v < 2. Therefore, v = 0, v = 1, and v = 2 are the 
possible vibrational states of the product. 
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30-23. Calculate the value of |u HC1 — u cm |, the speed of the HCl(g) molecule relative to the center of 
mass, for each of the possible vibrational states of HCl(g) in Problem 30-22. 


This problem is similar to Example 30-7. In Problem 30-22, we showed that 

Kans + ^ib = 92.12 kJ-mol-' 

Now substitute for E' ams and E' jb to find u\ in terms of v: 

EL. + K, b = + K(v + 5) " + i) 2 


or 


92.12 kJ-mor 1 = | (2.504 x 10" 2 kg-mol -1 )< 2 + (35.772 kJ-mol" 1 )^ + ±) 

-(0.6317 kJ-mol _I )(« + \) 2 (1) 


where the reduced mass of the products is given by 
(36.461 g-mor')(79.904 g-mol -1 )" 1 


M 1 (116.365 g-mol -1 ) 

Solving Equation 1 for w' gives 
2 


(1 x 10 3 kg-g ) = 2.504 x 10 kg-mol 


u r = 


( 2.504 1 iq- ; ) I 92120 “ 35772( ” + i> - < 631 - 7) <” + D 1 ] 


1/2 


m-s 


-1 


.504 x 10" 2 

From Example 30-5, the speed of the HCl(g) molecule relative to the center of mass is given by 


( 2 ) 


m 


i U HCl U cm ' ~ 


Br, 


M 


79.904 amu , 
116.365 amu Wf 


(3) 


We can calculate w' for v = 0, 1, and 2 using Equation 2, and then use Equation 3 to obtain 
|u™ — u |. The results are tabulated below. 

1 HCI cm 1 

V M'/10 3 m-s _1 |u HC1 — u cm |/10 3 m-s -1 


0 2.438 1.674 

1 1.785 1.225 

2 0.7275 0.500 


30-24. Determine the speeds for a HCl(g) molecule relative to the center of mass |u HC1 — u c J in the 
v = 0, J = 0 and v = 0, J = 1 states. The rotational constants for HCl(g) are B e = 10.59 cm -1 
and <5 = 0.307 cm -1 . 

e 


Recall from Chapter 13 that the rotational energy is B v J(J + 1) (Equation 13.8), where// = 
B e — a e (v + |) (Equation 13.17). In this case, Equation 30.28 becomes 

^ans + K* + EL = E uans + £ vib - [D(HBr) - D(HCI)] 

= 9.21 kJ-mol -1 + 15.71 kJ-mor 1 + 67.2 kJ-moC 1 
= 92.1 kJ-mor 1 



Gas-Phase Reaction Dynamics 

The reduced mass of the products is, as in Problem 30-23,2.504 x 10 " 2 kg-mol -1 . We now express 
the energy of the products as 

Kms + Kib + E ',ot = 2 ^ M r 2 + + 2^ " ^'A V + 2^ + \K ~ + 2^] J + U 

For v = 0, this becomes 

92.12 kl-mol -1 = 5 (2.504 x 10" 2 kg- mo\-')u? + (35.772 kJ-mol" 1 )^) 

-(0.6317 kJ-mol-‘)(i ) 2 + (0.1249 kJ-mor 1 )7(7 + 1) 


or 


2 „-2 


u] = 5.942 x 10 6 m -s - 99737(7 + 1) m 2 -s 

As in Problem 30-23, the speed of the HCl(g) molecule relative to the center of mass is given by 

79.904 amu , 

I u hci — u cnJ = 116.365 amu “ r 

For u = 0, 7 = 0, |u HC1 - u | = 1674 m s -1 ; for v = 0, 7 = 1, |u HC1 - u | = 1671 m-s -1 . 


30-25. Using the data in Problem 30-24, determine the value of 7 min , the minimum value of 7, such 
that the kinetic energy of a HCl(u = 0, 7 = 7 min ) molecule is greater than the kinetic energy of an 
HCl(v = 1,7=0) molecule. [Note that if this reaction produces HCl(u = 0, 7 > 7 min ), then these 
molecules have relative speeds characteristic of an HCl(u = 1 ) molecule, affecting the analysis of 
the product velocity contour plots.] 


From Problem 30-24, we have 

92.12 kJ-mor 1 = E' ttms + (35.772 kJ-mol" 1 )(i + v) 

-(0.6317 kJ-mol" 1 )(i + u ) 2 
+(0.1249 kJ-mol-')7(7 + 1) 

For v = 1,7 = 0, E'^ (the kinetic energy of the HC1 molecule) is 39.87 kJ-mol -1 . For a molecule 
in the v = 0, 7 = 7 min state to have a greater kinetic energy, 

39.87 kJ-mol " 1 < 92.12 kJ-mol " 1 - (35.772 Id-mol -1 )^) 

+(0.6317 kJ-mor‘)(i ) 2 
-(0.1249 kJ-mol - 1 )7 min (7 min + 1) 

Because 7 must be an integer, 7 > 17. 


30-26. Using the data given in Table 13.2, estimate the minimum value of the relative speed of the 
reactants so that the following reactions occur: 

HCl(v = 0) + Br(g) =► HBr(v = 0) + Cl(g) 


and 
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HCl(u = 1) + Br(g) => HBr(i> = 0) + Cl(g) 
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We assume that E rol = E' m{ = 0. From Problem 30-22, the ground vibrational state of HBr has an 
energy of 15.71 kJ-mor 1 . Assuming that the reactants and products are in their ground electronic 
states, Equation 30.28 becomes 

EL . + E' vlb = E am , + E. b + [D (HBr) - D(HC1)] 

Because we want to find the minimum value of the relative speed of the reactants, we let E' ttans = 0. 
Then the above equation becomes 

15.71 kJ-mol" 1 = E uins + (35.772 kJ-mol _1 )(v + j) 

-(0.6317 kJ mor'Kv + ±) 2 - 67.2 kJ-mor 1 


so that 


£ tr a„s(v = 0 ) = 65.2 kJ-mor 1 
E^iv = 1) = 30.7 kJ-mor 1 


The reduced mass of the products is 

ix' = 2.465 x 10~ 2 kg-mol -1 


So 


u r (v = 0) = 


u r (v = 1) = 


2g tfans (v = 0) nl/2 

2(65 200 J-mol" 1 ) ] 1/2 
[2.465 x 10 -2 kg-mol -1 _ 

2(30700 J-mol" 1 ) f /2 
[2.465 x 10~ 2 kg-mol -1 _ 


= 2300 m-s 


-l 


= 1580 m-s 


-i 


30-27. Do the values of the radii of the dashed circles in Figure 30.11 increase, decrease, or remain 
the same as the relative translational energy of the reactants is increased from 7.62 kJ-mol _1 ? 
Determine the percentage change, if any, in the radius of the dashed circle for v — 0 if the relative 
translational energy is doubled from 7.62 kJ-moD 1 to 15.24 kJ-moD 1 . 


The circles correspond to the maximum relative speeds a product molecule can have. Because 
speed and translational energy are directly related, and because the translational energy of the 
product is directly related to the translational energy of the reactants (Equation 30.28), the radii 
of the dashed circles will increase as the translational energy of the reactants is increased. If the 
relative translational energy were doubled,then u r would increase by «Jl. Because the radius of the 
circle is proportional to u r , the radius would also increase by V2. 


30-28. Figure 30.11 presents the contour map for the product molecule DF(g) for the reaction between 
F(g) and D 2 (u = 0). The dashed lines correspond to the expected speeds for DF(g) molecules in 
those vibrational states when 7, the rotational quantum number, equals 0. The regions between two 
circles then correspond to molecules that are rotationally excited. Determine the minimum value 
for J such that a DF(u = 2) molecule has a relative speed expected for a DF(u = 3) molecule. The 
spectroscopic constants for DF(g) are given in Example 30-8. Does your result suggest that there 
could be a problem encountered in the analysis of the scattering data for this reaction? 
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From Example 30-7, we know that 

E L . + K ib + K, = E Ums + E * - [£(D 2 ) - O.CDP)] 

= 166 kJ-mol -1 = 13 877.6 cm-' 

The largest value of E ams expected for a DF(u = 3) molecule would correspond to J = 0, giving 

E' Ums = 13 877.6 cm"' - 0,(2) + v e x e {\) 2 = 3943.7 cm ' 1 

Now consider a DF(v = 2) molecule in the rotational state 7. We want to determine the smallest 
value of 7 such that E^ = 3943.7 cm -1 . Because energy is conserved, this requires that 

E' rot = 13 877.6 cm " 1 - 3943.7 cm ' 1 - 0,(§) + 0,i,(|) 2 

or 

E' mt = 2723.96 cm " 1 

Using Equation 13.17, 

£» = [*,- «. (» + 9] w + D 

SO 

2 723.96 cm " 1 = [11.007 cm -1 - (0.293 cm-'Xf)] 7(7 + 1) 

and (since 7 is an integer) 7 = 16. This is a rather large value of 7, so this effect can generally be 
ignored in the analysis of the scattering data. 


30-29. For the reaction Cl(g) + H 2 (g) => HCl(g) + H(g), DXIij) - D,(HC1) = 12.4 

kJ-mol" 1 . Assuming that the relative kinetic energy is 8.52 kJ- mol -1 and that the H^g) re¬ 
actant is prepared in a v = 3, 7 = 0 state, what are the possible vibrational states of HCl(g)? 
The vibrational spectroscopic constants for H^g) and HCl(g) are vXHj) =4401.21 cm" 1 , 
v,(HCl) = 2990.95 cm" 1 , v.i.CHj) = 121.34 cm -1 , and v e ;E c (HCl) = 52.82 cm -1 . 


If the H, is prepared in the v = 3 state, then 

E vib = v e (v + i ) - v e x e (v + \) 2 = (4401.21 cm-')(Z) - (121.34 cm " 1 )^) 2 = 13 917.82 cm-' 

Using Equation 30.28, we find that (taking 7=0) 

+ E 't = *V.„ + E,i. - [D,(H,) - D,(HC1)] 

E Ls = 703.91 cm "' + 13 917 - 82 cm "' - 1036.64 cm"' - E' vib 
E Ls = 13 585.09 cm " 1 - E' ib 

The value of E' ums must be positive, and so E' vib < 13 585.09 cm" 1 , giving 

13 585.90 cm-' > (2990.95 cm"')(u + \) - (52.82 cnr')(u + \) 2 
4.5 > v 


The possible vibrational states of the product HCl(g) molecule are 0, 1,2, 3, and 4. 
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30-30. Suppose that the reaction given in Problem 30-29 produces HCl(g) in v = u max , the highest 
possible vibrational state under the given conditions. Determine the largest possible value of 7 
for the HCl(v = u max , 7) molecule. The rotational constants of HCl(g) are B e = 10.59 cm -1 and 
a e = 0.307 cm -1 . 


From Problem 30-29, we have 

K™ = 13 585.09 cm" 1 - E' vib - E' m (1) 

The largest value of v for the HCl(g) product molecule is v = 4, so 

E' ib = (2990.95 cm-')(4 + ;) - (52.82 cm" 1 )(4 + |) 2 = 12 389.67 cm' 1 
Recall (Equation 13.17) that 

B v = B e - a e (v + i) = 10.59 cm’ 1 - (0.307 cm _1 )(4.5) = 9.21 cm" 1 
and (Equation 13.18) 

E' tol = BJ(J + 1) = (9.21 cm~')J(J + 1) 

Substituting into Equation 1, we find 

E Ls = 1195.42cm- 1 - (9.21 cnr')7(7 + 1) 

For the reaction to occur, £' rans > 0, so 

1195.42cm- 1 > (9.21 cm" 1 )y(7 + 1) 

10.9 > J 

The largest value of 7 is 10. 


30-31. Consider the product velocity distribution for the reaction between K(g) and l 2 (v = 0) at a 
relative translational energy of 15.13 kJ-mol -1 shown in Figure 30.13. Assume that the vibrational 
motion of I 2 (g) and KI(g) is harmonic with v, = 213 cm -1 and u R[ = 185 cm -1 . Given that 
D e { I 2 ) - D e (KI) = -171 kJ-mol -1 , determine the maximum vibrational quantum number for the 
product KI(g). Now determine the speed of a KI(u = 0) molecule relative to the center of mass. 
Repeat the calculation for the KI(u = 1 ) molecule. Do the data in the contour map support a 
conclusion that KI(g) is produced in a distribution of vibrational levels? 


For I 2 (u = 0), 

£ vib = + 2 } 

= (213 cm _ 1 )(j) = 107 cm " 1 
Again using Equation 30.28, we find that 


£ mns + £' b = E ttans + £ vib - [D (I 2 ) - D (KI)] 

'83.60 cm -1 


E'= (15.13 kJ-mol" 1 ) 


kJ-mol’ 


7 -) + 106.65 cnT 1 + (171 kJ-mol -1 , ) 


E' ans = 15 667.12 cm - 1 - E' vib 


E f 

^vib 



Gas-Phase Reaction Dynamics 


981 


As long as £' ib < 15 667 cm \ the reaction can occur. Then (using the constants given) 

15 667 cm -1 > v KI (v + 5 ) = (185.4 cm'‘)(u + 

84.7 > v 


The maximum vibrational quantum number of the product molecule is 84. For a KI(v = 0) product 
molecule, we can write 

E' ums = 15 667 cm " 1 - (|)(185.4 cm" 1 ) = 15 575 cm " 1 = 3.0937 x 10 "' 9 J 
The reduced mass of the products is \j! = 1.19 x 10 " 25 kg, so 

u!u a l0 

—= 3.093 x 10 " 19 J 
2 

u' T = 2280 m-s " 1 


The relative speed of a KI(i> = 0) molecule relative to the center of mass (as in Example 30-5) is 


m. , 126.904 amu _ K „„„ , 

in. — u I = — u = - (2280 m-s ) = 988 m-s 1 

1 K1 cml M 292.9073 amu 


For a KI(d = 1) molecule, 


E; ans = 15667.12cm" 1 - (1.5)(185.4cm" 1 ) 
= 15 389.02 cm " 1 = 3.057 x 10 " 19 J 

= 3.057 x 10 " 19 J 

2 

h' = 2267 m-s " 1 


and 


m, 

l U KI- U cJ = ^«r 


166.0028 amu 
292.907 amu 


(2267 m-s" 1 ) = 982 m-s " 1 


These calculations and the contour plot in Figure 30.13 support the conclusion that KI(g) is 
produced in a distribution of vibrational levels. 


30-32. Below is a plot of the LiCl(g) product velocity distribution for the reaction 

Li(g) + HCl(i> = 0) =► LiCl(u) + H(g) 

recorded at a relative translational energy of 38.49 kJ-mol" 1 . Is this reaction an example of a 
rebound reaction, a stripping reaction, or a reaction in which a long-lived complex (relative to the 
rotational period of the complex) is formed between the reactants before any product molecules are 
produced? Explain your reasoning. 
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Because the scattering is localized in the forward direction, this reaction is an example of a stripping 
reaction. 


30-33. Shown below are the velocity contour plots of the N 2 D + (g) product recorded at two different 
relative translational energies for the reaction 

N+(g) + D 2 (v = 0) =* N 2 D» + D(g) 

The scale between the two plots indicating 1000 m-s -1 applies to both plots. 


0 ° 

<— 




| 270 ° 

(a) 




90° 


180° 0° 
->. <- 


1000 m«s 1 


| 270 ° 

(b) 



180° 

- > 


The value of D e (N 2 D + ) — D^NJ) — D,(D 2 ) is equal to 96 kJ-mol" 1 . The relative translational 
energy of the reactants is 301.02 kJ-mol -1 and 781.49 kJ-mol -1 for the left and right contour 
plots, respectively. Propose an explanation for why N 2 D + (g) product molecules observed with low 
relative velocities are present in (a) but absent in (b). 


There is more total energy available to the products at a collision energy of 781.49 kJ-mol -1 
than at a collision energy of 301.02 kJ-mol -1 . Therefore, low relative velocity products for the 
781.49 kJ-mol" 1 have a greater internal energy than the low relative velocity products for the 
301.02 kJ-mol” 1 case. Under the experimental conditions given, product molecules with a low 
relative translational energy do not appear on the right contour plot because such molecules would 
have internal energies greater than the dissocation energy of N 2 D + , and therefore fragment. 


30-34. The reaction between Ca(g) and F 2 (g) generates an electronically excited product according to 
the equation 


Ca('5 0 ) + F 2 (g) =► CaF(B 2 £ + ) + F(g) 

The radii of Ca('S 0 ) and F 2 (g) are 100 pm and 370 pm, respectively. Determine the hard-sphere 
collision cross section. The cross section for this reaction is > 10 6 pm 2 . Propose a mechanism for 
this reaction. 
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Use Equation 27.58: 


(200 x 10 -12 m + 740 x 10 -12 m) 


n 2 


= 6.94 x 10 -19 m 2 = 6.94 x 10 5 pm 2 


The hard sphere collision cross section is smaller than the measured cross section. The following 
harpoon mechanism is consistent with the above comparison. 


Ca('S 0 ) + F 2 (g) =► Ca + + F 2 - (g) =+ CaF(B 2 £ + ) + F(g) 


30-35. Consider the reaction described in Problem 30-34. The product CaF*(5 2 £ + ) relaxes to its 
electronic ground state by fluorescence. Explain how you could determine the vibrational states of 
the product from a measurement of the fluorescence spectrum. 


Given the spectroscopic parameters T , v', and v' e x' e for the B 2 T, + excited state of CaF(g), and the 
values of 5" and v"jc", an observed fluorescence line at v obs would be given by 


v = T — E + E 

obs e vib,lower vib,upper 


= T- [v>" + i) - ?£*>" + i) 2 ] + [v' e (v' + i) - v'X(v' + I) 2 ] (1) 

The vibrational states of the product can be determined by fitting the experimental data to 
Equation 1, realizing that v" and v f must be integers. 


30-36. For the reaction 


Ca CS Q ) + F 2 (g) =► CaF + (5 2 S + ) + F(g) 

the peak of the fluorescence spectrum corresponds to emission from the v' = 10 level of the 
5 2 S + state to the v" = 10 level of the ground electronic state of CaP. Calculate the wavelength 
of this emission line. The spectroscopic constants for the i? 2 E + state are T = 18 844.5 cm -1 , 
v' e = 566.1 cm -1 , and v'Jt' = 2.80 cm -1 and those for the ground state are v" = 581.1 cm -1 and 
iJX = 2.74 cm -1 . In what part of the electromagnetic spectrum will you observe this emission? 


Using Equation 1 from Problem 30-35, we find that 

*0bs = T, - [v>" + i) - v'X(v" + i) 2 ] + [W + i) - vXiV + i) 2 ] 
= 18 844.5 cm" 1 - (581.1 cnT 1 )^) 

+(2.74 cm-')(f ) 2 + (566.1 cm-')(f) - (2.80 cm^Kf ) 2 
= 18 680.4 cm -1 ^ 535 nm 


The emission is in the visible region. 


30-37. Describe the potential-energy surfaces for the reactions 

1(g) + H 2 (u = 0) HI(u) + H(g) 


and 


Kg) + CH 4 (u = 0) => m(v) + CH 3 (g) 
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The potential energy surface for the first reaction will be similar to that described in the chapter for 
F(g) + D 2 (g). The potential energy surface is four-dimensional. The potential energy surface for the 
second reaction depends on the relative orientation of five atoms, and so is (37V — 6)-dimensional, 
or nine-dimensional. As a result, calculating the reaction coordinates for the second reaction is 
much more involved. 


30-38. The following plot depicts the potential-energy surface for the isomerization reaction 

OClO(g) =* ClOO(g) 



The contour map is a plot of the potential energy as a function of the location of an oxygen 
atom around a diatomic CIO of fixed bond length. The energy spacing betwen contour lines is 
38.6 kJ-mol" 1 . Label the location of the oxygen atom in the reactant (OCIO) and product (ClOO) 
molecules. Draw the minimum energy path for the isomerization reaction. Which isomer is more 
stable? Estimate the range for the height of the activation barrier for this isomerization reaction 
from the potential-energy surface. Is the energy barrier to isomerization less than, greater than, or 
equal to the barrier for dissociation into 0(g) 4- C10(g)? 



Point A is the location of the oxygen atom in OCIO, and point B is the location of the oxygen atom 
in ClOO. ClOO is the more stable isomer, because there are more contour lines between the oxygen 
atom and the transition state for the isomerization reaction from in this configuration. There are six 
contour lines to cross to reach the transition state from the minimum energy configuration of OCIO, 
and eight to cross to reach the transition state from the minimum energy conformation of ClOO. 
The height of the activation barrier is greater than the energy of six contour lines and less than the 
energy of eight contour lines, and so is somewhere between 309 kJ-mol’ 1 and 232 kJ-moL 1 . The 
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energy barrier to isomerization is less than the energy barrier to dissociation, because there are six 
contour lines to cross to reach the transition state and at least seven to dissociate into O(g) and 
ClO(g). The dashed line depicts the minimum energy path for the isomerization reaction. 


30-39. The opacity function P(b) is defined as the fraction of collisions with impact parameter b that 
lead to reaction. The reaction cross section is related to the opacity function by 

poo 

<7 r = I 2nbP(b)db 
Jo 

Justify this expression. Assume that the opacity function is given by 


P(b) = 


1 

0 


b>d AB 


Show that this opacity function gives the hard-sphere collision theory model for a r . 


The integrand is the product of the hard sphere collision cross section 2Tcb and the fraction of 
collisions with impact parameter b that lead to a reaction. If we integrate over all values of b, then we 
take into account all possible values of the hard sphere cross section weighted by their probability 
of leading to reaction. This will give the average reaction cross section (see MathChapter B). 
Substituting the P(b ) given, when b < d AB 



2 nbP(b)db = nb 2 


— 7vd AB 


and when b > d AB o r = 0. These results are the hard-sphere collision theory model for cr.. 


30-40. The opacity function is defined in Problem 30-39. Determine an expression for b max in terms 
of <i AB , E 0 , and E t so that an opacity function given by 


P(b) = 


1 

0 


b < b 

— max 

b > b , 


yields the reaction cross section & r (E r ) for the line-of-centers model (Equation 30.14). 


Using the relationship between o r and P(b) given in Problem 30-39, we find for the opacity 
function stated in this problem, o r = nb^ for b < b max and o r = 0 for b > b max . Comparing to 
Equation 30.14, we see that 

(l - I 2 ) 

and so 

/ £ \ 1/2 


30-41. For the reaction H(g) -h H 2 (g), the opacity function (defined in Problem 30-39) is 


P(b) = 


A cos 


7i b 

2/T“ 


b < b 

— max 

b>b 
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where A is a constant. Derive an expression for the reaction cross section in terms of b max . 


The quantity a r = 0 for b > 7> max . For b < b mm . 



A cos 



db 


Let x = b/b max , so that 


= 2nAb, 


f %X A 

I x cos ——ax 

Jo 2 

. ,,, T 4 nx 2x . 

= 2nAb mm cos — + — si 

\_TV Z TV 

0 - 1 ) 


TV X 


= 4 Abl 


1 

0 


30-42. Explain how the F(g) + D 2 (g) reaction can be exploited to make a chemical laser. (Hint: See 
Table 30.2 and Section 15^4.) 


Table 30.2 shows that the product DF(g) is formed with a population inversion between the state 
v = 3 and the states v = 0, 1, and 2. There is also a population inversion between the state v = 2 
and the states v = 0 and 1, as well as between the states v = 1 and v = 0. Therefore, there are 
many possible transitions that could be used to achieve lasing. 


30-43. A quantum-mechanical calculation of the potential-energy surface for the collinear hydrogen 
atom exchange reaction described by H A (g) + H 0 H c (g) ==> H A H B (g) + H c (g) gives a reaction 
barrier that lies 58.75 kJ • mol" 1 above the bottom of the potential well of the reactants. Calculate the 
minimum relative speed for the collision between H(g) and = 0) so that the hydrogen-atom 
exchange reaction occurs. Assume that the vibrational motion of H^g) is harmonic. 


To overcome a reaction barrier of 58.75 kJ-mol 1 the sum of the translational and vibrational 
energies of the reactants must exceed this value, or 

^trans + v = 0) > 58.75 kJ-moP 1 

Using v H = 4401 cm -1 from Table 5.1, we have 

E > (58.75 kJ-mol -1 ) / 83 6Qcm ^ 
trans V kJ-mol- 1 ) Vlb 

> 4912 cm- 1 - (4401 cm" 1 )^) = 2712 cm- 1 = 32.43 kJ-mol" 1 
Now, since E = jjlu 1 / 2, we have 


32.43 kJ-moL 1 < - 
2 


(1.008 amu)(2.016 amu) 
(3.024 amu) 


(1.661 x 10 kg-amu )u x 


or u = 9820 m-s l . 
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30-44. Below is a drawing of the contour plot of the potential-energy surface of the collinear 
H(g) + H^g) reaction in the vicinity of the transition state. We take r 12 and r 23 to be the bond length 
of reactant and product, respectively. Label the location of the transition state. Draw a dashed 
line that indicates the lowest energy path for the reaction. Draw a two-dimensional representation 
of the reaction path in which you plot V (r 12 , r 23 ) as a function of r n — r 2r 



r 23 1 P m 



Point A is the location of the transition state. 



30-45. Repeat the calculation in Problem 30—43 for the reaction 


H(g) + D 2 (u = 0) =» UD(v = 0) + D(g) 
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Assume that the vibrational motion of D 2 (g) is harmonic. 

The calculation is identical to that of Problem 30-43, except that v D = 2990 cm -1 (Table 5.1) and 
ix = 1.339 x 10- 27 kg. Following the same procedures, we obtain u . = 10070 m-s -1 . 
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Solids and Surface Chemistry 


PROBLEMS AND SOLUTIONS 


31-1. Polonium is the only metal that exists as a simple cubic lattice. Given that the length of a side of 
the unit cell of polonium is 334.7 pm at 25°C, calculate the density of polonium. 


Polonium exists as a cubic lattice, so there is only one atom per unit cell. 


mass unit cell = 


(1)(209 g-mol -1 ) 


= 3.47 x 10- 22 g 


6.022 x 10 23 mol -1 
V = (334.7 x 10" 10 cm) 3 = 3.749 x 10" 23 cm 3 
m 3.47 x 10" 22 g „ 

P ~ V ~ 3.749 x 10- 23 cm 3 ” ' g ' Cm 


31-2. Consider the packing of hard spheres of radius R in a primitive cubic lattice, a face-centered 
cubic lattice, and a body-centered cubic lattice. Show that a, the length of the unit cell, and /, the 
fraction of the volume of the unit cell occupied by the spheres, are given as listed. 


Unit cell a f 


Primitive cubic 2 R n/6 

Face-centered cubic AR/y/l nV2/6 

Body-centered cubic 4/?/V3 nV 3/8 


a. Primitive cubic 



In a primitive cubic unit cell, the atoms touch along the edge of the cube, and there are two 
atomic radii per edge. Therefore /? + /? = 2R = a. The volume of the unit cell is given by 
a 3 = (2 R) 3 = 8 R 3 . There is one atom per unit cell, so 

hrR 3 7T 

f = 8 ¥ = 6 
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b. Face-centered cubic 

This type of cell was treated in Example 31-3. There we found that (4 R) 2 = a 2 + a 2 , 
so 

f\6R 2 \' /2 4 R 

2 ) ~V2 

and (because there are four atoms per unit cell) 

_ 4(|t rfl 3 ) _ V2jt 


c. Body-centered cubic 



In a body-centered cubic unit cell, the atoms touch along the main diagonal, and so there are 
four atomic radii along the diagonal that contains the center of the cube. Thus 


a 2 + ( a /2 a) 2 — 
3a 2 = 


(4 R) 2 
16 R 2 



and, because there are two atoms per unit cell. 


f = 2 



y/3n 

~Y~ 


31 “3. Tantalum forms a body-centered cubic unit cell with a — 330.2 pm. Calculate the crystallographic 
radius of a tantalum atom. 


A body-centered cubic unit cell, as represented in Figure 31.4, has two atoms per unit cell, and the 
effective radius of an atom is given by one-fourth of the main diagonal of the cell. The quantity m, 
the length of the main diagonal of the tantalum atom, is 

m = [(a) 2 + (N/2a) 2 ]' /2 = 3 ]/2 a 

(This is illustrated in Problem 31-2, part c.) Dividing by four, we find the crystallographic radius 
of a tantalum atom to be 

3 ,/2 a 

r =-= 143.0 pm 

4 
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31-4. Nickel forms a face-centered cubic unit cell with a = 351.8 pm. Calculate the crystallographic 
radius of a nickel atom. 


As in Example 31-2, the crystallographic radius of an atom in a face-centered cubic unit cell is 
one-fourth of the length of the diagonal of a face. Then 




(2 ) l/2 a 
4 


(2) 1/2 (351.8 pm) 
4 


124.4 pm 


31-5. Copper, which crystallizes as a face-centered cubic lattice, has a crystallographic radius of 127.8 
pm. Calculate the density of copper. 


The mass of one unit cell (containing four copper atoms) is 

4(63.55 g-mol" 1 ) 


m = 


= 4.221 x 10- 22 g 


6.022 x 10 23 mol" 1 
The length of the unit cell is given by (Problem 31-4) 

4 r 4(127.8 pm) 


a = 


2 i/2 - 2 1/2 


= 361.5 pm 


Then the volume of one unit cell is 

V = a 3 = 4.723 x 10" 23 cm 3 
and the density of copper is 8.937 g*cm -3 . 


31-6. Europium, which crystallizes as a body-centered cubic lattice, has a density of 5.243 g-cm 3 at 
20°C. Calculate the crystallographic radius of a europium atom at 20°C. 


The molar mass of europium is 152.0 g - mol 1 and a body-centered cubic unit cell contains 2 atoms, 
so 


m _ 2(152.0g*mol -1 ) 

“ p ~ (6.022 x 10 23 mol _1 )(5.243 g-cm” 3 ) 
= 9.628 x lO" 23 cm 3 

a = V 1/3 = 4.583 x 10" 8 cm = 458.3 pm 


From Problem 31-2, we know that a = 4/? /a/3, so R = 198.5 pm. 


31-7. Potassium crystallizes as a body-centered cubic lattice, and the length of a unit cell is 533.3 pm. 
Given that the density of potassium is 0.8560 g-cm -3 , calculate the Avogadro constant. 


The cubic volume of a unit cell is V = a 3 , or (for potassium) 


V = (533.3 pm) 3 = 1.517 x 10 8 pm 3 = 1.517 x 10~ 22 cm 3 
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Recall that there are two potassium atoms per unit cell. The molar mass of potassium is 
39.10 g-mol -1 , so we can write 


m_ 2(39.10 g-mol" 1 ) 

~~p~ W A (0.8560 g-cm" 3 ) 
r _ 2(39.10 g-mor 1 ) 

A - (0.8560 g-cnT 3 )(1.517 x 10~ 22 cm 3 ) 


= 6.023 x 10 23 mor 1 


31-8. Cerium crystallizes as a face-centered cubic lattice, and the length of a unit cell is 516.0 pm. 
Given that the density of cerium is 6.773 g-cm -3 , calculate the Avogadro constant. 


The volume of a cubic unit cell is V = a 3 , or (for cerium) 

V = (516.0 pm) 3 = 1.374 x 10 8 pm 3 = 1.374 x 10 -22 cm 3 


There are four atoms per unit cell for a face-centered cubic unit cell. The molar mass of cerium is 
140.1 g-mol -1 , so we can write 


V 


m 4(140.1 g-mol ') 

P = AT a ( 6.773 g-cm" 3 ) 

4(140.1 g-mol" 1 ) 

(6.773 g-cm" 3 )(l.374 x 10" 22 cm 3 ) 


= 6.022 x 10 23 mol -1 


31-9. Given that the density of KBr is 2.75 g-cm -3 and that the length of an edge of a cubic unit cell is 
654 pm, determine how many formula units of KBr there are in a unit cell. Does the unit cell have 
a NaCl or a CsCl structure? (See Figure 31.18.) 


Potassium bromide has a molar mass of 119.0 g-mol 1 . Then 

m = pV = (2.75 g-cm -3 )(654 x 10 -10 cm) 3 = 7.692 x 10 -22 g 
If we let the number of KBr units per unit cell be x , then 

XH9.0E.mol-) 

6.022 x 10 23 mol -1 6 

x = 3.9 

We conclude that there are four formula units of KBr in a unit cell, which corresponds to an NaCl 
type of unit cell structure. 


31-10. Crystalline potassium fluoride has the NaCl type of structure shown in Figure 31.18a. Given that 
the density of KF(s) is 2.481 g-cm -3 at 20°C, calculate the unit cell length and the nearest-neighbor 
distance in KF(s). (The nearest-neighbor distance is the shortest distance between the centers of 
any two adjacent ions in the lattice.) 


There are four formula units of KF per unit cell, and the molar mass of KF is 58.10 g-mol l . Then 

m 4(58.10 g-mol -1 ) 

P ~V~ (6.022 x 10 23 mol" 1 ) a 3 
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so 


, 3.859 xl(T 22 g , „„ in _ 22 3 

a 3 =-r— = 1.555 x 10 22 cm 3 

2.481 g-cnT 3 

a = 5.378 x 10 -8 cm = 537.8 pm 


The nearest-neighbor distance is \a (see Figure 31.18a), or 268.9 pm. 


31-11. The crystalline structure of sodium chloride can be described by two interpenetrating face- 
centered cubic structures (see Figure 31.18a) with four formula units per unit cell. Given that the 
length of a unit cell is 564.1 pm at 20°C, calculate the density of NaCl(s). The literature value is 
2.163 g-cm" 3 . 


The molar mass of NaCl is 58.44 g-mol 1 . There are four formula units per unit cell, so 

_ m _ _ 4(58.44 g-mor 1 ) _ = 2 162 a. cm - 3 

P V (6.022 x 10 23 mol-')(564.1 x lO -10 cm) 3 ' 8 " 


31-12. Determine the Miller indices of each set of lines shown in the figure below. 



A 


(a) 10 (b) 11 (c) 12 


31-13. Determine the Miller indices of each set of lines shown in the figure below. 

B 



D 
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(a) 13 (b) 11 (c) 01 (d) 32 


31-14. Sketch the following planes in a two-dimensional square lattice: (a) 01, (b) 21, (c) 11, (d) 32. 



B D 


31-15. What is the relation between the 11 planes and the 11 planes of a two-dimensional square 
lattice? 


The 11 planes are perpendicular to the 11 planes. 


31-16. What is the relation between the 11 planes and the 11 planes of a two-dimensional square 
lattice? 


The 11 planes and 11 planes are indistinguishable. 


31-17. In this problem, we will derive a two-dimensional version of Equation 31.2. Using the figure 
below, show that 

b/k d 

tan a = - and sin a ~ - 

a/h a/h 
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Now show that 

. 2 tan 2 a 

sin a =- 9 — 

1 +tan 2 a 

and that 

L~— — 

d 1 - ~a i + 1? 

Equation 31.2 is the extension of this result to three dimensions. 



In general, letting r be the hypotenuse of a right triangle and x and y be the sides adjacent and 
opposite angle a , respectively, sin a — y/r and tan a = y/x. Then 


y 2 y 2 (y/x) 2 tan 2 o; 

r 2 (x 2 + y 2 ) 1 +(y/x) 2 l+tan 2 o; 


Then 

9 tan 2 a 

sin a =-7— 

1 + tan 2 a 

d 2 _ (ib/kf 

{a/h) 2 ( a/h) 2 + (b/k) 2 

(a/h) 2 (a/h) 2 + (b/k) 2 

d 2 ~ (b/k) 2 

1 _ £ 

d I ~¥ + ^ 



(a) 111 (b) 110 


(c) 5410 (d) 224 




996 


Chapter 31 


31 - 19 . Sketch the following planes in a three-dimensional cubic lattice: (a) Oil, (b) 110, (c) 211, (d) 
222 . 



The (222) planes are depicted in Example 31-5. 


31 - 20 . Determine the Miller indices of the plane that intersects the crystal axes at (a) (a, 2b, 3c), (b) 
(a, b, —c ), and (c) (2a, b, c). 


(a) 632 (b) 111 (c) 122 


31 - 21 . Calculate the separation between the (a) 100 planes, (b) 111 planes, and (c) 121 planes in a 
cubic lattice whose unit cell length is 529.8 pm. 

Use Equation 31.3 to calculate the separation between planes. For the 100 planes, 

J_ _ h 2 + k 2 + l 2 _ 1 

d 2 a 2 (529.8 pm) 2 

d = 529.8 pm 

For the 111 planes, 


1 _ h 2 + k 2 +1 2 3 

d 2 ~ ~a 2 “ (529.8 pm) 2 

d = 305.9 pm 


For the 121 planes, 


1 h 2 + k 2 +1 2 6 

d 2 = ? = (529.8 pm) 2 

d = 216.3 pm 


31 - 22 . The distance between the 211 planes in barium is 204.9 pm. Given that barium forms a 
body-centered cubic lattice, calculate the density of barium. 


We use Equation 31.3 to find the length of a unit cell. 

_ h 2 + fc 2 + 1 2 _ 6 
d 2 a 2 a 2 

a = [6(204.9 pm) 2 ] 1/2 = 501.9 pm 



Solids and Surface Chemistry 


997 


A body-centered cubic lattice contains two atoms per unit cell, so 

m 2(137.3 g-mor') 

P ~V ~ (6.022 x 10 23 mol-')(501.9 x 10 -10 cm) 3 
= 3.607 g-cm -3 


31-23. Gold crystallizes as a face-centered cubic crystal. Calculate the surface number density of gold 
atoms in the 100 planes. Take the length of the unit cell (Figure 31.3) to be 407.9 pm. 


The (100) planes run along the sides of the unit cell perpendicular to the a axis. Therefore, in the 
area of one such face, there are 



Then 


i r 

surface number density = ——r z --r = 1-20 x 10 cm 

J (407.9 pm) 2 


31-24. Chromium crystallizes as a body-centered cubic structure with a density of 7.20 g-cm -3 at 
20°C. Calculate the length of a unit cell and the distance between successive 110, 200, and 111 
planes. 


First, find the length of a unit cell of chromium: 

3 m 2(51.996 g-mor 1 ) 

p (6.022 x 10 23 mol -1 )(7.20 g-cm -3 ) 
a = 288.4 pm 

Then use Equation 31.3 for each set of planes: 


1 

1 + 1 

4o 

“ (288.4 pm) 2 

d uo 

= 203.9 pm 

1 

4 

|2 

a 200 

~~ (288.4 pm) 2 

d 200 

= 144.2 pm 

1 

1 + 1 + 1 

4i 

“ (288.4 pm) 2 

d m 

= 166.5 pm 
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31 - 25 . A single crystal of NaCl is oriented such that the incident X-rays are perpendicular to the 
a axis of the crystal. The distance between the spots corresponding to diffraction from the origin 
and 100 planes is 14.8 mm, and the detector is located 52.0 mm from the crystal. Calculate the 
value of a, the length of the unit cell along the a axis. Take the wavelength of the X-radiation to be 
A = 154.433 pm. 



Note that according to the diagram, tana = 52.0/14.8, 

_ _hX_ _ 154.433 pm 
cos a cos 74.11° 


so a = 74.11°. Now, from 
= 564.1 pm 


Equation 31.9, 


31 - 26 . Silver crystallizes as a face-centered cubic structure with a unit cell length of 408.6 pm. The 
single crystal of silver is oriented such that the incident X-rays are perpendicular to the c axis of 
the crystal. The detector is located 29.5 mm from the crystal. What is the distance between the 
diffraction spots from the 001 and 002 planes on the face of the detector for (a) the A = 154.433-pm 
line of copper, and (b) the A = 70.926-pm line of a molybdenum X-ray source? Which X-ray 
source gives you the better spatial resolution between the diffraction spots? 


2 


1 


0 


Recall that a cos y = /A (Equation 31.11), so 

( A. \ / 2A \ 

y. = cos — - - y, = cos - 

\408.6 pm/ 2 \408.6 pm/ 

For part (a), y 1 = 67.79° and y 2 = 40.89°, and for part (b), y, = 80.00° and y 2 = 69.68°. Now let 
line segment BC be x x and line segment AC be x r Then 



tan y x = 


29.5 mm 


tan y 2 = 


29.5 mm 


1 -*2 

Because the distance between the 001 and 002 diffraction spots is x 2 - x v we can write 

29.5 mm 29.5 mm 


d = x 2 - x, = 


tan y 2 


tan y, 


= 29.5 mm j^(tan y 2 ) 1 - (tan y,) 1 



Solids and Surface Chemistry 


999 


Substituting, we find that d = 22.02 mm for X = 154.433 pm and that d = 5.721 mm for 
k = 70.926 pm. The copper X-ray source gives the better spatial resolution between the diffraction 
spots. 


31-27. The X-ray diffraction angles for the first-order diffraction spot from the 111 planes of a cubic 
crystal with a = 380.5 pm are observed to be a = 18.79°, = 0°, and y = 0°. How is the crystal 

oriented? Take the wavelength of the X-radiation to be X = 154.433 pm. 


We can use Equations 31.6 through 31.8 to find the values of a Q , /? 0 , and y Q . Because we are examining 
the first-order diffraction spot, n = 1, and because the crystal is cubic, a = b = c = 380.5 pm. 
Then 


a (cos a — cosa 0 ) 
cos a 0 


a 


o 


cos|6 0 


A> 

cos y 0 


Vo 


hX 


hX 


cos a — 


cos 18.79° - 
57.26° 

kX 

cos p —— 
b 


154.433 

380.5 


cos 0° — 
53.55° 


154.433 

380.5 


IX 

cos y- 


cos 0° — 
53.55° 


c 

154.433 

380.5 


31 - 28 . The unit cell of topaz is orthorhombic with a = 839 pm, b = 879 pm, and c = 465 pm. 
Calculate the values of the Bragg X-ray diffraction angles from the 110, 101, 111, and 222 planes. 
Take the wavelength of the X-radiation to be X = 154.433 pm. 


Use the Bragg equation for the first-order diffraction angle: 

X = 2 sin# = 2dsin9 (31.12) 

We now find d by substituting the values of hlcl and a, b and c into the expression 



The values for d, sin 9, and 9 for each set of planes are tabulated below. 

dj pm sin0 9 


110 606.9 0.1272 7.309° 

101 406.7 0.1899 10.94° 

111 369.1 0.2092 12.08° 

222 184.6 0.4183 24.73° 


(31.2) 
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31-29. In this problem, we will derive the Bragg equation, Equation 31.12. William and Lawrence 
Bragg (father and son) assumed that X-rays are scattered by successive planes of atoms within a 
crystal (see the following figure). 



Each set of planes reflects the X-rays specularly; that is, the angle of incidence is equal to the 
angle of reflection, as shown in the figure. The X-radiation reflected from the lower plane in the 
figure travels a distance PQR longer than the X-radiation reflected by the upper layer. Show 
that PQR = 2d sin 6, and argue that 2d sin 0 must be an integral number of wavelengths for 
constructive interference and hence a diffraction pattern to be observed. 


The congruent right triangles A APQ and A ARQ provide us with the equations 

PQ QR 

sin# =- and sin# = —— 

d d 

Because PQ + PR = PQR, we see that PQR = 2d sin#. For constructive interference to occur, 
the waves (which are in phase when they enter the crystal) must once again be in phase when 
they emerge from the crystal, so PQR (and therefore 2d sin #) must be an integral number of 
wavelengths. 


31-30. The observed Bragg diffraction angle of the second-order reflection from the 222 planes of a 
potassium crystal is # = 27.43° when X-radiation of wavelength X = 70.926 pm is used. Given 
that potassium exists as a body-centered cubic lattice, determine the length of the unit cell and the 
density of the crystal. 


We can use the Bragg equation for a cubic unit cell (given by Equation 31.13): 


sin 2 # = 


a = 


n 2 X 2 (h 2 + k 2 +1 2 ) 
4? 

12(70.926 pm) 2-1 
sin 2 27.43° 


533.4 pm 


The molar mass of potassium is 39.10 g-mol ', and the body-centered cubic lattice has two atoms 
per unit cell. The density of the crystal is thus 


2(39.098 g-mol" 1 ) 

(6.022 x 10 23 mor‘)(533.4 x lO” 10 cm) 3 


0.8558 g-cm 3 


31-31. The crystalline structure of CuS0 4 (s) is orthorhombic with unit cell dimensions of a = 
488.2 pm, b = 665.7 pm, and c — 831.6 pm. Calculate the value of #, the first-order Bragg 
diffraction angle, from the 100 planes, the 110 planes, and the 111 planes if CuS0 4 (s) is irradiated 
with X-rays with X = 154.433 pm. 
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Using the Bragg equation (Equation 31.12), we have 


i=si„0 


for the first-order diffraction angle. Because 


-L_— — l l 
~ ^2 + £2 + ^2 


(31.2) 


we can write 


1 _ 1 
~ (488.2 pm) 2 
d 100 = 488.2 pm 


Substituting this value of d l0Q into the Bragg equation and solving for 0 gives 


»» = 2 d 


= sm 


100 


154.433 pm 
2(488.2 pm) 


= 9.100° 


Likewise, we can find d no and 0, 


'no 


and d lu and 9 m : 


1 


+ 


d 2 n0 (488.2 pm) 2 (665.7 pm) 2 


d. ]0 = 393.7 pm 


Jd, 


= 11.31' 


no 


1 


4 1 


+ 


1 


+ 


1 


(488.2 pm) 2 (665.7 pm) 2 (831.6 pm) 


d ul = 355.8 pm 


= sin 


"in 


~i 


2d. 


= 12.53° 


m 


31-32. One experimental method of collecting X-ray diffraction data, (called the powder method) 
involves irradiating a crystalline powder rather than a single crystal. The various sets of reflecting 
planes in a powder will be essentially randomly oriented so that there will always be planes oriented 
such that they will reflect the monochromatic X-radiation. The crystallites whose particular hid 
planes are oriented at the Bragg diffraction angle, 0 , to the incident beam will reflect the beam 
constructively. In this problem, we will illustrate the procedure that can be used for indexing the 
planes that give rise to observed reflections and consequently leads to the determination of the type 
of unit cell. This method is limited to cubic, tetragonal, and orthorhombic crystals (all unit cell 
angles are 90°). We will illustrate the method for a cubic unit cell. 

First, show that the Bragg equation can be written as 

sin 2 0 = ( h 2 + k 2 + l 2 ) 

4 a 1 

for a cubic unit cell. Then we tabulate the diffraction-angle data in order of increasing values of 
sin 2 0 . We then search for the smallest sets of /z, k, and / that are in the same ratios as the values of 
sin 2 6. We then compare these values of h , k , and l with the allowed values given in Problem 31-38 
to determine the type of unit cell. 
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Lead is known to crystallize in one of the cubic structures. Suppose that a powder sample of 
lead gives Bragg reflections at the following angles: 15.66°, 18.17°, 26.13°, 31.11°, 32.71°, and 
38.59°, using X-radiation with X = 154.433 pm. Now form a table of increasing values of sin 2 0 , 
divide by the smallest value, convert the resulting values to integer values by multiplying by a 
common integer factor, and then determine the possible values of h , k , and /. For example, the first 


two entries in such a table are listed below. 




Division by 

Conversion to 

Possible value 

sin 2 # 

0.0729 

integer value 

of hkl 

0.0729 

1 

3 

in 

0.0972 

1.33 

4 

200 


Complete this table, determine the type of cubic unit cell for lead, and determine its length. 


The Bragg equation is (Equation 31.12) 

, 2d • „ 

X = — sin# 

n 

We use this equation to find an expression for sin 2 0: 



_ n 2 X 2 fh 2 + k 2 +1 2 

4 a 1 

assuming first-order reflection angles. Continuing the table in the problem gives 


sin 2 # 

Division by 
0.0729 

Conversion to 
integer value 

Possible value 
of hkl 

0.0729 

1 

3 

in 

0.0972 

1.33 

4 

200 

0.1940 

2.66 

8 

220 

0.2670 

3.66 

11 

311 

0.2920 

4 

12 

222 

0.3890 

5.34 

16 

400 


Using the table in Problem 31-38, we see that this corresponds to a face-centered cubic unit cell. 
Substituting the first entry (for example) in the above table into the Bragg equation, we find that 


a 2 = ~r~r-Y^(h 2 + k 2 + 1 2 ) 
4 sin 9 

a = 495.5 pm 


3(154.433 pm) 2 
4 sin 2 15.66° 


31 -33. The X-ray powder diffraction patterns of NaCl(s) and KCl(s), both of which have the structures 
given in Figure 31.18a, are shown below. 
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NaCl 


o 

o 


O 'O 

<N 

<n 

o 

o 

C4 


o cnrM 

<N 


Tf 

<N 

<N 




c«-> 





Given that NaCl and KC1 have the same crystal structure, explain the differences between the 
two sets of data. Realize that the value of f K+ is almost equal to / cr because K + and Cl - are 
isoelectronic. 


Problem 31^-1 shows that the structure factor for an NaCl type unit cell is 

F(hkl) = 4(/ + + /_) h, k , / all even 

= 4(/ + — /_) h,k,l all odd 
= 0 otherwise 

For NaCl, / f_ and so all possible reflections can be observed. For KC1, however, f + = f_ and 
so the hkl odd reflections have an essentially zero structure factor. This accounts for the observed 
differences between the two powder diffraction patterns. Notice that reflections associated with the 
all-odd Miller indices are missing in the KC1 data. 


31-34. Iridium crystals have a cubic unit cell. The first six observed Bragg diffraction angles from a 
powered sample using X-rays with k = 165.8 pm are 21.96°, 25.59°, 37.65°, 45.74°, 48.42°, and 
59.74°. Use the method outlined in Problem 31-32 to determine the type of cubic unit cell and its 
length. 


Using the method of Problem 31-32, we find 


sin 2 0 

Division by 
smallest 

Conversion to 
integer value 

Possible value 
of hkl 

0.1398 

i 

3 

111 

0.1866 

1.33 

4 

200 

0.3731 

2.67 

8 

220 

0.5129 

3.67 

11 

311 

0.5595 

4 

12 

222 

0.7461 

5.33 

16 

400 


Comparing these values to the values in the table in Problem 31-38, we see that these data 
correspond to a face-centered cubic unit cell. Substituting the third entry (for example) in the above 
table into the Bragg equation, we find that 


« 2 = -^(/z 2 + * 2 +/ 2 ) 

4 sirf 9 

a = 383.9 pm 


8(165.8 pm) 2 
4 sin 2 37.65°" 
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31-35. The density of tantallum at 20°C is 16.69 g-cm -3 , and its unit cell is cubic. Given that the first 
five observed Bragg diffraction angles are 0 = 19.31°, 27.88°, 34.95°, 41.41°, and 47.69°, find the 
type of unit cell and its length. Take the wavelength of the X-radiation to be k = 154.433 pm. 


sin 2 # 

0.1093 

0.2187 0.3282 0.4375 0.5469 

Division by smallest 

1 

2 3 4 5 


Polonium is the only metal that crystallizes as a primitive cubic lattice, so the smallest possible 
integer that we can have in the table is 2. Therefore, we write the values in the above table as 

Conversion to Possible value 
sin 2 9 integer value of hkl 


0.1093 

2 

110 

0.2187 

4 

200 

0.3282 

6 

211 

0.4375 

8 

220 

0.5469 

10 

310 


Comparing these values to the values in the table in Problem 31-38, we see that these data 
correspond to a body-centered cubic unit cell. Substituting the first entry (for example) in the above 
table into the Bragg equation, we find that 


a 2 = —— (h 2 + A 2 + l 2 ) 
4 sin 6 

a = 330.2 pm 


2(154.433 pm) 2 
4sin 2 19.31° 


31-36. The density of silver at 20°C is 10.50 g-cm -3 , and its unit cell is cubic. Given that the first five 
observed Bragg diffraction angles are 0 = 19.10°, 22.17°, 32.33°, 38.82°, and 40.88°, find the type 
of unit cell and its length. Take the wavelength of the X-radiation to be X = 154.433 pm. 


sin 2 # 

Division by 
smallest 

Conversion to 
integer value 

Possible value 
of hkl 

0.1071 

i 

3 

111 

0.1424 

1.33 

4 

200 

0.2860 

2.67 

8 

220 

0.3931 

3.67 

11 

311 

0.4283 

4 

12 

222 


Comparing these values to the values in the table in Problem 31-38, we see that these data 
correspond to a face-centered cubic unit cell. Substituting the fourth entry (for example) in the 


above table into the Bragg equation, we find that 


«’=J+ 

4 sin # 

a — 408.6 pm 


11(154.433 pm) 2 
4 sin 2 38.82° 


31-37. Derive an expression for the structure factor of a primitive cubic unit cell and a face-centered 
cubic unit cell. Show that there will be observed reflections for a primitive unit cell for all integer 
values of h , A, and l and reflections for a face-centered-cubic unit cell only if h , A, and / are either 
all even or all odd. 
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The coordinates of the lattice points in a primitive unit cell are (0, 0, 0), (1,0, 0), (0, 1, 0), (0, 0, 1), 
(1, 1, 0), (1,0, 1), (0, 1, 1), and ( 1 , 1, 1 ). (This was determined in the beginning of Section 31-2.) 
All of the atoms in a primitive unit cell are shared among eight unit cells, so the scattering efficiency 
of each lattice point should be multiplied by 1/8. The unit of distance is a, so using Equation 31.24 
gives (as in Example 31-9) 


F(hkl) = -f [e lni{0) + e 2jIi{h) + e 2 * m + e** m + e 2ni{h+k) + e 2nKk+l) 
8 


+e 


2ni(h+l) 


+ e 


2jri(h+k+l)~\ 


= -f [ 1 ° + 1 * + l* + l' + i* + * + i* + ' + i* +/ + i /,+ * + '] 
8 

= 1 ( 8 /) = / 


All integer values will give a nonzero F(hkl). For a face-centered-cubic unit cell, the coordinates 
of the lattice points are ( 0 , 0 , 0 ), ( 1 , 0 , 0 ), ( 0 , 1 , 0 ), ( 0 , 0 , 1 ), ( 1 , 1 , 0 ), ( 1 , 0 , 1 ), ( 0 , 1 , 1 ), ( 1 , 1 , 1 ), 
( 5 , 5 , 1), (1, {), ( 5 , 0), (0, i), 0, p, and (*, 1, \). The comer atoms are shared among 

eight unit cells and the face-centered atoms are shared among two unit cells, so we must multiply 
the scattering efficiency of the comer lattice points by 1/8 and the scattering efficiency of the 
face-centered lattice points by 1/2. The unit of distance is a . Using Equation 31.24 gives 


F(hkl) = 1 /( 8 ) + 1/ + e 2 ^ k/2+,/2) 

8 2 


_j_ e 27n(/i/2+//2) _j_ e 2ni(h/2+k/2+l) 


_^_ e 2ni(h+k/2+l/2) e 2jzi(h/2+k+l/2^ 


h+l 


= / + -/ [( — l) A+i + (— 1 ) A+/ + (—1) 

_ ^h+k+21 _|_ ^| ^2h+k+l _j_ ^ 

= f + f [(-l )^ 4 + (-D* + ' + (-D fc+ '] 


If h, k, and l are all odd, then F(hkl) = 4/. If one of h, k, and l is even or one of h, k, and l is odd, 
then FQikl) = 0. If h, k, and l, are all even, then the second term is nonzero and F(hkl) = 4/. 


31 -38. Use the results of the previous problem and Example 31-9 to verify the entries in the following 
table. 


Miller indices (hkl) 

Cubic lattice type for which 
a reflection is observed 

100 

pc 



110 

pc 


bcc 

111 

pc 

fee 


200 

pc 

fee 

bcc 

210 

pc 



211 

pc 


bcc 

220 

pc 

fee 

bcc 

300 

pc 



221 

pc 



310 

pc 


bcc 

311 

pc 

fee 


222 

pc 

fee 

bcc 

320 

pc 



321 

pc 


bcc 

400 

pc 

fee 

bcc 
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Examination of the table reveals that it tabulates specific cases of the general rules described more 
succinctly in the previous problem and Example 31-9. 


31 - 39 . The X-ray diffraction pattern of a cubic crystalline substance shows data that correspond to 
reflections from the 110, 200, 220, 310, 222, and 400 planes. What type of cubic unit cell does the 
substance have? (Hint: See the table in Problem 31-38.) 


Examination of the table shows that the substance has a bcc lattice type. 


31 - 40 . Chromium is either a face-centered cubic or a body-centered cubic crystalline solid. Given that 

it has the following observed successive values of d: 203.8 

pm, 144.2 pm, 117.7 pm, 102.0 pm, 

91.20 pm, and 83.25 pm, determine the type of cubic unit cell, the length of the unit cell, and the 

density. (Hint: See the table in Problem 31-38.) 


We know that 

1 h 2 + k 2 + l 2 

d 2 ~ a 2 

(31.3) 

so d~ 2 oc (h 2 + k 2 + l 2 ). 



10 5 pm 2 /d 2 

2.41 4.81 7.22 

9.57 12.0 14.4 

Division by smallest 

1 2 3 

4 5 6 

Polonium is the only metal that crystallizes as a primitive cubic lattice, so the smallest possible 
integer that we can have in the table is 2. Therefore, we write the values in the above table as 


Conversion to Possible value 

10 5 pm 2 /d 2 

integer value 

of hkl 

2.41 

2 

110 

4.81 

4 

200 

7.22 

6 

211 

9.57 

8 

220 

12.0 

10 

310 

14.4 

12 

222 


Comparing these values to the values in the table in Problem 31-38, we see that these data 
correspond to a body-centered cubic unit cell. Substituting the first entry (for example) in the above 
table into the Bragg equation, we find that 

a = [2(203.8 pm) 2 ]' /2 = 288.2 pm 


and the density of the cell is 


P = 


m 

~3 


2(52.00 g) 

N a (288.2 x 10“ 10 cm) 3 


7.215 g-cm" 3 
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31-41. In this problem, we will derive the structure factor for a sodium chloride-type unit cell. First, 
show that the coordinates of the cations at the eight corners are ( 0 , 0 , 0 ), ( 1 , 0 , 0 ), ( 0 , 1 , 0 ), ( 0 , 0 , 1 ), 
( 1 , 1 , 0 ), ( 1 , 0 , 1 ), ( 0 , 1 , 1 ,), and ( 1 , 1 , 1 ) and those at the six faces are ( 5 , 5 , 0 ), ( 5 , 0 , 5 ), ( 0 , 5 , 5 ), (M* 1 )* 


( 5 , 1 , 5 ), and ( 1 , 5 , 5 ). Similarly, show that the coordinates of the anions along the 12 edges are 
(5,0,0), (0,5,0), ( 0 , 0 , 1 ), ( 1 , 1 , 0 ), ( 1 , 1 , 0 ), ( 0 , 1 , 1 ), ( 1 , 0 , 1 ), ( 1 , 0 , 1 ), ( 0 , 1 , 1 ), (I,i,i), ( 1 , 1 , 1 ), and ( 1 , 1 , 1 ) 
and those of the anion at the center of the unit cell are ( 5 , 5 , 5 )- Now show that 


= —[1 + e 2n ' h + e 2n>k + e 2ni> + e 2ni( - h+k ' ) -\- giniih+l) g 2ni(k+l) _|_ g 2nHh+k+t )j 
8 

+l± [g7li(h+k) _|_ giti(h+l) _|_ gjri(k+l) i(h+k+2I) ^ni{h+2k+l) _|_ ^ni (2h+k+l) j 

_|_ e nik e nil _|_ e xi(h+2k) _|_ e xi(2h+k) _|_ ^jn(*+2/) _|_ e ni(h+2l) 

4 

_^ e xi(2h+l) _j_ e ni(2k+l) _j_ e ni(h+2k+2l) e ni(2h+k+2l) _|_ ^jn(2/i+2*+/) j 
_j_ j e xi(h+k+l ) 


= / + [ 1 + (-1) A+ * + (-1)** + (-i)* + 'l 

+ /_[(-d* + (-D* + (- 1 )' + (-D A+t+ '] 


Finally, show that 


if h, k, and / are all even; that 


F(hkl ) = 4(/ + + /_) 


F(hkl ) = 4(4 - 4 ) 


if h, k, and / are all odd, and that F(hkl ) = 0 otherwise. 


Examining Figure 31.18 shows that the coordinates of the cations and anions are as listed above. 
Substituting into Equation 31.24 gives 

F(hkl) = —■ -[1 + e 2lTih + e 2nik + e 2nil + g 2 ’ r '!* + *) -\- e 2n ‘( h + l ) _)_ g 2 jri'(*+/) _|_ g 2 ni(.h+k+l)^ 

8 

\f±r g ni(h+k) _J_ g ni{h+l) _|_ g ni(k+l) _|_ g xi(h+k+2l) _|_ ^ni(h+2k+l) _j_ ^niilh+k+l) j 
2 1 

| j g ni(h+2k) g 7ti(2h+k) _j_ g 7ti(k+2I) _|_ g iti{h+2l) 

4 

_|_^/( 2 / l +/) _|_ e ni(2k+l) e xi{h+2k+2l) e ni(2h+k+2l) _|_ e ni(2h+2k+l) j 
_|_ jr e *i(h+k+l) 

= 4[1 + (-D A+ ‘ + (-1) A+ ' + (-l)‘ + 'l + /_[(-!)" + (-D* + (-1)' + (-l) A+ * + '] 

If h, k, and / are all even, then this expression becomes 

F(MD = 4(4) + 4(4) = 4(4 + 4) 

If h, k, and l are all odd, then 

F{hkl) = 4(4) + 4(-4) = 4(4 - 4) 

If one of h, k, or / is even, then 

F{hkl ) = 4(1 - 1 + 1 - 1) + 4(1 - 1 - 1 + 1) = 0 
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and if one of h , k, or l is odd, then 

FQtkl) = / + (1 + 1 - 1 - 1) + /_(! + 1 - 1 - 1) = 0 


31-42. Show that 


F(hkl) = f + + /_ if h, k , and / are all even 

or just one of them is even 

==/+ — /_ if all are odd 

or just one is odd 

for the CsCl(s) crystal structure shown in Figure 31.18b. Cesium bromide and cesium iodide have 
the same crystal structure as cesium chloride. Compare the expected diffraction patterns of cesium 
chloride and cesium iodide. Recall that Cs + and I - are isoelectronic. 


The coordinates of the anion are (^, and the coordinates of the cations are (0, 0, 0), (0, 0, 1), 
(1,0, 0), (0, 1, 0), (0, 1, 1), (1, 1, 0), (1, 0, 1), and (1, 1, 1). Using Equation 31.24 as in the previous 
problem, we find that 


F(hkl) = f e 


— f ^i{h+k+l) 


+ ~f + [e lni + e 2Kih + e 2nik + e 2nU + e 2ni(h+k) 
8 


_j_ g2jri(h+l) _|_ ^2jri{h+k+l) j 

= /_(— D h+k+l + \f + [%] 

= f + + f_ if {h + k + /) is even 

— / + - /_ if (h + k + /) is odd 


Because (h + k + /) is even if h , k , and / are all even, or if only one of them is even, and (h + k + /) 
is odd if they are all odd or if only one is odd, the equalities above are the same as those given in 
the problem text. Because Cs + and I - are isoelectronic, their scattering factors are identical, and 
so the structure factor corresponding to the planes where (h + k 4- /) is odd will be zero. However, 
Cs + and Cl“ are not isoelectronic, so the lattice planes such that (h + k + /) is odd give rise to 
diffraction spots. 


31-43. In this problem, we will prove that a crystal lattice can have only one-, two-, three-, four-, and 
six-fold axes of symmetry. Consider the following figure, where P v P v and P 3 are three lattice 
points, each separated by the lattice vector a. 



If the lattice has n-fold symmetry, then both a clockwise and a counter-clockwise rotation by 
0 = 360 °/n about the point P 2 will lead to the points P[ and P^ which must be lattice points 
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(because of the fact that the lattice has an n-fold axis of symmetry). Show that the vector distance 
P[ P 2 must satisfy the relation 


2a cos 4> = N a 

where N is a positive or negative integer. Now show that the only values of 0 that satsify the above 
relation are 360° (n = 1), 180° (n = 2), 120° (n — 3), 90° (n = 4), and 60° (n = 6), corresponding 
to N = 2, -2, —1,0, and 1, respectively. 


If P{ and P 2 are lattice points, then they must be separated by an integer number of lattice vectors 
a, or P,'P 2 — N a, where N is an integer. Because the P{ and P 2 are obtained by rotating P, into P[ 
and P 2 into P 2 ', the distances P,'P 2 = P 2 P 2 = a - Therefore, 

Na/2 N 

COS 0 = - = — 

a 2 

Because N is an integer, and the expression N/2 cannot be greater than 1 or less than -1, we must 
have —2<N<2. We tabulate the possible values of N, 0, and n below. 

N cos 0 0 n 

2 1 360° 1 

1 0.5 60° 6 

0 0 90° 4 

-1 -0.5 120° 3 

-2 -1 180° 2 


31-44. The von Laue equations are often expressed in vector notation. The following figure illustrates 
the X-ray scattering from two lattice points P, and P 2 . 



Let s 0 be a unit vector in the direction of the incident radiation and s be a unit vector in the direction 
of the scattered X-radiation. Show that the difference in the path lengths of the waves scattered 
from P, and P 2 is given by 


<5 = P 1 A-P 2 P=rs-rs 0 = rS 

where S = s - s 0 . Because P { and P 2 are lattice points, r must be expressible as ma + nb + pc, 
where m, n, and p are integers, and a, b, and c are the unit cell axes. Show that the fact that <5 must 
be an integral multiple of the wavelength k leads to the equations 

a ■ S = hk 
b S = kk 
c • S = lk 

where h, k, and l are integers. These equations are the von Laue equations in vector notation. 
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The difference in the distance travelled by the two waves is P, A - P 7 B. Because s and s 0 are unit 
vectors, we can write the distance P l A as r • s and the distance P 2 B as r • s 0 (see the definition of 
dot product, MathChapter C) and so, letting <5 be the difference in the distance travelled by the two 
waves and S = s — s 0 , we obtain 

<5 = r • S 

The quantity S must be an integral multiple of X in order to have constructive interference. We can 
therefore write 


NX = S = r-S 

NX = (ma + nb + pc) ■ S 

NX = m(a • S) + n( b • S) + p( c ■ S) 

This last relation must be true for all sets of integers N, m, n, and p. Therefore, each term on the 
right side of the equation must equal an integral multiple of X. We then write 

a • S = hX 


b • S = kX 
c-S = lX 


where h, k, and l are integers. 


31 -45. We can derive the Bragg equation from the von Laue equations derived in the previous problem. 
First show that S = s - s 0 bisects the angle between s 0 and s and is normal to the plane from which 
the X-radiation would be specularly reflected (the angle of incidence equals the angle of reflection). 
Now show that the distance from the origin of the a, b, and c axes to the hkl plane is given by 

d — a ® _ b S _ c S X 

~ h "\s\ ~ ~ii "\s\ = ~i "\s\ = ]s\ 

Last, show that |S| = [(s - s 0 ) • (s - s 0 )] 1/2 = [2 - 2cos20 ] 1/2 = 2 sin<9, which leads to the Bragg 
equation <i = A/ 2 sin 0. 





We know from the previous problem that S = s - s 0 , and that both s and s 0 are unit vectors of 
length 1 . Using the definition of dot product, we can write 


. S-s s 2 - S-s n 1 - S-s n 
cos 6 > = — =- 2 = -o 

2 |S| |S| |S| 


and (because the angle between S and s 0 is n - 0 X ) 

cos(?r — 6 ) = — cost?. = —^ 2 . 

1 1 |S| |S| 


S-s 0 - 1 
|S| 
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We see that - cos0, = - cos 9 V and, because both 0, and 0 2 are acute angles, 0, = 0 2 . The plane 
from which radiation would be specularly reflected is represented in the figure by a dashed line; 
as is shown in the figure, because 20 + 2<f> - 180°, £ + </> = 90° and S is normal to the plane of 
specular reflection. 

a • S b • S c • S 
h k l 

In the previous problem, we found that 

a • S = |a||S| cosa = hX 
b • S = |b||S| cos/J = kX 
c • S = |c|S| cosy = IX 

where a, fi, and y are illustrated below. 


c 



Note that 

S i S, a S-j S S k s z 

C0S “=isT = isi w= lsT = isi = m 

where S x , S y , and S z are the components of S in the x, y, and ^-directions. Therefore, 

2 o2 2 ^ + S 2 Z 

cos a 2 + cos jS 2 + cos y 2 = - —5 -= 1 

|S| 

We now substitute the von Laue equations into Equation 31.2 and use Equation 1 to write 


( 1 ) 


_1_ 

d 2 ~ a 2 + b 2 + c 2 

\s \ 2 

= —^-[cos 2 a + cos 2 p + cos 2 y] 

A. 

l = \s\ 

d X 

We can now use the vector properties delineated in MathChapter C to find |S|, again recalling that 
s and s 0 are unit vectors. 

|S| = [(s — s 0 ) • (s — s 0 )] 1/2 

= [l 2 + l 2 - 2 s • s 0 ] 1/2 = [2 - 2 cos 20] l/2 
= [2 - 2 cos 2 9 + 2 sin 2 0 ] 1/2 = [4 sin 2 0 ] 1/2 = 2 sin 9 


So 1 /d — 2 sin 9/X, or d = A/2sin0. 
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31-46. The enthalpy of adsorption for adsorbed on a surface of copper is —54.4 kJ-mol -1 . The 
activation energy for going from the physisorbed state to the chemisorbed state is 31.3 kJ-mol -1 , and 
the curve crossing between these two potentials occurs at V(z) = 21 kJ-moP 1 . Draw a schematic 
representation similar to that in Figure 31.20 for the case of H 2 interacting with copper. 



31-47. In Section 27-4, we showed that the collision frequency per unit area is (Equation 27.48) 


Z coll — 


P(«) 

4 


( 1 ) 


Use Equation 1 and the ideal-gas law to show that J N , the number of molecules striking a surface 
of unit area (1 m 2 ) in one second, is 


/ 

N (2nMRT)' /2 


where M is the molar mass of the molecule, P is the pressure of the gas, and T is the temperature. 
How many nitrogen molecules will strike a 1.00-cm 2 surface in 1.00 s at 298.1 K and a gas pressure 
of 1.05 x 10" 6 Pa? 


The average speed is given by 


(u) = 



1/2 


Using the ideal gas law, we find that p = NJ V = PN A /RT, so 


2 coll — 


Pju) 

4 


/8 RT\ 

1/2 N P 

1 _ A r I 


1/2 N P 

1 _ A r 

\nM ) 

1 4 RT 1 

^ 7V M ) 

1 (2nMRT)' /2 


Under the conditions given, 


N ~ (2 nMRT)' /2 

(6.022 x 10 23 mol -1 )(1.05 x 10~ 6 Pa) 

” [2^(0.02802 kg-mor')(8.315 J-KT 1 •mor 1 )(298.15 K)] ,/2 
_ 6.323 x 10 17 kg-nT'-s" 2 
20.89 kg-m-s -1 

= 3.03 x 10 16 s" 1 -m- 2 = 3.03 x 10 12 cm^-s' 1 


(27.42) 


so 3.03 x 10 12 molecules will collide with the 1.00-cm 2 surface in one second. 
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31 - 48 . One langmuir corresponds to an exposure of a surface to a gas at a pressure of 1.00 x 10 -6 torr 
for 1 second at 298.15 K. Define one langmuir in units of pascals instead of torr. How many 
nitrogen molecules will strike a surface of area 1.00 cm 2 when exposed to 1.00 langmuir? (See 
Problem 31-47.) 


1.00 x 10 -6 torr 


1.0 1 325 x 10 5 Pa 
760 torr 


= 1.33 x 1CT 4 Pa 


A langmuir thus corresponds to an exposure of a surface to a gas at a pressure of 1.33 x 10 -4 Pa 
for one second at 298.15 K. Using these conditions, we can substitute into our expression for J N 
from the previous problem: 

N k P 

Jn = (27rM/?r) 1/2 

(6.022 x 10 23 mor‘)(1.33 x 10" 4 Pa) 

” [27t( 0.02802 kg’mor')(8.315 JK _I • mol _1 )(298.15 K)] 1/2 
_ 8.029 x 10 19 kg-m~‘ -s~ 2 
20.89 kg-m-s” 1 

= 3.83 x 10 18 s _1 -m -2 = 3.83 x 10 14 

A total of 3.83 x 10 14 nitrogen molecules will strike the 1.00-cm 2 surface in one 
second. 


31-49. If the density of surface sites is 2.40 x 10 14 cm -2 and every molecule that strikes the surface 
adsorbs to one of these sites, determine the fraction of a monolayer created by the exposure of a 
1.00-cm 2 surface to 1.00 x 10" 4 langmuir of N 2 (g) at 298.15 K. 


In the previous problem, we found that the exposure of a 1.00-cm 2 surface to one langmuir 
resulted in 3.83 x 10 14 molecules colliding with the surface. Then exposure of the same surface 
to 1.00 x 10" 4 L would result in 3.83 x 10 10 collisions. Assuming that all these molecules are 
adsorbed, 


3.83 x 10 10 
2.40 x 10 14 


0.016% 


of the surface will be covered. This is the fraction of monolayer created. 


31 - 50 . For conducting surface experiments it is important to maintain a clean surface. Suppose that a 
1.50-cm 2 surface is placed inside a high-vacuum chamber at 298.15 K and the pressure inside the 
chamber is 1.00 x 10 -12 torr. If the density of the surface sites is 1.30 x 10 16 cm“ 2 and we assume 
that the only gas in the chamber is H 2 0 and that each of the H 2 0 molecules that strike the surface 
adsorb to one surface site, how long will it be until 1.00% of the surface sites are occupied by 
water? 


The pressure inside the chamber in Pa is 


1.01325 x 10 5 Pa 


1 x 1 O' 12 torr 


760 torr 


- 1.33 x 10 -10 Pa 
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The rate of collision per unit of surface area is given by J N from Problem 31-47 is 

/ N * p 
N (2n M RT) l/2 

(6.022 x 10 23 mol -1 )(1.33 x lO" 10 Pa) 

“ [2tt( 0.01801 kg-mor’)(8.315 J-K -1 •mor , )(298.15 K)] 1/2 
_ 8.029 x 10 13 kg-m~ 1 -s~ 2 
16.79 kg-m-s -1 

= 4.79 x 10 12 s"' -m” 2 = 4.79 x 10 8 cnT 2 -s-' 

Now if 1.00% of the surface sites are occupied, the density of occupied surface sites will be 
1.30 x 10 14 cm -2 . Then 


(4.79 x 10 s cm -2 -s -1 )t = 1.30 x 10 14 cm" 2 
t = 2.71 x 10 5 s 


31-51. Use the results of Example 31-12 to determine the rate of desorption of CO from palladium at 
300 K and 500 K. 


Because k 6 = 1/r, at 300 K k d = 3.8 x 10 14 s 1 and at 500 K & d = 5.6 x 10 4 s -1 . 


31-52. The following data were obtained for the adsorption of N 2 (g) to a piece of solid graphite at 
197 K. The tabulated volumes are the volumes that the adsorbed gas would occupy at 0.00°C and 
one bar 


P/ bar 

3.54 

10.13 

16.92 

26.04 

29.94 

V/10" 4 m 3 

328 

456 

497 

527 

536 


Determine the values of V m and b using the Langmuir adsorption isotherm. The total mass of the 
carbon solid is 1325 g. Determine the fraction of the carbon atoms that are accessible as binding 
sites if you assume that each surface atom can adsorb one N 2 molecule. 


Use the equation from Example 31-10 to fit the above data: 

1 _ 1 1 
V “ PbV + V 

m m 
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Comparing the line of best fit to the equation above, we see that 

— = 17.260 m- 3 
and 


V = 5.79 x 10" 2 m 3 

m 


Likewise, 


bV 


= 46.89 bar*m 


-3 


and 

b = ---= 0.368 bar 

46.89V 

m 

At 0.00° C and one bar, one mole of gas occupies about 22.4 x 10 -3 m 3 . The number of moles of 
gas in V m is then 

5.59 x 10“ 2 m 3 „ co , 

-;-=--r = 2.58 mol 

22.4 x 10 3 m 3 -mol 

If each surface atom adsorbs one N 2 molecule, then 2.58 mol of carbon atoms on the surface are 
accessible to N 2 (g). The total number of moles of carbon is 1325 g/12.01 g-mol -1 = 110 mol, and 
so the fraction of carbon atoms accessible is 0.023, or 2.3%. 


31-53. The first-order surface reaction 


A(g) => A(ads) => B(g) 

has a rate of 1.8 x 10 -4 mol-dm _3 -s -1 . The surface has a dimension of 1.00 cm by 3.50 cm. 
Calculate the rate of reaction if the dimensions of the two sides of the surface were each doubled. 
[Assume that A(g) is in excess.] 


Because A(g) is in excess, the second step is the rate-determining step and 

v = k d ea 0 

If the dimensions of each side of the surface are doubled, the surface area will increase by a factor 
of 4. The quantity ct 0 will therefore increase by a factor of 4, and the the reaction rate on the larger 
reaction surface will be v = 7.2 x 10 -4 mol-dm -3 -s -1 . 


31-54. Consider the reaction scheme 

A(g) + S =L A-S P(g) 


for which the rate law is 

v = k 2 e A 

where d A is the fraction of surface sites occupied by A molecules. Use the Langmuir adsorption 
isotherm (Equation 31.35) to obtain an expression for the reaction rate in terms of K c and [A], 
Under what conditions will the reaction be first order in the concentration of A? 
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Begin with the Langmuir adsorption isotherm (Equation 31.35) and solve for 0 A : 

1 1 

K e [ A] 

A AT c [A] + 1 

Substituting this result into the given rate law gives 

.. gA[A] 

* C [A] + 1 

The reaction will be first order in [A] if K c [A] « 1, in which case the expression above reduces to 
v = k 2 K c [A]. 


31-55. Consider a surface-catalyzed bimolecular reaction between molecules A and B that has a rate 
law of the form 

v = fc 3 0 A 0 B 

where Q A is the fraction of surface sites occupied by reactant A and 9 B is the fraction of surface sites 
occupied by reactant B. A mechanism consistent with this reaction is as follows: 

jfeA 
"•a t 

A(g) + S(s) IIS’A-S(s) (fast equilibrium) (1) 

* A 


k a 

B(g) + S(s) B-S(s) (fast equilibrium) (2) 

i B 

iJ 

A-S(s) + B-S(s) ==* products 

Take K A and K B to be the equilibrium constants for Equations 1 and 2, respectively. Derive 
expressions for 0 A and 0 B in terms of [A], [B], K A , and K B . Use your results to show that the rate 
law can be written as 

k 3 K A K B [ A][B] 

(1 + K a [A] + K b [B]) 2 


At any given time, the fraction of available surface sites is 1 - 0 A — 0 B . 

From Equation 1, we have the equations (analogous to Equations 31.33 and 31.34) 

= k$e A cr 0 

v* = A a A [A](l - 0 A - & B )cr Q 


Likewise, for reactant B, 

V d = Vo 

u a B =^ B [B](l-0 A -0 B )a o 

At equilibrium, 


kfa=k a A [A](l - 6 » a 






= KJ A] 


( 3 ) 
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= *?[B](i -e A - e B ) 
= ^ b [B] 

We can solve Equations 3 and 4 simultaneously to obtain 

*a[AJ 

A i + ^ a [A] + a: b [B] 
* b [B] 

B 1 + K a [A] + K b [B] 

Substituting these expressions for 0 A and 6 B into the rate law gives 

fc 3 /r A /r B [ A][B] 

V (1 + KJ A] + K b [B]) 2 


k X 

i-e A -e B 


( 4 ) 


31 - 56 . Reconsider the surface-catalyzed bimolecular reaction in Problem 31-55. If A(g) and B(g) 
do not compete for surface sites, but instead each molecule uniquely binds to a different type of 
surface site, show that the rate law is given by 

k 3 K A K B [ A][B] 

V (1 + * a [A])(1 + AT b [B]) 


If A and B do not compete for surface sites, the fraction of surface sites available for A is 1 — 0 A 
and the fraction available for B is 1 - 0 B . Then, at equilibrium, 

*. A [A](1 - e A ) = kX 

Af[B](i - e B ) = kX 


Solving for 0 A and 0 B gives 

K a [ A] 

A i + a: a [A] 
*„[ B] 

B 1 + ^ b [B] 


and substituting these expressions into the rate law gives 


v = k A e s = 


^ at a a: b [a][B] 


(1 + AT a [A])(1 + KJ B]) 


31 - 57 . In this problem we derive Equation 31.45, the rate law for the oxidation reaction 2CO(g) + 
0 2 (g) —> 2 C0 2 (g) assuming that the reaction occurs by the Langmuir-Hinshelwood mechanism. 
The overall rate law for this mechanism is 


v — k 3 d CQ 8 0 


(K 0 [ 0 2 ]) 1/2 

9 °> = 1 + (^ o 2 [° 2])' /2 + ^ C0 [ C °] 


Show that 
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0 *cq[CO] 

co 1 + (K 0 [0,]) 1/2 + A: m [CO] 


Use these expressions and the relationship b = KJk B T to obtain the rate law given by Equa¬ 
tion 31.45. (Assume ideal-gas behavior.) 


For CO, as in Problem 31-55, 


k™[co](\-e co -e 0 ) = k™e c 


Because the second reaction of the mechanism produces 2 O atoms, 

^[ 0 2 ](1 -e co -e o fa^KeW 0 


k^[o 2 ](i-e co -e 0 / = k d dl 2 

Taking the square root of both sides of this equation gives 


/ o \‘/ 2 / o \>/ 2 

(v[o 2 ]) (i-e co -0 O2 ) = (* d ° 2 ) 0 O2 


We can substitute K co and K 0 for the adsorption and desorption constants in the above expression 
and find 


/ \ l / 2 0 O 

KM =irr 


1 — 0 
CO u o^ 


K cn [C O] = 


* ^co °o. 


Solving these two equations simultaneously gives 


^co — 


/ \l/2 

(^ o 2 [ 0 2 ]) I/2 + ^ co [CO] 

^cotCO] 

(^o 2 [0 2 ]) 1/2 + ^co[CO] 


Substituting these results into the overall rate law, we find that 


v — £ 3 0 C o^o o — 


(1 + < 2 [OJ 1/2 + £ m [CO]) 2 


Assuming ideal behavior, [0 2 ] = P Q / k B T and [CO] = P C0 /k B T, and from the text b co = 
K co/ k B T and b 0 = K Q /k B T. Substituting these expressions into the rate law above gives 


{\+b^p^+b co p co f 


( 31 . 45 ) 
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31-58. In this problem we derive Equation 31.46, the rate law for the oxidation reaction 2CO(g) + 
0 2 (g) —>■ 2CO z (g) assuming that the reaction occurs by the Eley-Rideal mechanism. The overall 
rate law for this mechanism is 


V = ^3 0 O : [ C °] 

Assuming that both CO(g) and 0 2 (g) compete for adsorption sites, show that 

k 3 K' 0 [ 2 [ 0 2 ] 1/2 [C0] 

" “ 1 + K' 0 [ 2 [ 0 2 ] ,/2 + K co [CO] 

Use the relationship between K c and b and the ideal-gas law to show that this equation is equivalent 
to Equation 31.46. 


The step of the mechanism for the absorption of 0 2 is the same as that discussed in the previous 
problem for 0 2 , so 0 Q is 

/ \i/2 

KM 

°2 “ / \ >/2 

1 + (a: 0i [0 2 ]) +K co [CO] 


Substituting into the overall rate law, 


v = * 3 0 o 2 [ C °] = 


k 3 K' 0 [ 2 [0 2 ] i/2 [CO) 

1 + K%[ 0 2 ] 1/2 + £ co [CO] 


Assuming ideal behavior, [0 2 ] = P Q /k B T and [CO] — P CQ /k B T, and from the text b CQ = 
K C0 /k B T and b Q = K Q /k B T. Substituting these expressions into the above rate law gives 


v = 


k h l/ 2 P l/2 h P 

k 3°0 2 r 0 2 °CO r CO 


1 +b^P, 


1/2 

O, 


+ h P 
^ u co r co 


(31.46) 


31-59. The hydrogenation of ethene on copper obeys the rate law 

fe[H 2 ] 1/2 [C 2 H 4 ] 

(1 + /aC 2 H 4 ]) 2 

where k and K are constants. Mechanistic studies show that the reaction occurs by the Langmuir- 
Hinshelwood mechanism. How are k and K related to the rate constants for the individual steps 
of the reaction mechanism? What can you conclude about the relative adsorption of H^g) and 
C 2 H 4 (g) to the copper surface from the form of the observed rate law? 


The rate law for the Langmuir-Hinshelwood mechanism is (Problem 31-57) 


v = Mc 2 h/h 2 = 


fc 3 ^ H [C 2 H 4 ]<f[H 2 ] 


11 /2 


(1 + + ^ ch [C 2 H 4 ])" 


T/2 


The K][ 2 [HJ 172 term does not appear in the denominator of the rate law provided in the problem, 
sol K c H [C 2 H 4 ] ^>> A^ 2 [H 2 ] 1/2 . This means that C 2 H 4 must adsorb much more extensively than 
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R,. Comparing the given rate law and the above expression for v , we find that k — k 3 K^ /2 K n u and 
K = K„„. 


31-60. The iron-catalyzed exchange reaction 


NH 3 (g) + D 2 (g) —* NH^g) + HD(g) 

obeys the rate law 

fc[D 2 ] 1/2 [NH 3 ] 

(1 + ^[NH 3 ]) 2 

Is this rate law consistent with either the Eley-Rideal or Langmuir-Hinshelwood mechanisms? How 
are k and K related to the rate constants of the individual steps of the mechanism you chose? What 
does the rate law tell you about the relative adsorption of D 2 (g) and NH 3 (g) to the iron surface? 


This rate law is consistent with the Langmuir-Hinshelwood mechanism (Problem 31-57). The total 
rate law for the mechanism would be 

(l+KiflD^ + ST^INH,]) 1 

If A^ 2 [D 2 ] 1/2 <$: 1 + K nh [NH 3 ], this reduces to the rate law given in the problem, in which case 
K = K nh and k = k 3 K NU The above inequality tells us that NH 3 adsorbs to the surface much 
more extensively than D r 


31-61. Consider the surface-catalyzed exchange reaction 

H^g) + D 2 (g) —> 2HD(g) 

Experimental studies show that this reaction occurs by the Langmuir-Hinshelwood mechanism by 
which both R^g) and D 2 (g) first dissociatively chemisorb to the surface. The rate-determining step 
is the reaction between the adsorbed H and D atoms. Derive an expression for the rate law for this 
reaction in terms of the gas-phase pressures of HL^g) and D 2 (g). (Assume ideal-gas behavior.) 


Because both reactions produce two atoms, we can write (as in Problem 31-57) 

^[D 2 ](l-0 H2 -0 D2 ) 2 = * d ^ 

Taking the square root of both sides gives 

1/2 / n X 1/2 


/ D \ 1 ' 1 / D \ l/z 

(v[D 2 ]) (1 - 0„ 2 - V = (v) ^ 


or 


Od 2 ] 1/2 = 




with an equivalent expression in . Solving for 0 D and 0 H gives 


*D. = 


< 2 [D 2 ] 1/2 


2 1 + < /2 [0 2 ] 1/2 + < /2 [H 2 ] 1/2 
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Finally, 


v = = 


0u = 




1/2 


1 + < / 2 [ 0 2 ] 1/2 + ^ h / 2 [ H 2 ] 1/2 


k 3 K of Kh* [D 2 ] 1 /2 [H 2 ] 1 /2 


(k 3 b D b H P D P H ) 


1/2 


(1 + Kg[0 2 ] l/2 + K 1 ' 2 [H 2 ] 1/2 ) 2 (1 + bgPg + bfP^) 2 


31-62. LEED spectroscopy records the intensities and locations of electrons that are diffracted from a 
surface. For an electron to diffract, its de Broglie wavelength must be less than twice the distance 
between the atomic planes in the solid (see Section 31-9). Show that the de Broglie wavelength of 
an electron accelerated through a potential difference of 0 volts is given by 


X /pm = 


/1.504 x 10 6 V 

V 4 > 


1/2 


The de Broglie equation is X = h/p (Equation 1.12). Because E = p 1 /2m, and the energy of an 
electron accelerated through a potential difference of <p volts is e<p, 


X 


X 


A/pm 


(2m E) 


1/2 


= (—) 
\2 me<f>) 


1/2 


(6.626 x 10“ 34 J-s) 


11/2 


2(9.109 x 10" 31 kg)(1.602 x 10“ 19 C)0 J 
1.504 x 10 -18 V-m 2x 1/2 




(1.504 x 10 -18 V-m 2 )(10 12 pm-m" 1 ) 

4> 


-K2-|l/2 


1.504 x 10 6 V 
4> 


1/2 


31-63. The distance between the 100 planes of a nickel substrate, whose surface is a 100 plane, is 
351.8 pm. Calculate the minimum accelerating potential so that electrons can diffract from the 
crystal. Calculate the kinetic energy of these electrons. (Hint: See Problem 31-62.) 


From Problem 31-62, we know that the de Broglie wavelength must be less than twice the distance 
between the atomic planes. Therefore, the minimum accelerating potential so that electrons can 
diffract from the crystal is 


2( 3 51 .8)-( 1 - 504 ; i °‘ v ) 

\ t min / 


1/2 


0 ■ = 
“ min 


1.504 x 10 6 V 
(703.6) 2 


= 3.04 V 


and the kinetic energy of the diffracted electrons is 


E = e4> = 4.87 x 10" 19 J = 293 kJ-mol” 1 


31 - 64 . The distance between the 111 surface of silver and the second layer of atoms is 235 pm, the 
same as in the bulk. If electrons with a kinetic energy of 8.77 eV strike the surface, will an electron 
diffraction pattern be observed? (Hint: See Problem 31-62.) 
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An electron diffraction pattern will be observed if the de Broglie wavelength is less than twice the 
interplanar distance, or (in this case) less than 470 pm. The electrons with kinetic energy 8.77 eV 
have been accelerated through a potential difference of 8.77 V. We can find X using the equations 
developed in Problem 31-62: 


X/pm 




504 x 10 6 V" 


4 > 


f- 

"1.504 x 10 6 V" 

1 - 

8.77 V 


1/2 


= 414 pm 


An electron diffraction pattern is observed. 


31-65. Figure 31.28 shows the relative rates of ammonia synthesis for five different surfaces of 
iron. Iron crystallizes as a body-centered cubic structure. Draw a schematic representation of the 
atomic arrangement of the 100, 110, and 111 surfaces. (Hint: See Figure 31.9.) Determine the 
center-to-center distance between nearest neighbor atoms on the surface in units of a, the dimension 
of the unit cell. 


Below is a schematic representation of the appropriate surfaces. The distances marked are calculated 
by observing how the surface corresponds to the body-centered cubic structure. 





surface nearest-neighbor distance 


100 


a 


110 

111 


•v/2 a 
~ 2 ~ 
V2a 


31-66. The Freundlich adsorption isotherm is given by 


V =kP“ 


where k and a are constants. Can the data in Problem 31-52 be described by the Freundlich 
adsorption isotherm? Determine the best-fit values of k and a to the data. 


We fit the data in Problem 31-52 to a Freundlich adsorption isotherm below. 
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The data can be reasonably described by the Freundlich adsorption isotherm. From the best fit to 
the data, we find that a = 0.22 and that k = 0.026 m -3 . 


31-67. Show that if 0 <£ 1, the Langmuir adsorption isotherm reduces to the Freundlich adsorption 
isotherm (Problem 31-66) with k = bV m and a = 1. 


The Langmuir adsorption isotherm is (Example 31-10) 

1 _ 1 1 
V ~ PbV + V 

m m 

If 6 <& 1, then 1 / V 5S> 1 and \/bPV m » 1. Then 

1 _ 1 

V ~ bPV 

m 

V = bPV m 

m 

which is the Freundlich adsorption isotherm when k = bV m and a = 1. 


31 - 68 . Multilayer physisorption is often described by the BET adsorption isotherm 

P 1 (c-l)P 

V(P* - P) ~ cV m + V m cP* 

where P* is the vapor pressure of the adsorbate at the temperature of the experiment, V m is the 
volume corresponding to a monolayer of coverage on the surface, V is the total volume adsorbed at 
pressure P, and c is a constant. Rewrite the equation for the BET adsorption isotherm in the form 

Y = f(P/P *) 

m 

Plot V/ V m versus P/P* for c = 0.1, 1.0, 10, and 100. Discuss the shapes of the curves. 


Let x = P/P*. Then the BET isotherm can be expressed as 

x 


1 (c — l)x 

+ 


VH-x) cV m cV m 

= 4-[ 1- + (C-1)JC] 


V(I-jc) cV m 

X = ~TT [1 + (C - 1>JC] 


\-x cV 

m 

CX V 

- -= — [l + (c-l)x] 

\ — x V 
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Solving for V / V m gives 

V _ cx 

V m ~ (1 - jc)[ 1 + (c - 1 )jc] 

Below we plot V/ V m versus P/P * for different values of c. 



When c ^ 1, adsorption in the first layer is strongly favored relative to higher layers, so the first 
layer is almost completely filled before higher layers begin to fill. This accounts for the shape of 
the c = 0.1 curve. The behavior of all curves as P P* reflects the fact that liquid is condensing 
on the surface of the solid. 


31-69. The energy of adsorption, £ ads , can be measured by the technique of temperature programmed 
desorption (TPD). In a TPD experiment, the temperature of a surface with bound adsorbate is 
changed according to the equation 


T = T 0 + at (1) 

where T Q is the initial temperature, a is a constant that determines the rate at which the temperature 
is changed, and t is the time. A mass spectrometer is used to measure the concentration of molecules 
that desorb from the surface. The analysis of TPD data depends on the kinetic model for desorption. 
Consider a first-order desorption process 

M-S(s) M(g) + S(s) 


Write an expression for the rate law for desorption. Use Equation 1, Equation 31.37, and your rate 
law to show that your rate law can be written as 


d[ M-S] 
dT 


[M-S] 

a 




( 2 ) 


With increasing temperature, d[M-S]/dt initially increases, then reaches a maximum, after which 
it decreases. Let T = T max be the temperature corresponding to the maximum rate of desorption. 
Use Equation 2 to show that at T max 


- E ^_ _ z _0_ e -E M JRT mm 

RTL « 


(Hint: Remember that [M-S] is a function of T.) 


( 3 ) 


The rate law for desorption is given by 


d [M-S] 


—* d [ M-S] 


dt 
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Substituting for k A from Equation 31.37, we find 


d[ M-S] 
dt 


= — t 0 “ l e~ E ^ /RT [M-S] 


From Equation 1, we can write 


t = 


r-r„ 


a 


and so 

dt__\_ 
dT a 

Now we can find d[M-S]/dT by using the above expressions for d\M.-S]/dt and dT/dt: 


At r mM , 


d[ M-S] d[ M-S] dt [M-S] _ £ /RT 

_ — , —- — -TV p ads' 

dT dt dT a 0 


d 

If 


d[ M-S] 
dt 


= 0 


(a) 


Then 


which gives 


t o dT 


(> ^ads^^max 


^ (m ^ ] + £!± 51 1 = 0 


RT r 


dt 


1 - 


Using Equation a for d[M-S]/dT in the above expression, we find that 


E *k - - h- e -^/KT m » 


a 

max 


which is Equation 3. 


31-70. Show that Equation 3 of Problem 31-69 can be written as 


2 In T — In a = 

max dt 


ads 


+ In 


Rx: 


What are the slope and intercept of a plot of (21nr max - In a) versus 1/7^? The maximum 
desorption rates of CO from the 111 surface of palladium as a function of the rate of heating of the 
palladium surface are given below. Determine the values of £ ads and t 0 1 from these data. Use the 
results to determine k d , the desorption rate constant, at 600 K. 

a/K-s- 1 T m JK 


26.0 500 

20.1 496 

16.5 493 

11.0 487 
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Chapter 31 


Begin with Equation 3 of Problem 31-69, take the natural logarithm of both sides, and manipulate 
to obtain the equation in the text of the problem: 

F Rt~' 

=&. = KT 0 g-E^/RT^ 

tL 

In ^ads - In TL = In Rtf - In a - 

* 7 max 

-2 In T + lna = In Rtf - In E. - 

max 0 ads ht 

K1 mm 

21nT -ln« = + In -^r 

max RL „ Rtf 

The slope of a plot of (2 In T mm — lna) versus 1/T max is EtfR and the intercept is ln(£ ads /i?r 0 -1 ). 



From the slope of the line of best fit, we find that 

1.513 x 10 4 K = 

R 

£ ads = 125 kJ-mol -1 

and from the ^-intercept of the line best fit, 

-21.095 = ln-^V 

Rtf 

V = ^tr = 2 - 15xl ° 13 s - 1 

Therefore, we find (from Equation 31.37) 

k d = tfe~ E ^ /RT = 280 s -1 


31-71 . At a heating rate of 10 K-s _1 , the maximum rate of desorption of CO from a Pd(s) surface 
occurs at 625 K. Calculate the value of £ ads , assuming that the desorption is a first-order process 
and that r Q = 1.40 x 10 -12 s. (See Problems 31-69 and 31-70). 


Substitute into the equation found in Problem 31-70. 

2 In T -\na = + i„ Ail. 

RT mm Rtf 

21n(625)-lnl0 = + ^| fe + ln 
Using Newton’s method to solve this equation gives £ ads = 


£ ads 

£(1.40 x 10~ 12 
= 146 kJ-mol- 1 . 






